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1 Introduction

In order to search for multi-soliton solutions to Lax integrable equations, various methods have
been developed. Among them, the Wronskian technique has obvious advantages. Since each
column of a Wronskian is the derivatives of the previous one, higher derivatives of it lead to
the sums of determinants, but the length of the sum depends on the number of differentiations
and not on the number n of solitons. So this type of solutions can be verified by the direct
substitution into the soliton equation in the bilinear form[1].

The determination of Wronskian entries φi (1 � i � n) is the key to constructing Wronskian
solutions. In general, letting potential function u = 0 and spectral parameter k = ki in the Lax
pair of the equation, one can get the corresponding solution of φi. Taking φ = (φ1, φ2, . . . , φn)T,
then φ satisfies a matrix equation with a diagonal coefficient matrix A.

In 1988, Sirianunpiboon et al.[2] generalized A to a triangular form, in order that the Wron-
skian can generate rational solutions and their interaction solutions with multi-solitons. About
four years later, Matveev[3] introduced the generalized Wronskian to obtain another important
kind of exact solutions called Positons for the KdV equation.

Recently, Ma et al.[4] considered the case where A is an arbitrary real matrix. Assuming that
A has complex eigenvalues, they obtained complexitons for the KdV equation, including the
positons which corresponds to positive eigenvalues of A.

In this paper, we would like to consider the second-order isospectral AKNS equation[5]

(
q

r

)
t

=
( −qxx + 2q2r

rxx − 2qr2

)
. (1.1)
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When r = −q∗, substituting −it for t leads to the following nonlinear Schrödinger equation

iqt + qxx + 2|q|2q = 0. (1.2)

The Lax pair of (1.1) is

(
φ1

φ2

)
x

=
( −η q

r η

)(
φ1

φ2

)
, (1.3.1)

(
φ1

φ2

)
t

=
( −2η2 + qr 2qη − qx

2rη + rx 2η2 − qr

)(
φ1

φ2

)
. (1.3.2)

Through the dependent variable transformation

q =
g

f
, r =

h

f
, (1.4)

(1.1) is transformed into the bilinear form

ffxx − f2
x + gh = 0, (1.5.1)

gtf − gft + gxxf − 2gxfx + gfxx = 0, (1.5.2)

htf − hft − hxxf + 2hxfx − hfxx = 0. (1.5.3)

Let us observe the matrix equations

φx = −Aφ, ψx = Aψ, (1.6.1)

φt = −2φxx, ψt = 2ψxx, (1.6.2)

where A = (aij) is an (n+m+ 2) × (n+m+ 2) arbitrary real matrix independent of x and t,

φ = (φ1, φ2, . . . , φn+m+2)T, ψ = (ψ1, ψ2, . . . , ψn+m+2)T. (1.7)

In this paper, we first prove that under the conditions (1.6), (1.5) has the following double
Wronskian solution

f = Wn+1,m+1(φ;ψ) = |n̂; m̂|, (1.8.1)

g = 2Wn+2,m(φ;ψ) = 2| ̂n+ 1; ̂m− 1|, (1.8.2)

h = −2Wn,m+2(φ;ψ) = −2| ̂n− 1; ̂m+ 1|, (1.8.3)

where
W j,l(φ;ψ) = |φ, ∂xφ, . . . , ∂

j−1
x φ;ψ, ∂xψ, . . . , ∂

l−1
x ψ| = |̂j − 1; ̂l − 1|. (1.8.4)

Secondly, letting A be some special matrices, we obtain rational solutions, Matveev solutions,
complexitons of (1.5). Finally, we illustrate how to produce more double Wronskian interaction
solutions. The method for constructing solutions is a general one. It can be applied to other
Lax integrable equations, such as the higher-order AKNS equation, the KdV equation, the
Boussinesq equation, the KP equation and the DS equation.
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The paper is organized as follows. In Section 2, we verify that the double Wronskian (1.8)
solves (1.5). In Section 3, soliton solutions and rational solutions in double Wronskian form
are obtained. In Section 4, Matveev solutions are provided. In Section 5, complexitons are
constructed. Interaction solutions are given in Section 6.

