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On mean curvatures in submanifolds geometry
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Abstract By using moving frame theory, first we introduce 2p-th mean curvatures and (2p + 1)-th

mean curvature vector fields for a submanifold. We then give an integral expression of them that

characterizes them as mean values of symmetric functions of principle curvatures. Next we apply it to

derive directly the celebrated Weyl-Gray tube formula in terms of integrals of the 2p-th mean curvatures

and some Minkowski-type integral formulas.
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1 Mean curvatures and integral expressions

Let f : Mn → Nn+m be an isometric immersion of an n-dimensional submanifold M into an
(n + m)-dimensional Riemannian manifold N . Around each point p in M , we take a local
frame {e1, . . . , en+m} of N such that {e1, . . . , en} are orthonormal vectors tangent to M and
{en+1, . . . , en+m} are orthonormal vectors normal to M , and we let ω1, . . . , ωn+m be the dual
co-frame. Here we identify tangent vectors with its image under f∗. We assume the indices to
be 1 � i, j, k � n; n + 1 � α, β, γ � n + m; 1 � A, B, C � n + m; 1 � a, b, c � m, ā = n + a.

Then the structure equations of N are given by⎧⎪⎨
⎪⎩

dωA =
∑
B

ωAB ∧ ωB, ωAB + ωBA = 0,

dωAB =
∑
C

ωAC ∧ ωCB − ΩN
AB.

(1.1)

If we restrict these forms on M , then ωα = 0. Now we obtain the structure equations of M :⎧⎪⎨
⎪⎩

dωi =
∑

j

ωij ∧ ωj, ωij + ωji = 0,

dωij =
∑

k

ωik ∧ ωkj − ΩM
ij .

(1.2)

From (1.1) and (1.2), we can see that

Ωij =: ΩM
ij − ΩN

ij =
∑

α

ωiα ∧ ωjα.

Since 0 = dωα = −∑
i ωiα ∧ ωi, by Cartan’s lemma we can write ωiα =

∑
j hα

ijωj , hα
ij = hα

ji.

The matrices (ωAB), (ωij), (ΩN
AB), (ΩM

ij ) are the connection forms and curvature forms of N ,
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M respectively. The matrix (Ωij) is called the relative curvature form of the immersion f and
h =

∑
α,i,j hα

ijωiωjeα is the second fundamental form of the immersion f .
Letting Ik = (i1, . . . , ik) be k integers in {1, . . . , n}, 0 � p � [n

2 ], we define

Ω(I2p) =:
1

(2p)!

∑
J2p

δ
j1,...,j2p

i1,...,i2p
Ωj1j2 ∧ · · · ∧ Ωj2p−1j2p ,

Ωα(I2p+1) =:
1

(2p + 1)!

∑
J2p+1

δ
j1,...,j2p+1
i1,...,i2p+1

Ωj1j2 ∧ · · · ∧ Ωj2p−1j2p ∧ ωj2p+1α,

Kf
2p =:

1
(n
2p)

1
(2p)!

∑
I2p

Ω(I2p)(ei1 , . . . , ei2p), (Kf
0 =: 1),

Hf
2p+1 =:

1
( n
2p+1)

1
(2p + 1)!

∑
α

∑
I2p+1

Ωα(I2p+1)(ei1 , . . . , ei2p+1)eα =:
∑

α

Hα
2p+1eα, (Hf

n+1 =: 0),

where the sums take over all selections of the indices and δj1,...,jk

i1,...,ik
= det ((δisjt)) is the generalized

Kronecker symbol.
Since by a change of local frame: e′i =

∑
j aijej, e′α =

∑
β aαβeβ,

∑
k aikajk = δij ,

∑
γ aαγaβγ

= δαβ; we know from (1.1) and (1.2) the corresponding connection and curvature forms change
as: ω′

iα =
∑

jβ aijaαβωjβ , Ω′
ij =

∑
k,l aikajlΩkl. Thus we can easily find that Kf

2p, Hf
2p+1 are

independent of the choice of the local frame, so they define respectively a sequence of functions
and normal vector fields on M , called 2p-th mean curvature and (2p + 1)-th mean curvature
vector field of f . Besides [1, 2], recently there are several studies about them and related
variational problems, such as [3, 4], where the authors defined them assuming the ambient
manifold N to be of constant sectional curvature.

