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Abstract Two residual-based a posteriori error estimators of the nonconforming Crouzeix-Raviart

element are derived for elliptic problems with Dirac delta source terms. One estimator is shown to

be reliable and efficient, which yields global upper and lower bounds for the error in piecewise W 1,p-

seminorm. The other one is proved to give a global upper bound of the error in Lp-norm. By taking the

two estimators as refinement indicators, adaptive algorithms are suggested, which are experimentally

shown to attain optimal convergence orders.
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1 Introduction and main results

Consider the Poisson problem with the Dirac delta source term and homogeneous Dirichlet
boundary condition:

⎧
⎨

⎩

−�u = δx0 , in Ω,

u = 0, on ∂Ω,
(1.1)

where Ω ⊂ R2 is a bounded polygonal domain and x0 is an inner point of Ω.
The problem (1.1) arises in some fields such as the electric field generated by a point charge,

transport equations for effluent discharge in aquatic media, modeling of acoustic monopoles,
etc.

As shown in [1], the weak solution of problem (1.1) belongs to Lp for p < ∞ and to W 1,p

for p < 2. In [2, 3], a priori estimates in L2-norm were given, whereas in [4] interior maximum
norm error estimates were proved.

Due to the singular characteristics of the solution of the problem (1.1), meshes adequately
refined around the delta support are required to improve the quality of the approximation. To
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this end, adaptive schemes based on some a posteriori error indicators should be used (see for
instance [5, 6]). In the paper [1], a posteriori error analysis for the conforming finite element
method was performed for this problem, and a posteriori error estimators were established
which yield global upper and local lower bounds in Lp norm and W 1,p seminorm, for p ranging
on some intervals depending on the geometry of the domain.

A posteriori error analysis of nonconforming finite element (abbr. NFE) approach (see for
instance [7–10]), to the authors’ knowledge, has not so far been seen for the problem (1.1). So
the main purpose of this paper is to derive reliable and efficient a posteriori error estimation of
the error in piecewise W 1,p-seminorm for the nonconforming P1 triangular element (Crouzeix-
Raviart element). The key point in the analysis is to apply a Helmholtz-type decomposition of
a function in Lq(Ω)2 and to follow the routine of dual arguments, where 1

p + 1
q = 1. Another

task of the paper is to develop a reliable global upper bound of the error in Lp norm.
The problem (1.1) can be written in a weak form: Find u ∈W 1,p

0 (Ω) such that
∫

Ω

∇u · ∇v = 〈δx0 , v〉, ∀ v ∈ W 1,q
0 (Ω), (1.2)

with 1
p + 1

q = 1. The right-hand side is well defined because, for q > 2, W 1,q(Ω) ⊂ C(Ω).
Let Th be a shape-regular triangulation of triangular meshes of the domain Ω (cf. [11]). We

denote by εh, ε the sets of all interior edges and edges, respectively. Let Wh = CR1
0(Th) be the

Crouzeix-Raviart NFE space given by

CR1
0(Th) :=

⎧
⎪⎪⎨

⎪⎪⎩

vh ∈ Lq(Ω) : vh|T ∈ P1(T ), for all T ∈ Th; vh is

continous at the midpoint, mid(E), of E, ∀E ∈ εh;

vh(mid(E )) = 0, ∀E ⊂ ∂Ω.

⎫
⎪⎪⎬

⎪⎪⎭

Details on this element can also be found in [12–14]. Then the NFE method for the problem
(1.1) reads as: find uh ∈Wh such that

∑

T∈Th

∫

T

∇huh · ∇hvh =
∫

Ω

δx0vh, ∀ vh ∈Wh. (1.3)

Here and in what follows, ∇h denotes the elementwise gradient (with respect to Th).
For any vh ∈ Wh, vh is continuous at the point x0 only when x0 is an inner point of an

element or a midpoint of an element edge, and then
∫

Ω
vh(x)δx0 = vh(x0). When x0 lies in an

interior edge but is not a midpoint, the right-hand side of (1.3) is not well defined, because vh
is not continuous at x0. In this case, the right-hand side of (1.3) is redefined as

∫

Ω

vh(x)δx0 :=
1
k

k∑

i=1

vh|T0i(x0),

where T0i (1 � i � k) denote the triangles sharing the point x0 which is not a midpoint of an
interior edge.

Let E ∈ εh be an interior edge shared by two adjacent elements T+, T− ∈ Th (see Figure 1),
with length hE . Let nE and τE be the unit outward normal and tangential vector of E in T+,
respectively. Denote by

JE(uh) =
[
∂uh
∂nE

]

:=
∂uh
∂nE

∣
∣
∣
∣
T+

− ∂uh
∂nE

∣
∣
∣
∣
T−
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the jump of flux across E, by [∇huh]E = ∇huh|T+ − ∇huh|T− the jump of the elementwise
gradient ∇huh across E, and by [uh]E := uh|T+ − uh|T− the jump of uh across an interior edge
E. For an edge E ⊂ ∂Ω and a function g ∈ C1(E), ∂εg denotes the edge gradient along E

(with respect to a proper Cartesian coordinate system along the flat one dimensional manifold
E). Then we say v|E ∈ W 1,p(E) if v has weak derivatives on E such that

‖v‖pW 1,p(E) := ‖v‖p0,p,E + ‖∂εv‖p0,p,E <∞

(see [15]). In the following, h is understood as a piecewise constant function with h|T = hT =
diam(T ) and h|E = hE .

