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Abstract Soliton solutions, rational solutions, Matveev solutions, complexitons and interaction
solutions of the AKNS equation are derived through a matrix method for constructing double Wronskian
entries. The latter three solutions are novel. Moreover, rational solutions of the nonlinear Schrédinger
equation are obtained by reduction.
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1 Introduction

In order to search for multi-soliton solutions to Lax integrable equations, various methods have
been developed. Among them, the Wronskian technique has obvious advantages. Since each
column of a Wronskian is the derivatives of the previous one, higher derivatives of it lead to
the sums of determinants, but the length of the sum depends on the number of differentiations
and not on the number n of solitons. So this type of solutions can be verified by the direct
substitution into the soliton equation in the bilinear form!!.

The determination of Wronskian entries ¢; (1 < ¢ < n) is the key to constructing Wronskian
solutions. In general, letting potential function u = 0 and spectral parameter k = k; in the Lax
pair of the equation, one can get the corresponding solution of ¢;. Taking ¢ = (¢1, ¢2, ..., dn)7T,
then ¢ satisfies a matrix equation with a diagonal coefficient matrix A.

In 1988, Sirianunpiboon et al.?! generalized A to a triangular form, in order that the Wron-
skian can generate rational solutions and their interaction solutions with multi-solitons. About

Bl introduced the generalized Wronskian to obtain another important

four years later, Matveev
kind of exact solutions called Positons for the KdV equation.

Recently, Ma et al.l¥) considered the case where A is an arbitrary real matrix. Assuming that
A has complex eigenvalues, they obtained complexitons for the KdV equation, including the
positons which corresponds to positive eigenvalues of A.

In this paper, we would like to consider the second-order isospectral AKNS equation!®!
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When r = —¢*, substituting —it for ¢ leads to the following nonlinear Schrédinger equation

The Lax pair of (1.1) is

<Z:>w:(r_n z><z:> (1.3.1)

( d1 ) _ < =207 +qr 29— qu )( h1 ) (13.2)
¢2 /t 2rn+ry 20 —qr b2

Through the dependent variable transformation

g h
q9= 7 r=—, 1.4
7 7 (1.4)

(1.1) is transformed into the bilinear form
ffrr_fzz+gh:07 (1.5.1)
9tf — 9ft + Geaf — 292 f2 + 9fze =0, (152)
Let us observe the matrix equations

bu = —AD, by = A1, (1.6.1)
(bt = _2¢ww7 "/Jt = 2¢ww; (162)

where A = (a;;) is an (n +m +2) x (n + m + 2) arbitrary real matrix independent of x and ¢,

= (01,02, s Pnimi2)Ty = (1,92, Vnimi2) (1.7)

In this paper, we first prove that under the conditions (1.6), (1.5) has the following double
Wronskian solution

f=wrrtmt (@) = [n;ml, (1.8.1)
g =2W" 2 (g p) = 2fn + Lym — 1], (1.8.2)
h=—2W"™2(g ) = —2/n — 1;m + 1), (1.8.3)
where
W (G50) = b, Buh, .., 02y b, 0., O | = |f — 151 — 1. (1.84)

Secondly, letting A be some special matrices, we obtain rational solutions, Matveev solutions,
complexitons of (1.5). Finally, we illustrate how to produce more double Wronskian interaction
solutions. The method for constructing solutions is a general one. It can be applied to other
Lax integrable equations, such as the higher-order AKNS equation, the KdV equation, the

Boussinesq equation, the KP equation and the DS equation.
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The paper is organized as follows. In Section 2, we verify that the double Wronskian (1.8)
solves (1.5). In Section 3, soliton solutions and rational solutions in double Wronskian form
are obtained. In Section 4, Matveev solutions are provided. In Section 5, complexitons are

constructed. Interaction solutions are given in Section 6.