Remark 1.1. Note that Hf
1 is just the usually mean curvature vector field H1. When M

is a hypersurface with unit normal vector field ν, then Kf
2p and 〈Hf

2p+1, ν〉 are just the usually
k-th mean curvatures.

Remark 1.2. Note that if we define Kf
2p by ΩM

ij instead of Ωij , then they are just the 2p-th
normalized scalar curvature KM

2p in the sense of [5]. They are defined only by curvature forms of
M and thus are intrinsic, i.e. depend only on the Riemannian metric of M . For example, KM

2 is
just the normalized scalar curvature , when n is even, KM

n is just the Lipschitz-Killing curvature.
When the ambient manifold N is of constant sectional curvature λ, i.e. ΩN

AB = λωA ∧ ωB,
Ωij = ΩM

ij − λωi ∧ ωj, then Kf
2p =

∑P
k=0(−λ)p−k(P

k )KM
2k and thus they are intrinsic. In this

case, we write Kλ
2p instead of Kf

2p and define Sλ
2p(M) =

∫
M

Kλ
2p dVM .

Now we prepare two important integral formulas over a unit sphere whose first one was given
in matrix form in [6].

Lemma 1.3.

∫
Sm−1(1)

( ∑
a

xaωi1ā

)
∧ · · · ∧

( ∑
a

xaωik ā

)
dx=

{ Cm+2p−1

22pπpp!
k!Ω(Ik), k=2p;

0, k=2p + 1,
(1.3)

∫
Sm−1(1)

xb

(∑
a

xaωi1ā

)
∧· · ·∧

(∑
a

xaωikā

)
dx=

{ Cm+2p−1

22pπpp!
k!

m + 2p
Ωb̄(Ik), k=2p + 1;

0, k=2p.
(1.4)
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where (x1, . . . , xm) is the coordinate and dx is the volume element of Sm−1(1), Cm+2p−1 =
2π

m+2p
2

Γ( m+2p
2 )

is the volume of Sm+2p−1(1).

Proof. The proof is similar to that of [6] (see also [7]), so we just give a brief proof of the
second formula.

By the symmetry of sphere, the zero case is obvious. It suffices to prove the case when
k = 2p + 1. For Ik = (i1, . . . , ik) and Tk = (τ1, . . . , τm) with

∑
a τa = k, we put

PIk
(Tk) =:

( τ1∧
s=1

ωis1̄

)
∧ · · · ∧

( k∧
s=k−τm+1

ωism̄

)
.

Then it is clear that

LHS =
∫

Sm−1(1)

xb
1
k!

∑
Jk

δi1,...,ik

j1,...,jk

( ∑
a

xaωj1ā

)
∧ · · · ∧

( ∑
a

xaωjk ā

)
dx

=
∫

Sm−1(1)

{
xb

1
k!

∑
Tk=(2λ1,..,2λb+1,..,2λm)

xτ1
1 · · · xτm

m

k!
τ1! · · · τm!

∑
Jk

δi1,...,ik

j1,...,jk
PJk

(Tk) + δ

}
dx

=
∑

Tk=(2λ1,..,2λb+1,..,2λm)

∑
Jk

δi1,...,ik

j1,...,jk
PJk

(Tk)

∫
Sm−1(1) xbx

τ1
1 · · · xτm

m dx

τ1! · · · τm!

=
∑

Tk=(2λ1,..,2λb+1,..,2λm)

∑
Jk

δi1,...,ik

j1,...,jk
PJk

(Tk)
1

λ1! · · · λm!
Cm+2p−1

22pπp(m + 2p)
,

where δ contains the terms with some xa having odd order and so integrates to zero, the last
equality has applied the moments formula (see [8]) for (a1, . . . , am) with

∑
b ab = p + 1:∫

Sm−1(1)

x2a1
1 · · · x2am

m dx =
(2a1 − 1)!! · · · (2am − 1)!!
m(m + 2) · · · (m + 2p)

Cm−1.

