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Abstract This is a survey article about using non-conforming finite elements in solving eigenvalue problems
of elliptic operators, with emphasis on obtaining lower bounds. In addition, this article also contains some new
materials for eigenvalue approximations of the Laplace operator, which include: 1) the proof of the fact that the
non-conforming Crouzeix-Raviart element approximates eigenvalues associated with smooth eigenfunctions from
below; 2) the proof of the fact that the non-conforming Eerot element approximates eigenvalues from below
on polygonal domains that can be decomposed into rectangular elements; 3) the explanation of the phenomena
that numerical eigenvalues A1 j, and A3 of the non-conforming Q’°" element approximate the true eigenvalues
from below for the L-shaped domain. Finally, we list several unsolved problems.
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1 Introduction

Let V and H be two Hilbert spaces, where V' C H with a compact embedding, let a(-,-) be a bilinear
form on V' x V which is symmetric, V-elliptic, and continuous, and let b(-,-) be a bilinear form on H x H
which is continuous and symmetric positive definite. Furthermore, we define an inner product and norm
on H by b(-,-) and || - ||, = \/b(-, -), respectively.
Consider the weak form of eigenvalue problems of the self-adjoint elliptic differential operator:
Find A € R,u € V, |lu|ly = 1, such that
a(u,v) = \b(u,v), YveV. (1.1)
Let S* C V be a conforming element space. The conforming finite element approximation of (1.1) is:
Find A, € R, up, € S", |Jup|lp = 1, such that
alun,v) = A\pb(up,v), Yove S (1.2)
As Strang and Fix [12] pointed out, the following Rayleigh quotient and minimum-maximum principle
discovered by Rayleigh, Poincare, Courant and Fischer etc., play a fundamental role in finite element

eigenvalue approximation.
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a(v,v
b(v,v

Minimum-maximum principle. Let A; be the j-th eigenvalue of (1.1), and A; 5, be the j-th eigen-

Rayleigh quotient. R(v) = )) (v # 0) is called as Rayleigh quotient of v.
value of (1.2), respectively. We arrange eigenvalues by the increasing order, with each eigenvalue counted
repeatedly according to its algebraic multiplicity. Then the minimum-maximum principle states,

Aj = min max R(v), Ajn= min max R(v).
V;CV,dim V;=j veV; V;C S, dim Vy=j veV;

By the minimum-maximum principle and S* € V, one can deduce

N <A, J=1,2,...,dim(S"). (1.3)

The minimum-maximum principle insures that numerical eigenvalues by conforming elements approx-
imate exact eigenvalues from above.

The minimum-maximum principle is still valid for the non-conforming element. However, A\; < A; is
no longer true since S" ¢ V. Then how about the opposite, i.e., A; = A;j for non-conforming elements?

This problems have attracted many attentions from mathematics and engineering community.

Weinstein and Qian [13] obtained lower bounds of eigenvalues for the plate vibration problem using
relaxed boundary conditions (breaking conforming properties) and provided numerical examples in 1943.
Zienkiewicz et al. [18] discovered that the non-conforming Morley element approximates eigenvalues of
the plate from below in 1967. Rannacher [9] provided some numerical results in 1979 for plate vibration
problems, which indicate that the non-conforming Morley and Adini elements can be used to obtain
lower bounds of eigenvalues. Rannacher also pointed out that this property is in general true for non-
conforming elements. However, there are exceptions, e.g., the Adini element approximates from above
under mixed boundary conditions (w = d,w = 0 on one side and free boundary conditions on the other
three sides) on a square domain.

In 2005, Liu and Yan [8] provided some numerical results for non-conforming Wilson and EQ}°*
elements, which approximates eigenvalues of the Laplace operator from below. Their numerical results
also indicated that Qi°* element gives lower bounds for some eigenvalues and upper bounds for others.
In the same year, Chen and Yang [4] gave numerical examples of the three-dimensional Wilson’s brick,
which approximates eigenvalues of the Laplace operator from below.

Theoretical analysis seems a little behind. In 2000, Yang [14] proved that for the plate vibration
problem on rectangular domain, the Adini element approximates exact eigenvalues from below. As for
the Laplace operator eigenvalue problems, here is a list of some theoretical results:

Armentano and Duran [1] proved that piecewise linear non-conforming Crouzeix-Raviart element ap-
proximates exact eigenvalues associated with singular eigenfunctions from below in 2004.

Lin and Lin [6] proved that the non-conforming FQ'°* rectangular element approximates exact eigen-
values associated with smooth eigenfunctions from below in 2006.