2 Double Wronskian solutions of (1.5)

For convenience of proof, we first give the following lemmas.

Lemma 1.

|Q, a, b||Q, c, d| − |Q, a, c||Q, b, d|+ |Q, a, d||Q, b, c| = 0, (2.1)

where Q is an N × (N − 2) matrix, a, b, c and d represent N -dimensional column vectors.

Lemma 2.
N∑

j=1

|α1, . . . , αj−1, γαj , αj+1, . . . , αN | =
N∑

j=1

γj |α1, . . . , αN |, (2.2)

where αj (1 � j � N) are N -dimensional column vectors and γαj denotes (γ1α1j , γ2α2j , . . . ,

γNαNj)T.

Employing the Wronskian technique, we have

Theorem 1. The AKNS equation (1.5) has double Wronskian solutions (1.8), where

φj,x = −kjφj , ψj,x = kjψj , (2.3.1)

φj,t = −2φjxx, ψj,t = 2ψj,xx (j = 1, 2, . . . ,m+ n+ 2). (2.3.2)

Proof. The derivatives of f can be easily computed

fx = | ̂n− 1, n+ 1; m̂| + |n̂; ̂m− 1,m+ 1|, (2.4.1)

fxx = | ̂n− 2, n, n+ 1; m̂| + | ̂n− 1, n+ 2; m̂| + 2| ̂n− 1, n+ 1; ̂m− 1,m+ 1|

+ |n̂; ̂m− 2,m,m+ 1| + |n̂; ̂m− 1,m+ 2|. (2.4.2)

Noting

|n̂; m̂|
( n+m+2∑

j=1

kj

)2

|n̂; m̂| =
( n+m+2∑

j=1

kj |n̂; m̂|
)2

, (2.5.1)

from (2.3.1), we have

|n̂,m̂|(| ̂n− 2, n, n+ 1; m̂| + | ̂n− 1, n+ 2; m̂| − 2| ̂n− 1, n+ 1; ̂m− 1,m+ 1|
+ |n̂; ̂m− 2,m,m+ 1| + |n̂; ̂m− 1,m+ 2|) = (| ̂n− 1, n+ 1; m̂| − |n̂; ̂m− 1,m+ 1|)2. (2.5.2)

Substituting (2.4) into the left-hand side of (1.5.1) and making use of (2.5), we get

|n̂;m̂|| ̂n− 1, n+ 1; ̂m− 1,m+ 1| − | ̂n− 1, n+ 1; m̂||n̂; ̂m− 1,m+ 1|

− | ̂n+ 1; ̂m− 1|| ̂n− 1; ̂m+ 1|. (2.6)

According to Lemma 1, (2.6) is equal to zero. So the proof of (1.5.1) is finished.
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From (2.3.2), we obtain

gt = 4(| ̂n− 1, n+ 1, n+ 2; ̂m− 1| − |n̂, n+ 3; ̂m− 1| − | ̂n+ 1; ̂m− 3,m− 1,m|

+ | ̂n+ 1; ̂m− 2,m+ 1|). (2.7)

Then,

(gt + gxx)f =(6| ̂n− 1, n+ 1, n+ 2; ̂m− 1| − 2|n̂, n+ 3; ̂m− 1| + 4|n̂, n+ 2; ̂m− 2,m|

− 2| ̂n+ 1; ̂m− 3,m− 1,m| + 6| ̂n+ 1; ̂m− 2,m+ 1|)|n̂; m̂|. (2.8.1)

Similarly,

g(−ft + fxx) = 2| ̂n+ 1; ̂m− 1|(−| ̂n− 2, n, n+ 1; m̂| + 3| ̂n− 1, n+ 2; m̂|
+ 2| ̂n− 1, n+ 1; ̂m− 1,m+ 1| + 3|n̂; ̂m− 2,m,m+ 1| − |n̂; ̂m− 1,m+ 2|), (2.8.2)

− 2gxfx = −4(|n̂, n+ 2; ̂m− 1| + | ̂n+ 2; ̂m− 2,m|)(| ̂n− 1, n+ 1; m̂|
+ |n̂; ̂m− 1,m+ 1|). (2.8.3)

