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On mean curvatures in submanifolds geometry
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Abstract By using moving frame theory, first we introduce 2p-th mean curvatures and (2p 4+ 1)-th
mean curvature vector fields for a submanifold. We then give an integral expression of them that
characterizes them as mean values of symmetric functions of principle curvatures. Next we apply it to
derive directly the celebrated Weyl-Gray tube formula in terms of integrals of the 2p-th mean curvatures
and some Minkowski-type integral formulas.
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1 Mean curvatures and integral expressions

Let f: M™ — N™™ be an isometric immersion of an n-dimensional submanifold M into an
(n + m)-dimensional Riemannian manifold N. Around each point p in M, we take a local
frame {e1,...,entm} of N such that {ej,...,e,} are orthonormal vectors tangent to M and
{€n+1,--+»Entm} are orthonormal vectors normal to M, and we let wy,...,ws4m be the dual
co-frame. Here we identify tangent vectors with its image under f.. We assume the indices to
bel <i,jk<mn+1<aby<n+ml1<ABC<n+m;l<abe<m,a=n-+a.

Then the structure equations of N are given by

dws =) wapAwp, wap+wpa=0,

B (1.1)
dwap = ZWAC Nwecp — QXB'
C

If we restrict these forms on M, then w, = 0. Now we obtain the structure equations of M:

dw; = E wij Nwj, wij +wj; = 0,

J (1.2)
dwij = Zwik Nwgj — QZI
k
From (1.1) and (1.2), we can see that
Qij = Qi;l — Qg = Zwm NWja-
(e}
Since 0 = dwq = — ), Wia A wj, by Cartan’s lemma we can write wj, = Zj hewy, hes = h$;.

The matrices (wap), (wij), (24 ), () are the connection forms and curvature forms of N,
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M respectively. The matrix (£2;5) is called the relative curvature form of the immersion f and
h=3%,.:;hijwiwjeq is the second fundamental form of the immersion f.

Letting I}, = (i1,...,4%) be k integers in {1,...,n}, 0 < p < [}], we define

1

Q(I2p) = (2p)! 5511: 7222;)9]1]2 A Qj2p71j2p7
! J2,,
QQ(IQPJA) 2 + 1 | Z 511: 1]22:r119]u2 "'/\szp—ljzp ij2p+10”
Japt+1
K = 'ZQ DLp)(eiy.ve,),  (K{=:1)
Izp
ng“ - ( 2p+ 1) |Z D Q(apsa) €y s €ing e ZH%Hew Hylyy =:0),
a Iapia

where the sums take over all selections of the indices and 57 s ’J " = det ((0,,)) is the generalized
Kronecker symbol.

Since by a change of local frame: e} = Z aijej, e Zﬂ aapes, Y Gikdjk = 0ij, Z Qary 8y
= 0ap; We know from (1.1) and (1.2) the correspondmg connection and curvature forms change
as: wh, = 215 AijAaswig, Ek , @ik Thus we can easily find that K. 2p, HQJ;DJrl are
independent of the choice of the local frame, so they define respectively a sequence of functions
and normal vector fields on M, called 2p-th mean curvature and (2p + 1)-th mean curvature
vector field of f. Besides [1, 2|, recently there are several studies about them and related
variational problems, such as [3, 4], where the authors defined them assuming the ambient

manifold N to be of constant sectional curvature.

Remark 1.1. Note that H { is just the usually mean curvature vector field H;. When M
is a hypersurface with unit normal vector field v, then K and (H 2p 41, V) are just the usually

k-th mean curvatures.

Remark 1.2. Note that if we define Kgp by Qf\f instead of €);;, then they are just the 2p-th
normalized scalar curvature Ké‘g in the sense of [5]. They are defined only by curvature forms of
M and thus are intrinsic, i.e. depend only on the Riemannian metric of M. For example, K2/ is
just the normalized scalar curvature , when n is even, K/ is just the Lipschitz-Killing curvature.
When the ambient manifold N is of constant sectional curvature A, i.e. QNp = dwa A wp,
QO = QM Aw; A wj, then Kf Zf_ (=A)P *k(P)K% and thus they are intrinsic. In this
case, we write K2p instead of sz and define SQp =y K2p AV .

Now we prepare two important integral formulas over a unit sphere whose first one was given

in matrix form in [6].

Lemma 1.3.

Crt2p— 1k'Q(Ik) k= 2p:

/ (Z xawzla> TARRRNA (Z xawika) dx:{ 22p7rpp' (1'3)
Sm=1(1) a 0, k=2p+1,

von 1 K
Cmt2p-1 Q(Iy), k=2p+1;

~/5m—1(1) xb (Z xawila) hoh <Z xawika‘) = { 22p7Tpp! " 2p 7 (14)

0, k=2p.
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where (x1,...,%m,) is the coordinate and dx is the volume element of S™~1(1), Copop_1 =
m+2p
ﬁ?mip) is the volume of S™T2P~1(1).
2

Proof.  The proof is similar to that of [6] (see also [7]), so we just give a brief proof of the
second formula.