In this paper, the following computable error estimator,

εp :=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

{
∑

E∈εh

‖h
1
p

E [∇huh]E‖p0,p,E

+
∑

E⊂∂Ω

‖h
1
p

E∇huh · τE‖p0,p,E
} 1

p

,

if uh is continuous at x0,

{ k∑

i=1

h2−p
T0i

kp
+

∑

E∈εh

‖h
1
p

E[∇huh]E‖p0,p,E

+
∑

E⊂∂Ω

‖h
1
p

E∇huh · τE‖p0,p,E
} 1

p

,

otherwise,

(1.4)

is derived and shown to yield global lower and upper bounds of the error in piecewise W 1,p-
seminorm,

‖∇h(u − uh)‖0,p,Ω =
(

∑

T∈Th

|u− uh|p1,p,T
) 1

p

, (1.5)

where in (1.4) k denotes the number of the triangles sharing x0.
For the error ‖u− uh‖0,p,Ω, a reliable and computable error estimator is also given as

ηp :=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

{
∑

E∈εh

(hp+2
E |JE(uh)|p + hE‖[uh]E‖p0,p,E)

+
∑

E⊂∂Ω

h1+p
E ‖∂εuh‖p0,p,E

} 1
p

,

if uh is continuous at x0,

{ k∑

i=1

h2
T0i

kp
+

∑

E∈εh

(hp+2
E |JE(uh)|p

+hE ‖ [uh]E ‖p0,p,E) +
∑

E⊂∂Ω

h1+p
E ‖∂εuh‖p0,p,E

} 1
p

,

otherwise.

(1.6)

The above two a posteriori error estimators, εp and ηp, are served as refinement indicators to
guide adaptive mesh-refining algorithms, which are based on the bulk criterion for displacement-
based adaptive finite element methods[16−18] and the longest-edge bisection. For details on the
longest-edge bisection and corresponding data handling, we refer to [19–22]. For corresponding
details on the Laplace equation, one can see [23–31]. Numerical experiments show that the
adaptive algorithms proposed in this paper have optimal convergence orders.
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The remaining part of this paper is arranged as follows: In Section 2 some Preliminary results
are provided. Section 3 is devoted to the proof of equivalence of the error estimator εp and
the error in piecewise W 1,p seminorm. In Section 4 the estimator ηp is shown to be a reliable
global upper bound of the error in Lp norm. Some numerical results are reported in Section 5
to verify the performance of the adaptive algorithm. Conclusions are made in the finial section.

2 Notations and preliminaries

Throughout the rest of the paper the notation A � B represents A � CB with a mesh-size
independent constant C > 0. Moreover, A ≈ B abbreviates A � B � A.

For the analysis of a posteriori error estimation, two kinds of bubble functions are presented
in [1], one associated with inner edges and the other with the point x0. In this section these
bubbles functions will be used and some of their properties will be quoted without proof.

Given E ∈ εh, let bE be the bubble function defined in Ω, with support ωE :=
⋃
{T ∈ Th :

E ⊂ ∂T } (see Figure 1), defined for x ∈ ωE by

bE(x) :=

⎧
⎪⎨

⎪⎩

(λT1
P2
λT1
P3
λT2
P2
λT2
P3

)2
|x − x0|2
|E|2 , if x0 ∈ ω0

E ,

(λT1
P2
λT1
P3
λT2
P2
λT2
P3

)2, otherwise.
(2.1)

In this definition, the notations shown in Figure 1 are used. Moreover, ω0
E is the interior of

ωE , and λTj

Pi
is the barycentric coordinate of x associated with the triangle Tj and the point Pi,

which is extended to the whole ωE.

Figure 1 Support ωE of bE

Let p, q ∈ (1,∞) be a pair of conjugate numbers such that 1
p + 1

q = 1. Then there holds

Lemma 2.1.[1] Given E ∈ εh, let bE and ωE be defined as above. Then

∂bE
∂n

= 0, on ∂ωE, (2.2)
∫

E

bE ≈ hE, (2.3)

|bE|m,q,ωE � h
2−m−2/p
E , m = 1, 2. (2.4)

Because in practice the meshes are usually constructed in such a way that x0 is a vertex of all
triangulation, x0 is not a node of P1 nonconforming finite elements. In this case, the definition
of estimator will include an additional term (see (1.4) and (1.6)), another bubble function has
to be used.

Let T0 be a triangle of Th containing x0 (if x0 lies on an inner edge, any of the two triangles
sharing the edge can be chosen as T0, and if x0 is a vertex, any of the triangles sharing x0 may
be chosen as T0). Denote ωT0 :=

⋃
{T ∈ Th : T ∩T0 �= ∅} and d := dist(x0, ∂ωT0) (see Figure 2).
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Notice that, because of the regularity of the mesh, hT0 � d. Let bx0 be a smooth bubble function
defined in Ω , with support in ωT0 and satisfying

0 � bx0(x) � 1, ∀x ∈ Ω, (2.5)

bx0(x) = 1, ∀x ∈ Ω : |x− x0| � d

4
, (2.6)

bx0(x) = 0, ∀x ∈ Ω : |x− x0| � 3d
4
, (2.7)

|bx0 |m,∞,ωT � d−m, m = 1, 2. (2.8)

Such a function can be easily obtained by convolution of the characteristic function of the set
{x ∈ Ω : |x− x0| < d/4} with a mollifier (see for instance [1]).

Figure 2 Domains ωT for different locations of xo. Circles |x−x0| = d
4

(solid line) and |x−x0| = 3d
4

(dashed

line)

Lemma 2.2.[1] For x0 ∈ T0, Let bx0 and ωT0 be defined as above. Then

|bx0 |m,q,ωT0
� h

2−m−2/p
T0

,m = 1, 2.

Furthermore, from Lemma 2.2, there holds

Lemma 2.3. Let x0 ∈ T0 and ωT0 be defined as above. Let FT0
h be the set of edges E of

triangles T ⊂ ωT0 , such that E does not belong to ∂ωT0 . Then

h2−p
T0

�
∑

T∈ωT0

|u− uh|p1,p,T +
∑

E∈FT0
h

‖h
1
p

EJE(uh)‖p0,p,E .