2 Double Wronskian solutions of (1.5)
For convenience of proof, we first give the following lemmas.

Lemma 1.

|Q7 a, b||Q7 C, d| - |Q7 a, C| |Q7 ba d| =+ |Q7 a, d| |Q7 ba C| = 03 (21)
where Q is an N x (N — 2) matriz, a,b, ¢ and d represent N -dimensional column vectors.

Lemma 2.

N
Z |a1,...,aj,l,’yaj,ajﬂ,...?am = Z"/j|0¢1,...704]\7|, (22)

where aj (1 < j < N) are N-dimensional column vectors and ya; denotes (yiaaj, v2Qi2j, ...,
AT
N aN]) .
Employing the Wronskian technique, we have

Theorem 1. The AKNS equation (1.5) has double Wronskian solutions (1.8), where

Pjw = —kjdj,  Vja2 = ki, (2.3.1)
Gjt = —20juws Yjt=2ja (1=1,2,...,m+n+2). (2.3.2)

Proof.  The derivatives of f can be easily computed

fz—|n—1n—|—1m|—|—|nm 1,m+1|, (2.4.1)
fow = |n—2,n,n—|—1;m|—|—|n—1,n+2;m|—|—2|n/—\1,n—|—1;m/—\1,m—|—1|

tAim—2,mm+ 1) + |Aym — 1,m+ 2. (2.4.2)
Noting
n+m+2 2 n+m+2
|ﬁ;m|( > kj> ;| = < Z ki|m; m|) (2.5.1)
from (2.3.1), we have

| (In —2,m,n+ ;7| + [n— 1,n+ 2| —2jn— Ln+L;m—1,m+1|

+|n; m—2,m ,m—+ 1]+ |n;m— m— 1 m—|—2|):(|n—1 n+1;m|— |[n;m— m— 1 ,m+1))2. (2.5.2)
Substituting (2.4) into the left-hand side of (1.5.1) and making use of (2.5), we get
Asmln—1,n+1ym—1,m—+1|—|n—1,n+1;m|[f;m—1,m+ 1|
—ln+1;m—1ln—1;m+1]. (2.6)

According to Lemma 1, (2.6) is equal to zero. So the proof of (1.5.1) is finished.
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From (2.3.2), we obtain
gt :4(|n/—\1,n+1,n+2;n7—\1| - |ﬁ,n+3;n7—\1| - |n/+\1;n7—\3,m— 1,m|
+ln+1im—2,m+1|). (2.7)
Then,
(g0 + Goa)f =(6ln — 1,n+ 1, n+25m — 1| — 2@, n+ 3;m — 1| + 4|, n + 2;m — 2, m|
—2n+1;m —3,m—1,m|+6[n+ 1;m — 2,m + 1|)[7; . (2.8.1)
Similarly,

9(=fi+ fox) =20+ Lm = 1|(=ln—2,n,n+ 17| + 30 — 1,0+ 27
t2n—l,n+Lim—1,m+1+3mm—2mm+1|—|[A;m—1,m+2)), (2.8.2)
— 20, fa = —A([A,n+2m—1|+ [n+ 2m — 2,m|)(jn — 1,n + 1;7)|
+|Rym —1,m+ 1) (2.8.3)
Utilizing the following identities which are similar to (2.5)
m|(ln — 1,n+1,n+2m — 1| + [, n+ 3;m — 1] — 2[f, n + 2;m — 2,m)|
tlntlim—3,m—1,m|+|n+1;m—2,m+1|)
=(n—1,n+1L;m| —|aym—Lm+1)(A,n+2m—1] — [n+ 1;m — 2,m|), (2.9.1)
|n—|—1 m—1|(|n—2 n,n+ 1; m|—|—|n—1 n+2; m|—2|n—1 n+lim—1 ,m+ 1]

+ |n;m — m—2,m, m+ 1]+ |m;m — m— 1 ,m+2|)
=(An+2m—1|—|n+ Lim—2,m|)(In—1,n+Lm| — |[A;m—1,m+1|), (2.9.2)

