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Abstract Two residual-based a posteriori error estimators of the nonconforming Crouzeix-Raviart
element are derived for elliptic problems with Dirac delta source terms. One estimator is shown to
be reliable and efficient, which yields global upper and lower bounds for the error in piecewise W'P-
seminorm. The other one is proved to give a global upper bound of the error in LP-norm. By taking the
two estimators as refinement indicators, adaptive algorithms are suggested, which are experimentally
shown to attain optimal convergence orders.
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1 Introduction and main results

Consider the Poisson problem with the Dirac delta source term and homogeneous Dirichlet

boundary condition:
—Au =0d,,, in €,

(1.1)
u =0, on 0f),

where Q0 C R? is a bounded polygonal domain and zq is an inner point of €.

The problem (1.1) arises in some fields such as the electric field generated by a point charge,
transport equations for effluent discharge in aquatic media, modeling of acoustic monopoles,
etc.

As shown in [1], the weak solution of problem (1.1) belongs to L? for p < co and to WP
for p < 2. In [2, 3], a priori estimates in L?-norm were given, whereas in [4] interior maximum
norm error estimates were proved.

Due to the singular characteristics of the solution of the problem (1.1), meshes adequately
refined around the delta support are required to improve the quality of the approximation. To
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this end, adaptive schemes based on some a posteriori error indicators should be used (see for
instance [5, 6]). In the paper [1], a posteriori error analysis for the conforming finite element
method was performed for this problem, and a posteriori error estimators were established
which yield global upper and local lower bounds in LP norm and W!? seminorm, for p ranging
on some intervals depending on the geometry of the domain.

A posteriori error analysis of nonconforming finite element (abbr. NFE) approach (see for
instance [7-10]), to the authors’ knowledge, has not so far been seen for the problem (1.1). So
the main purpose of this paper is to derive reliable and efficient a posteriori error estimation of
the error in piecewise W1P-seminorm for the nonconforming P; triangular element (Crouzeix-
Raviart element). The key point in the analysis is to apply a Helmholtz-type decomposition of
a function in L7(Q)? and to follow the routine of dual arguments, where 11) + ; = 1. Another
task of the paper is to develop a reliable global upper bound of the error in LP norm.

The problem (1.1) can be written in a weak form: Find u € W, () such that

/ Vu- Vo= (8s,0), YveW;4Q), (1.2)
Q

with ; + ; = 1. The right-hand side is well defined because, for ¢ > 2, Wh4(Q) c C(Q).

Let 7;, be a shape-regular triangulation of triangular meshes of the domain Q (cf. [11]). We
denote by e, € the sets of all interior edges and edges, respectively. Let W), = CR%(Th) be the
Crouzeix-Raviart NFE space given by

vy € LY(Q) :vp|r € Pi(T), for all T € Tp,; vy, is
CR(l)(Th) := 4 continous at the midpoint, mid(E), of E, VE € ep;
vp(mid(E)) =0, VE C 09.

Details on this element can also be found in [12-14]. Then the NFE method for the problem
(1.1) reads as: find up € W}, such that

Z / Vwup - Vyon = / 5$Ovh, Y € Wy, (1.3)
T Q

TeT),
Here and in what follows, V), denotes the elementwise gradient (with respect to 7p,).
For any v, € Wy, vy, is continuous at the point xy only when xg is an inner point of an
element or a midpoint of an element edge, and then [, vs(2)de, = vp(2o). When zg lies in an
interior edge but is not a midpoint, the right-hand side of (1.3) is not well defined, because vy,

is not continuous at xg. In this case, the right-hand side of (1.3) is redefined as

k

1
VR (2)0z, = | (To),
Jpr@sey 1= 3wl )

where Tp; (1 <4 < k) denote the triangles sharing the point g which is not a midpoint of an
interior edge.

Let E € ¢, be an interior edge shared by two adjacent elements T, T_ € 7}, (see Figure 1),
with length hg. Let ng and 75 be the unit outward normal and tangential vector of E in T,

respectively. Denote by

8uh

Jg(up) = [8uh] = Oun

8TLE o 8nE

T, ong |
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the jump of flux across E, by [Viuple = Viun|r, — Viup|r_ the jump of the elementwise
gradient Vyuy, across E, and by [up]g := uh|T+ — up|7_ the jump of uy, across an interior edge
E. For an edge E C 09 and a function g € C!(FE), d-g denotes the edge gradient along E
(with respect to a proper Cartesian coordinate system along the flat one dimensional manifold
E). Then we say v|p € WP(E) if v has weak derivatives on E such that

lolly vy = 10N+ 10:0]8 5 < 00

(see [15]). In the following, h is understood as a piecewise constant function with h|p = hy =
diam(T") and hlg = hg.