Zhang et al. [16] proved that the non-conforming Wilson element approximates exact eigenvalues
associated with smooth eigenfunctions from below in 2006.

In this article, we discuss some popular non-conforming elements in approximating eigenvalues of plate
vibration problems and the Laplace operator, with emphasizing on obtaining lower bounds. In addition,
for the Laplace operator, we obtained some new results which are listed here:

1) The non-conforming Crouzeix-Raviart element approximates exact eigenvalues from below on general
polygonal domains. In the literature, the result obtained by Armentano and Duran [1] was restricted to

eigenvalues associated with singular eigenfunctions. Our results include smooth eigenfunctions as well.
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2) The non-conforming EQ'°" rectangular element approximates exact eigenvalues from below. In the
literature, the result obtained by Lin and Lin [6] was restricted to eigenvalues associated with smooth
eigenfunctions. Our results include singular eigenfunctions as well.

3) For non-conforming rectangular Q}°* element, we explain why numerical eigenvalues A, and Asp,
approximate the exact eigenvalues from below for the L-shaped domain.

At the end, we list three related open problems.

2 Fundamental properties of non-conforming element methods in eigenvalues
problems

Let S" ¢ H, S" ¢ V be a non-conforming finite dimensional subspace. The non-conforming finite
element approximation of (1.1) states:
Find A\, € R, up, € Sh, Huth =1, such that

an(up,v) = Apb(un,v), Yo e S", (2.1)

where ayp, (u,v) = Enewh ax(u,v) and a, denotes restriction of a on k € 7y, where 7, is a partition. Yang

[14] proved the following fundamental identity:
Lemma 2.1.  Let (A, up) be an eigenpair of (2.1) with ||up|lp = 1, and (X, u) be an eigenpair of (1.1)
with ||u|lp = 1, then the following identity holds:

A — A =ap(u—up,u —up) — Ab(u — up, u — up) + 2Dy, (2.2)
where Dy, = ap(u, up) — Ab(u, up,).

Lemma 2.1 is a generalization of fundamental identities in [12] and [2] for conforming element eigenvalue
approximation. The difference is the non-conforming term 2D;,. We shall see from the following sections,
the sign and order of Dy, are crucial for determining whether the numerical eigenvalues are below or above
the true ones.

The following lemma developed by Zhang et al. [16], which is a generalization of an identity in [1], is

an effective tool in studying the non-conforming finite element eigenvalue approximations.

Lemma 2.2.  Assume that (\,u) € R x V is an eigenpair of (1.1), (An,urn) € R x S" is an eigenpair of
(2.1), Iyu € S" is the non-conforming element interpolation of u. Then the following identity is valid:

A=A = [lu—unlli = AllZnw = wnllf + Mo (nully = [ull7) + 2an(u — Ty, up). (2.3)

By the Lax-Milgram Lemma, we know that the source problem of (1.1) has a unique solution. Therefore

we can define an operator T': H — V|
a(Tf,v) =0b(f,v), VfeH, veV. (2.4)

Babuska and Osborn [2] proved that (1.1) is equivalent to the following operator form: Tw = A~ u, where
T : H — H is a self-adjoint completely continuous operator.

Let the bilinear form ay(-,-) be S"-elliptic, continuous and symmetric over the space S, and [|v||;, =
v/an(v,v) be a norm over the non-conforming element space S". Then the source problem of (2.1) has a

unique solution, and we can define an operator T}, : H — S" by
an(Thf,v) = b(f,v), VfeH, vesh (2.5)

Therefore, (2.1) is equivalent to the following operator form: Thu; = A;luh. One can prove that T}, :
H — H is a self-adjoint finite rank operator.

Let (Aj,u;) be the j-th eigenpair of (1.1) with [Ju;|l, = 1, and let M()\;) denote the space of all
eigenfunctions of A;.
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Lemma 2.3. LetT: H — H be a self-adjoint completely continuous operator with ||Tp, —T||» — 0, and
let (A\jn,ujn) be the jth eigenpair of (2.1) with ||ujalls = 1. Then \j, — X;, and there exists u; € M(\;)

with ||ujl|s =1, such that
AjAjih

Aip — A = b((T —T; U Ry, 2.6
Jih J b(uj,uj7h) (( h)“] u]) + 1t (2.6)
l[wjn = wslls < CNZN(T — Th)ug b, (2.7)
lwjn — wjlln = Nl Tug — Thugl|n + Ra, (2.8)

where |Ry| < C|(T = Tn)u; 3, [Re| < CI(T = Th)uglo.
Proof. ~ Combining Theorem 1 in [15] with Lemma 1 in [14], we have [[u; n —u;llo < CAF|[(T = Th)u; n[o-

