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1 Introduction

Let M™ be a complex n-dimensional compact Kéahler manifold. One of the interesting problems is
to give the classification of the manifolds under certain curvature conditions. Corresponding to the
sectional curvature condition in Riemannian geometry, one usually considers the holomorphic bisectional
curvature in complex differential geometry. In 1979 Mori [10] and in 1980 Siu-Yau [12] independently
proved the famous Frankel conjecture by using different methods. They proved that any compact Kahler
manifold with positive holomorphic bisectional curvature must be biholomorphic to the complex projective
space. After the work of Mori and Siu-Yau, in 1988, Mok [9] generalized the Frankel conjecture to the
nonnegative case, usually we call it the generalized Frankel conjecture which states that any compact
irreducible Kahler manifold with nonnegative bisectional curvature must be either a Hermitian symmetric
manifold or biholomorphic to the complex projective space. Recently, based on the work of Brendle-
Schoen [2], the first author [5] gave a simple and completely transcendental proof to Mok’s theorem on
the generalized Frankel conjecture. In the late 1980’s, Cao and Hamilton [3] introduced the concept
of orthogonal holomorphic bisectional curvature and observed that the nonnegativity of the orthogonal
holomorphic bisectional curvature is preserved under the Kéhler-Ricci flow. (For the definition of the
orthogonal holomorphic bisectional curvature we will give in the following.) In 2006, Chen [4] generalized
the Frankel conjecture in another aspect with the orthogonal holomorphic bisectional curvature but
under some additional condition. He proved that any compact irreducible Kahler manifold with positive
orthogonal holomorphic bisectional curvature and c; > 0 must be biholomorphic to the complex projective
space.
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Definition 1.1. A complex n-dimensional (n > 2) Kahler manifold (M™,h) is said to have nonnega-
tive orthogonal holomorphic bisectional curvature if for any orthonormal basis {es}, the following holds
R(eq,eq,€8,€3) = Roaps 2 0, for any a # 3.

If we consider the K&hler manifold as a Riemannian manifold, then we define the manifold has non-
negative orthogonal holomorphic bisectional curvature by R(u;, Ju,, Juj,uj) > 0, for any (u;,u;) =
(ui, Ju;) = 0, where J is the complex structure of M. The above Definition 1.1 is equivalent to that in
the Riemannian case. Indeed, we can choose an orthonormal basis {u1, ug, ..., u2, } such that Ju; = w44
fori=1,2,...,n. Set ¢; = \}2 (u; —v/—1Ju;), then {e;} is an orthonormal basis. It follows that

R(ei, €, €j, €j) = Rﬁj; = R(U“ Jui, JUj, Uj),
for any i # j. This implies the two definitions are equivalent.

Recently, Seshadri [11] gave the classification of manifolds with nonnegative isotropic curvature. He
proved that any compact irreducible Kahler manifold with nonnegative isotropic curvature must be either
a Hermitian symmetric manifold or biholomorphic to the complex projective space. From the computation
in Lemma 2.1 in [11], we can see that nonnegative isotropic curvature implies the nonnegative orthogonal
holomorphic bisectional curvature. However, the converse is not true. Following we give an example and

other examples can be given in a similar way:

Example 1.2. Let (M, h) = (2, 9)x(CP", go), where ¥ is a Riemann surface with the Gauss curvature
k(X) 2 —4 and min(k(X)) = —4 and go is the standard Fubini-Study metric such that the sectional
curvature of C'P" satisfies 1 < K(p) < 4. In the following, we want to show that M has nonnegative
orthogonal holomorphic bisectional curvature but the isotropic curvature is not nonnegative.

Indeed, suppose that €, and {&}(1 < i < n), are the orthonormal basis of T)-(X) and T,:°(CP™)
respectively. Then we can naturally extend them to the orthonomal basis {e;}(0 < i < n), of (M) at
the point = (p,q) € M, such that pri(ep) = éy and pra(e;) = €;, where pri,pro denote the canonical
projection onto ¥ and C'P™ respectively.

Now for any two orthogonal vectors X,Y on M, we assume that X = Z?:o a;e; and Y = Z?:o bie;,
where a;, b; are complex numbers satisfying Z?:O a;b; = 0.