The left-hand side of (1.5.2) is reduced as

imlln — 1,n+1,n+2m — 1|+ [@sim|n + Lim — 2,m+ 1] + [n+ L;m — 1|jn — 1,n + 2;7)
Fin+lim—1|Aym—2,mm+1| — |[f,n+2;m—1|jn — 1,n+ 1;7)|
— I+ 1;m—2,m|[fA;m — 1,m+1]. (2.10)

Using Lemma 1, (2.10) is equal to zero. (1.5.3) can be verified similarly.
From (2.3), we deduce that

¢; = eiﬁjcj, Yy = €€jdj, &= 2kj2t + kjx, (2.11)

where ¢; and d; (j =1,2,...,n+ m+ 2) are arbitrary real constants.
Taking ¢; = d; = 1, the double Wronskian solution of (1.5) is obtained as follows:

= e %, 0,075, 0me 6% D,et, ..., O, (2.12.1)
g=2le %, 0,e7% ... 00T e 5 €5 0,e% L O et (2.12.2)
h=—2|e % 0, %, ... 00 e 6% 9,5, ... O HLes, (2.12.3)
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Letting n = m = 0 gives

f= ef2—61 _ 651*52’ g= 2(k1 _ kz)e*&*&z’

The corresponding one-soliton solution of (1.1) is

e—é1—&2

g= (k1 — k) ———, 7=(k1 — ko

Sinh (€ — €1)
Choosing n = 1, m = 0 yields

f= (kl _ k2)6—51—§2+§3 + (kg _ kl) —&1+&2—

g = 2(k1 — kg)(kg — ]€3)(/€1 — kg)e_fl_&_&,

h = —2[(ks — k2)e*§1+§2+53 + (ko — kl)e§1+§2*§3

so we have

(k1 — ko) (ko — ks) (k1 — kg)e &1 5278

sinh(§ — &)

o

(kl — kz)e &1—82+83 4 (k3 — kl)e &1+82—83 4 (k2 — k3)651 §2—&s’

ko — k3)6*51+€2+53 + (kb — k2)e€1+§2*53 + (ks — kl)e§17§2+§3

(k1 — kg)e—81—82+8s 4 (k3 — ky)e—61F€2—8s 4 (kg — kg)efr—62—8s"

Similarly, when n = 0,m = 1, we gain

q=—2(

kL — k2)6—51—52+53 4 (kg _ kl)e—§1+§2—§s 4 (kz _ k3)651—52—53

r=2

(k1 — ko)eb1t€2—8s 4 (kg — ky)efr—86218s + (kg — kg)e—S1H82+Es

(ki — ko) (ko — ks)(ky — ks)es1T62+6s

(k1 — ko)esrt€2—8s 4 (kg — ky)ebr—862F8&s (kg — k3)e—é1téatss’
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(2.13)

(2.14)

(2.15.1)
(2.15.2)
(2.15.3)

(2.16.1)

(2.16.2)

(2.17.1)

(2.17.2)

In order to prove that (1.8) solves (1.5) under the conditions (1.6), we give the following

lemma.

Lemma 3. Assume that P = (p;;) is an I x1 operator matriz and its entries p;; are differential

operators. B = (bi;) is an 1 X | function matriz with column vector set b; and row vector set b

(i=1,2,....0;j=1,2,...,1), then

l
Z|b17"'7pz z,~..7bl|:z
j=1

where pib; = (pribui, paibais - - -, pubi) T, Pib; = (pj1bj1, pjabia, - ..