In this paper, the following computable error estimator,

{ S BB Vaulelt, 5

Been ) ! if uy, is continuous at xg,
£ 3 gVl e}
e, i— EcaQ (1.4)
{Z ' + > Hh” (Vrunlell§ 5
Ecey, L otherwise,

+ Z ||h§thh ol

P
P
0,p,E i
ECoQ

is derived and shown to yield global lower and upper bounds of the error in piecewise W1P-

seminorm,
19— un) o = ( S Jue uhm) , (1.5)
TeT),

where in (1.4) k denotes the number of the triangles sharing xg.

For the error ||u — upllo,p,0, & reliable and computable error estimator is also given as

{ S (W2 () + bl fun 511, )

Ecep

1 if up, is continuous at xg,
1+
£ 3 W0zl |
ECoQ
Mp = (1.6)
{Z ot 2 B sl
Eecep

. otherwise.

1+ P
o [ funle 2, )+ 3 hEp|aeuh|€,p,E} |
ECoN

The above two a posteriori error estimators, €, and 7, are served as refinement indicators to
guide adaptive mesh-refining algorithms, which are based on the bulk criterion for displacement-
based adaptive finite element methods'®~18 and the longest-edge bisection. For details on the
longest-edge bisection and corresponding data handling, we refer to [19-22]. For corresponding
details on the Laplace equation, one can see [23-31]. Numerical experiments show that the
adaptive algorithms proposed in this paper have optimal convergence orders.
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The remaining part of this paper is arranged as follows: In Section 2 some Preliminary results
are provided. Section 3 is devoted to the proof of equivalence of the error estimator ¢, and
the error in piecewise W1 seminorm. In Section 4 the estimator 7, is shown to be a reliable
global upper bound of the error in LP? norm. Some numerical results are reported in Section 5

to verify the performance of the adaptive algorithm. Conclusions are made in the finial section.

2 Notations and preliminaries
Throughout the rest of the paper the notation A < B represents A < CB with a mesh-size
independent constant C' > 0. Moreover, A = B abbreviates A < B < A.

For the analysis of a posteriori error estimation, two kinds of bubble functions are presented
in [1], one associated with inner edges and the other with the point z. In this section these
bubbles functions will be used and some of their properties will be quoted without proof.

Given E € gy, let bg be the bubble function defined in 2, with support wg := |J{T € 7 :
E C 9T} (see Figure 1), defined for x € wg by

2
AL NN\ T2 2|$_$0| 7 i o Ew()’

ba(a) i= § PBARARST g o 2.1)
()‘JTDE /\2 )‘JT% )‘JTJ?, )% otherwise.

In this definition, the notations shown in Figure 1 are used. Moreover, w9 is the interior of
wg, and )\IT{ is the barycentric coordinate of z associated with the triangle 7} and the point F;,
which is extended to the whole wg.

P,

Figure 1 Support wg of bp

Let p,q € (1,00) be a pair of conjugate numbers such that 11) + ; = 1. Then there holds
Lemma 2.1.111  Given E € ¢y, let by and wg be defined as above. Then

Obg

o = 0, on Owg, (2.2)
08| m.gws < hs ™27, m=1,2. (2.4)

Because in practice the meshes are usually constructed in such a way that x is a vertex of all
triangulation, x( is not a node of P; nonconforming finite elements. In this case, the definition
of estimator will include an additional term (see (1.4) and (1.6)), another bubble function has
to be used.

Let Tp be a triangle of 7j, containing x¢ (if 2o lies on an inner edge, any of the two triangles
sharing the edge can be chosen as Tp, and if xg is a vertex, any of the triangles sharing xg may
be chosen as Tp). Denote wr, := | J{T € 75, : TNTy # 0} and d := dist(zg, dwr, ) (see Figure 2).
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Notice that, because of the regularity of the mesh, hp, < d. Let b,, be a smooth bubble function
defined in Q , with support in wr, and satisfying

0 < by () < 1, Va €, (2.5)
d

by (z) =1, Ve e Qo —xo| < L (2.6)
3d

ba, (z) = 0, Ve e Q:|x—xo| 2 4 (2.7)

[ba | m,00,wr S AT, m=1,2. (2.8)

Such a function can be easily obtained by convolution of the characteristic function of the set
{r € Q: |z — x| < d/4} with a mollifier (see for instance [1]).

Figure 2 Domains wr for different locations of .. Circles |z —xo| = Z (solid line) and |z —zo| = 34d (dashed
line)
Lemma 2.2.1  For xo € Ty, Let by, and wr, be defined as above. Then

2—m—2/p o
|bI0|m7Q7WTO S hTo ym = 17 2.