Then by a direct computation we can get

R(X,X,Y,Y) = |aol|bol* Rooon +4 ) (lai*[bif*) + 2D > (lail*[bs]* + aia;bsbi)

i=1 i=1 j#i
n 2 n n

> =4 aibi| 4> (lalPbil?) + 2 0 (ail*[bi [ + aia;bibi)
i=1 i=1 i=1 j#i

=2 Z |aibj - ajbi|2 Z 0.
1<i<j<n
This implies that the orthogonal holomorphic bisectional curvature of M is nonnegative. On the other
hand, by a direct computation or the result of [8], it is easy to see that the isotropic curvature is not
nonnegative.

Clearly nonnegative holomorphic bisectional curvature also implies the nonnegative orthogonal holo-
morphic bisectional curvature, naturally we want to know the relations between holomorphic bisectional
curvature and isotropic curvature. By the work of Ivey [7], we know that in the complex 2-dimensional
case, nonnegative holomorphic bisectional curvature implies nonnegative isotropic curvature. So the result
of Seshadri [11] can be viewed as a generalization of Mok’s theorem on the generalized Frankel conjecture
in complex 2-dimension. But in higher dimensional case, we do not know whether this is also true, since
the nonnegative holomorphic bisectional curvature means the bisectional curvature is nonnegative on any
holomorphic complex plane, while nonnegative isotropic curvature requires on any 2-dimensional isotropic
plane. Even though, we know that both holomorphic bisectional curvature and isotropic curvature imply
orthogonal holomorphic bisectional curvature. So orthogonal holomorphic bisectional curvature is the
weakest one among the three curvature conditions. In [4], Chen asked a question: whether a compact
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Kahler manifold with positive orthogonal holomorphic bisectional curvature necessary has ¢; > 0. In
this paper, we give an affirmative answer to this question and hence solve the Question/Conjecture 1.6
in [4]. Moreover, we will also give a complete classification of manifolds with nonnegative orthogonal
holomorphic bisectional curvature. This can be considered as an extension of the generalized Frankel
conjecture. Our main result is the following

Theorem 1.3.  Suppose (M™, h) is an n-dimensional (n > 2) compact Kahler manifold of nonnegative
orthogonal holomorphic bisectional curvature. Let (M™, iL) be its universal covering space. Then (M™, /~z)
is isometrically biholomorphic to one of the following two cases

(1) (CF, ho) x (My,hy) x - -+ x (M, hy) x (CP™,01) x --- x (CP",8,.), where hy denotes the Euclidean
metric on C*, h; (1 € i < 1) are canonical metrics on the irreducible compact Hermitian symmetric
spaces M; of rank > 2, and 0; (1 < j < r) is a Kahler metric on CP™ carrying nonnegative orthogonal
holomorphic bisectional curvature;

(2) (Y,g0) x (M1,hq) x -+ x (M, h;) x (CP™,61) x -+ x (CP",0,), where Y is a simply connected
Riemann surface with Gauss curvature negative somewhere or a simply connected noncompact Kahler
manifold with dim(Y") > 2 and has nonnegative orthogonal holomorphic bisectional curvature and the
minimum of the holomorphic sectional curvature < 0 somewhere, M;, CP™ (1 <1 <1,1<j<r) are the
same as in Case (1). Moreover, we have the holomorphic sectional curvatures of M; and CP™ are not
less than — min{holomorphic sectional curvature of Y} > 0.

This paper contains four sections and the organization is as follows. In Section 2, we will get the
nonnegativity and the equation of the orthogonal bisectional curvature under the Ricci flow. In Section
3, we will prove the positivity of the first Chern class under the positive orthogonal holomorphic bisectional
curvature condition and give some results on the irreducible manifolds which will be used in the proof of
our main theorem. In Section 4, we will complete the proof of Theorem 1.3.

2 Nonnegativity of the orthogonal bisectional curvature under the Ricci flow

In this section, we first give a proof of the preserving nonnegativity of the orthogonal bisectional curvature
under the Ricci flow, which is announced by Cao and Hamilton in an unpublished work [3]. And then
we give the equation of the orthogonal bisectional curvature under the Ricci flow.

Suppose that (M™, h) is a compact Kéahler manifold with nonnegative orthogonal holomorphic bisec-
tional curvature and g;5(t),0 < ¢ < 0, is the solution to the Kéhler Ricci flow with the initial data h. Let
P be the bundle with the fixed metric h and the fibre over p € M consists of all orthogonal 2-vectors
{X,Y} cT,°(M). We define a function on P x (0,6) by u({X,Y},t) = R(X,X,Y,Y), where R denotes
the pull-back of the curvature tensor of g;;(t).

Proposition 2.1.  The above function u is nonnegative as long as the solution ezists.