RHS =
Cm+2p−1

22pπpp!
1

m + 2p

∑
Jk

δi1,...,ik

j1,...,jk
Ωj1j2 ∧ · · · ∧ Ωj2p−1j2p ∧ ωjkα

=
Cm+2p−1

22pπpp!
1

m + 2p

∑
Jk

δi1,...,ik

j1,...,jk

( ∑
a

ωj1āωj2ā

)
∧ · · · ∧

( ∑
a

ωj2p−1āωj2pā

)
ωjk b̄

=
Cm+2p−1

22pπpp!
1

m + 2p

∑
Jk

δi1,...,ik

j1,...,jk

∑
T2p=(2λ1,..,2λm)

p!
λ1! · · · λm!

PJ2p(T2p)ωjk b̄

=
∑

Tk=(2λ1,..,2λb+1,..,2λm)

∑
Jk

δi1,...,ik

j1,...,jk
PJk

(Tk)
1

λ1! · · · λm!
Cm+2p−1

22pπp(m + 2p)
.

The proof is now complete.
Let {u1(x), . . . , un(x)} be the n (real) eigenvalues of the real matrix (

∑
a xahā

ij) =
(
∑

a xaωiā(ej)), i.e. they are the principle curvatures with respect to the shape operator Av(x)

where v(x) =
∑

a xaeā. The normalized symmetric functions are defined by
n∏

i=1

(1 + t ui(x)) =
n∑

k=0

(
n

k

)
Mk(x) tk.

Taking values on (ei1 , . . . , eik
) in both sides of the preceding lemma and summing over all

distinct selections of the indices, we can get the following integral expressions of the 2p-th mean
curvatures and the (2p + 1)-th mean curvature vector fields:
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Theorem 1.4. Notations as above,

∫
Sm−1(1)

Mk(x)dx =

⎧⎪⎨
⎪⎩

Cm+2p−1

22pπpp!
k!Kf

k , k = 2p;

0, k = 2p + 1,

∫
Sm−1(1)

v(x)Mk(x)dx =

⎧⎪⎨
⎪⎩

Cm+2p−1

22pπpp!
k!

m+2pHf
k , k = 2p + 1;

0, k = 2p.

Remark 1.5. Comparing the case when M is a hypersurface, these two formulas allow us
to name Kf

2p, Hf
2p+1 the mean curvatures logically. When k = n is even, the first formula can

be applied to prove directly a theorem of Chern and a theorem of Lashof and Smale (see [6]).
Using the Newton’s inequality and formulas above, we can easily find that Kf

2 � |Hf
1 |2 which

can be also derived by Gauss equation and Cauchy inequality.

If Kf
2 > 0, then from the above remark we can know that Hf

1 is a nowhere vanishing normal
vector field. This implies the following

Corollary 1.6. When Mn is an immersed compact oriented submanifold of N2n such that
Kf

2 > 0, and if the tangent bundle is isomorphic to the normal bundle, then the Euler charac-
teristic of M is zero.

The following standard embeddings

S3 ↪→ R
4 ↪→ R

6, S2 × S1 × S1 ↪→ R
3 × R

2 × R
2 ↪→ R

8

have positive (relative) scalar curvature and their tangent bundles and normal bundles are
easily seen to be trivial and thus are isomorphic. Meanwhile, from this corollary we can see
that every even dimensional whitney sphere S2n lagrangian immersed in R

4n must have its
scalar curvature nonpositve somewhere.

2 Applications to submanifolds of real space forms

In this section we will apply the integral expressions of mean curvatures to derive directly the
celebrated Weyl-Gray tube formula and some Minkowski-type integral formulas for submani-
folds of the real space forms.