Furthermore, from Lemma 2.2, there holds

Lemma 2.3. Let 9 € Ty and wr, be defined as above. Let .7-',?0 be the set of edges E of
triangles T' C wry,, such that E does not belong to Owr,. Then

1
WS D lu— e+ Y kg Te(ua)l, e
Tewr, EethO
Proof.  Let by, be the bubble function defined above. By using (2.5), Green formula, Holder
inequality, Lemma 2.2, and the regularity of the mesh, there holds

1={0sy,bsy) = / —Auby, = Vu - Vb,
Q uJTO

= Z /Vh(u—uh)-Vbro-f— Z /thh~Vbr0
T T

Tewr, Tewr,
d
= /Vh(u—uh).meo—i— Z/ (;;hbro
Tewr, T Tewr, or
=y /Vh(u—uh).me—i— > /JE(uh)bIO
TEwTO T Ee}-hTo E
1
P
(Xl wllyr) balaan, + X swlns
Tu’:'u)T0 Ee}-}?o

1

P 12 1 1—2
s( 3 |u—uh|f,p,T) S haTe(u) o s

TGu}TO Ee}-}q;()
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which leads to the following estimate
1
2 —1 p P 1
P
hey S lu—wli,r ) + Y IhpTe(n)lope- (2.9)
Tewr, EE]:Zb

The desired result follows from Holder inequality and (2.9).

Let v, € W), be C%-piecewise linear interpolation of a function v € C(£2). Then we have

Lemma 2.4. Given E € ¢y, let wg be defined above. There holds:

0B S hlJr /p|v|2 qwpy YU EWH(wg), 1<g< oo,

1o = vn llo.q. 55 B 10]1.g.0m: VoeWh(wg), 2<q<oo.

l[v—wallo
Proof.  Trace theorem, scaling arguments, and Holder inequality lead to

o= wnlloge 1 o = onllogs + 15+ ( 3 lo- vhhﬂ) . (2.10)

Tewg

Then the estimates of the lemma follow from (2.10) and the standard error estimates for the

Lagrange interpolation (see for instance [11]),

[0 = Onlkgr S PE Flvl2gr,  1<g<oo, k=0,1,
0= vnlkgr S hp “lier, 2<q<oo, k=0,1.

Lemma 2.5. Given any interior edge E € €y, let g € Wy, be the edge-basis function with
the support supp g C wg and up, the solution of the problem (1.3). Then there holds:

Viunle -ne = hp (0, VE)-

Proof.  Since [Vpun|g - ng € Py(E) = R, we have

he[Viurle -ne = ([Vaunle, ne)o.e = ([Vaurle - ne, ¥r)o.E-

Since g is L2?-orthogonal onto constants on all edges except E, divyVju, = 0 and ¢ is
an admissible test function for NFE Methods with support in wg, the application of Green’s
formula yields

([Vaurle - e, ¥E)o,.E = (Vhaun - n,YE)0,0ws + ([Vrurle - nE, ¥E)0.E
= (Vhun, Vave)ows + (diva Viun, ¥E)ows
= <5TE07 wE>7

which implies the desired result.

3 A posteriori error estimator in piecewise WP seminorm
Since the solution of (1.1) belongs to Wy (Q) for all p < 2, it makes sense to estimate the error
in piecewise WP seminorm for the nonconforming method. In this section, the estimator ¢,

0.p.0 in (1.5) for any p € (p%,2),

in (1.4) is shown to be equivalent to the error ||V (u — up)]

with p®* > 1 as shown below.



1446 DU ShaoHong & XIE XiaoPing

Given ¥ € L4(2)2, with 110 + ; = 1, consider the following problem: find v € W, %(Q) such
that

/VU~V¢:/\I'-V¢>, Yo e W, P (). (3.1)
Q Q

For any polygonal domain €2, there exists a neighborhood of 2 such that, for all ¢ in this
neighborhood, the problem (3.1) has a unique solution v. Furthermore, in such a case, there
holds the following estimate:

[vl10.0 < Cl[¥oq.0- (32)

To determine the range of values of ¢ for which this holds true, we apply the arguments in
the proof of Theorem 1.1 in [32] to the simpler two-dimensional Dirichlet problem (3.1). By
doing so, we have to distinguish two cases, depending if 2 is convex or not. When 2 is convex,
this happens for all ¢ € (1,00) or, equivalently, for all p € (1,00). Instead, for a non-convex
domain €, it happens if 1 —2/q < 7/0, or equivalently, if p > 2/(1 4 ), with 6 being the
largest inner angle of . Hence, if we define p® := max(1,2/(1+ })), then the problem (3.1)
has a unique solution satisfying (3.2) for all p € (p®, 2).

For nonconforming triangular elements, as we know, the Helmholtz decomposition of the
error is a well-established tool in the analysis of a posteriori estimate in piecewise H'! seminorm
(see e.g. [25, 30, 31]). Following the same idea, in this paper, to obtain the a posteriori error
estimator in piecewise WP seminorm, we need the following Helmholtz-type decomposition of
functions in L7()2.