Proof.  According to Hamilton [6], under the evolving orthonormal frame {e,}, we have

0
atRaézﬂE = ARadﬂE + Z(RQ@MDRW}BG - |R0¢/7«/6V| + |Raﬁuu| )

v

= ARadﬂE + Z (Ra&uDRyp,ﬂB - |Raﬂﬁu| + |Raﬁuu| )

pv=a,fB

( Z Z ) oo uy VPﬂB_ |R0‘ﬁﬂl’| +|Raﬁ,uu| )

p=ao,B v=a,B
vEa.B pFap

+ Z (Ra&pf/Ruﬁgﬂ |Rapﬂl/|2+ |Raﬁ,uu| )
wv#o,3

2 ARgaps+ (1) + (I1) + (I11). (2.1)

During the following proof, we assume that ¢ denotes the various positive constants which depend on
the bound of the curvature and its derivatives.
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Suppose at some point ({eq,eg},t) such that w = 0. We want to prove that I > 0,II > 0,111 > 0,
then by the maximal principle, we know that u is nonnegative.

Claim 1. 1>0.
Indeed, by the definition and a direct computation, we have

I= Z (RQ@MDRuﬁﬂE - |R0¢ﬂﬁ’7|2 + |Ra§pﬁ|2)

pv=a,
= Roapp(Racaa + Regps — Raasp) T [Rapasl” + 2Re(RagasRagss)- (2.2)
Obviously, the first term equals zero, and the second term is nonnegative. So we need only to deal

with the third term.
Now we consider the orthogonal 2-frames {cos fe,, + sinfeg, — sin fe,, + cosfes}, we have

u({cosfe, + sinfeg, —sinfe, + cosbeg},t)
= R(cosbey + sinfeg, cosBe, + sinfeg, —sinfe, + cosfeg, — sinbe, + cosbeg).

Then g

U
do i—o = 2Re(RaﬁﬁB - Radaﬁ)'
So

|Re(Ra§ﬂ§ - Radaﬁ” g c sup Du({eav 65}7 t)(§)7 (23)
gevilél=1

for some constant ¢ > 0.
Similarly, if we change es by /—1leg, and consider the orthogonal 2-frames {cosfe, + sinfy/—1leg,
—sinfe, + cos0y/—1leg}, noting that

R(cos fe, + sin v/ —1leg, cos e, — sin v/ —leg, —sinfe, + cos v/ —1leg, — sin e, — cos v/ —1eg)
=R(cos be, +sin 0\/—1657 cos fe, —sin 9\/—1eﬁ, v/ —1sin fe,, + cos fegs, —+v/—1sinfey+cos Oeg),

we can obtain that

Im(R,535 — Raaap)l S ¢ sup  Du({eq, e}, t)(§). (2.4)
EeV [g]=1

By (2.3) and (2.4) we get

|Ra§ﬂ§ - Rada§|2 < & sup Du({ea7eﬂ}7t)(€)

EeV,¢=1
ie.,
|Roppal” + |Ragagl® — 2Re(RoaagRagss) < ¢ sup  Du({ea,es}, t)(£).
EeV,¢=1
So we have
2Re(Ryp05Rapsp) = —¢  sup  Du({ea,es},t)(€) (2.5)
gevilgl=1

for some constant ¢ > 0.

Since the function w attains its minimum at the point ({eq, eg},t), we obtain that Du({eq,eg},t) = 0.
And hence by (2.5), we know that 2Re(R,5,5R.555) = 0, that is, the third term in (2.1) is nonnegative.
So we have proved Claim 1.

Claim 2. II >0.
Indeed, by the definition and a direct computation, we have

1= ( ORI >(R°‘0‘l“’Rvuﬁﬂ_ |Rappo|* + | Ragusl”)

n#a,B v#a,
v=a, p=a,fB
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= Y 2Re(RaaanRuaps + RaasaRuiss)
pFa,B
+ Z (|Ra§pﬁ|2 - |Raﬁﬁﬁ|2 + |Ra§aﬁ|2 - |Radﬂﬁ|2)~
pFa,B

Now for p # o, 3, we consider the orthogonal 2-vectors {e, + se,, e}, and we have
u({ea + seu,ep},t) = R(eq + sey, ea + s, €5, €3).