By simple calculation shows that
Jwjn = wjlly < CXNNT = Tn) (ujn —ws+ug)lls < CAS(IT = Tn)uglly + |7 = Tallollsn — wlls),
which, together with [|T°— T} ||y — 0 (h — 0), yields (2.7). Since

b(Tujn — Thttjn, ) = b(Tuj s us) = b s s )
=b

(wj,n, Tuz) = b pugnsug) = (A7 = A p)b(ug n,uj),

we have
AjAjh
S ’ T — T s ,
Ajh = A b(uj,uj’h)b(( h)uJ,h:UJ)
AiAsih (b((T = Th)uj, uj) + (T — Ti) (wjn — uj), u;))
b(ujyule) Jr 2] Js 770 2]
AjAjh
= BT = Tywug, u; .
b(’U,j, uj,h) (( h)uJ7 u]) + Rl

Moreover, using the facts that T" and T}, are symmetric, A; , — A;, and (2.7), we can infer that
AjAjh
b(uj, wjn)
< Nlwjn = wyllo[[(T = Th)usllo < CIT = Th)ug 3.

|R1| = b((T — Th)(ujn — uj),uj)| < Clo(ujn —uj, (T — Th)uy)|

Therefore, we get (2.6) immediately.
From (2.1) and the definition of T, we get

lujn = AThuillz = an(ujn — A Thug, ujn — ATaug) = b nwgn — A, wjn — A Thuy)

< Nnwsn — Njusllsllugn — A Tawslle < (1A pwsn — Ajuslle + Jujn — X Thugls)?,

which, together with (2.6) and (2.7), yields ||u;n — AjThujl|ln < CI(T — Th)u,llp. Denote ||u;pn — ujlln =
il Tuj — Thu||p 4+ Re. Using the triangle inequality, we deduce that

|Ra| = [[lugn — wjlln — Ajl|Tuy — Thugllnl = [llwjn — wjilln — [lug — A Thugl|al

< lugn = AjThuglln < CIT = Th)ujllo-

Therefore, we obtain (2.8).

According to Lemma 2.3, the error estimates of non-conforming eigenvalue approximations attribute to
the error estimates of the corresponding non-conforming element approximation of their source problems.
Therefore the error estimates of Wilson, Crouzeix-Raviart, Adini, Morley, Q%°t, and FQ°" elements in

eigenvalue approximations can be derived from error estimates of corresponding source problems.
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3 Adini element and Morley element
Consider the plate vibration problem (1.1) with V = HZ(Q), H = L2(f),
a(u,v) = /Q(aAuAU + (1 — 0)(2012ud120 + 011ud11v + Oagudagv))de,
bu.0) = [ wodz, full = Jul,

where 2 C R? is a polygonal domain, o € [0,0.5) is the Poisson ratio. Clearly, the bilinear form a(u,v)
is symmetric; and according to [5], it is also continuous and HZ(2)-elliptic.

We illustrate the Adini element by Figure 1.

2 &)
@ @
k
B A
S 2
Figure 1

The degrees of freedom (interpolation conditions) are: function values and gradients ( aiu 822) at the
four vertices (nodes).
The Adini finite element space is:
Sh = {v € C%Q) : v|, € P3(rk) @ span{aizq, 2123}, 5k € T4, v,01v,02v are continuous at element
vertices and zeros on boundary nodes },
where Ps(k) is the complete polynomial space of degree< 3 on k, 7, is a rectangular mesh.
We see that S" C C°. However, S* ¢ H?(2). In this case,

ah(u;“ v) = Z /(aAuhAv + (1 — a)(2812uh812v + O11up011v + agguhagg’l}))dx.
rkETR Y
Denote 0; = 8‘2“ 0ij = am?ng , ... Inspired with [3,17], Yang established the following results in [14].

Lemma 3.1. Let eigenfunction v € H*(), and let 7, be a uniform rectangular partition, then we

have

Di == [ [0om0? + o@r120)) = 313 [ [@rra)? + o(0mmnw?] + O(R), (3.1)

where hy and ho are horizontal and vertical side lengths of k, respectively.