Lemma 3.1. For ¥ € L9(Q)? with é + ; =1 and p € (p2,2), there exist v e Wy'(Q), w e
Wha(Q), such that
U = Vv + curlw (3.3)

with
Whgo SI¥loge g S[¥]oq0- (3-4)
Proof.  Let v be the solution of the Dirichlet problem (3.1). From (3.1) and integration by

parts, we have
0:/(\I/—Vv)~v¢=/ —div(\I'—Vv)¢+/ (T — Vo) - ng
Q Q o0
:/ —div(¥ — Vo)p, Vo e WyP(Q).
Q
This implies ¥ — Vv is divergence-free. Moreover, from integration by parts, we get

/ (¥ — Vv)-nds =0. (3.5)
o0

Thus U — Vv satisfies the conditions of Theorem 3.1 in [33] on the polygonal domain (2,
namely it is divergence-free and fulfills (3.5). As a result, there exists w € W19(Q) such that

Vo — ¥ = curlw, (3.6)

which implies (3.3).
The desired regularity estimates in (3.4) follow from (3.2), (3.6) and triangle inequalities.
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Now we are in a position to state the reliability of the estimator ¢,:

Theorem 3.1. Let up, € Wy, solve the problem (1.3) and €, be defined as in (1.4). Then the
following estimate holds for p € (p,2):

[Vi(u —un)llopa S €p-

Proof.  Arbitrarily given ¥ € L4(Q)2, with ; + (11 = 1. From Lemma 3.1, there exist v €
W (Q), w e WhH(Q) satisfying (3.3). Then we have

/Vh U — up) /Vh u— up) VU—!—/Vh u — up,) - curlw. (3.7)

Let vj, be C%-piecewise linear interpolation of v in the nonconforming finite element space Wj,.
Green formula, together with (1.3), implies

/Vh(u—uh)-Vv:/Vu-Vv— /thh Vv
Q 2 TETh

/ —Au(v —wp) + Z/thh Vi(vn, —v)

TeT,

= (0ug, v Z / Viup - Vi(vp —v)

TeT),

8uh

= (0zy,v Z (vp, — )

TeT),
= (0py, v — Up) + Z / [Viwuple - ne(v, —v). (3.8)

Ee€ep E

Let wy, be CO-piecewise linear interpolation of w on the triangulation 7}, then, from integration
by parts and the fact that w € WH4(Q) — C%(Q), we have

/ Vi(u —up) - curlw = / Vu - curlw — / Vnup, - curlw
Q Q Q

—/ Vnup - curl(w — wy) — / Vuy, - curlwy,. (3.9)
Q Q

wh

5. of wy is a constant along every inner edge.

Since w;, € C°(Q), the tangential derivative
Note also that w, is continuous at the midpoint of every interior edge, and vanishes at the

midpoint of every boundary edge, from integration by parts, we then have

/ Vwuy, - curlwy, = / Vwuy, - curlwy, = Z Vwy - Tup = 0. (3.10)
Q

TET TeT;, Vo7

From (3.9), (3.10), and integration by parts, we have

/ Vi(u —up) - curlw = — / Viup, - curl(w — wp,)
Q

TeT,
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= —Z/E[thh]E'TE(w—wh)a (3.11)

Eece

where, for E C 0Q, [Vyun|g - 75 = Viyun - 76 = 65:.

From the definition of [, v5d,, in Section 1 and the standard interpolation theory (see [11]),

we get

k k k
1 1 1 1—2
/Q(v—vh)dgm: i > " (w=vn)|roi(z0) < i > v =vhllo.co.m; < f > by them.,  (3.12)

i=1 i=1 i=1

where Tp; (1 <4 < k) denote the triangles sharing the point xg.
In the case that £ C 9Q with £ C 0T and T € T, we have wg = T. By (3.7), (3.8), (3.11),
(3.12), Holder inequality, standard interpolation theory, Lemmas 2.4, and 3.1, we obtain

k
1 1-2
JRZCEDR D SIS
=1

+ > IVaunle - nsllopsl@n = v)lloqs
Ecey,

+ Y MVaunle - 7ellop.ell(w = wh)lo.ge
Eee

k

1 1_2 1

S kZhToﬂvh,q,Tm + Y 1hEVaunls - nelopelvh.gws
=1 FEeep

1
+ D 1hp[Vaunle - mellop Blwhg e
Ece

k hgw_p 1
< ( o Y g Vaulell, e
i=1 Eecep

1

1
p P q (1 q
Z W e W s

0,p,E Eee

1
» 8uh

Iy 0s

p>

EcCoQ

S epll¥llo,q.0,

which indicates

\V4 - -
IVa—unlopa = sup  JaVrEmm T o (3.13)
UELI(N)2,T#£0 H‘I’”O,q,ﬂ

Then the desired result follows from (3.13).
Next we give the following efficiency result of the estimator e,:
Theorem 3.2.  Let up, € W), solve the problem (1.3). Then the following estimate holds for
p € (p?,2):
0,p,Q-

ep S [Va(u = up)|
Proof.  For all E € €,(2), let bg be the bubble function defined in Section 2. Since bg €