(2.18)

In fact, we only need to verify that identities (2.5.2) and (2.9) hold, where ¢ and v enjoy the

conditions (1.6).
(1) If tr A # 0, setting
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from Lemma 3, we can get

o1 o 0y 1 Yn Ozt e 07"
2 : . : : : - :
Soo| b o —0u000)  Outy 0u(0uty) o Ou(O7y)
j=1 . . . . . . .
Gntm+2 - Obngmt2  Unimt2 Oz¥nims2 - O0Unimt2
=—ln—1n+Ln+|nm—1,m+1] (2.19.1)

Making use of (1.6.1), the left-hand side of (2.19.1) is equal to

1 o Iz 1 i Ox1n 07
ntm+2 n+m+’2 n+m-+42 ‘ n+m+’2 n+m-+42 . n+m-+2 .
> apgr oo Yo aplxdr 3o a3 apdethe oo 3L audi
=1 =1 =1 =1 =1 =1
¢n+m+2 e ag¢n+m+2 "/]n+m+2 aw"/]n+m+2 e agn'l/]n+m+2
n+m-+2
= > ajlml, (2.19.2)
j=1
so that
trA|f;m| = —|n — 1,n+ ;@] + [fym — 1, m + 1]. (2.20)

From (2.20) we derive further
(tr A2 | =|n — 2, mn+ Lim|+|n—1,n+2m| —2n—1,n+ 1;m—1,m+1]
+|nm 2mm—|—1|—|—|nm 1,m+2|, (2.21.1)
(tr A2+ Lim—1|=n—1L,n+1,n+2m— 1|+ [A,n+3;m — 1| — 2[A,n + 2;m — 2,m|
tlntiym—3,m—1,m|+|n+1;m—2,m+1]|, (2.21.2)

It is obvious that (2.5.2) holds, so does (2.9).
(2) If tr A = 0, we can consider this as a limit case where tr A tends to zero. Then (2.20)
and (2.21) become

In—1,n+1;m| = [A;m—1,m+ 1], (2.22)
m—1,n+2m —2n—1n+1lim—1m+1|+A;m—2,mm+1|

—|n/—\2,n,n+ L;m| — [nym — m— 1 ,m+ 2|, (2.23.1)
[A,n+3;m— 1| — 2/, n+ 2;m — 2,m| + |n + 1;m — 3,m — 1,m|

—n—1,n+1Ln+2m—1|—|n+ Lim—2,m+1]|. (2.23.2)
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Using (2.22) and (2.23), (1.8) still solves (1.5).
From (1.6), we get the general solution

¢ _ 672A2t7A‘TC, w — 62A2t+A‘TD, (224)

where C = (c1,¢2,...,Cnima2)T and D = (di,da,...,dpims2)T are real constant vectors.

Thus, we have the following

Theorem 2. A = (a;;) is an (n+m+2) x (n+m+2) arbitrary real matriz independent of
x and t. (1.5) has double Wronskian solution (1.8), where ¢,v are constructed by (2.24). The

corresponding solution of (1.1) can be expressed as

W2 (6 4) _ o, W)

_ = _ 2.25
W (Grg) W (g 229
3 Soliton solutions and rational solutions
Expanding (2.24) leads to
242t _—A = [ (=1)s2' oy
s=0 L I=0
, oo [ 5] ol
2A°t Az l,.s—2l s
= D = 72? A°D. 3.1.2
p=eve Zl N —2an " (3:12)
s=0 | 1=0
If
k1 0
k2 . .
A= | L ki k(i #9), (3.2)
0 kntma2
we can obtain soliton solutions of (1.5), where
b; = cje KRt s = ek R (j=1,2,.. n4+m+2). (3.3)
If
0 0
1 0
A= , (3.4)
0 1
(n+m+2) X (n+m+2)
it is obvious to know that A"*™*2 = (. Thus (3.1) can be truncated as
n+m-+1 %] 1ol
(=12
= —— ' A°C, 3.5.1
¢ ; = l'(s —20)! ( )
n+m+1 [ [%] 2l T
= "2 A% D, 3.5.2
v ; (s —2D! " (35.2)
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The components of ¢ and i are