Utilizing the following identities which are similar to (2.5)

|n̂;m̂|(| ̂n− 1, n+ 1, n+ 2; ̂m− 1| + |n̂, n+ 3; ̂m− 1| − 2|n̂, n+ 2; ̂m− 2,m|
+ | ̂n+ 1; ̂m− 3,m− 1,m| + | ̂n+ 1; ̂m− 2,m+ 1|)
= (| ̂n− 1, n+ 1; m̂| − |n̂; ̂m− 1,m+ 1|)(|n̂, n+ 2; ̂m− 1| − | ̂n+ 1; ̂m− 2,m|), (2.9.1)

| ̂n+ 1; ̂m− 1|(| ̂n− 2, n, n+ 1; m̂| + | ̂n− 1, n+ 2; m̂| − 2| ̂n− 1, n+ 1; ̂m− 1,m+ 1|
+ |n̂; ̂m− 2,m,m+ 1| + |n̂; ̂m− 1,m+ 2|)
= (|n̂, n+ 2; ̂m− 1| − | ̂n+ 1; ̂m− 2,m|)(| ̂n− 1, n+ 1; m̂| − |n̂; ̂m− 1,m+ 1|), (2.9.2)

The left-hand side of (1.5.2) is reduced as

|n̂;m̂|| ̂n− 1, n+ 1, n+ 2; ̂m− 1| + |n̂; m̂|| ̂n+ 1; ̂m− 2,m+ 1| + | ̂n+ 1; ̂m− 1|| ̂n− 1, n+ 2; m̂|
+ | ̂n+ 1; ̂m− 1||n̂; ̂m− 2,m,m+ 1| − |n̂, n+ 2; ̂m− 1|| ̂n− 1, n+ 1; m̂|
− | ̂n+ 1; ̂m− 2,m||n̂; ̂m− 1,m+ 1|. (2.10)

Using Lemma 1, (2.10) is equal to zero. (1.5.3) can be verified similarly.
From (2.3), we deduce that

φj = e−ξjcj , ψj = eξjdj , ξj = 2k2
j t+ kjx, (2.11)

where cj and dj (j = 1, 2, . . . , n+m+ 2) are arbitrary real constants.
Taking cj = dj = 1, the double Wronskian solution of (1.5) is obtained as follows:

f = |e−ξj , ∂xe
−ξj , . . . , ∂n

x e
−ξj ; eξj , ∂xe

ξj , . . . , ∂m
x e

ξj |, (2.12.1)

g = 2|e−ξj , ∂xe
−ξj , . . . , ∂n+1

x e−ξj ; eξj , ∂xe
ξj , . . . , ∂m−1

x eξj |, (2.12.2)

h = −2|e−ξj , ∂xe
−ξj , . . . , ∂n−1

x e−ξj ; eξj , ∂xe
ξj , . . . , ∂m+1

x eξj |. (2.12.3)
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Letting n = m = 0 gives

f = eξ2−ξ1 − eξ1−ξ2 , g = 2(k1 − k2)e−ξ1−ξ2 , h = 2(k1 − k2)eξ1+ξ2 . (2.13)

The corresponding one-soliton solution of (1.1) is

q = (k1 − k2)
e−ξ1−ξ2

sinh(ξ2 − ξ1)
, r = (k1 − k2)

eξ1+ξ2

sinh(ξ2 − ξ1)
. (2.14)

Choosing n = 1,m = 0 yields

f = (k1 − k2)e−ξ1−ξ2+ξ3 + (k3 − k1)e−ξ1+ξ2−ξ3 + (k2 − k3)eξ1−ξ2−ξ3 , (2.15.1)

g = 2(k1 − k2)(k2 − k3)(k1 − k3)e−ξ1−ξ2−ξ3 , (2.15.2)

h = −2[(k3 − k2)e−ξ1+ξ2+ξ3 + (k2 − k1)eξ1+ξ2−ξ3 + (k1 − k3)eξ1−ξ2+ξ3 ], (2.15.3)

so we have

q = 2
(k1 − k2)(k2 − k3)(k1 − k3)e−ξ1−ξ2−ξ3

(k1 − k2)e−ξ1−ξ2+ξ3 + (k3 − k1)e−ξ1+ξ2−ξ3 + (k2 − k3)eξ1−ξ2−ξ3
, (2.16.1)

r = 2
(k2 − k3)e−ξ1+ξ2+ξ3 + (k1 − k2)eξ1+ξ2−ξ3 + (k3 − k1)eξ1−ξ2+ξ3

(k1 − k2)e−ξ1−ξ2+ξ3 + (k3 − k1)e−ξ1+ξ2−ξ3 + (k2 − k3)eξ1−ξ2−ξ3
. (2.16.2)