Theorem 3.1.  Let \; be the j-th eigenvalue of the plate vibration problem with M()\;) C H*(Q), let
7y, be a uniform rectangular partition of Q, and (A\jn,u;jn) be the j-th Adini element eigenpair of the

plate vibration problem with ||ujsllo = 1. Then there exists uj € M(X\;) with ||u;|lo = 1, such that

2 2
/\j,h — /\j = —3h% /[(8221Uj)2 + 0'((9112Uj)2]d1‘ - 3]7% /[(8112Uj)2 + 0'(8221Uj)2]d1‘ + O(hg) (32)
Q Q

Proof.  According to Ciarlet [5], we immediately obtain

Ch?, (3.3)
Ch?. (3.4)

(T = Tw)fllo
(T = Th) fln

NN

Substituting (3.3) and (3.4) into (2.7) and (2.8) respectively, we have

lugn —ujllo < Ch2, (3.5)
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2
lujn — ujlln < Ch”. (3.6)

Substituting (3.1), (3.5) and (3.6) into (2.2) yields (3.2).

Since the dominant sign of the asymptotic expansion is negative, therefore, the numerical eigenvalue

Aj,n obtained by the Adini element approximates exact eigenvalue A; from below. In other words, when
h is sufficiently small, A, < Aj.
Note. When ¢ = 0, our model reduces to the biharmonic operator. In this case, Theorem 3.1 is still
valid. Indeed, Lin and Lin [6] proved that the Adini element approximates exact eigenvalues from below
for the biharmonic operator, which is a special case here. Numerical evidence for this special case was
provided by Rannacher [9] as early as 1979.

Consider the following eigenvalue problem:A%u = \u, in Q; u = d,u = 0, on 9.

V2 V2

Let € be a unite square. Under uniform square partition, set the diameter of elements h = v, ¥.*,.. .,

‘1/82, numerical results of )‘114,}1 using the Adini element are listed in the third column of Table 1. Under
triangular partition (see Figure 2), set the diameter of elements h = \227 \227 e \1/827 numerical results of

)\{”fh by the Morley element are listed in the second column of Table 1. The smallest eigenvalue of this
problem is approximately A\; = 1,295.

Figure 2

Remark 1. The above numerical example was provided by [9] when o is zero. Since the symmetric
property of the eigenvalue problem, the author used the symmetric grids intentionally for the test on the
Morley element.

Table 1 Numerical eigenvalues of the unit square using Morley and Adini elements

h A, A
V2 546 1177
V2 785 1231
V2 941 1256
V2 1040 1269
V2 1105 1277
V2 1149 1281
v2 1180 1284
V2 - 1286

4 Crouzeix-Raviart element

Consider the Laplace operator eigenvalue problem:
—Au=Mu, in Q; w =0, on 01, (4.1)

where 2 C R? is a polygonal domain with the maximum interior angle w.
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If w > m, and the eigenfunction is singular, we denote ro = ", r < ro which is sufficiently close to ro,
and ¢ = 2/(2 —r); and if w < 7, or the eigenfunction is smooth, we denote 1o =r =1 and ¢ = 2.
The weak form of (4.1) is (1.1) with V = H}(Q), H = Ly(f2), and

a(u,v)z/Vqudm, b(u,v):/uvdx, ||l = ||w]o-
Q Q

We illustrate the Crouzeix-Raviart triangular element by Figure 3. The degrees of freedom (interpola-

tion conditions) are the function values at the midpoints 21,22 and z3 of the three sides.

23 2

2
Figure 3
Let 7, be a regular partition (see [5, p. 131]). The non-conforming Crouzeix-Raviart element space is:
Sh = {v € Ly(Q) : v|. € Pi(k),k € mp, v is continuous at all midpoints of internal element edges and
is zero at all midpoints of boundary element edges}.
And ¢;(x) is the basic function, satisfying ¢; € S*, ;(z;) = §; ;. Note that S* ¢ H'(2) and in this case

ap(up,v) = Z /Vuthda:.
KETR Y

The side average interpolation operator Ij, : H}(2) — S" is defined by:

/Ihuds = /uds, Vi,ue H (Q),
l l

where [ is an arbitrary element side of 7.
In this case, we estimate the four terms of the right-hand side of (2.3) in order to prove A, approximating
A from below.

In the following, Lemma 4.1 is due to Armentano and Duran [1].