Proof. Let bx0 be the bubble function defined above. By using (2.5), Green formula, Hölder
inequality, Lemma 2.2, and the regularity of the mesh, there holds

1= 〈δx0 , bx0〉 =
∫

Ω

−�ubx0 =
∫

ωT0

∇u · ∇bx0

=
∑

T∈ωT0

∫

T

∇h(u − uh) · ∇bx0 +
∑

T∈ωT0

∫

T

∇huh · ∇bx0

=
∑

T∈ωT0

∫

T

∇h(u − uh) · ∇bx0 +
∑

T∈ωT0

∫

∂T

∂uh
∂n

bx0

=
∑

T∈ωT0

∫

T

∇h(u − uh) · ∇bx0 +
∑

E∈FT0
h

∫

E

JE(uh)bx0

�
(

∑

T∈ωT0

|u− uh|p1,p,T
) 1

p

|bx0 |1,q,ωT0
+

∑

E∈FT0
h

|JE(uh)|hE

�
(

∑

T∈ωT0

|u− uh|p1,p,T
) 1

p

h
1− 2

p

T0
+

∑

E∈FT0
h

‖h
1
p

EJE(uh)‖0,p,Eh
1− 2

p

T0
,
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which leads to the following estimate

h
2
p−1

T0
�

(
∑

T∈ωT0

|u− uh|p1,p,T
) 1

p

+
∑

E∈FT0
h

‖h
1
p

EJE(uh)‖0,p,E . (2.9)

The desired result follows from Hölder inequality and (2.9).
Let vh ∈Wh be C0-piecewise linear interpolation of a function v ∈ C(Ω). Then we have

Lemma 2.4. Given E ∈ εh, let ωE be defined above. There holds:

‖v − vh‖0,q,E � h
1+1/p
E |v|2,q,ωE , ∀ v ∈ W 2,q(ωE), 1 < q <∞,

‖v − vh ‖0,q,E� h
1/p
E |v|1,q,ωE , ∀ v ∈W 1,q(ωE), 2 < q <∞.

Proof. Trace theorem, scaling arguments, and Hölder inequality lead to

‖v − vh‖0,q,E � h
− 1

q

E ‖v − vh‖0,q,ωE + h
1− 1

q

E

(
∑

T∈ωE

|v − vh|q1,q,T
) 1

q

. (2.10)

Then the estimates of the lemma follow from (2.10) and the standard error estimates for the
Lagrange interpolation (see for instance [11]),

|v − vh|k,q,T � h2−k
E |v|2,q,T , 1 < q <∞, k = 0, 1,

|v − vh|k,q,T � h1−k
E |v|1,q,T , 2 < q <∞, k = 0, 1.

Lemma 2.5. Given any interior edge E ∈ εh, let ψE ∈ Wh be the edge-basis function with
the support supp ψE ⊂ ωE and uh the solution of the problem (1.3). Then there holds:

[∇huh]E · nE = h−1
E 〈δx0 , ψE〉.

Proof. Since [∇huh]E · nE ∈ P0(E) ≡ R, we have

hE [∇huh]E · nE = ([∇huh]E , nE)0,E = ([∇huh]E · nE , ψE)0,E .

Since ψE is L2-orthogonal onto constants on all edges except E, divh∇huh = 0 and ψE is
an admissible test function for NFE Methods with support in ωE , the application of Green’s
formula yields

([∇huh]E · nE , ψE)0,E =(∇huh · n, ψE)0,∂ωE + ([∇huh]E · nE , ψE)0,E

=(∇huh,∇hψE)0,ωE + (divh∇huh, ψE)0,ωE

= 〈δx0 , ψE〉,

which implies the desired result.

3 A posteriori error estimator in piecewise W 1,p seminorm

Since the solution of (1.1) belongs to W 1,p
0 (Ω) for all p < 2, it makes sense to estimate the error

in piecewise W 1,p seminorm for the nonconforming method. In this section, the estimator εp
in (1.4) is shown to be equivalent to the error ‖∇h(u − uh)‖0,p,Ω in (1.5) for any p ∈ (pΩ, 2),
with pΩ > 1 as shown below.
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Given Ψ ∈ Lq(Ω)2, with 1
p + 1

q = 1, consider the following problem: find v ∈ W 1,q
0 (Ω) such

that ∫

Ω

∇v · ∇φ =
∫

Ω

Ψ · ∇φ, ∀φ ∈W 1,p
0 (Ω). (3.1)

For any polygonal domain Ω, there exists a neighborhood of 2 such that, for all q in this
neighborhood, the problem (3.1) has a unique solution v. Furthermore, in such a case, there
holds the following estimate:

|v|1,q,Ω � C‖Ψ‖0,q,Ω. (3.2)

To determine the range of values of q for which this holds true, we apply the arguments in
the proof of Theorem 1.1 in [32] to the simpler two-dimensional Dirichlet problem (3.1). By
doing so, we have to distinguish two cases, depending if Ω is convex or not. When Ω is convex,
this happens for all q ∈ (1,∞) or, equivalently, for all p ∈ (1,∞). Instead, for a non-convex
domain Ω, it happens if 1 − 2/q < π/θ, or equivalently, if p > 2/(1 + π

θ ), with θ being the
largest inner angle of Ω. Hence, if we define pΩ := max(1, 2/(1 + π

θ )), then the problem (3.1)
has a unique solution satisfying (3.2) for all p ∈ (pΩ, 2).

For nonconforming triangular elements, as we know, the Helmholtz decomposition of the
error is a well-established tool in the analysis of a posteriori estimate in piecewise H1 seminorm
(see e.g. [25, 30, 31]). Following the same idea, in this paper, to obtain the a posteriori error
estimator in piecewise W 1,p seminorm, we need the following Helmholtz-type decomposition of
functions in Lq(Ω)2.

Lemma 3.1. For Ψ ∈ Lq(Ω)2 with 1
q + 1

p = 1 and p ∈ (pΩ, 2), there exist v ∈ W 1,q
0 (Ω), w ∈

W 1,q(Ω), such that
Ψ = ∇v + curlw (3.3)

with
|v|1,q,Ω � ‖Ψ‖0,q,Ω, |w|1,q,Ω � ‖Ψ‖0,q,Ω. (3.4)

Proof. Let v be the solution of the Dirichlet problem (3.1). From (3.1) and integration by

parts, we have

0 =
∫

Ω

(Ψ −∇v) · ∇φ=
∫

Ω

−div(Ψ −∇v)φ +
∫

∂Ω

(Ψ −∇v) · nφ

=
∫

Ω

−div(Ψ −∇v)φ, ∀φ ∈W 1,p
0 (Ω).