By the symmetry of sphere, the zero case is obvious. It suffices to prove the case when
k=2p+1. For I}, = (i1,...,i) and T = (71,...,7y) with > 7, = k, we put

rumo= (Ras)ron( A ).

s=1 s=k—7m+1

Then it is clear that

1
LHS = k" Jh ook (Zxawha> A A (Zxawjka>dx

Sm—1 (1)

1 T D] yeensl
/Sm_l(l) {xbkg > T Zé L Pr (Te) + 6}
Th=(2)\1,

o 2241,.,200m)

.
f5m—1(1) pa]t - -xn;"dx

Z Z(Sh “lk PJk Tk) 7_1! o Tm!

Th=(2A1,..22p+1,...2Am) Ik

1 Crny2p—1
ORI Wt A i
C. 1 92
Tp=(2A1,...20p41,...2Am) Jk Al Am! 22PmP (m + 2p)

where 0 contains the terms with some z, having odd order and so integrates to zero, the last

equality has applied the moments formula (see [8]) for (a1, ...,a,) with >°, ay =p + 1:

2a; — DI+ (24, — DN

/ x%al"'x%mdx:(al ) (2a )
Sm=i(1)

m—1-

m(m+2) - (m+2p)

Cm+2p71 1 TN
RHS = 370 ) A
T™Ppl m+ 2p T

Cmyop-1 1 i1y
- 22rrp! m + 2p 6;17 y Zwﬂlawha A A Zwﬂ‘%*lawﬁpa Wikb
Ji a

Crtzpr 1 - P

= Ll > P, (Top)w g
2prpp) J1sJk 1. 14 J2p \L2P) %50
22pPpl m + 2p T Toym(Orr 23m) Aq! A !

grje N A Qj2p71j2p N Wi a

— AR 1 Cm+2p—1
o Z Zdj T (Tk)/\ Lo X! 222702 (m + 2p)

Th=(2X1,-,22+1,..,22m) Ji
The proof is now complete.
Let {ui(),...,un(x)} be the n (real) eigenvalues of the real matrix (30, w.h{;) =
(3", awiale;)), i.e. they are the principle curvatures with respect to the shape operator A,
where v(z) = ), zqez. The normalized symmetric functions are defined by

H (I+tu(x)) = Z (Z) M (z) tF
i=1 k=0

Taking values on (e;,,...,¢; ) in both sides of the preceding lemma and summing over all
distinct selections of the indices, we can get the following integral expressions of the 2p-th mean

curvatures and the (2p + 1)-th mean curvature vector fields:
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Theorem 1.4. Notations as above,

Cm+2p71

/ My (z)dz = 2%p P
sm=i) 0, k=2p+1,

kKT k= 2p;

Crt2p-1 g
/ v(z) My (z)dr = 2% qppl MEEP
S'mfl(l) O7 k — 2p.

H, k=2p+1;

Remark 1.5. Comparing the case when M is a hypersurface, these two formulas allow us
to name Kgp, ng 41 the mean curvatures logically. When k = n is even, the first formula can
be applied to prove directly a theorem of Chern and a theorem of Lashof and Smale (see [6]).
Using the Newton’s inequality and formulas above, we can easily find that KJ < |H{|? which

can be also derived by Gauss equation and Cauchy inequality.

If Kg > 0, then from the above remark we can know that H { is a nowhere vanishing normal
vector field. This implies the following

Corollary 1.6.  When M" is an immersed compact oriented submanifold of N*" such that
K{ > 0, and if the tangent bundle is isomorphic to the normal bundle, then the Fuler charac-

teristic of M 1is zero.

The following standard embeddings
S3 RS RS, 62 x Stx St R xR? xR? — R®

have positive (relative) scalar curvature and their tangent bundles and normal bundles are
easily seen to be trivial and thus are isomorphic. Meanwhile, from this corollary we can see
that every even dimensional whitney sphere S?" lagrangian immersed in R*" must have its

scalar curvature nonpositve somewhere.

2 Applications to submanifolds of real space forms

In this section we will apply the integral expressions of mean curvatures to derive directly the
celebrated Weyl-Gray tube formula and some Minkowski-type integral formulas for submani-
folds of the real space forms.

The Weyl-Gray tube formula calculates the volume of a tube of small radius r around a
submanifold in the real space forms, which was given first by Weyl®! for the Euclidean and
Spherical cases and then by Gray[! (see also [10]) for the general case. By using moving frame
theory and the integral expressions of the 2p-th mean curvatures, we can give a simple proof
of it with its coefficients being integrals of the 2p-th mean curvatures and thus the intrinsic
property of the coefficients is obvious by Remark 1.2. Since any two simply connected complete
Riemannian manifolds of constant sectional curvature A are isometric to each other, we need
only to prove the formula in the three standard space forms R™(\) defined as follows (see [11]):
R™(0) is just the Euclidean space R™ with flat metric: go = da? + - - - + da2.