Then
du
o Rapp + Rappp = 2Re(Ryp05)-

So we have

Re(R.pp5) < ¢ sup  Du({ea,es},1)(§),
EeV [g]=1

for some constant ¢ > 0.
Changing e,, by \/—leu, we can obtain

I (Rypp5)l < ¢ sup Du({ea; ep},1)(E).
EeV[¢l=1
By (2.7) and (2.8) we get

|Roupsl <c¢  sup  Du({ea, s}, t)(§).
EeV [g]=1

Similarly, we can obtain

|Raappl < ¢ sup  Du({ea, e}, t)(£)-
gevlgl=1

By (2.6), (2.9) and (2.10) we know that

IT > —c sup Du({ean,es},t)(&),
eV [gl=1

for some constant ¢ > 0. Similarly as above, we obtain that IT > 0. Hence we proved Claim 2.

Claim 3. III > 0.
Indeed, in the following we will prove that

Z (Ra&uDRyp,ﬁﬁ - |Raﬂﬁﬂ|2) 2 0.
[IRZ N

For any vectors wq,wg orthogonal to e,, eg, we define an orthogonal 2-vectors {v,(s),vz(s)} by

1
Vo (8) = €q + Swa — 282 Z (Wa,wjde; + O(s%),
Jj=a,p
1
vg(s) = eg + swg — 282 Z (wg,wj)ej + O(s%).
Jj=a,B

Then consider u({va(s),v3(s)},t) = R(va, va,v8,v3). By a direct computation, we have

;di;;(;) - = R(wa,Wa;€8,€3) + R(eq, €a,ws,ws)
+ 2Re(R(waq, €, €8, ws)) + 2Re(R(eq, wa, €3, w3))
— ((wa, wa) + (w3, wa)) Raapp — Re((wa, wp) Rgaps + (Wi, wa) Ragap)-
So we have

(Wa,wa, €3, €3) + R(ea, €a,ws,wg) + 2Re(R(wa, €a, €3, w)) + 2Re(R(eq, wa, €3, ws))

1257

(2.6)

(2.9)

(2.10)
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(<wa7w0t> <wﬂ7w5>)Radﬂ§ - Re(<wa7w5>RﬁdﬁB + <w57w0t>Rao7a§)

2
>c£€¢r|1£fl Dru u({ea,ep}, t)(€, ), (2.11)

for some constant ¢ > 0. If we change e, by —v/—1le, and eg by v/—1leg, we can obtain that

R(wa,wa,eg,ep) + R(ea, €q,ws,wg) — 2Re(R(wa, €, €3,ws)) + 2Re(R(eq, wa, €3, ws))
— ((Wa,wa) + (wg,ws)) Ragps + Re((was ws) Raaps + (ws, Wa) Ragas)

. 2
> Cgevlﬂgf‘:lD u({ea,ep}, t)(€, ), (2.12)

By (2.11) and (2.12) we have

1%((.(10”(410”eg,eg)—l—R(ea,eo“wg,uJﬁ)—|—2Re(R(ea,wmeﬁ,wﬁ))20£ érllgfl 1D2u({ea,eg}7t)(f,§). (2.13)
ev,lél=

If we set
A(va):R(X7Y7eﬂ7eﬂ)7 B(va):R(€a7X7eﬂ7Y)v C(va):R(eOneavay)'

Then by (2.13) we know that

A B ,
(BT o ) ze ot D *u({ea, e}, )(E, €)-

Hence we have

- 2
tr(AC) — tr(BB) > CEG\}',I|1§|:1D u({easep},t)(&, &),

where ¢ > 0 is a constant depending on the bound of the curvature and its derivatives. i.e.,

> (RoapwRupsp — |Ropssl?) > ¢ inf  D?u({eq, ep},t)(£,€), (2.14)
o3 EeV[El=1

for some constant ¢ > 0.
Since the function u attains its minimum at the point ({eq, e}, t), we obtain that D*u({eq, eg},t) =0
By the definition of 171, we get I11 > 0. Therefore we have proved Claim 3.
By (2.1) and Claims 1-3, we can get that the nonnegative orthogonal bisectional curvature is preserved
under the Ricci flow. This completes the proof of Proposition 2.1. O
In the following, we can obtain the equation of the orthogonal bisectional curvature under the Ricci
flow.

Proposition 2.2.  There exists ¢ > 0 such that

ou
>Lu+c inf D*w(£ &) —c¢ su Du(§) — cu,
ot geV,lgl=1 &) 5ev,|§)|:1 ©

where L is the horizontal Laplacian on P and V' denotes the vertical subspace of the bundle.