1454 :
z? =~ (et gy
¢J =Cj —Cj—l$+Cj—2<—2t+ 7) + -4 ; mt zJ y (361)
9 [£74] !
1/)-:d,_|_d. 1x+dio 2t_|_$_ +...+dlz27tlxj—1—21
I T = 2 = 1 —1-20)!
G=12,....n+m+2). (3.6.2)

n (3.6), taking ¢y =dy = 1,¢, =di, =0 (k=2,3,...,n+ m+ 2), then (3.6) becomes

_71]

Yl iy 2! I j—1-21
tlad 1= = . 7
Zz'j—1—2z b Vi ;l!(j—l—%)! * (3:7)
Thus, we can calculate several rational solutions of (1.1).
1
=r=—-—, 3.8
g=r=-—- (3.8)
1 2t — 22
= =2 3.9.1
1"t T a2 (3.9.1)
2t + a2 1
_y - 9.2
%22 | 2%—_a2 (3.9.2)
301 12¢2 + o*
=— — =—2—— 3.10.1
1 2 Gtw+ a3 6tx + 23’ ( )
6tz + 2 6tz — a3
- S .10.2
122 + 24 T 12 4ot (3.102)
12t% 4 2* 3 1
_— =- —. 3.10.3
6tr — 23 | 2 6tz — a3 ( )
From (3.7), substituting —it for ¢, it is easy to see that
vr = (=171, (G=12,...,n+m+2), (3.11)
so we deduce that
fr= Wl (g g = ()W (s 6) = (3.12.1)
gt =2W RN (gt gt) = 2(— )W (s 6) = -, (3.12.2)
or r = —¢*. Thus, we can get rational solutions to (1.2).
4 Matveev solutions
Let A be a Jordan matrix
J (k1) 0
J(kz2)
A= (4.1)
0 J(ks)

(n+m+2) X (n+m+2)
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Without loss of generality, we observe the following Jordan block (dropping the subscript of k)

k 0 0 0
1 k 1 0

J(k) = o =kl + E,, E,= o . (4.2)
0 1 k& 0 1 0

lixl; lixl;

where Ij, denotes an I; X [; unite matrix. We have

1 1. 1

2!
ie.,
1 0
O 1
J(k)® = Tik® Ty = 2%k O] (4.3.2)
’ s 3%k o 1 ' N
amd T o sk 30% o 1

In [7], the similar result about the KdV equation was derived. Substituting (4.2) into (3.1), we
get

o(k) = T(k)e 2K t=hec (k) = T(k)e2¥ ke p. (4.4)
The components of ¢(k) and (k) are
bi(k) = (cl ﬁaﬁl 4+t ejo10k + cj>e2k2“”, (4.5.1)
(k) = <d1ﬁ8,z_l bt dy 0+ dj>e2k2f+kw G=1.2,.. 1)  (45.2)
Specially, taking ¢y =di =1land ¢; =0,d; =0 (j =2,3...,1;), (4.5) becomes
b5 (k) = ﬁa{c’—le*m*kw, 05 (k) = ﬁa,ﬂ;—lemm. (4.6)

Thus Matveev solutions of (1.1) are obtained, where

¢ = (dr(kr), ., b1, (k1) du(ka) ., by ()i oo, u(ks), -y o, (Ks)), (4.7.1)
v = r(k), v (k)i (ka) oty (Ra)s e (ko) (BT (47.2)
(h+lo+-+ls=n+m+2).
In (4.7), taking
¢ = (p1(k), d2(K)T, ¥ = (u(k),va(K))T, (4.8)

where ¢;(k) and (k) are generated from (4.6), we can compute the Matveev solution of

(L.1),

1 —2(2k2t+kx) 1 2(2k2t4-kx)
— * = *, 4.
4kt+xe 7 4kt+xe (4.9)

q:
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Similarly, choosing

¢ = (¢1(k), da2(k), d3(k)T, b = (W1(k),b2(k), ¥3(k))"

and (n,m) = (1,0), we have

= 50 ¥ (dkt + 2)2 © T oty 4kt + 2)2

When (n,m) = (0,1), we get

= 2t + (4kt 4 )? o202 t4kz) . 1 22k t+ka)
2t — (4kt + x)? ’ 2t — (4kt + x)? '