This implies Ψ −∇v is divergence-free. Moreover, from integration by parts, we get
∫

∂Ω

(Ψ −∇v) · nds = 0. (3.5)

Thus Ψ − ∇v satisfies the conditions of Theorem 3.1 in [33] on the polygonal domain Ω,
namely it is divergence-free and fulfills (3.5). As a result, there exists w ∈W 1,q(Ω) such that

∇v − Ψ = curlw, (3.6)

which implies (3.3).
The desired regularity estimates in (3.4) follow from (3.2), (3.6) and triangle inequalities.
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Now we are in a position to state the reliability of the estimator εp:

Theorem 3.1. Let uh ∈Wh solve the problem (1.3) and εp be defined as in (1.4). Then the
following estimate holds for p ∈ (pΩ, 2):

‖∇h(u− uh)‖0,p,Ω � εp.

Proof. Arbitrarily given Ψ ∈ Lq(Ω)2, with 1
p + 1

q = 1. From Lemma 3.1, there exist v ∈
W 1,q

0 (Ω), w ∈ W 1,q(Ω) satisfying (3.3). Then we have
∫

Ω

∇h(u − uh) · Ψ =
∫

Ω

∇h(u − uh) · ∇v +
∫

Ω

∇h(u− uh) · curlw. (3.7)

Let vh be C0-piecewise linear interpolation of v in the nonconforming finite element space Wh.
Green formula, together with (1.3), implies

∫

Ω

∇h(u− uh) · ∇v =
∫

Ω

∇u · ∇v −
∑

T∈Th

∫

T

∇huh · ∇v

=
∫

Ω

−�u(v − vh) +
∑

T∈Th

∫

T

∇huh · ∇h(vh − v)

= 〈δx0 , v − vh〉 +
∑

T∈Th

∫

T

∇huh · ∇h(vh − v)

= 〈δx0 , v − vh〉 +
∑

T∈Th

∫

∂T

∂uh
∂n

(vh − v)

= 〈δx0 , v − vh〉 +
∑

E∈εh

∫

E

[∇huh]E · nE(vh − v). (3.8)

Let wh be C0-piecewise linear interpolation of w on the triangulation Th, then, from integration
by parts and the fact that w ∈W 1,q(Ω) ↪→ C0(Ω), we have

∫

Ω

∇h(u − uh) · curlw =
∫

Ω

∇u · curlw −
∫

Ω

∇huh · curlw

= −
∫

Ω

∇huh · curl(w − wh) −
∫

Ω

∇huh · curlwh. (3.9)

Since wh ∈ C0(Ω), the tangential derivative ∂wh

∂s of wh is a constant along every inner edge.
Note also that uh is continuous at the midpoint of every interior edge, and vanishes at the
midpoint of every boundary edge, from integration by parts, we then have

∫

Ω

∇huh · curlwh =
∑

T∈Th

∫

T

∇huh · curlwh = −
∑

T∈Th

∫

∂T

∇wh · τuh = 0. (3.10)

From (3.9), (3.10), and integration by parts, we have
∫

Ω

∇h(u − uh) · curlw = −
∑

T∈Th

∫

T

∇huh · curl(w − wh)

= −
∑

T∈Th

∫

∂T

∂uh
∂s

(w − wh)
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= −
∑

E∈ε

∫

E

[∇huh]E · τE(w − wh), (3.11)

where, for E ⊂ ∂Ω, [∇huh]E · τE = ∇huh · τE = ∂uh

∂s .
From the definition of

∫

Ω
vhδx0 in Section 1 and the standard interpolation theory (see [11]),

we get

∫

Ω

(v−vh)δx0 =
1
k

k∑

i=1

(v−vh)|T0i(x0)�
1
k

k∑

i=1

‖v−vh‖0,∞,T0i � 1
k

k∑

i=1

h
1− 2

q

T0i
|v|1,q,T0i , (3.12)

where T0i (1 � i � k) denote the triangles sharing the point x0.
In the case that E ⊂ ∂Ω with E ⊂ ∂T and T ∈ Th, we have ωE = T . By (3.7), (3.8), (3.11),

(3.12), Hölder inequality, standard interpolation theory, Lemmas 2.4, and 3.1, we obtain

∫

Ω

∇h(u − uh) · Ψ� 1
k

k∑

i=1

h
1− 2

q

T0i
|v|1,q,T0i

+
∑

E∈εh

‖[∇huh]E · nE‖0,p,E‖(vh − v)‖0,q,E

+
∑

E∈ε
‖[∇huh]E · τE‖0,p,E‖(w − wh)‖0,q,E

� 1
k

k∑

i=1

h
1− 2

q

T0i
|v|1,q,T0i +

∑

E∈εh

‖h
1
p

E[∇huh]E · nE‖0,p,E|v|1,q,ωE

+
∑

E∈ε
‖h

1
p

E [∇huh]E · τE‖0,p,E |w|1,q,E

�
( k∑

i=1

h2−p
T0i

kp
+

∑

E∈εh

‖h
1
p

E [∇huh]E‖p0,p,E

+
∑

E⊂∂Ω

∥
∥
∥
∥h

1
p

E

∂uh
∂s

∥
∥
∥
∥

p

0,p,E

) 1
p
(

∑

E∈ε
|v|q1,q,ωE

+ |w|q1,q,ωE

) 1
q

� εp‖Ψ‖0,q,Ω,

which indicates

‖∇h(u− uh)‖0,p,Ω = sup
Ψ∈Lq(Ω)2,Ψ �=0

∫

Ω ∇h(u− uh) · Ψ
‖Ψ‖0,q,Ω

� εp. (3.13)

Then the desired result follows from (3.13).
Next we give the following efficiency result of the estimator εp:

Theorem 3.2. Let uh ∈ Wh solve the problem (1.3). Then the following estimate holds for
p ∈ (pΩ, 2):

εp � ‖∇h(u− uh)‖0,p,Ω.