Proof.  During the above proof of the preserving nonnegativity of the orthogonal bisectional curvature,
we actually obtain that

Claim 1. There exist constants ¢; > 0, ¢y > 0 such that

I>—ci-u({ea,es},t) —ca sup Du({ea,es},t)(&).
eV [gl=1

Claim 2. There exists constant c¢g > 0, such that

IT > —c3 sup Du({ea,es},t)(&).
EEV[¢|=1
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Claim 3. There exists constant ¢4 > 0, such that

III > ¢ inf  D%u({eq,est,t)(E,E).
1ot ({ea,ests 1)(&:€)

By (2.1) and Claims 1-3, we can get

ou
>Lu+c inf D%u(& &) —c sup Du(é) —cu,
ot~ gevigl=1 &0 cev,|e|=1 ©
for some constant ¢ > 0, where L is the horizontal Laplacian on P and V' denotes the vertical subspace
of the bundle.
This completes the proof of Proposition 2.2. O

3 Some results on irreducible manifolds

In the following we first give a similar result to [8] in terms of the orthogonal holomorphic bisectional
curvature in the Kéhler manifolds. We will show that the curvature term in the Weitzenbock formula on
(1, 1)-forms involves only the orthogonal holomorphic bisectional curvature. This also gives the answer
to the positivity of the first Chern class under the positive orthogonal holomorphic bisectional curvature
condition. In this section we always assume that the complex dimension n of the Kahler manifold M™
satisfies n > 2.

Theorem 3.1. Let (M™, h) be a compact Kahler manifold with nonnegative orthogonal holomorphic
bisectional curvature. Then all real harmonic (1,1)-forms are parallel. Furthermore, we have

(i) Ifby (M) =dim H-Y(M) =1, then c1(M) > 0;

(ii) If in addition M is locally irreducible, then we have by 1(M) = dim HY1 (M) = 1 and hence by (i)
we have ¢ (M) > 0.

Proof.  Suppose (M™, h) is a compact Kéhler manifold with nonnegative orthogonal holomorphic bisec-
tional curvature and J is the complex structure. Let 7 be a nontrivial harmonic (1, 1)-form on M.

In the following, we want to show that 7 is parallel. Indeed, the parallelity of n was already obtained
by [13] under the condition of nonnegative holomorphic bisectional curvature. For the completeness of our
paper, we will adapt the argument in [13, 8] to show that 7 is parallel under the condition of nonnegative
orthogonal holomorphic bisectional curvature.

Now we can choose an orthonormal basis {eg}};_, such that under this basis

1
n= \/2 52_12aﬁ-eg/\eg.

Set eg = \}2(’“6 —V=1Jug), 1 < B < n, where {uy, Jui,...,un, Ju,} is an orthonormal basis of
M in the sense of considering M as a Riemannian manifold. So in the basis {u1, Juq, ..., upn, Jun},
n becomes n = — > a; - u; A Ju;. By the Bochner formula we have An = V*Vn + £(n), where
£(n) = —; > (R(ni):mj)[mi, [, m]] and (-,-) denotes the corresponding Riemannian metric. Then by
the same argument as in [8], we know that

(£ = ) SR, X )0l X aln)Xa) = 5 3 ~am)*(R(Xa). X o)
a>0 a>0

where a(n) satisfies [Xa,7] = —[1, Xa] = —a(n) X, and —a(n)? is nonnegative and the symbols are the
same as in [4]. Now for the positive roots x; + z; (1 < i < j < n), we have

1
Xo= 5 (ui+ V=1Ju) A (uj + V—=1Ju;) = e; Aej,

1
Xoo =, (i = V=1Jui) A (u; = V=1Ju;) = ei Aej.
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For the positive roots z; — x; (1 < ¢ < j < n), we have
1
X, = 2(
1
X_ o= 2(ui — V=1Ju;) A (uj + V—1Ju;) = e; Aej.

wi + vV —1Ju;) A (uj — \/—lJuj) =e; Nej,

So (R(X4), X_n) = 0 the previous case and for the other case, we have
(R(Xa),X,a) = R(el Nej,e; N ej) = R(6i7 €j, ej,ei) = R(ei,eh ej,ej) >0,

since the orthogonal holomorphic bisectional curvature is nonnegative. Then by the standard Bochner
argument we can obtain that all real harmonic (1, 1)-forms are parallel.
In order to prove the left conclusions (i) and (ii), we evolve the metric by the Kéhler Ricci flow

8tgl§(x’t) = _Ri3($7t)7
9i5(2,0) = h;5(x).