Assume that

¢ = (p1(k1), p2(kr), 1 (k)™ b = (¥1(k1), (k) 1 (k)"

setting (n,m) = (1,0) gives

q=-2 (y — Fa)”
(14 2(ko — k1) (4kit + x)]e26r — 262’
R [1 + Z(kz — kl)(4k1t + 33)]8252 — 6251

1+ 2(ky — k) 4kt + 2) — €267 260
Similarly, taking (n,m) = (0, 1) yields

(14 2(ko — k1) (4k1t + x)]e" 22 — =281
1+ 2(ky — ki) (4kit + z) — 2617267

(k1 — k2)?
[1 + Z(kz — kl)(4k1t + 33)]6_251 — 282
where & = 2kt + k;jz(i = 1,2).

1 o~ 2(2k?tha) _ =2t (4kt 4 2)? 22kt ha)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14.1)

(4.14.2)

(4.15.1)

(4.15.2)

From (4.9), (2.14), (4.11), (4.12) and (2.16), (2.17), the Matveev solutions are the limit

solutions when ks tends to k1 = k, ko, k3 tends to k1 = k. General conclusions are also correct.

5 Complexitons

We would like to consider that A is a real Jordan matrix as follows:

J1 0
Jo

where

A Coa=| )

(5.1.1)

(5.1.2)
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and «;, B; (i =1,2,...,h) are real constants. Then, from (3.1), complexitons can be obtained.

In order to prove that, we first observe the simplest case when

a —0 0 -1
A= =aly + oz, 02 =
0 « 1 0

Substituting (5.2) into (3.1.1) gives rise to
(b _ e—[2(o¢2_g2)t+o¢r]12 . e—(4aﬁt+5r)o‘20.
Expanding the above ¢ and taking advantage of 03 = —1I, we have
o= e~ 2a*=pt-ax [cos(4aft + px)Iz — sin(4aft + fx)os]C.

Similarly,
o = XN cog(4a 8t + Ba) ], + sin(daft + Ba)oa]D.

Further, we consider the matrix A as a Jordan block J;

A=J, =A +F,

A; 0
A
A = Ili X Al = R
0 A;
0 0
I 0
E=E, eI = ,
O I2 2li><2l7;

(5.2)

(5.4.1)

(5.4.2)

(5.5.1)

(5.5.2)

(5.5.3)

where the symbol ® denotes tensor product of matrices. Noting that A’E’ = E'A’, we get

1, . 1
A= (A +E) = <]21i +E0y + -+ 7]@/13{; Lot _'Efsag_)A/s.
7: ‘ s! g

Employing the following formula
aoﬂAZ:.’ = 8041’ (0%‘]2 + 61'0'2)1) = p(aiIQ + 61'0'2):071 (p = 17 2; 37 s ')7

(5.6) can be written as

I 0
150, I
A® = %12362“ 128ai AIS = T(aai)Als'

ﬁ]za(l;i_l R 11282

51205, 0., I>

(5.6)
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Substituting (5.8) into (3.1) yields