Similarly, when n = 0,m = 1, we gain

q = −2
(k1 − k2)e−ξ1−ξ2+ξ3 + (k3 − k1)e−ξ1+ξ2−ξ3 + (k2 − k3)eξ1−ξ2−ξ3

(k1 − k2)eξ1+ξ2−ξ3 + (k3 − k1)eξ1−ξ2+ξ3 + (k2 − k3)e−ξ1+ξ2+ξ3
, (2.17.1)

r = 2
(k1 − k2)(k2 − k3)(k1 − k3)eξ1+ξ2+ξ3

(k1 − k2)eξ1+ξ2−ξ3 + (k3 − k1)eξ1−ξ2+ξ3 + (k2 − k3)e−ξ1+ξ2+ξ3
. (2.17.2)

In order to prove that (1.8) solves (1.5) under the conditions (1.6), we give the following
lemma.

Lemma 3. Assume that P = (pij) is an l×l operator matrix and its entries pij are differential
operators. B = (bij) is an l× l function matrix with column vector set bi and row vector set b′j
(i = 1, 2, . . . , l; j = 1, 2, . . . , l), then

l∑
i=1

|b1, . . . , pibi, . . . , bl| =
l∑

j=1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

b′1
...

p′jb
′
j

...

b′l

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, (2.18)

where pibi = (p1ib1i, p2ib2i, . . . , plibli)T, p′jb
′
j = (pj1bj1, pj2bj2, . . . , pjlbjl)[6].

In fact, we only need to verify that identities (2.5.2) and (2.9) hold, where φ and ψ enjoy the
conditions (1.6).

(1) If trA �= 0, setting

pij =

⎧⎨
⎩

−∂x 1 � i � n+m+ 2 ; 1 � j � n+ 1;

∂x 1 � i � n+m+ 2 ;n+ 2 � j � n+m+ 2,
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from Lemma 3, we can get

n+m+2∑
j=1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

φ1 · · · ∂n
xφ1 ψ1 ∂xψ1 · · · ∂m

x ψ1

...
. . .

...
...

...
. . .

...

−∂xφj · · · −∂x(∂n
xφj) ∂xψj ∂x(∂xψj) · · · ∂x(∂m

x ψj)
...

. . .
...

...
...

. . .
...

φn+m+2 · · · ∂n
xφn+m+2 ψn+m+2 ∂xψn+m+2 · · · ∂m

x ψn+m+2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= −| ̂n− 1, n+ 1; m̂| + |n̂; ̂m− 1,m+ 1|. (2.19.1)

Making use of (1.6.1), the left-hand side of (2.19.1) is equal to

n+m+2∑
j=1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

φ1 · · · ∂n
xφ1 ψ1 ∂xψ1 · · · ∂m

x ψ1

...
. . .

...
...

...
. . .

...
n+m+2�

l=1

ajlφl · · ·
n+m+2�

l=1

ajl∂
n
xφl

n+m+2�

l=1

ajlψl

n+m+2�

l=1

ajl∂xψl · · ·
n+m+2�

l=1

ajl∂
m
x ψl

...
. . .

...
...

...
. . .

...