For A #£ 0, R"(\) = {o = (21, ,@pp1) € R |22 = |, g1 > 7\7&‘)‘}, where the norm

| -| is defined by the metric: gy = dzf + - - - + dz? + sgn) dz? ;.
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The Riemannian connection induced by g on R"*! is the ordinary Euclidean connection,
and the metric induced on R™(\) is complete and of constant curvature A.
Let f: M™ — R™™()) be an isometric immersion. Choosing a local frame {e1,...,€n41m}

on R™™()) as in Section 1, then the structure equations are given by (1.1) and (1.2) and the

df = wie,

Dey = Z WABEB,
B
where D denotes the covariant derivation of the Levi-Civita connection on R™(\).

moving equations are given by

(2.1)

Denoting by Sv the unit normal sphere bundle of f, the tubular hypersurface M (r) and
(when f is an embedding) the tube M (r) of small radius 7 can be characterized by
fr: Sy — M(r) C R™™()),
sin(rv/\)

(p,v) — cos(rvVA) f(p) + Y (2:2)
f+ Sux[0,r] — M(r) c R™™()),
sin(tv/ A
(p,v), t — cos(t\//\)f(p) + bmf/j\/ )v, (2.3)
where cos(z) = e\/_lzge_\/_lz, sin(z) = 6\/_1;\7/6__1\/_12, and for A\ = 0, Sini;;/” =t.

In fact, since g(¢, X) = 0 for any X € T,R""™()\), (X # 0), f(pﬂ,)(t) = f((p,v),t) is the
geodesic along v at p in R"™™()\). The unit normal vector field of M (r) in R™"*™(})) is

v(r) = =V Asin(rvV ) f + cos(rv\)v. (2.4)
We can assume that v = > 2,65 with z = (z1,...,2,) € S™71(1). Choosing another local
normal frame {vy,..., v} such that v, = v, as in (2.1) we have

Duv,, = Z —Oime; + Z OmpVp,  Oim = Z TaWig- (2.5)
7 b a

Taking differentials of (2.2)—(2.4), from (2.1), (2.5) we can get

dfr = Z (COS(T‘\/)\)U%‘ - sinE;;\/A) Zanid) e + Sin(\;}\/)\) Z Omava, (2.6)

i

df = dfy + dt v(t), (2.7)
dv(r) = Z ( — VAsin(rv\)w; — cos(rv/\) Z a:awm> e; + cos(rv/\) Z Omava. (2.8)

4

Letting s = s(r) =: COSJFT(\T/\A/))‘\)/A, from (2.6), (2.8), we can get the principle curvatures of the
tubular hypersurface M (r) with respect to v(r),
A i 1 .
Ki = s—l—u(x)’ ba=— , 1<i<n, n+1<a<<n+m-—1 (2.9)
1 — su;(x) s

The volume element of M(r) is easily computed from (2.6) as

qv, — (cos(r\/)\))"(smi;;//\)>m_l A (wi _ szxw> A ( zll ama>. (2.10)

i
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Since /\ZAL:_l1 Oma = dx 4+ 0O, (see [12]), where [J will vanish when restricted to a fibre, we get
from (2.7), (2.10) the volume element of M (r), M (r):

dV; = (cos(rv/A))" (SinE;A”))ml A (wi - s;xawia> Adz, (2.11)

i

VA

Now we can calculate the volume of the tube directly by (1.3),(2.11), (2.12).

dV = (cos(tV/\))" (Sm(t”))m_l A (wi —st)) xw) Adz A dt. (2.12)

i

Theorem 2.1.  Suppose that M™ is an isometric embedded n-dimensional submanifold with
compact closure in an n + m-dimensional manifold K" T™(X) with constant sectional curvature
A. Then for small v, we have
[Z] r . m+2p—1
- Cm+2p—1 o (sin(tV/N)
V(M(r)) = 2) Vi ;’p! (3,)(2p)! S5, (M) /0 (cos(tv/N)) 2p< /A dt.
p:

Proof. Tt suffices to integrate (2.12) over M (r).

Let &,, be the permutation group of (1,...,n), Gk, ={I = (i1,...,9n) €G]l < i1 < -+ <
i <ny 1 <iggr < -+ <ip <n}. It follows from (1.3) that

/ /\ i—stawia)/\dx
Sm=1(

1)

S £ o[, (S (S

Crmyop-1
— Z 32p Z 221;;_5})! (2p)!Q(I2p)(6il, cey eizp) dVs

22P P p)

Crt2p—1 n
_ N\ g2p Ymt2p (2p)!<2p)K2>‘p dVs.
p:

Recalling the definition of SQ)‘p(M ), we have completed the proof.