$(i) = T(Da,)e 4 170 = T(04,) (I, @ e 24— 4m)C, (5.9.1)
i(a) = T(0a,)e* " "D = T(0,,) (I, ® *47747) D, (5.9.2)
or
1 . 2 2 2
i) = m@éjle_QAit_A”cl 4o D e 2T, g 2 A i (5.10.1)
1 N 2 2 2
¥j(ai) = = 1)!8gj1e2Ait+Aizd1 o Qg et AT A (5.10.2)
where
¢ (i) = (d1 (i), pja(0a)) ™, (o) = (d1(ew) ™, dalaa)™, ..., du (e)™)T, (5.11.1)
cj = (le,ng)T, C= (CT,C2T, . 7cz)T; (5.11.2)
V() = (W1 (i), je(a)y Ylag) = (Wr(as) T o)™, oo b () T)T, (5.11.3)
d; = (dj1,dj2)", D= (di,d;,....d")". (5.11.4)
According to (5.4), (5.10) can be expressed as the following explicit form:
) ) J
¢j (az) _ ¢]1(051) _ . 1 'agt:s e—Q(ag—ﬁf)t—otir
Bj2 () s=1 (7 =)
o es cos(4da; Bit + Bix) + cs2 sin(4da; Bt + i) | (5.12.1)
—cs18in(4a; Bit + Bix) + cs2 cos(4a; Bit + Bix)
'Qlfj (Olz) _ ’@[le(ai) _ Z : 1 '82428 e2(affﬁf)t+aiw
Via(a;) = -9
- ds1 COS(4O¢1‘6it + 6133) — dgo sin(4o¢iﬁit + 6Z$) ' (5122)
ds1 sin(4doy Bt + Bix) + dso cos(da; Bit + Bix)

Thus, double Wronskian (1.8) is the complexiton of (1.5), where

= (¢1(a)", . (@) s dr(e2) s g (a2) s s g (am) T, g, (an) )T, (5.13.1)

¢
¢ = (r(an)”, . (an) T n(a2) T, (a2) s (en) T () )T (5.13.2)
(h4+lb+-+lh=n+m+2).

On the other hand, for 0., A} = —0203, A}, the partial derivative with respect to a; can
be replaced by the partial derivative with respect to §; in (5.10) and (5.12). In [8], the similar
formula of Complexitons of KdV equation was presented.

For example, taking n = m = 0, & = 2(a® — )t + az, n = 4aBt + Bz (dropping the
subscript) and

¢ = (e Scosn, —e Csiny)T, = (efcosn,etsing)T, (5.14)
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then,
e—2(a2—52)t—az 62(a2—52)t+az

=— ) = - : 5.15
e Bsin 2(4aft + Bx) g ﬁsm 2(4aft + Bx) (5.15)

When (8 = «, (5.15) is the periodic solution about ¢, and

efaw eOtIE

- _ — L — 5.16
e “Sin 2a(4at + z) "7 % 2a(4at + x) (5.16)

6 Interaction solutions

In order to obtain more exact solutions to (1.1) in double Wronskian form, we assume that A
is composed of (3.4) (A,), (4.1) (An) and (5.1) (4;). i.e.

A, 0
A= A, (6.1)
0 A,
Then, according to (1.6), we have
¢:( Eﬂ Ewch)Tv "/J:( TT’ g‘w"/}cT)Tv (6'2)
where
(bp,z = _Apd)p ) "r/)p,m = Ap¢pa (6'3'1)
(bp,t = _2¢p,wma wpﬂf = pr@w (]9 =rm, C)' (632)

It is obvious that (1.8) constructed by (6.2) still solves (1.5), and this type of solutions is called
interaction solutions.
Taking
6 = (@17, 02r, om(k)s ¥ = (Yrr, Y2r, U (R))7, (6.4)

and (n,m) = (1,0), it is easy to get

2k?
e2(2k2t+kz) _ 9y — 1’

q= (6.5.1)

| 2(2kx — 1)e2CK D) 4o
"= T 2Rtk — 9y — 1

(6.5.2)
When (n,m) = (0, 1), we can obtain

2(2kx + 1)e 2K k) 9 66
q - e—2(2k2t+kr) + 2]{:1: _ 1 I ( .0. )

2k2
T e—202k2t+ka) 4 Oy — 1

(6.6.2)

T =

Letting

6 = (P17, D2rs D1m (k), d2m (k) T, 0 = (17, Yor, Yrm (), Yom (k)T
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and (n,m) = (2,0), (1,1), we have