Lemma 4.1. Let uj € Wy 4(Q), then we have:
an(uj — Iyuj,v) =0, Yve S (4.2)

By the above Lemma 2.3 and (2.13) in [1], the following Lemma 4.2 can be obtained.
Lemma 4.2. Let uj € Wa 4(Q), then the following estimates are valid:

[y = Tnujllo < CAR ™ |ujllo.q, (4.3)
lwj —wjnlln < CAGAT |luglloq, (4.4)
lluj —wjnllo < CATR* [|ujllo.q- (4.5)

Lemma 4.3.  Let the eigenfunctions of (4.1) be smooth, then we have:
Now(Hnuglls = 1w [15) = R(G) + O(R?), (4.6)

1 > 0?uj(x)
|R(j)| = 26 > > meas(l;)? J ujdx’ < CHNR?, (4.7)

O

KETE 1=1
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where C(j) < [, (j=1,2,3,...).
Proof.  Let Iy be a piecewise constant interpolation operator, I} be a piecewise linear interpolation

operator defined by I? : C° — S" ITv(z;) = v(z;). Note that the three-midpoint Gauss quadrature rule

on a triangle has second-order algebraic accuracy (see [12, Table 4.1]), and we have

< Ch®. (4.8)

Io(uj+fhuj)/(uj'— )
Q

/(uj — Ifug) Io(uj + Inuy)
Q

By computing, we obtain

() () (o) - (a))-

Note that the error estimate of midpoint rectangular quadrature rule, we can conclude that

0u(x)
ol?

/(I,Z;Uj — IhUj)Io(Uj + Ihuj)dx
L1
=t 1) [ 30y | 00— Tiuise )

3
1
:IO(uj+Ihuj)/ E meas(l;) /Z(I,{Zuj — uj)dsp;(z)dx
Ri=1 vl

1 : 20 (1)

:72I0(uj+Ihuj);meas(li) o2 meas(k)
3

_ 1 2 Puj(mi)  0%uy(z) | Puy(x)
- 7210(“”[’%);%%@ /}fv( oz ooz toaz )™

RS 2 [ OPu(a) ;
= Zmeas(li) s Io(u; + Inus)dx + O(h”)

i=1 " i
= Re(j) + O(h%), (4.9)
where .
) 1 5 [ 0%uj(x) 1,
R = |y Somenstt? [ 70T o] < LWl

Let R(j) = A; > ,. Ri(j). Then we get

3
; 1 2 [ 0%u;(x) Lo Lyayo
IRG) = 4N ;;measui) o | S5 Rl llusllo < ) XR.
By (4.9), we have
)\j / (I,fuj — IhUj)IQ(Uj + Ihuj)dx = R(]) + O(hg) (410)
Q

Applying (4.8) and (4.10), we have
/\j,h / (Uj — IhUj)IO(Uj + Ihuj)dm
Q
= )\j,h (’U,j — I}IZ)U,J' + I}IZ)UJ' — IhUj)I()(Uj + Ihuj)dx
Q

— O(h®) + A / (IPu; — Tyw;)Io(uy + Tnuy)de
Q

= R(j) + O(h*). (4.11)
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Using piecewise constant interpolation error estimate and (4.11), we conclude that
M0 1 = Tal) = A [ (5 = Ty + Ty

=Mﬁ/@w—MWHU—%Xw+LMﬂ+RMu+MWWm
Q
= R(j) + O(h®).

Namely (4.6) and (4.7) can be obtained.
Theorem 4.1.  Let A\j and )\ be the j-th eigenvalue of (4.1) and the j-th eigenvalue of (2.1) by the

non-conforming Crouzeiz-Raviart element, respectively. Let h be sufficiently small. Then if w > 7 and
the eigenfunctions of (4.1) are singular and ||uj — ujn|ln = Ch™, or if the eigenfunctions of (4.1) are
smooth and ||uj — ujplln = CiAjh with C; > \/C(5), we have

Ajh S A (4.12)
Proof.  We consider the terms on the right-hand side of (2.3). The first and fourth terms on the right-

hand side of (2.3) are estimated by (4.4) and (4.2), respectively. The second and third terms on the right
hand side of (2.3) can be estimated as the following. Applying (4.3), (4.5), and the triangular inequality,
we derive

1 nuj = wjnllo < CXTA [[ujllo.q- (4.13)

Using interpolation error estimate, we conclude

[ 11§ = lugllgl =

/ (uy — Tnuy) (g + Tng)dz| < CAB2 s l0.q- (4.14)
Q

If w > 7w and the eigenfunctions of (4.1) are singular, using (4.4), (4.13), (4.14), and (4.2) to estimate
each term on the right hand side of (2.3), note that r < 1, we have (4.12) immediately.