φn+m+2 · · · ∂n
xφn+m+2 ψn+m+2 ∂xψn+m+2 · · · ∂m

x ψn+m+2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=
n+m+2∑

j=1

ajj|n̂; m̂|, (2.19.2)

so that
trA|n̂; m̂| = −| ̂n− 1, n+ 1; m̂| + |n̂; ̂m− 1,m+ 1|. (2.20)

From (2.20) we derive further

(trA)2|n̂; m̂| =| ̂n− 2, n, n+ 1; m̂| + | ̂n− 1, n+ 2; m̂| − 2| ̂n− 1, n+ 1; ̂m− 1,m+ 1|

+ |n̂; ̂m− 2,m,m+ 1| + |n̂; ̂m− 1,m+ 2|, (2.21.1)

(trA)2| ̂n+ 1; ̂m− 1| =| ̂n− 1, n+ 1, n+ 2; ̂m− 1| + |n̂, n+ 3; ̂m− 1| − 2|n̂, n+ 2; ̂m− 2,m|

+ | ̂n+ 1; ̂m− 3,m− 1,m| + | ̂n+ 1; ̂m− 2,m+ 1|, (2.21.2)

It is obvious that (2.5.2) holds, so does (2.9).
(2) If trA = 0, we can consider this as a limit case where trA tends to zero. Then (2.20)

and (2.21) become

| ̂n− 1, n+ 1; m̂| = |n̂; ̂m− 1,m+ 1|, (2.22)

| ̂n− 1, n+ 2; m̂| − 2| ̂n− 1, n+ 1; ̂m− 1,m+ 1| + |n̂; ̂m− 2,m,m+ 1|
= −| ̂n− 2, n, n+ 1; m̂| − |n̂; ̂m− 1,m+ 2|, (2.23.1)

|n̂, n+ 3; ̂m− 1| − 2|n̂, n+ 2; ̂m− 2,m| + | ̂n+ 1; ̂m− 3,m− 1,m|
= −| ̂n− 1, n+ 1, n+ 2; ̂m− 1| − | ̂n+ 1; ̂m− 2,m+ 1|. (2.23.2)
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Using (2.22) and (2.23), (1.8) still solves (1.5).
From (1.6), we get the general solution

φ = e−2A2t−AxC, ψ = e2A2t+AxD, (2.24)

where C = (c1, c2, . . . , cn+m+2)T and D = (d1, d2, . . . , dn+m+2)T are real constant vectors.
Thus, we have the following

Theorem 2. A = (aij) is an (n+m+ 2)× (n+m+ 2) arbitrary real matrix independent of
x and t. (1.5) has double Wronskian solution (1.8), where φ, ψ are constructed by (2.24). The
corresponding solution of (1.1) can be expressed as

q = 2
Wn+2,m(φ;ψ)
Wn+1,m+1(φ;ψ)

, r = −2
Wn,m+2(φ;ψ)
Wn+1,m+1(φ;ψ)

. (2.25)

3 Soliton solutions and rational solutions

Expanding (2.24) leads to

φ = e−2A2te−AxC =
∞∑

s=0

[ [ s
2 ]∑

l=0

(−1)s−l2l

l!(s− 2l)!
tlxs−2l

]
AsC, (3.1.1)

ψ = e2A2teAxD =
∞∑

s=0

[ [ s
2 ]∑

l=0

2l

l!(s− 2l)!
tlxs−2l

]
AsD. (3.1.2)

If

A =

⎛
⎜⎜⎜⎜⎜⎜⎝

k1 0

k2

. . .

0 kn+m+2

⎞
⎟⎟⎟⎟⎟⎟⎠
, ki �= kj (i �= j), (3.2)

we can obtain soliton solutions of (1.5), where

φj = cje
−2k2

j t−kjx, ψj = dje
2k2

j t+kjx (j = 1, 2, . . . , n+m+ 2). (3.3)

If

A =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0

1 0
. . . . . .

0 1 0

⎞
⎟⎟⎟⎟⎟⎟⎠

(n+m+2)×(n+m+2)

, (3.4)

it is obvious to know that An+m+2 = 0. Thus (3.1) can be truncated as

φ =
n+m+1∑

s=0

[ [ s
2 ]∑

l=0

(−1)s−l2l

l!(s− 2l)!
tlxs−2l

]
AsC, (3.5.1)

ψ =
n+m+1∑

s=0

[ [ s
2 ]∑

l=0

2l

l!(s− 2l)!
tlxs−2l

]
AsD. (3.5.2)
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The components of φ and ψ are

φj = cj − cj−1x+ cj−2

(
− 2t+

x2

2

)
+ · · · + c1

[ j−1
2 ]∑

l=0

(−1)j−l−12l

l!(j − 1 − 2l)!
tlxj−1−2l, (3.6.1)