The Weyl-Gray tube formula calculates the volume of a tube of small radius r around a
submanifold in the real space forms, which was given first by Weyl[8] for the Euclidean and
Spherical cases and then by Gray[9] (see also [10]) for the general case. By using moving frame
theory and the integral expressions of the 2p-th mean curvatures, we can give a simple proof
of it with its coefficients being integrals of the 2p-th mean curvatures and thus the intrinsic
property of the coefficients is obvious by Remark 1.2. Since any two simply connected complete
Riemannian manifolds of constant sectional curvature λ are isometric to each other, we need
only to prove the formula in the three standard space forms R

n(λ) defined as follows (see [11]):
R

n(0) is just the Euclidean space R
n with flat metric: g0 = dx2

1 + · · · + dx2
n.

For λ �= 0, R
n(λ) = {x = (x1, · · · , xn+1) ∈ R

n+1| |x|2 = 1
λ , xn+1 � −sgnλ√

|λ| }, where the norm

| · | is defined by the metric: gλ = dx2
1 + · · · + dx2

n + sgnλ dx2
n+1.
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The Riemannian connection induced by gλ on R
n+1 is the ordinary Euclidean connection,

and the metric induced on R
n(λ) is complete and of constant curvature λ.

Let f : Mn → R
n+m(λ) be an isometric immersion. Choosing a local frame {e1, . . . , en+m}

on R
n+m(λ) as in Section 1, then the structure equations are given by (1.1) and (1.2) and the

moving equations are given by ⎧⎪⎨
⎪⎩

df =
∑

i

ωiei,

DeA =
∑
B

ωABeB,
(2.1)

where D denotes the covariant derivation of the Levi-Civita connection on R
n(λ).

Denoting by Sν the unit normal sphere bundle of f , the tubular hypersurface M(r) and
(when f is an embedding) the tube M̃(r) of small radius r can be characterized by

fr : Sν −→ M(r) ⊂ R
n+m(λ),

(p, v) 
−→ cos(r
√

λ)f(p) +
sin(r

√
λ)√

λ
v, (2.2)

f̃ : Sν × [0, r] −→ M̃(r) ⊂ R
n+m(λ),

(p, v), t 
−→ cos(t
√

λ)f(p) +
sin(t

√
λ)√

λ
v, (2.3)

where cos(z) = e
√−1z+e−√−1z

2 , sin(z) = e
√−1z−e−√−1z

2
√−1

, and for λ = 0, sin(t
√

λ)√
λ

= t.

In fact, since gλ(q, X) = 0 for any X ∈ TqR
n+m(λ), (λ �= 0), f̃(p,v)(t) = f̃((p, v), t) is the

geodesic along v at p in R
n+m(λ). The unit normal vector field of M(r) in R

n+m(λ) is

v(r) = −
√

λ sin(r
√

λ)f + cos(r
√

λ)v. (2.4)

We can assume that v =
∑

a xaeā with x = (x1, . . . , xm) ∈ Sm−1(1). Choosing another local
normal frame {v1, . . . , vm} such that vm = v, as in (2.1) we have

Dvm =
∑

i

−θimei +
∑

b

θmbvb, θim =
∑

a

xaωiā. (2.5)

Taking differentials of (2.2)–(2.4), from (2.1), (2.5) we can get

dfr =
∑

i

(
cos(r

√
λ)ωi − sin(r

√
λ)√

λ

∑
a

xaωiā

)
ei +

sin(r
√

λ)√
λ

∑
a

θmava, (2.6)

df̃ = dft + dt v(t), (2.7)

dv(r) =
∑

i

(
−
√

λ sin(r
√

λ)ωi − cos(r
√

λ)
∑

a

xaωiā

)
ei + cos(r

√
λ)

∑
a

θmava. (2.8)

Letting s = s(r) =: sin(r
√

λ)

cos(r
√

λ)
√

λ
, from (2.6), (2.8), we can get the principle curvatures of the

tubular hypersurface M(r) with respect to v(r),

κi =
λs + ui(x)
1 − sui(x)

, κα = −1
s
, 1 � i � n, n + 1 � α � n + m − 1. (2.9)