Then by Shi’s short-time existence theorem, we know that there is a 7' > 0 such that the Ricci flow has a
smooth bounded curvature solution (M, g;;(t)) for ¢t € [0,T). By Proposition 2.1 that the solution g;;(t)
still has the nonnegative orthogonal holomorphic bisectional curvature. Suppose {e,} is an orthonormal
basis, then for any a # (3, we have

R(eq —ep,ea —€p,€a + €3,€0 + €3) = Raaaa + Ragsg — Ragas — Rpapa = 0, (3.1)

where we have used the assumption and the result that the nonnegativity of the orthogonal holomorphic
bisectional curvature is preserved under the Ricci flow. Similarly changing eg by v/—1leg, we have

Roaaa + Rpgpp + Rogap + Rpapa = 0. (3.2)

By (3.1) and (3.2) we obtain that
Radad + Rﬂﬁﬁg = 0 (33)

for any orthonormal 2-frames {en, es}. So by the assumption and (3.3), we have

R = Z RadﬁB = Z Z Radﬁﬁ + Z Radad 2 0. (34)
a,p

a [B#a @

If by 1 (M) = dim HYY (M) = 1, let p and w denote the Ricci form and Kéhler form respectively, then
by the Hodge theory, we have p = Aw + 7, where ) is a real number and fM (w,m) = 0. On the other

hand, we have
1
/<p,w>= /R=A||w|\2>o,
M 4 M

since the scalar curvature R > 0 by (3.4). Hence we have ¢1(M) > 0. Moreover if the scalar curvature
R at some point is positive, then ¢1(M) > 0. So now we can assume that the scalar curvature R(t) = 0
for all sufficiently small ¢. Then by the evolution equation of the scalar curvature %If = AR+ |Ric|? we
know that for all sufficiently small ¢,

Ric(t) = 0. (3.5)

We claim that for all «;, the holomorphic sectional curvature Rygaq = 0.

Indeed, by (3.3)-(3.5), we know that for any a # 8 R,535 = 0 and Racaa + Rggs5 = 0. Suppose there
exists 1 < a < n such that Rygaa # 0, then Ryg = Zﬁia R,s5p + Raaea # 0. And this contradicts
with (3.5). So we have proved the claim and hence the curvature operator is equal to zero. Therefore
(M™, h) is flat. However, note that n > 2, we know that there exists no compact and flat Kédhler manifold
satisfying by 1 (M) = dim H"' (M) = 1. Thus the scalar curvature must be positive at some point. Hence
c1(M) > 0. This completes the proof of (i).
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In the following we will give the proof of (ii). We argue by contradiction. Suppose by 1(M) =
dim H»*(M) > 1, then by the same argument as in [8] in the proof of Theorem 2.1 (b) and note
that M is locally irreducible, we know that h is hyper-Kéhler and hence Ricci flat. So by the argu-
ment above, we know that M is flat. And this is a contradiction with the local irreducibility of M. So
b11(M) = dim H1 (M) = 1. Then by (i) we know that ¢;(M) > 0. This completes the proof of (ii).

Therefore we complete the proof of Theorem 3.1. ]

From Theorem 3.1 and the result of [4], we immediately obtain

Corollary 3.2.  Let (M™, h) be a compact Kahler manifold with positive orthogonal holomorphic bisec-
tional curvature. Then the first Chern class c1(M) > 0. Moreover, the underlying manifold is biholomor-
phic to CP™.

Proof.  Since (M™, h) has positive orthogonal holomorphic bisectional curvature, we get that M is locally
irreducible. Then by Theorem 3.1 (ii) we know that ¢1 (M) > 0. Combining the result of [4], we obtain
that M is biholomorphic to the complex projective space C'P™. O

In the following we will give a result on the irreducible compact Kéahler manifold with nonnegative
orthogonal holomorphic bisectional curvature.

Proposition 3.3.  Let (M™, h) be a compact irreducible Kihler manifold with nonnegative orthogonal
holomorphic bisectional curvature. Then either M is biholomorphic to the complex projective space or
(M, h) is isometrically biholomorphic to an irreducible compact Hermitian symmetric manifold of rank
> 2.

Proof.  Suppose (M™,h) is a compact irreducible Kéhler manifold with nonnegative orthogonal holo-
morphic bisectional curvature, then by Theorem 3.1 (ii), we know that ¢; (M) > 0.
First we evolve the metric by the Kahler Ricci flow

0
atgﬁ(x»t) = —R;;(z,1),

According to Bando [1], we know that the evolved metric g;;(t),t € (0,7'), remains Kdhler. Then by
Proposition 2.1, we know that for ¢ € (0,7), g,;(t) has nonnegative orthogonal holomorphic bisectional
curvature. Moreover, according to Hamilton [6], under the evolving orthonormal frame {e,}, we have

0
atRadﬁB = ARadﬂE + Z(RadﬂﬁRvﬁﬁB - |Raﬁﬂl7|2 + |Raﬁpl7|2)'

v

Suppose (M, h) is not locally symmetric. In the following, we want to show that M is biholomorphic
to the complex projective space C'P™.