If the eigenfunctions of (4.1) are smooth, clearly, we have (4.2), (4.4), (4.6) and (4.13) with ¢ = 2,r = 1.
Thus, the second term is an infinitesimal of higher order than the order of the first term. According to
(4.6) and (4.7), as a general rule, the third term is an infinitesimal of the same order as that of the first
term, therefore the sign of A\; — A; is determined by the first term coefficient C; and the third term
coefficient C(j). Note the theorem condition that C; > 1/C(j). So, we can obtain the lower bounds of
the eigenvalues.

Remark 2. When ( is unit square, 7, is uniform isoceles right triangle partition, by computing we
can obtain that C'(1)=0.000 351 809 665 6, C'(2)=C(3)=0.000 140 723 866 2, C(4)=0.000 087 952 416
38, and C; > /C(j) (j=1,2,3,4). Namely the condition in Theorem 4.1 is satisfied.

Armentano and Duran proved that the Crouzeix-Raviart element results in a lower bound in the
singular eigenfunction case, and provided numerical results including the L-shaped domain in [1]. Here we
discussed that the Crouzeix-Raviart element results in a lower bound not only in the singular eigenfunction
case, but also in the smooth eigenfunction case. In the following, we carry out some numerical experiments
on both L-shaped domain and the unit square.

Let Q be the L-shaped domain ([0, 2] x [0, 1]U[0, 1] x [1,2]). The exact eigenvalues are A\ = 9.639 7 - -,
Ao = 15197 2---, A3 = 19.739 2---, Ay = 29.521 4---. We use the uniform isoceles right triangle
partition. Numerical eigenvalues \; 1, j=1,2, 3,4, by the Crouzeix-Raviart element are listed in Table 2.

Let Q be the unit square. The exact eigenvalues are A\; = 272 = 19.739 20---, Ay = \3 = 572 =
49.348 02--- , Ay = 872 = 78.956 83 - - - . Again, we use the uniform triangulation of the regular pattern.
Numerical eigenvalues A; 5,7 = 1,2, 3,4, are listed in the Table 3.
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Table 2 Numerical eigenvalues of the L-shaped domain using Crouzeix-Raviart element

h ALk A2 h A3,k Adh
‘{12 9.133400 14.86528 19.39847 28.13676
\é2 9.461196 15.10970 19.65450 29.18283
V2 9.574822 15.17460 19.71806 29.43694
V2 9.615485 15.19146 19.73392 29.50032
V2 9.630487 15.19578 19.73789 29.51618
V2 9.636154 15.19688 19.73888 29.52016
trend e /! /! /!

Table 3 Numerical eigenvalues of the unit square using Crouzeix-Raviart element

h AL A2,h5 A3,k A4
‘{12 19.39846 44.86754 73.33747
‘{f 19.65450 48.24394 77.59386
V2 19.71806 49.07292 78.61802
V2 19.73392 49.27930 78.87224
v2 19.73789 49.33085 78.93569
V2 10.73888 49.34373 78.95155
2 19.73913 49.34695 78.95551
2 19.73919 49.34775 78.95651
trend e e e

5 Wilson’s element

Zhang et al. [16] proved that the Wilson element provides lower bounds for eigenvalues of the Laplace
operator under a rectangular domain, and thereby settled a long standing conjecture in the finite element
method.

Consider the Laplace operator eigenvalue problem (4.1), where  C R? is a rectangular domain.

We illustrate the Wilson element by Figure 4. The degrees of freedom (interpolation condition) are:

function values at the four nodes, and two second order partial derivatives 8‘9;2 and 8‘9;2 at the central
1 2

point of each element (we can also use average values [, 88; , as degrees of freedom).
The Wilson element space is: '
St ={v € Loo(Q) : v|x € Po(k), k € Th, v is continuous at four vertices of each element and is set to be
zero at boundary nodes}.
Note that S™ ¢ H'(€). Again, in this case, an(un,v) = 3, [, VunVod.
We cite the following lemma of Lin and Lin (see [6, Lemma 3.8]).

Lemma 5.1. Let u € H3(Q), 7, be a rectangular partition, and up, € S™. Then we have

ap(u — Inu,up) =

:1)’ >+ h%)/@lluaggudx +O(h%), (5.1)

KETH
where hy and ho are horizontal and vertical side lengths of k, respectively.
Theorem 5.1.  Let \; and A\ be the j-th eigenvalue of (4.1) and the j-th eigenvalue of (2.1) by the
Wilson element, respectively. Let u; € H3(Q) and A; be a simple eigenvalue, and let m, be a regular
rectangular partition. Then we have \jn /" Aj, namely A; approzimates A; from below.