Proof. For all E ∈ εh(Ω), let bE be the bubble function defined in Section 2. Since bE ∈
W 1,q

0 (Ω), from Green formula, we have
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∫

ωE

∇huh · ∇bE =
∑

T∈ωE

∫

T

∇huh · ∇bE =
∑

T∈ωE

∫

∂T

[∇huh]E · nEbE

=
∫

E

[∇huh]E · nEbE, (3.14)

which, together with (2.2), the relation
∫

Ω
−�ubE = 0 and Green formula, yields

∫

E

[∇huh]E · nEbE =
∫

ωE

∇huh · ∇bE =
∫

ωE

∇huh · ∇bE −
∫

Ω

−�ubE

=
∫

ωE

∇huh · ∇bE −
∫

Ω

∇u · ∇bE =
∑

T∈Th

∫

T

∇h(uh − u) · ∇bE

=
∑

T∈ωE

∫

T

∇h(uh − u) · ∇bE. (3.15)

On the other hand, from (2.3), (2.4), (3.15), Hölder inequality, and Cauchy-Schwartz inequal-
ity, we also have

hE |[∇huh]E · nE | � |[∇huh]E · nE |
∫

E

bE =
∣
∣
∣
∣

∫

E

[∇huh]E · nEbE
∣
∣
∣
∣

=
∣
∣
∣
∣

∑

T∈ωE

∫

T

∇h(uh − u) · ∇bE
∣
∣
∣
∣

�
(

∑

T∈ωE

|u− uh|p1,p,T
) 1

p
(

∑

T∈ωE

|bE |q1,q,T
) 1

q

�
(

∑

T∈ωE

|u− uh|p1,p,T
) 1

p

h
1− 2

p

E . (3.16)

The inequality (3.16) implies

‖h
1
p

E[∇huh]E · nE‖0,p,E �
(

∑

T∈ωE

|u− uh|p1,p,T
) 1

p

. (3.17)

From Lemma 2.3, we get

k∑

i=1

h2−p
T0i

kp
�

k∑

i=1

(
1
kp

∑

T∈ωT0i

|u− uh|p1,p,T +
1
kp

∑

E∈FT0i
h

∥
∥
∥
∥h

1
p

E

[
∂uh
∂nE

]∥
∥
∥
∥

p

0,p,E

)

� 1
k

k∑

i=1

(
∑

T∈ωT0i

|u− uh|p1,p,T +
∑

E∈FT0i
h

‖h
1
p

E[∇huh]E · nE‖p0,p,E
)

. (3.18)

For arbitrary E ∈ εh, shared by the elements T+ and T−, by connecting the midpoint mid(E)
with the vertices of T+ and T− opposite to it, We can divide T+ and T− into triangles T1, T2

and T3, T4, respectively.
Let ϕE be a multiple of the conforming P1 FEM basis function with respect to the nodal

point mid(E) such that

ϕE(mid(E)) = h2
E |[∇huh]E · τE | [∇huh]E · τE .
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From Hölder inequality, we have

‖−−−−→curlϕE‖q0,q,ωE
≈

∫

ωE

|−−−−→curlϕE |q �
4∑

j=1

2∑

i=1

‖DiϕE‖q0,q,Tj
.

Notice that ‖DiϕE‖q0,q,Tj
� h2−q

E |ϕE(mid(E))|q , from the above inequality we have

‖−−−−→curlϕE‖0,q,ωE � h
1+ 1

q

E ‖[∇huh]E · τE‖p−1
0,p,E |[∇huh]E · τE |3−p. (3.19)

Because the segmentwise tangential derivative ∂ϕE/∂s of ϕE vanishes along ∂ωE, by using
integration by parts, we get

h2
E‖[∇huh]E · τE‖p0,p,E|[∇huh]E · τE |3−p

= h
1
p

E‖[∇huh]E · τE‖p0,p,Eh
1+ 1

q

E |[∇huh]E · τE |3−p

=
∫

E

ϕE [∇huh]E · τE =
∫

ωE

−−−−→
curlϕE · ∇huh. (3.20)

From integration by parts, we also have
∫

ωE

−−−−→
curlϕE · ∇u =

∫

∂ωE

(∂ϕE/∂s)u = 0. (3.21)

The above two identities, (3.20) and (3.21), and Hölder inequality imply

h
1
p

E‖[∇huh]E · τE‖p0,p,Eh
1+ 1

q

E |[∇huh]E · τE |3−p

=
∫

ωE

−−−−→
curlϕE · (∇huh −∇u) � ‖−−−−→curlϕE‖0,q,ωE‖∇huh −∇u‖0,p,ωE . (3.22)

Combination of (3.22) and (3.19) yields the inequality

h
1
p

E‖[∇huh]E · τE‖0,p,E � ‖∇huh −∇u‖0,p,ωE . (3.23)

In the case that E ⊂ ∂Ω with E ⊂ ∂T , T ∈ Th, by using u|E = 0 to substitute for the
segmentwise tangential derivative of ϕE which does not vanish along the two components of
the boundary edge E, and by following the same proof as above, we can also obtain (3.23).

For any E ∈ εh, by Hölder inequality, we have

hE‖[∇huh]E‖p0,p,E ≈hE

∫

E

(|[∇huh]E · nE |2 + |[∇huh]E · τE |2)
p
2

�hE

( ∫

E

|[∇huh]E · nE |p +
∫

E

|[∇huh]E · τE |p
)

=hE‖[∇huh]E · nE‖p0,p,E + hE‖[∇huh]E · τE‖po,p,E.

(3.24)

Because every element in summation
∑k
i=1

∑
T∈ωT0i

is used at most k times repeatedly, and

every inner edge in
∑k
i=1

∑

E∈FT0i
h

is also used at most k times repeatedly, from (3.17), (3.18),
(3.23), and (3.24), we get

εpp �
∑

T∈Th

|u− uh|p1,p,T .



A posteriori error estimates of NFEM for elliptic problems with Dirac delta source terms 1451

Then the desired result follows.

Remark 3.1. The proofs of Theorems 3.1 and 3.2 are still valid when x0 is a node of the
triangulation or an interior point of an element. In fact, in this case, the term 〈δx0 , v − vh〉
vanishes and thus the term

∑k
i=1

h2−p
T0i

kp does not appear in εp.

Remark 3.2. When Ω is convex, according to the definition of pΩ, (pΩ = 1). Hence, in this
case, the estimator εp turns out to be equivalent to ‖∇h(u − uh)‖0,p,Ω for all p ∈ (1, 2).