Since the smooth limit of locally symmetric space is also locally symmetric, we can obtain that there
exists 0 € (0,7") such that (M, g,;(t)) is not locally symmetric for ¢ € (0,0). Combining the Kéhlerity
of g;;(t) and Berger’s holonomy theorem and note that c;(M) > 0, we know that the holonomy group
Hol(g(t)) = U(n).

As above, let P be the fiber bundle with the fixed metric h and the fiber over p € M consist of
all orthogonal 2-vectors {X,Y} C T,°(M). We define a function u on P x (0,6) by u({X,Y},t) =
R(X,X,Y,Y), where R denotes the pull-back of the curvature tensor of g;;(t). Clearly we have u > 0
by Proposition 2.1. Denote F = {({X, Y}, )|u({X,Y},) =0,X #0,Y # 0} C P x (0,9) consists of all
pairs ({X,Y},t) such that {X,Y} has zero orthogonal holomorphic bisectional curvature with respect to
9:3(t). By Proposition 2.2, we know that

Ju
>Lu+c¢ inf D%u( &) —c¢ sup Du(f) —cu,
ot SeVilél=1 €0 cevigl=1 ©

for some constant ¢ > 0, where L is the horizontal Laplacian on P and V denotes the vertical subspace
of the bundle.
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In the following, we use Proposition 5 in [2] to obtain that the set
F = {({X, Y}, 0[u({X,Y},1) = 0,X £0,Y £0} C Px (0,6)

is invariant under parallel transport.

Indeed, we know that the vector field Y, defined in Proposition 5 in (2], is the horizontal lift of the
vector ﬁelngt on M x (0,9), and the vector fields )Z'l, .. .JZ’H are tangential to P. Hence ?(u) = %“t‘,
and 377 ) X;(X;(u)) = Lu, then by Proposition 5 in [2] we get that the set

F={({X,Y})u({X,Y},t)=0,X £0,Y £0} C P x (0,5)

is invariant under parallel transport.
Next, by adapting the argument in [5], we claim that R,;35 > 0 for all ¢ € (0,0) and all a # S.
Indeed, suppose not. Then R, ;55 = 0 for some t € (0,9) and some a # (3. Therefore ({eq,es},t) € F.
Combining R,435 = 0 and the computation for (2.2), (2.6) and (2.14) in Proposition 2.1, it is easy to
obtain that
> (RaaurBypp5 — [Rapssl?) =0,
8%
Ropuw
Roaus = Repgua =0, Vi
We define an orthonormal 2-frames {eq, e5} C T,°(M) by

= 07 V,U, v, (36)

€q =sinf-e, —cosf-eg, e3=cosb-eq,+sind-egs.

Then
€q =sinf-e, —cosf-eg, e3=cosb-eq,+sing-egs.
Since F' is invariant under parallel transport and (M, g;5(¢)) has the holonomy group U(n), we obtain
that ({eq,es},t) € F, that is, R(eq,€q,€3,€3) = 0. On the other hand, by a direct computation and
(3.6),
R(ew,€a,ep,€5) = cos? 0sin? 0( Rogaa + Rg5p5)-

So we have Rgz45 + Raaaa = 0, if we choose 6 such that cos? 0sin? 6 # 0.

Clearly we can find an element of U(n) such that it changes e, to e, and fixed eg. Then we can see
that ({e,,eg},t) € F. By the same argument as above, we get Rgz,, = Rgags + Rupun = 0. Similarly
we can obtain that for any e, and e, with p # v, the following holds

R,uﬁuf/ = RUDUD + R,uﬁpﬁ = 0. (37)

So we have the scalar curvature

R=> Raa=»_ > Ruaps+ Y Rasea=0. (3.8)
« « ﬁ;éa «
Then by the same argument as in Theorem 3.1, we can obtain that the manifold is flat, and this contradicts
with the irreducibility of M. Hence we prove that R,;55 > 0, for all ¢ € (0,6) and all a # 3.
Therefore note that ¢; (M) > 0 and then using the result of [4], we can get M is biholomorphic to the
complex projective space C'P™.
This completes the proof of Proposition 3.3. O

4 Proof of the main theorem

Proof of Theorem 1.3.  Suppose (M™, h) is an n-dimensional (n > 2) compact Kéahler manifold of non-
negative orthogonal holomorphic bisectional curvature. By applying the standard de Rham decomposition
theorem, we know that the universal cover (M, h) can be isometrically and holomorphically splitted as

(C*, ho) x (M, hy) x - x (M, hy),
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where each (M, h;)1 < i < I, is irreducible and non-flat, hg is the standard flat metric on C* and
k,mn1,...,n; are nonnegative integers.
In the following we divide it into three cases.