Proof.  We estimate each of the four terms on the right hand side of (2.3). It is well-known (see [5, 11])

that for the Wilson element under the regular rectangular mesh,



YANG YiDu et al. Sci China Math  January 2010 Vol.53 No.1 147

luj —ujnlli = Oh%), | Inu; —ujnlls = O(hY). (5.2)
According to the triangular inequality we obtain

| 1w 1§ = Nlugll | =1 llugllo = [Hnusllo | (lusllo + 1 Znw;llo)

< Juy = Inugllo(fugllo + [1nwllo)-
By the standard polynomial approximation theory, ||u; — Inu;llo < Ch3|uj|37 and consequently
[ 1Ihus 13 = llugllg | < CR2. (5.3)

When Q = (0, L1) x (0, Ls) is a rectangular domain, the eigenfunctions are

u;(x1,x )—sinmﬂx i
j(21,22) = L, Ssinop we.
Therefore, d11udzou > 0 on Q. Applying (5.1) we deduce
an(uj — Inuj,ujp) >0, ap(uj — Iyuj,ugp) = O(h?). (5.4)

Using (5.2)—(5.4) to estimate terms in (2.3), we see that A\; — \; 5, > 0 for sufficiently small k. In other
words, Aj; approximates A; from below.

In the following, we provide some numerical experiments on the unit square as well as the L-shaped
domain. Note that Theorem 5.1 covers only the case of smooth eigenfunctions. However, it is not the
case for singular eigenfunctions as demonstrated by our numerical experiments.

Consider eigenvalue problem (4.1).

Let Q be a unit square. Under uniform square partition, set the diameter of element h = *{f, *é27 e 5‘{37
the numerical results of A; 5, j = 1,2, 3,4, using the Wilson element are listed in Table 4. Let €2 be the
L-shaped domain ([0, 2] x [0,1]U[0, 1] x [1,2]). Under the uniform square partition, we set the element di-
ameter h = \f, \éQ sy 2\%, and apply the Wilson element. The numerical eigenvalues \; 5, 7 = 1,2, 3,4,
are listed in Table 5.

Table 4 Numerical eigenvalues of the unit square using the Wilson element

h AL A2, A3, Adn
\{12 17.29601 38.61814 38.61814 53.28405
\é2 19.02322 45.70096 45.70096 69.18404
\1/62 19.55192 48.33936 48.33936 76.09289
\3/22 19.69183 49.08886 49.08886 78.20768
\6/42 19.72734 49.28278 49.28279 78.76733
1\é28 19.73620 49.33165 49.33172 78.90934
2 19.73905 49.34302 49.34558 78.94539
g{% 19.73902 49.34700 49.34700 78.95386
trend / / / /

Table 5 Numerical eigenvalues of the L-shaped domain using the Wilson element

h ALk A2,k A3k Ad,n

\{12 9.222409 13.81224 17.29601 24.91406
V2 9.549170 14.80791 19.02322 28.09714
v2 9.626115 15.09681 19.55192 29.14208
V2 9.640134 15.17195 19.69183 29.42504
\6/3 9.641356 15.19092 19.72733 29.49728
vz 9.640722 15.19556 19.73620 29.51541
V2 9.640218 15.19686 19.73847 29.51997

trend e e e
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t
6 EQi” element

The EQY°* element is a non-conforming rectangular element proposed by Lin et al. [7] in 2005. We

illustrate FQ'°" element by Figure 5.

Figure 4 Figure 5

The EQ'°" finite element space is defined as:
Vi = {v € Ly() :v|s € span{17x7y,x27y2}7/v|,ﬂds = /v|,i2ds if k1 N kg = 1}7
1 1

Sh = {vevh,/mds:mfmm:z},
l

where k, k1, ko € T),.

Regarding eigenvalue problem (4.1), Lin and Lin [6] proved:
1
Mo A= L (R4 D2) /Q(ﬁlgu)de + oY) (6.1)

for smooth eigenfunctions under the uniform rectangular partition. Here hy and hy are horizontal and
vertical side lengths of k, respectively.

We see that FQ°" element approximates eigenvalues from below. In the following, we show that this
is also the case for singular eigenfunctions. This result has not been reported in the literature.