The volume element of M(r) is easily computed from (2.6) as

dVr = (cos(r
√

λ))n

(
sin(r

√
λ)√

λ

)m−1 ∧
i

(
ωi − s

∑
a

xaωiā

)
∧

( m−1∧
a=1

θma

)
. (2.10)
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Since
∧m−1

a=1 θma = dx + �, (see [12]), where � will vanish when restricted to a fibre, we get
from (2.7), (2.10) the volume element of M(r), M̃(r):

dVr = (cos(r
√

λ))n

(
sin(r

√
λ)√

λ

)m−1 ∧
i

(
ωi − s

∑
a

xaωiā

)
∧ dx, (2.11)

dṼ = (cos(t
√

λ))n

(
sin(t

√
λ)√

λ

)m−1 ∧
i

(
ωi − s(t)

∑
a

xaωiā

)
∧ dx ∧ dt. (2.12)

Now we can calculate the volume of the tube directly by (1.3), (2.11), (2.12).

Theorem 2.1. Suppose that Mn is an isometric embedded n-dimensional submanifold with
compact closure in an n + m-dimensional manifold K

n+m(λ) with constant sectional curvature
λ. Then for small r, we have

V (M̃(r)) =
[ n
2 ]∑

p=0

Cm+2p−1

22pπpp!
(n
2p)(2p)!Sλ

2p(M)
∫ r

0

(cos(t
√

λ))n−2p

(
sin(t

√
λ)√

λ

)m+2p−1

dt.

Proof. It suffices to integrate (2.12) over M̃(r).

Let Sn be the permutation group of (1, . . . , n), Sk,n = {I = (i1, . . . , in) ∈ Sn|1 � i1 < · · · <

ik � n, 1 � ik+1 < · · · < in � n}. It follows from (1.3) that∫
Sm−1(1)

∧
i

(ωi − s
∑

a

xaωiā) ∧ dx

=
[ n
2 ]∑

p=0

s2p
∑

I∈S2p,n

δ(I)
{ ∫

Sm−1(1)

( ∑
a

xaωi1ā

)
∧ · · · ∧

( ∑
a

xaωi2pā

)
dx

}
∧ (ωi2p+1 ∧ · · · ∧ ωin)

=
[ n
2 ]∑

p=0

s2p
∑

I∈S2p,n

Cm+2p−1

22pπpp!
(2p)!Ω(I2p)(ei1 , . . . , ei2p) dVM

=
[ n
2 ]∑

p=0

s2p Cm+2p−1

22pπpp!
(2p)!

(
n

2p

)
Kλ

2p dVM .

Recalling the definition of Sλ
2p(M), we have completed the proof.

Remark 2.2. We can find that the coefficients Sλ
2p(M) are related to Weyl-Gray’s k2p(RM −

RK
n+m(λ)) (see [9]) by Sλ

2p(M) = 2pp!
( n
2p)(2p)!k2p(RM − RK

n+m(λ)).

Now we apply the integral expressions of mean curvatures to prove the following Minkowski-
type integral formulas for submanifolds in space forms, where the first formula was given in [2]
and the second formula for the case of λ �= 0 appears in [4] as a corollary of an application of
the Lr operator.

Theorem 2.3. Let f : Mn → R
n+m(λ) be an isometric immersion of a compact orientable

n-dimensional submanifold into the real space form R
n+m(λ), let 〈·, ·〉 denote the metric gλ.

Then we have for 0 � p � [n−1
2 ],

(1) for λ = 0,

∫
M

(〈Hf
2p+1, f〉 + Kλ

2p) dVM = 0;

(2) ∀λ, ∀ ξ ∈ R
n+m+1,

∫
M

(〈Hf
2p+1, ξ〉 − λKλ

2p〈f , ξ〉) dVM = 0.
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Remark 2.4. As in Remark 1.2, if we define Hf
2p+1 by ΩM

ij instead of Ωij , they are also well-
defined normal vector fields over M , denoted as HM

2p+1. Then these formulas are also correct
when Hf

2p+1, Kλ
2p are replaced by HM

2p+1, KM
2p respectively.