4 A global upper bound for the error in Lp norm

In this section, we will prove that the estimator ηp in (1.6) is a global upper bound for the error
‖u − uh‖0,p,Ω (2θ

π < p < 2), with θ the largest inner angle of Ω. In the proof of Theorem 4.1
below we will use duality arguments. To this end we consider the following auxiliary problem:

⎧
⎨

⎩

−�v = ψ, in Ω,

v = 0, on ∂Ω,
(4.1)

where ψ ∈ Lq(Ω) and 1
p + 1

q = 1. According to Theorem 4.4 in [34], if
(

2 − π

θ

)

q < 2, (4.2)

then the solution of (4.1) satisfies v ∈W 2,q(Ω) and

|v|2,q,Ω � ‖ψ‖0,q,Ω. (4.3)

In the case that Ω is a triangle with three acute angles or a rectangle, θ � π
2 and (4.3) holds

true for all q < ∞. In other cases, the largest angle of Ω satisfies θ > π
2 and, consequently,

(4.3) holds true only for q < 2/(2 − π
θ ) or, equivalently, for p > 2θ

π . Denote pΩ := max{1, 2θ
π },

then, for p ∈ (pΩ, 2), the inequality (4.3) holds.

Theorem 4.1. For p ∈ (pΩ, 2), let uh ∈Wh solve the problem (1.3), and ηp be defined as in
(1.6). Then the following estimate holds:

‖u− uh‖0,p,Ω � ηp.

Proof. Given ψ ∈ Lq(Ω), let v ∈ W 2,q(Ω) be the solution of (4.1), and let vh ∈ Wh be

C0-piecewise linear interpolation of v. From (1.3), integration by parts and Sobolev imbedding
theorem, we have

∫

Ω

(u− uh)ψ =
∫

Ω

−�v(u− uh) =
∫

Ω

∇v · ∇u−
∫

Ω

−�vuh

=
∫

Ω

−�uv −
∑

T∈Th

∫

T

∇v · ∇huh +
∑

T∈Th

∫

∂T

∂v

∂n
uh

=
∫

Ω

−�u(v − vh) +
∫

Ω

−�uvh −
∑

T∈Th

∫

∂T

∂uh
∂n

v +
∑

T∈Th

∫

∂T

∂v

∂n
uh

=
∫

Ω

−�u(v − vh) +
∑

T∈Th

∫

T

∇uh · ∇vh −
∑

T∈Th

∫

∂T

∂uh
∂n

v +
∑

T∈Th

∫

∂T

∂v

∂n
uh

= 〈δx0 , v − vh〉 +
∑

T∈Th

∫

∂T

∂uh
∂n

(vh − v) +
∑

T∈Th

∫

∂T

∂v

∂n
uh
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=
1
k

k∑

i=1

(v − vh)|T0i(x0) +
∑

E∈εh

∫

E

JE(uh)(vh − v)

+
∑

E∈εh

∫

E

∂v

∂nE
[uh]E +

∑

E⊂∂Ω

∫

E

∂v

∂nE
uh. (4.4)

For arbitrary interior edge E ∈ εh shared by the triangles T+ and T−, let ωE be the patch of
E, and denote αE := 1

|ωE|
∫

ωE
∇vdx. By Schwartz inequality, trace theorem, Hölder inequality,

Bramble-Hilbert lemma, we have

‖∇v − αE‖0,q,E � ‖∇v − αE‖0,q,∂T+ + ‖∇v − αE‖0,q,∂T−

� ‖∇v − αE‖
1− 1

q

0,q,T+
‖∇v − αE‖

1
q

1,q,T+

+ ‖∇v − αE‖
1− 1

q

0,q,T−‖∇v − αE‖
1
q

1,q,T−

� (‖∇v − αE‖0,q,T+ + ‖∇v − αE‖0,q,T−)
1
p

× (‖∇v − αE‖1,q,T+ + ‖∇v − αE‖1,q,T−)
1
q

� ‖∇v − αE‖
1
p

0,q,ωE
‖∇v − αE‖

1
q

1,q,ωE

� (hE |∇v|1,q,ωE )
1
p |∇v|

1
q

1,q,ωE
= h

1
p

E |v|2,q,ωE . (4.5)

In the case that E ⊂ ∂Ω with E ⊂ ∂T , we have ωE = T and αE = 1
|T |

∫

T
∇vdx. By using

an analogous argument, we have

‖∇v − αE‖0,q,E � h
1
p

E |v|2,q,ωE . (4.6)

Since E ⊂ ∂Ω, from the relation 1
hE

∫

E uhds = 0 and Bramble-Hilbert lemma, we have

‖uh‖0,p,E =
∥
∥
∥
∥uh −

1
hE

∫

E

uhds

∥
∥
∥
∥

0,p,E

� hE‖∂εuh‖0,p,E , (4.7)

which, together with (4.5), (4.6), Hölder inequality, and
∫

E
[uh]Eds = 0, indicates

∑

E∈εh

∫

E

∂v

∂nE
[uh]E +

∑

E⊂∂Ω

∫

E

∂v

∂nE
uh

=
∑

E∈εh

∫

E

(∇v − αE) · nE [uh]E +
∑

E⊂∂Ω

∫

E

(∇v − αE) · nEuh

�
∑

E∈εh

‖∇v − αE‖0,q,E‖[uh]E‖0,p,E +
∑

E⊂∂Ω

‖∇v − αE‖0,q,E‖uh‖0,p,E

�
∑

E∈εh

h
1
p

E |v|2,q,ωE‖[uh]E‖0,p,E +
∑

E⊂∂Ω

h
1+ 1

p

E |v|2,q,ωE‖∂εuh‖0,p,E . (4.8)

By using standard interpolation theory, Hölder inequality, Lemma 2.4, (4.3), (4.4), and (4.8),
we have

∫

Ω

(u− uh)ψ � 1
k

k∑

i=1

‖v − vh‖0,∞,T0i +
∑

E∈εh

‖JE(uh)‖0,p,E‖vh − v‖0,q,E

+
(

∑

E∈εh

h
1
p

E‖[uh]E‖0,p,E +
∑

E⊂∂Ω

h
1+ 1

p

E ‖∂εuh‖0,p,E

)

|v|2,q,ωE



A posteriori error estimates of NFEM for elliptic problems with Dirac delta source terms 1453