Consider the Laplace operator eigenvalue problem (4.1), where Q C R? is a polygonal domain, u €
W2 4(2) (g see Section 4). The interpolation function Iu € S™ of u is defined as follows:

/Ihuds = /uols7 Vi, (6.2)
1 1
/Ihudac = / udx, VK € mp, (6.3)

where [ is a side of an arbitrary element in 7y,.
Applying Lemma 2.2 and following the similar argument as in the proof of Theorem 4.1, we have:

Theorem 6.1.  Let \; and \j 5, be the j-th exact eigenvalue and the j-th numerical eigenvalue by non-
conforming EQY" element of (4.1), respectively. Let u; € Wa 4(Q2), and ||uj — w;plln = Ch™, and let m,
be a regular rectangular partition. Then we have

Ajh S Ajs (6.4)

when h is sufficiently small.
Proof.  We estimate each of the four terms on the right-hand side of (2.3). According to [6] we have

an(u; — Ihuj,v) =0, Yve S (6.5)
Applying the following interpolation error estimates and non-conforming error estimates

lluj — Tnugllo < CRM™|Jujll2,q, (6.6)
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[nujllr2 < Cllugll2,q; (6.7)
luj — winlln < Ch"||ull2,q, (6.8)
luj = ujnllo < Ch*"||ull2,q (6.9)
and (6.3), we conclude
[hws = ujnllo < CR* [[ull2,q, (6.10)

I husi g — lluillg] = ‘/Q(uj — Ipu;)(uj + Ipuy)dz

[ 0= ) (o + Trs) = ol + Ty )da| < CH* gl (610)
Q

where Iy is a piecewise constant interpolation operator. Combining (6.5), (6.8), (6.10) and (6.11) to

estimate terms in (2.3), we are able to obtain (6.4).

7 Qi°* element

The Q°" element is a non-conforming rectangular element proposed by Rannacher-Turek [10]. The Q%"

finite element space is:

Vi = {v € Ly(Q) : v|, € span{l,z,y,z* — yz},/v|md8 = /v|,{2ds, if K1 N kg = l}, (6.12)
1 1
Sh = {vevh,/mds:o, ifmaﬂzz}, (6.13)
!

where k, k1, ko € ).

Regarding eigenvalue problem (4.1), Liu and Yan [8] made the following numerical observation for the
Q3°' element.

1) Under a square domain, numerical eigenvalues A; j, and A4 j approximate exact eigenvalues from
below, while Ay, and A3 j, approximate from above.

2) Under the L-shaped domain, numerical eigenvalues A1, and A3 approximate exact eigenvalues
from below, while Ay, and A4 approximate from above.

Liu and Yan [8] explained the phenomenon 1) for the square domain. In the following we shall analyze
the phenomenon 2) for the L-shaped domain.

Let Q C R? be a concave polygonal domain, u € Wa () (g see Section 4). A side average interpolant
Inu € S is defined as the following: [, Iyuds = [,uds, V1, where [ is an arbitrary side of element in 7.

We prove Theorem 7.1 using the similar argument as in the proof of Theorem 6.1:

Theorem 7.1.  Assume that w > 7 and the eigenfunction is singular. Let A; and A;j be the j-th exact
eigenvalue and the j-th numerical eigenvalue of (4.1) by the non-conforming Q°% element, respectively.
Let uj € Wa 4(2), and ||u; — w;plln = Ch™. Then when h is sufficiently small, the following inequality
holds:

A < A . (7.1)

According to Theorem 7.1, we see that under the L-shaped domain the non-conforming @Q%°* element
approximates A from below due to the condition ||u; — u;jn|ln = Ch™; on the other hand, the corre-
sponding eigenfunction of A3 is sufficiently smooth for the L-shaped domain. Therefore, A3 ; obtained
by the Q°t element approximates exact eigenvalue from below for the same reason as for the case of the
square domain (see [8]).
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Since the numerical eigenvalues A2, and A4, approximate exact eigenvalues from above, we believe
that ||uz — ue p|ln = Ch™, |Jug — uapnl|n = Ch™ are not valid.

Three open problems:

(1) Numerical results illustrated that the three-dimensional Wilson’s brick approximates exact eigen-
values of the Laplace operator from below. However, we have not seen a theoretical proof.

(2) Numerical results demonstrated that the Morley element approximates exact eigenvalues of the
plate vibration problems from below. Again, the theoretical justification is lacking. In addition, we do
not know if the result is valid for any Poisson ratio o (not only o = 0) ranging from 0 to 0.5 as indicated
by a referee.

(3) The higher dimensional generalization of the Crouzeix-Raviart element.
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