Remark 2.2.  We can find that the coefficients S3,(M) are related to Weyl-Gray’s ko, (RM —

R]Kner()\)) (see [9]) by SQ)\p( ) = 2;’(Q’p)lk2p(RM RK?L+7n(>\))

Now we apply the integral expressions of mean curvatures to prove the following Minkowski-
type integral formulas for submanifolds in space forms, where the first formula was given in [2]
and the second formula for the case of A # 0 appears in [4] as a corollary of an application of
the L, operator.

Theorem 2.3. Let f: M"™ — R"™()\) be an isometric immersion of a compact orientable
n-dimensional submanifold into the real space form R™T™(N), let (-,-) denote the metric gy.
Then we have for 0 < p < ["3'],

(1) for A =0, /M(<H5,,+1, )+ K2) dVig =0,

(2) VAVE € R /M(<H5,,+1, &)~ AK(f . €)) dVar = 0.
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Remark 2.4. Asin Remark 1.2, if we define ng 41 by Qf\f instead of §2;;, they are also well-
defined normal vector fields over M, denoted as H% +1- Then these formulas are also correct
when ng 1 KQ)‘p are replaced by Hé‘;[ 15 K% respectively.

Proof. (1) Let ¢ : ¥ — R™™™ be an immersed compact orientable hypersurface with unit

normal vector field AV and mean curvature H, let A denote the Laplacian of 3. We can easily
compute that Aly|? = 2(n+m — 1)(1 + H (1, N)), which implies

/ (L4 H (4, NY) dVs =0, (2.13)
b

Now for small r, we know from (2.11) that the tubular hypersurface M (r) of M is an immersed
compact orientable hypersurface of R**". Its volume element is
dV, = P(r) dVyy dz;  P(r) = H(l —ru(z)) r™ (2.14)
Its unit normal vector field is v(r) given by (2.4), the corresponding mean curvature can be
got from (2.9)
1 i -1 -1 P’
1= (S0 T ) T 9

n+m—1 1 —rui(x) r n+m-—1P(@r)’

i

Substituting (2.2), (2.4), (2.14), (2.15) into (2.13), we have

/M /S,,,,l(l) { - P'(r) <f’ szxb€5> +[(n+m—1)P(r) - TP'(T)]}ddeM =0. (2.16)

Integrating (2.16) over S™~1(1) by applying Theorem 1.4 and comparing the coefficients of
rm+2r=1 we can get the formula of (1).

(2) Let 9 : ¥ — R™™()) be an immersed compact orientable hypersurface, £ be a fixed
vector in R"*™+1 Then by a straightforward computation, we can get A, &) = (n +m —

D(H(N,€) — M1, €)), and thus
[ 1 g = A w6 dvs = o 2.17)

As in (1), we can apply formula (2.17) to M(r). From (2.11), its volume element is
AV, = (cos(rv\))" 1 P(s) dVysda. (2.18)

The unit normal vector field is still given by (2.4), the corresponding mean curvature can be
got from (2.9)
1 As +ui(z)  m—1
H(r) = -
() n+m—1(;1—sui(a:) s )
A +m — 1) cos(rv/A)2sP(s) — P'(s)

= (n +m — 1) cos(rv/A\)2P(s) : (2.19)

Substituting (2.2), (2.4), (2.18), (2.19) into (2.17), we have

/M /sml(l) { - P/(S)< ZJ3"65’§> = Al(n +m—=1)P(s) = sP'(s)] (f, §>}dadeM — 0. (2.20)

b



1134 GE JianQuan

Then as in (2.16), integrating (2.20) over S™~1(1) and comparing the coefficients of s™+2P~1

we can get the formula of (2).

Remark 2.5. Recall Remark 1.1, when the codimension is 1, Theorem 2.3 reduces to a “half”
of the Minkowski-type integral formulas of hypersurface. The other “half” can also be obtained
by this method if one only integrates (2.13), (2.17) over the upper tubular hypersurface (see [13],
where they use these formulas successfully in proving the well-known Aleksandroff-Reilly-Ros
theorem).

Given any fixed £ € R™™! let D¢ denote the open half space of R™()) in the direction of &,
ie. De ={neR*(N)|(n,&) > 0}. Then it follows from Theorem 2.3 that

Corollary 2.6.  There exist no compact minimal submanifolds immersed in any open half
space of R™(A).

When K3, (resp. K3!) is nonzero and nonnegative, the preceding assertion is also correct
for 2p-minimal submanifolds, where 2p-minimal was defined in [4] as ng 1 = 0 (resp. in [14]
as Hyl 1 = 0).
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