Wy %(52), from Green formula, we have
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/ thh VbE— Z /thh VbE— Z/ thhE ’I’LEbE

Tewg Tewr

= / [thh]E -’I’LEbE, (3.14)
E

which, together with (2.2), the relation [, —Aubg = 0 and Green formula, yields

/ [thh]E . nEbE = / thh . VbE = thh . VbE — / —AubE
E wE

wWE

=/ thh'VbE—/VU~VbE— /Vh uh—u) VbE
wE Q

TETh

(3.15)

Il
\
<
w
:"
|
ﬁ
<l
o>
&

On the other hand, from (2.3), (2.4), (3.15), Holder inequality, and Cauchy-Schwartz inequal-

ity, we also have

he|[Viurle -ne| S|[Viunle nE|/ br =

/ [Vhun|g - nebe
E

Z /Vh uh—u VbE

Tewg
1
(S wewitr) (X peltr)
Tewr Tewr
1
P 1_2
< ( > |u—uh|’1”’p’T> hy ”. (3.16)
Tewg
The inequality (3.16) implies
[ A ER P () SR ) . (3.17)
Tewg
From Lemma 2.3, we get
k —p k p
T, 1 L[ Quy,
S5 B (D DEUETT IS Dl 1
=1 i=1 TELAJTO7 EE]—'TW E 0,p,E
Ly , : )
gk‘z Z |u_uh|1,p,T+ Z HhE[thh]E'nEHo,p,E : (3.18)
i=1 TEMTOi EE]:TO7

For arbitrary E € ¢y, shared by the elements Ty and T, by connecting the midpoint mid(E)
with the vertices of Ty and T_ opposite to it, We can divide T} and T_ into triangles Ty, Tb
and T3, Ty, respectively.

Let ¢ be a multiple of the conforming P, FEM basis function with respect to the nodal
point mid(E) such that

(pE(mld(E)) = h% |[thh]E . TE| [thh]E TE.
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From Hélder inequality, we have

q q q
ol e~ [ lcurloel? S 33" 1Dl 1,
wE j=1i=1

Notice that || Divpllg 47, h2 Y g(mid(E))|9, from the above inequality we have

~

- 141 _ 3
lewlpgllogws < by “IVaunle - mellb pl [Vaunle - 76> (3.19)

Because the segmentwise tangential derivative Opg/0ds of pg vanishes along Owg, by using

integration by parts, we get

hel[Vhunle - el6 el [Viunl e - 777

1 1+1 _

= hplVaunle - 7el6 , ghe *I[Viunle - T6[*77
R —

= / @E[thh]E *TE = / Curl(pE . thh. (3.20)

E wE

From integration by parts, we also have
—_—
/ curlpg - Vu = / (Opg/0s)u = 0. (3.21)
wE OwEg

The above two identities, (3.20) and (3.21), and Holder inequality imply

1 1+1 _
hplIVhunle - 7elly , she “[[Vhunle - Te[*P

_ _
= / curlpg - (Vaup — Vu) < |leurlpgllo,gws | Vaun — Vullopws-  (3.22)
wE

Combination of (3.22) and (3.19) yields the inequality

1
hElVaunle - TEllope S Vaun — Vullopws- (3.23)

In the case that E C 9Q with E C 9T, T € 73, by using u|g = 0 to substitute for the
segmentwise tangential derivative of ¢ which does not vanish along the two components of
the boundary edge F, and by following the same proof as above, we can also obtain (3.23).

For any E € ¢j, by Holder inequality, we have

hel|Vhunl el e zhE/ ([Vhunle - el + [[Vaunls - 7o)
E

She( [ (9nnls el + [ [Faurle e (3.24)

=hpll[Viunle -nelf, 5+ helVaunle - el p-

: : k . .
Because every element in summation » ;> 5, is used at most k times repeatedly, and
- 0%

every inner edge in Zle > pesTo: 18 also used at most k times repeatedly, from (3.17), (3.18),
h
(3.23), and (3.24), we get

&S Z u— uh'ip,T'
TeT),
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Then the desired result follows.

Remark 3.1. The proofs of Theorems 3.1 and 3.2 are still valid when xg is a node of the
triangulation or an interior point of an element. In fact, in this case, the term (0,,,v — vp)

2—p
Toq

vanishes and thus the term Zle s

does not appear in .

Remark 3.2. When  is convex, according to the definition of p?, (p* = 1). Hence, in this
case, the estimator €, turns out to be equivalent to ||V (u — up)l|lop.o for all p € (1,2).