Proof. (1) Let ψ : Σ → R
n+m be an immersed compact orientable hypersurface with unit

normal vector field N and mean curvature H , let Δ denote the Laplacian of Σ. We can easily
compute that Δ|ψ|2 = 2(n + m − 1)(1 + H〈ψ,N〉), which implies∫

Σ

(1 + H 〈 ψ, N 〉) dVΣ = 0. (2.13)

Now for small r, we know from (2.11) that the tubular hypersurface M(r) of M is an immersed
compact orientable hypersurface of R

n+m. Its volume element is

dVr = P (r) dVM dx; P (r) =
∏

i

(1 − rui(x)) rm−1. (2.14)

Its unit normal vector field is v(r) given by (2.4), the corresponding mean curvature can be
got from (2.9)

H(r) =
1

n + m − 1

( ∑
i

ui(x)
1 − rui(x)

− m − 1
r

)
=

−1
n + m − 1

P ′(r)
P (r)

. (2.15)

Substituting (2.2), (2.4), (2.14), (2.15) into (2.13), we have∫
M

∫
Sm−1(1)

{
− P ′(r)

〈
f,

∑
b

xbeb̄

〉
+ [(n + m − 1)P (r) − rP ′(r)]

}
dxdVM = 0. (2.16)

Integrating (2.16) over Sm−1(1) by applying Theorem 1.4 and comparing the coefficients of
rm+2p−1, we can get the formula of (1).

(2) Let ψ : Σ → R
n+m(λ) be an immersed compact orientable hypersurface, ξ be a fixed

vector in R
n+m+1. Then by a straightforward computation, we can get Δ〈ψ, ξ〉 = (n + m −

1)(H〈N , ξ〉 − λ〈ψ, ξ〉), and thus∫
Σ

(H 〈N , ξ〉 − λ 〈ψ, ξ〉) dVΣ = 0. (2.17)

As in (1), we can apply formula (2.17) to M(r). From (2.11), its volume element is

dVr = (cos(r
√

λ))n+m−1P (s) dVMdx. (2.18)

The unit normal vector field is still given by (2.4), the corresponding mean curvature can be
got from (2.9)

H(r) =
1

n + m − 1

( ∑
i

λs + ui(x)
1 − sui(x)

− m − 1
s

)

=
λ(n + m − 1) cos(r

√
λ)2sP (s) − P ′(s)

(n + m − 1) cos(r
√

λ)2P (s)
. (2.19)

Substituting (2.2), (2.4), (2.18), (2.19) into (2.17), we have∫
M

∫
Sm−1(1)

{
−P ′(s)

〈∑
b

xbeb̄, ξ

〉
−λ[(n + m− 1)P (s)− sP ′(s)] 〈f, ξ〉

}
dxdVM = 0. (2.20)
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Then as in (2.16), integrating (2.20) over Sm−1(1) and comparing the coefficients of sm+2p−1,
we can get the formula of (2).

Remark 2.5. Recall Remark 1.1, when the codimension is 1, Theorem 2.3 reduces to a “half ”
of the Minkowski-type integral formulas of hypersurface. The other “half ” can also be obtained
by this method if one only integrates (2.13), (2.17) over the upper tubular hypersurface (see [13],
where they use these formulas successfully in proving the well-known Aleksandroff-Reilly-Ros
theorem).

Given any fixed ξ ∈ R
n+1, let Dξ denote the open half space of R

n(λ) in the direction of ξ,
i.e. Dξ = {η ∈ R

n(λ)|〈η, ξ〉 > 0}. Then it follows from Theorem 2.3 that

Corollary 2.6. There exist no compact minimal submanifolds immersed in any open half
space of R

n(λ).

When Kλ
2p (resp. KM

2p ) is nonzero and nonnegative, the preceding assertion is also correct
for 2p-minimal submanifolds, where 2p-minimal was defined in [4] as Hf

2p+1 = 0 (resp. in [14]
as HM

2p+1 = 0).
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