� 1
k

k∑

i=1

h
2− 2

q

T0i
|v|2,q,T0i +

∑

E∈εh

‖JE(uh)‖0,p,Eh
1+ 1

p

E |v|2,q,ωE

+
(

∑

E∈εh

h
1
p

E‖[uh]E‖0,p,E +
∑

E⊂∂Ω

h
1+ 1

p

E ‖∂εuh‖0,p,E

)

|v|2,q,ωE

�
{ k∑

i=1

h2
T0i

kp
+

∑

E∈εh

(‖JE(uh)‖p0,p,Eh
p+1
E + hE‖[uh]E‖p0,p,E)

+
∑

E⊂∂Ω

h1+p
E ‖∂εuh‖p0,p,E

} 1
p

×
{(

∑

E∈εh

+
∑

E⊂∂Ω

)

|v|q2,q,ωE
+

k∑

i=1

|v|q2,q,T0i

} 1
q

�
{ k∑

i=1

h2
T0i

kp
+

∑

E∈εh

|JE(uh)|php+2
E +

∑

E∈εh

hE‖[uh]E‖p0,p,E

+
∑

E⊂∂Ω

h1+p
E ‖∂εuh‖p0,p,E

} 1
p

‖ψ‖0,q,Ω, (4.9)

which yields

‖u− uh‖0,p,Ω = sup
ψ∈Lq(Ω),ψ �=0

∫

Ω(u− uh)ψ
‖ψ‖0,q,Ω

� ηp.

Remark 4.1. The proof of the theorem 4.1 also remains valid when x0 is a node of the

triangulation. Indeed, in this case, the term 〈δx0 , v− vh〉 vanishes and thus the term
∑k

i=1

h2
T0i

kp

does not appear in ηp .

Remark 4.2. From Lemma 2.5, we know that for E ∈ εh, JE(uh) = 0 when E � ωx0 . Then
the term

∑
E∈εh

hp+2
E |JE(uh)|p in the estimator ηp can be reduced to

∑
E∈εh,E⊂ωx0

hp+2
E |JE(uh)|p.

5 Numerical experiments

In this section we report several numerical experiments to asses the performance of an h-adaptive
mesh-refinement strategy based on the error indicators εp and ηp analyzed in sections 3 and 4.

The adaptive procedure consists in solving the problem (1) on a sequence of meshes up to
finally attaining a solution with an estimated error within a prescribed tolerance. It invokes
that the solution of the finite element discretized problem (3) (SOLVE), the a posteriori error
estimation of the global discretization error (ESTIMATE) by easily computable local quantities
as an indication to mark selected elements (MARK) for refinement, and the refinement strategy
(REFINE) itself. Thus, Adaptive finite element methods typically consist of successive loops
of the sequence

SOLVE → ESTIMATE → MARK → REFINE.

For this purpose, we initiate the process with a quasi-uniform mesh and create, at each step, a
new mesh better adapted to the solution of the problem (1). Let Mk and Mh denote the sets
of the marked triangles and edges, respectively. Denote

εpE =

⎧
⎨

⎩

‖h
1
p

E [∇huh]E‖p0,p,E, for all E ∈ εh,

‖h
1
p

E∇huh · τE‖p0,p,E, for all E ⊂ ∂Ω,
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and

ηpE =

⎧
⎨

⎩

hp+2
E |JE(uh)|p + hE‖[uh]E‖p0,p,E, for all E ∈ εh,

h1+p
E ‖∂εuh‖p0,p,E , for all E ⊂ ∂Ω.

The adaptive procedure is done by computing the global error indicator ηp or εp in the “old”
mesh Th, and marking those elements T and edges E with

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∑

T0i∈Mk

h2
T0i

� θ

k∑

i=1

h2
T0i
,

∑

E∈Mh

ηpE � θ
∑

E∈ε
ηpE ,

or ⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∑

T0i∈Mk

h2−p
T0i

� θ

k∑

i=1

h2−p
T0i

,

∑

E∈Mh

εpE � θ
∑

E∈ε
εpE ,

where, θ ∈ (0, 1) is a prescribed parameter. Thus, combination of Mh and the longest edge of
all the elements in Mk forms the edge set to be refined (see [14]). In the REFINE step, we
use the longest-edge bisection (see [19–22]). In all our experiments we take θ = 1

2 , and use a
Matlab code adapted by us with an initial uniform mesh.

The Laplace equation with homogeneous Dirichlet boundary conditions serves as a model
example in this paper for the ease of the discussion. Similar to [24, 26], we can extend Theorems
3.1 and 4.1 to nonhomogeneous boundary cases, where the estimators will contain a higher order
term related to the approximation error of the Dirichlet data uD.

5.1 Test 1: a convex domain
This test for the error estimators ηp and εp consists of solving the problem −�u = δx0 in the
unit square Ω := (0, 1) × (0, 1), with x0 = (0.5, 0.5). We choose Dirichlet boundary conditions
such that the exact solution is given by u = − 1

2π log|x− x0|.
We show first the results obtained by the adaptive process guided by the estimator ηp.

Figures 3–5 show some of the successive refined meshes created in the process guided by ηp

Figure 3 Figure 4
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with p = 1.5, where x0 is a vertex of all the triangulations. Figures 6–8 show the post-
processing approximate solution, with value at a vertex being taken as the algorithmic mean
of the values of the nonconforming finite element solution uh at the vertex on all the elements
sharing the vertex. The reason for the post-processing is that uh is not continuous at all the
vertices of the triangulation. Figures 3–8 also show the iteration number and the number
of degrees of freedom (d.o.f.) of each mesh. Figure 9 shows the error curves of the whole
process for the exact, estimated and uniformly refined errors. This figure also includes a line
with slope-1, which corresponds to the theoretically optimal order of convergence for piecewise
linear elements. From Figures 3–5, we can see that the adaptive process leads to meshes refined
around x0. Furthermore, the error curves in Figure 9 shows that the process yields optimal order
convergence. This happens in spite of the fact that the effectivity indices are very poor. Indeed,
we can see in Figure 9 that the exact error is severely overestimated. Anyway, the exact and
estimated error curves have approximately the same optimal slope-1, and the adaptive process
has obvious advantages than the uniform refinements.