4 A global upper bound for the error in L” norm

In this section, we will prove that the estimator 7, in (1.6) is a global upper bound for the error

lu —unllopa (% <p < 2), with 0 the largest inner angle of Q. In the proof of Theorem 4.1

s

below we will use duality arguments. To this end we consider the following auxiliary problem:

—Av =1, inQ,
v =0, on 01,

(4.1)

where ¢ € L1(2) and ; + é = 1. According to Theorem 4.4 in [34], if

(2 - Z)g <2, (4.2)

then the solution of (4.1) satisfies v € W24(2) and
vl2,q.0 < [[¥]l0,q.0- (4.3)

In the case that € is a triangle with three acute angles or a rectangle, ¢ < 7 and (4.3) holds

and, consequently,

s

2
(4.3) holds true only for ¢ < 2/(2 — 7) or, equivalently, for p > 27?. Denote pq := max{1, 27r‘9 ,

then, for p € (pq,2), the inequality (4.3) holds.

true for all ¢ < oo. In other cases, the largest angle of Q) satisfies § >

Theorem 4.1.  For p € (pq,2), let up, € Wy, solve the problem (1.3), and n, be defined as in
(1.6). Then the following estimate holds:

v = unllopa < mp-

Proof.  Given ¢ € L(Q), let v € W24(2) be the solution of (4.1), and let v, € W), be

CP-piecewise linear interpolation of v. From (1.3), integration by parts and Sobolev imbedding

theorem, we have

/Q(u—uh)wz/Q—Av(u—uh)Z/QVU-VU—/Q—Avuh

ov
= —Auv — Z/Vv-vhuh—i— Z/ up,
/Q Ten, /T TeT, /T on
Ooup, ov
= —Au(v—wv —|—/—Auv — / v+ / u
Jyrowte = v 3 [ s 3 fon®
ouy, ov
= [ —Au(v—uvp)+ Z/Vuh~Vvh— Z/ v+ Z/ up,
/Q e, /T reT, /9T on TeT, /0T on

B ouy, ov
= (O, v = 0n) F Z ar On (vn —v) + Z /6T on""

TeT, TeTy
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EEE}
ov ov
+ / U + / Uup,.- 4.4
Z o oms " Z o 4

For arbitrary interior edge E € ¢}, shared by the triangles 7'y and T_, let wg be the patch of
FE, and denote ag := \leI wa Vudz. By Schwartz inequality, trace theorem, Holder inequality,
Bramble-Hilbert lemma, we have

Vv —aglloqe < ||Vv—ag|o, q,8T+ + Vv = agllogor
1
S, ||VU - aE”O,q,TJrHV’U aE||f,q,T+
1 1

+ [V — OéEllo,qu_ Vo —aglli,r

< (Vo —ag|

1
x (Vv —ag|i,qr, + Vv —aglli,qr )e

1
0,07y + IVv —agloqr )r

1 1
SIVY = aplg w1V = aelligws
1 1 1
5 (hE|VU|17(I7WE)p |vv|f,q,wE = h§‘|v|27(17wE' (45)

In the case that £ C 02 with £ C 9T, we have wg =T and ag = I%I J7 Vudz. By using

an analogous argument, we have

[Vv—aglogr S E|v|2,q,uE (4.6)

Since F C 012, from the relation hlE fE upds = 0 and Bramble-Hilbert lemma, we have

Up — / upds
hg 0,p,E

which, together with (4.5), (4.6), Holder inequality, and [, [un]rds = 0, indicates

Z /Ea(?:E[uh]E+ Z / aivEuh

llunllo.p,z < hellO:zunllop,E, (4.7)

Ece Econ’E
Z/ Vv —ag) nEuhE"'Z/ Vv —ag) -ngup
Ee€ep ECOQ
S IVv—aglogellunlelops+ Y 1IVo = apllogslunllops
Ee€ep EC@Q
Sy h plvlzgwslllun]ellops + D hy ? 0]z, g |0t llo.p5- (4.8)
Ee€ep ECOQ

By using standard interpolation theory, Holder inequality, Lemma 2.4, (4.3), (4.4), and (4.8),

we have

/(u SRS Z v = vnllosotos + Y [ T2(wn)llopelve —vloqe
Q

FEe€ep

(Z Balundsllops + 3 he'? |Gcunlop.s )||

Ecey ECOQ
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< 1 k 2-2 147
S kzhm Wlagr + Y 1 Te(n)lop.ehs " 1020w
=1 Eceyp,

( > h pllunlel 2 o,p,E>|v|2,q,wE
Ee€ep ECOQ

oprt Y hg * 0z

k
hT
s{ v D (el ph ™ + el 1, )

=1 Ee€ey,
1

P
Y Aoz, }

ECoQ

k 1
x {( S+ )Ivl%,q,uE +Z|v|%,q,Tm}q

FEecep ECoN =1
k 2
i 2
S S s S helllel o
i=1 Ecey, Ecey
1
1 P
£ 3 10l e | Wl (19)
ECoN
which yields
(u —up)
|u—unllopo = sup Jo < M.