]€3
= 6.7.1
1 (4k2t + kx — 1)e2(2R*t+ke) 4 ky 417 ( )
42k t4-kx) 2 _ 91,2(2k t4-kx)
b€ + [dk*z(4kt + x) — 2]e +1 (6.7.2)
T T R[@k% 1+ kr De2CR R § kp 1 1] "
_ (kx + 1)e 2R tHka) 4 gg 24 4 g — 1 (6.5.1)
1= W aehtrka) | —202Rt+ke) 4 42 (4kt + ) — 2 o
o (kx — 1)e2CR*tHke) L 424 | ko 41 6.8
" T N ek k) 1 o 2(2k2 Tt ka) T 4k2e(4kt 1 7) — 2 (6.8.2)
respectively.
When (n,m) = (0,2), we compute
e ORI 4 [4k2g(4kt + o) — 2Je 2R R 4 6.9.1)
1 k[(4k2t + kx + 1)e 22k t+ka) 4 Ly — 1] ’ o
k3
=- (6.9.2)

(42t + kx4 1)e—2@k*t+ka) 4 kg — 1

Obviously, (6.5), (6.7), (6.8) and (6.9) are interaction solutions between rational and Matveev

solutions.
Choosing
¢ = (¢17’7 ¢2T; ¢1Ca ¢20)T7 Qslc - 6_5 cos 1, ¢20 - _6_5 Sin?’], (6101)
¥ = (1r, Yor; Y1e,P2c) T, P1e = S cosn, thae = e siny, (6.10.2)

and (n,m) = (2,0), we have

_ 26(a” + 52)%e”
B —2f[(a? + B?)x + ale=% — (a? — (3?)sin2n + 2a[ cos 21’

q (6.11.1)

. 4/3(cos 2n — cosh 2€) + 4(a? + 3?)x sin 2
~ 20[(a? + B2)z + ale=2 + (a2 — £2)sin2n — 2a cos 2n’
where ¢ = 2(a? — 3?)t + ax, n = 4aft + Bz.
While (n,m) = (1,1), we derive that

(6.11.2)

~ =20[(a? + BBz + ale” % — 2(a® — 42) sin 2n 4 206 cos 2n (6.12.1)
1= B(cos 2n — cosh 2) + (a2 + (B2)zsin 2y ’ o

200 + BBz — a]e®® + 2(a® — %) sin2n + 2a3 cos 21 6.19.2
T B(cos 2n — cosh 2€) + (a2 + 2)x sin 2n ' (6.12.2)

Similarly, when (n,m) = (0,2), the solution of (1.1) is

B 4(cos 2n — cosh 2¢) + 4(a? + ?)x sin 2n 6.13.1
= 28[(a? + B?)x — ae? — (a? — $2)sin2n — 2aB cos2n’ (6.13.1)

23(a? + 3%)e*

_25[(042 + 52)30 — a]e% — (a2 — 52) sin 277 _ 2045(308 277' (6-13-2)
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(6.11),(6.12) and (6.13) are interaction solutions of (1.1) between rational solutions and com-

plexitons.

7 Conclusions
(1) Taking the second-order AKNS equation as an example, we provide a matrix equation
satisfied by double Wronskian entries. By searching for the general solutions of ¢ and 1 and
expanding them as the series of A, we can obtain rational solutions, Matveev solutions, com-
plexitons and interaction solutions of the AKNS equation. Moreover, rational solutions of the
nonlinear Schrédinger equation are constructed by reducing. According to our knowledge, these
solutions are novel and have not been reported in literature.

(2) The method for constructing double Wronskian entries can be applied to other Lax
integrable equation, such as higher-order AKNS equation, mKdV equation, Toda lattice and
so on. This method is simple and can derive general formula of column vectors ¢ and .
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formulas step by step. The authors especially express their thanks to her.
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