Figure 5 Figure 6

Figure 7 Figure 8

Next, we report the results obtained with εp as error indicator. Figures 10–12 show some
of the successively refined meshes created with the adaptive process guided by this indicator
with p = 1.5 and x0 being a vertex of the triangulations, Figures 13–15 show the post-processing
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Figure 9

Figure 10 Figure 11

Figure 12 Figure 13

approximate solution, and Figures 10–15 also show the iteration number, and the number of
degrees of freedom (d.o.f.) of each mesh.

Figure 16 shows the error curves for the exact and estimated errors. It also includes a line
with slope − 1

2 , which corresponds to the theoretically optimal order of convergence for piecewise
linear elements in problems with a smooth solution.
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Figure 14 Figure 15

Figure 16

Figures 10–12 show that the adaptive process leads again to meshes refined around x0.

5.2 Test 2: a non-convex domain

We solve the problem −�u = δx0 in the L-shape domain shown in Figure 17. We choose
Dirichlet boundary conditions such that the exact solution be u(x, y) = u1(x, y) + u2(x, y),
where

u1(x, y) = − 1
2π

log|x− x0| and u2(x, y) = r
2
3 sin

(
2
3
θ

)

.

Here (r, θ) are the polar coordinates corresponding to (x, y) with θ ∈ [0, 2π). Recall that u2 is
the typical singular solution of the Dirichlet problem for this L-shape domain.

We use εp with p = 1.5 to measure the error. Notice that u ∈ W 1,p(Ω) for all p ∈ [1, 2).
Moreover, Theorem 3.1 can be applied to this case, because, according to the definition of pΩ,
pΩ = 6

5 for this particular domain. However Theorem 4.1 is not applicable to Lp norm, because,
according the definition of pΩ, pΩ = 3 for this domain.

Figures 18–20 show some of the successively refined meshes created in the adaptive process
guided by εp, with p = 1.5. We can see that the adaptive process leads to meshes refined around
both x0 and the corner singularity.
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Figure 17 Figure 18

Figure 19 Figure 20

Figure 21

On the other hand, Figure 21 shows the corresponding exact and estimated error curves.
Once more, we can see that the adaptive process yields optimal order convergence: both of the
exact and estimated error curves have approximately the same optimal slope − 1

2 .
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6 Conclusions

We have introduced two residual-based type a posteriori error estimators for the nonconforming
finite element approximation of the Poisson problem with Dirac delta source terms. We have
shown that one estimator yields a global upper and lower bounds of the error in piecewise W 1,p

seminorm, and the other gives a global upper bound in Lp norm. Adaptive algorithms are
suggested and experimentally shown to lead to optimal orders of convergence.

Acknowledgements The authors are very grateful to Prof. Xu Xuejun for his helpful sug-
gestions.
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1 Araya R, Behrens E, Rodŕıguez R. A posteriori error estimates for problems with Dirac delta source terms.

Numer Math, 105: 193–216 (2006)

2 Casas E. L2 estimates for the finite element method for the Dirichlet problem with singular data. Numer

Math, 47: 627–632 (1985)

3 Scott R. Finite element convergence for singular data. Numer Math, 21: 317–327 (1973/74)

4 Schatz A H, Wahlbin L B. Interior maximum norm estimtes for finite element methods. Math Comp, 31:

414–442 (1977)

5 Chen Z, Dai S. Adaptive Galerkin methods with error control for a dynamical Ginzburg-Landau model in

superconductivity. SIAM J Numer Anal, 38: 1961–1985 (2001)

6 Chen Z, Dai S. On the efficiency of adaptive finite methods for elliptic problems with discontinuous coeffi-

cients. SIAM J Sci Comput, 24: 443–462 (2002)

7 Hoppe W, Wohlmuth B. Element-oriented and edge-oriented local error estimators for nonconforming finite

element methods. RAIRO Model Math Anal Numer, 30: 237–263 (1996)

8 Dari E, Duran R G, Padra C, Vampa V. A posteriori error estimators for nonconforming finite element

methods. RAIRO Model Math Anal Numer, 30: 385–400 (1996)

9 Schieweck F. A posteriori error estimates with post-processing for nonconforming finite elements. ESAIM

Math Mod Numer Anal, 36: 489–503 (2002)

10 Carstensen C, Hu J. A unifying theory of a posteriori error control for nonconforming finite element methods.

Numer Math, 107: 473–502 (2007)

11 Ciarlet P G. The Finite Element Method for Elliptic Problems. Amsterdam: Nort-Holland, 1978

12 Braess D. Finite Elements. Cambridge: Cambridge University Press, 1977

13 Brenner S, ScottL R. The Mathematical Theory of Finite Element Methods. New York: Springer, 1994

14 Carstensen C, Ronald H, Hoppe W. Convergence analysis of an adaptive nonconforming finite element

method. Numer Math, 105: 251–266 (2006)

15 Bartels S, Carstensen C, Dolzmann G. Inhomogeneous Dirichlet conditions in a priori and a posteriori finite

element error analysis. Numer Math, 99: 1–24 (2004)

16 Binev P, Dahmen W, DeVore R. Adaptive finite element methods with convergence rates. Numer Math,

97: 219–268 (2004)

17 Dörfler W. A convergent adaptive algorithm for Poisson’s equation. SIAM J Numer Anal, 33: 1106–1124

(1996)

18 Morin P, Nochetto R H, Siebert K G. Data oscillation and convergence of adaptive FEM. SIAM J Numer

Anal, 38: 466–488 (2000)

19 Rivara M C. Mesh refinement processes based on the generalized bisection of simplices. SIAM J Numer

Anal, 21: 604–613 (1984)

20 Rivara M C, Inostroza P. Using longest-side bisection techniques for the automatic refinement for Delaunay

triangulations. Intern J Nume Methods Engineering, 40: 581–597 (1997)

21 Rivara M C, Iribarren G. The 4-triangles longest-side partition of triangles and linear refinement algorithms.

Math Comput, 65: 1485–1501 (1996)

22 Rivara M C, Venere M. Cost analysis of the longest-side (triangle bisection) refinement algorithms for

triangulations. Engineering with Computers, 12: 224–234 (1996)
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