PELI(Q),p#£0 ||¢| 0,q,£2

Remark 4.1. The proof of the theorem 4.1 also remains valid when x( is a node of the

2
h
Toq

triangulation. Indeed, in this case, the term (d,,,v — vp,) vanishes and thus the term Zz 1 ks

does not appear in 7, .

Remark 4.2. From Lemma 2.5, we know that for E € ep,, Jg(up) =0 when E € w,,. Then

the term ZEesth;z | J(un)[P in the estimator 7, can be reduced to ) 5. ECwmh’;rz [T (un)|P.

5 Numerical experiments
In this section we report several numerical experiments to asses the performance of an h-adaptive
mesh-refinement strategy based on the error indicators €, and 7, analyzed in sections 3 and 4.

The adaptive procedure consists in solving the problem (1) on a sequence of meshes up to
finally attaining a solution with an estimated error within a prescribed tolerance. It invokes
that the solution of the finite element discretized problem (3) (SOLVE), the a posteriori error
estimation of the global discretization error (ESTIMATE) by easily computable local quantities
as an indication to mark selected elements (MARK) for refinement, and the refinement strategy
(REFINE) itself. Thus, Adaptive finite element methods typically consist of successive loops
of the sequence

SOLVE — ESTIMATE — MARK — REFINE.

For this purpose, we initiate the process with a quasi-uniform mesh and create, at each step, a
new mesh better adapted to the solution of the problem (1). Let M} and M}, denote the sets
of the marked triangles and edges, respectively. Denote

1
IhEVrun] |6, 6 for all E € ¢,

6% = 1
IheVaun - TEl§ ) g for all E C 99,
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and
= W22 T (un) P + hillun)ell§ g for all E € ¢y,
z h};PHaauhng’p’E, for all E C 99.

The adaptive procedure is done by computing the global error indicator 7, or €, in the “old”
mesh 7, and marking those elements 7" and edges F with

k
Z h%m' 2 9 Z h%m’
=1

To; € My,
4 P
E ng =0 E Uik
EeMy, Eece

or

k
Y hp=60) Rl
=1

Toi €My,
P P
E ep =0 E €g»
EeM, FEe€e

where, 6 € (0,1) is a prescribed parameter. Thus, combination of M}, and the longest edge of
all the elements in M}, forms the edge set to be refined (see [14]). In the REFINE step, we
use the longest-edge bisection (see [19-22]). In all our experiments we take § = J, and use a
Matlab code adapted by us with an initial uniform mesh.

The Laplace equation with homogeneous Dirichlet boundary conditions serves as a model
example in this paper for the ease of the discussion. Similar to [24, 26], we can extend Theorems
3.1 and 4.1 to nonhomogeneous boundary cases, where the estimators will contain a higher order

term related to the approximation error of the Dirichlet data up.

5.1 Test 1: a convex domain
This test for the error estimators 1, and e, consists of solving the problem —Au = §,, in the
unit square Q := (0,1) x (0,1), with o = (0.5,0.5). We choose Dirichlet boundary conditions
such that the exact solution is given by u = — 217r log|x — xg.

We show first the results obtained by the adaptive process guided by the estimator 1,.
Figures 3-5 show some of the successive refined meshes created in the process guided by 7,

10 iter=0, d.0.f.=56 o iter=8, d.o.f=1421
09+¢ 0.9

0.8} 0.8F

0.7F 0.7k

0.61 0.65

0.5 0.5

0.4+ 04k

0.3} 0.3F

02+ 02¢E

0.1} 0.15

006370203 04 05 06 07 08 09 006701702703 04 05 06 07 08 09 1

Figure 3 Figure 4
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with p = 1.5, where z( is a vertex of all the triangulations. Figures 6-8 show the post-
processing approximate solution, with value at a vertex being taken as the algorithmic mean
of the values of the nonconforming finite element solution uy at the vertex on all the elements
sharing the vertex. The reason for the post-processing is that uy is not continuous at all the
vertices of the triangulation. Figures 3-8 also show the iteration number and the number
of degrees of freedom (d.o.f.) of each mesh. Figure 9 shows the error curves of the whole
process for the exact, estimated and uniformly refined errors. This figure also includes a line
with slope-1, which corresponds to the theoretically optimal order of convergence for piecewise
linear elements. From Figures 3-5, we can see that the adaptive process leads to meshes refined
around xg. Furthermore, the error curves in Figure 9 shows that the process yields optimal order
convergence. This happens in spite of the fact that the effectivity indices are very poor. Indeed,
we can see in Figure 9 that the exact error is severely overestimated. Anyway, the exact and
estimated error curves have approximately the same optimal slope-1, and the adaptive process
has obvious advantages than the uniform refinements.