Case 1. k = 0 and in the de Rham decomposition there exists a complex 1-dimensional irreducible
factor ¥ = M; with Gauss curvature x(X) negative somewhere.

In this case, let e; be the unit basis of 7}:°(3) and {e;‘»} (1 <j<ni2<i<1),bethe orthonormal basis
of qui’O(Mi) fog arbitrary points p € X, ¢; € M;. Naturally we can extend e; and {e;‘»} to an orthonormal
basis of T)°(M) for & = (p, q2,...,q) € M, still we denote by e; and €’ (1 < j < n;;,2 < i <I). Since M
has nonnegative orthogonal holomorphic bisectional curvature, we obtain

Rles = ¢ex = cler + hoer + ) = R+ R = nl) + R, >0,

where R® denotes the curvature on M;. So for each i # 1 we have R%)ﬁ > —k(p). By the arbitrariness
of p, q;, we know that

min{holomorphic sectional curvature of M;} > — min{x(X)} > 0.

So we have proved that all M; (i # 1), have nonnegative holomorphic bisectional curvature. If dim(M;) =
n; > 2, then we know that it also has nonnegative Ricci curvature. So M; is compact, otherwise, it will
split off a line and we can obtain a contradiction with the irreducibility of M;. Then by Proposition 3.3
we obtain that either M; is biholomorphic to the complex projective space C'P™ or M; is isometrically
biholomorphic to an irreducible compact Hermitian symmetric manifold of rank > 2. If dim(M;) =n,; =
1(i # 1), then by the Gauss-Bonnet Theorem, we know that M; is S? (= CP!) with a nonnegatively
curved metric. Hence this case is contained in (2).

Case 2. k =0 and in the de Rham decomposition there exists no complex 1-dimensional irreducible
factor or there exist complex 1-dimensional irreducible factors and all these complex 1-dimensional irre-
ducible factors have nonnegatively curved metric.

In this case, we know that all the complex 1-dimensional irreducible factors, if exists, are compact by
the Gauss-Bonnet Theorem and are S% (= CP1).

If all the irreducible factors M; with dim(M;) > 2 are compact, then by Proposition 3.3 we obtain that
either M; is biholomorphic to the complex projective space C'P™ or M; is isometrically biholomorphic
to an irreducible compact Hermitian symmetric manifold of rank > 2. Hence this is contained in (1).

If there exists an irreducible factor, without loss of generality, denoted by M, is noncompact, then
we claim that the minimal of the holomorphic sectional curvature of M; < 0 somewhere. Otherwise,
suppose the holomorphic bisectional curvature of M7 > 0 and hence it has nonnegative Ricci curvature,
so it is compact which contradicts to the noncompactness of M;. So we have proved the claim. Then by
the nonnegativity of the orthogonal holomorphic bisectional curvature and the same argument as in Case
1, we know that all the other irreducible factors M; (i # 1), have nonnegative holomorphic bisectional
curvature and hence are compact. Therefore as above, by Proposition 3.3 we obtain that either M; (i # 1),
is biholomorphic to the complex projective space CP™ or M; (i # 1), is isometrically biholomorphic to
an irreducible compact Hermitian symmetric manifold of rank > 2. This is contained in (2).

Case 3. k>1.

In this case, by the nonnegativity of the orthogonal holomorphic bisectional curvature of M and
the same argument as in Case 1, we know that all the other irreducible factors M; have nonnegative
holomorphic bisectional curvature. Again by the same argument as in Case 1, we can obtain that
if dim(M;) = n; > 2, then either M, is biholomorphic to the complex projective space CP™ or M;
is isometrically biholomorphic to an irreducible compact Hermitian symmetric manifold of rank > 2.
If dim(M;) = n; = 1, then by the Gauss-Bonnet Theorem, we know that M; is S?(= CP!) with a
nonnegatively curved metric. This case is contained in (1).

Hence from the above argument, we have proved Theorem 1.3. O
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