i_lc_rf_l__l .d.o.f=5078

09 B BIKD < 055
0.8 5K 0.50
0.7 RIS Yol
0.6 Sk ooy
e 0 33 9
0.5 % 0.30
: b 0.25 -
0.4 PXDEREREREE:
SR PR 0.20 4
038262 5 0.15
“-Eg SRR ey
0 I | .}%—_._ 4 ‘_I .\ _ \)< -/. 005 A -
K SRR >‘<€ ,)\ 0.8 g g
0.0 IS e 04 03
0 0.1 02 03 04 05 :
Figure 5 Figure 6
iter=8, d.o.f=1421 iter=11. d.0.£=5078

1.4
1.2
1.0+
0.8+
0.6+
0.4
0.2
0.0

00
Figure 7 Figure 8

Next, we report the results obtained with €, as error indicator. Figures 10-12 show some
of the successively refined meshes created with the adaptive process guided by this indicator

with p = 1.5 and xg being a vertex of the triangulations, Figures 13—-15 show the post-processing
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Result of convergence for Lp norm with p=1.5

10° -
*- Estimated error
-6- Exact error
LS — Slope-1
DN —0- Uniform error
1071
2107 1
o
10% E
1074 L L
10! 10? 10° dof 10
Figure 9
iter=0, d.o.f=16 iter=8, d.0.f=766
1.0 1.0
091 09t
0.8} 08+
0.7y 0.7¢
0.6 0.6F
0.5 0.5
047 04¢
0.3 0.3+
0.2r 02+
0.1r 0.1F
0.0 L . . - . . . - 0.0 . . : - . - . .
0 01 02 03 04 05 06 07 08 09 1 0.1 02 03 04 05 06 07 08 09
Figure 10 Figure 11

iter=12. d.o.f=4652

0.45
0.40 -
0.35
0.304
025+
0.20 4
0.15
0.10
0.05 -

G,UOI 1

0.8 >

0.6 “wis _
] 08 o Wi,
B 02 5 02 04

o6 08

Figure 12 Figure 13
approximate solution, and Figures 10-15 also show the iteration number, and the number of
degrees of freedom (d.o.f.) of each mesh.
Figure 16 shows the error curves for the exact and estimated errors. It also includes a line
with slope — % , which corresponds to the theoretically optimal order of convergence for piecewise

linear elements in problems with a smooth solution.
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iter=8, d.o.f=766 iter=12, d.o.f=4652

Figure 14 Figure 15

Result of convergence for piecewise W' seminorm with p=1.5
1

—©- Exact error
— Slope-1/2
100k ]
g
b5}
10} ]
102 ' (
107 102 10° d.o.f 104

Figure 16
Figures 10-12 show that the adaptive process leads again to meshes refined around zg.

5.2 Test 2: a non-convex domain
We solve the problem —Awu = ¢,, in the L-shape domain shown in Figure 17. We choose
Dirichlet boundary conditions such that the exact solution be u(z,y) = wi(z,y) + ua(z,y),

where

1 2
up(z,y) = — 7rlog|a: —xo| and us(z,y) = r?”sin<30>.

2

Here (r,0) are the polar coordinates corresponding to (z,y) with 6 € [0, 27). Recall that ug is
the typical singular solution of the Dirichlet problem for this L-shape domain.

We use ¢, with p = 1.5 to measure the error. Notice that u € W1P(Q) for all p € [1,2).
Moreover, Theorem 3.1 can be applied to this case, because, according to the definition of p®,
P = g for this particular domain. However Theorem 4.1 is not applicable to L? norm, because,
according the definition of pq, po = 3 for this domain.

Figures 18-20 show some of the successively refined meshes created in the adaptive process
guided by €, with p = 1.5. We can see that the adaptive process leads to meshes refined around

both z¢ and the corner singularity.



1458

L-shape non convex domain
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Result of convergence for W' seminorm with p=1.5
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Figure 21

On the other hand, Figure 21 shows the corresponding exact and estimated error curves.

Once more, we can see that the adaptive process yields optimal order convergence: both of the

exact and estimated error curves have approximately the same optimal slope — é



A posteriori error estimates of NFEM for elliptic problems with Dirac delta source terms 1459

6 Conclusions

We have introduced two residual-based type a posteriori error estimators for the nonconforming
finite element approximation of the Poisson problem with Dirac delta source terms. We have
shown that one estimator yields a global upper and lower bounds of the error in piecewise W1
seminorm, and the other gives a global upper bound in LP norm. Adaptive algorithms are

suggested and experimentally shown to lead to optimal orders of convergence.

Acknowledgements The authors are very grateful to Prof. Xu Xuejun for his helpful sug-
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