ψj = dj + dj−1x+ dj−2

(
2t+

x2

2

)
+ · · · + d1

[ j−1
2 ]∑

l=0

2l

l!(j − 1 − 2l)!
tlxj−1−2l

(j = 1, 2, . . . , n+m+ 2). (3.6.2)

In (3.6), taking c1 = d1 = 1, ck = dk = 0 (k = 2, 3, . . . , n+m+ 2), then (3.6) becomes

φj =
[ j−1

2 ]∑
l=0

(−1)j−l−12l

l!(j − 1 − 2l)!
tlxj−1−2l, ψj =

[ j−1
2 ]∑

l=0

2l

l!(j − 1 − 2l)!
tlxj−1−2l. (3.7)

Thus, we can calculate several rational solutions of (1.1).

q = r = − 1
x
, (3.8)

q =
1

2t+ x2
, r = −2

2t− x2

2t+ x2
, (3.9.1)

q = 2
2t+ x2

2t− x2
, r =

1
2t− x2

, (3.9.2)

q = −3
2

1
6tx+ x3

, r = −2
12t2 + x4

6tx+ x3
, (3.10.1)

q = 2
6tx+ x3

12t2 + x4
, r = −2

6tx− x3

12t2 + x4
, (3.10.2)

q = 2
12t2 + x4

6tx− x3
, r =

3
2

1
6tx− x3

. (3.10.3)

From (3.7), substituting −it for t, it is easy to see that

ψ∗
j = (−1)j−1φj , (j = 1, 2, . . . , n+m+ 2), (3.11)

so we deduce that

f∗ = W (n+1,n+1)(φ∗;ψ∗) = (−1)n+1W (n+1,n+1)(ψ;φ) = f, (3.12.1)

g∗ = 2W (n+2,n)(φ∗;ψ∗) = 2(−1)n+1W (n,n+2)(ψ;φ) = −h, (3.12.2)

or r = −q∗. Thus, we can get rational solutions to (1.2).

4 Matveev solutions

Let A be a Jordan matrix

A =

⎛
⎜⎜⎜⎜⎜⎜⎝

J(k1) 0

J(k2)
. . .

0 J(ks)

⎞
⎟⎟⎟⎟⎟⎟⎠

(n+m+2)×(n+m+2)

. (4.1)
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Without loss of generality, we observe the following Jordan block (dropping the subscript of k)

J(k) =

⎛
⎜⎜⎜⎜⎜⎜⎝

k 0

1 k

. . . . . .

0 1 k

⎞
⎟⎟⎟⎟⎟⎟⎠

li×li

= kIli + Eli , Eli =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0

1 0
. . . . . .

0 1 0

⎞
⎟⎟⎟⎟⎟⎟⎠

li×li

, (4.2)

where Ili denotes an li × li unite matrix. We have

J(k)s = (kIli + Eli)
s =

(
Ili + Eli∂k +

1
2!
E2

li∂
2
k + · · · + 1

j!
Ej

li
∂j

k + · · · + 1
s!
Es

li∂
s
k

)
ks, (4.3.1)

i.e.,

J(k)s = Tkk
s, Tk =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0

∂k 1
1
2∂

2
k ∂k 1

1
6∂

3
k

1
2∂

2
k ∂k 1

. . . . . . . . . . . .
1

(li−1)!∂
li−1
k · · · 1

6∂
3
k

1
2∂

2
k ∂k 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (4.3.2)

In [7], the similar result about the KdV equation was derived. Substituting (4.2) into (3.1), we
get

φ(k) = T (k)e−2k2t−kxC, ψ(k) = T (k)e2k2t+kxD. (4.4)

The components of φ(k) and ψ(k) are

φj(k) =
(
c1

1
(j − 1)!

∂j−1
k + · · · + cj−1∂k + cj

)
e−2k2t−kx, (4.5.1)

ψj(k) =
(
d1

1
(j − 1)!

∂j−1
k + · · · + dj−1∂k + dj

)
e2k2t+kx (j = 1, 2, . . . , li). (4.5.2)

Specially, taking c1 = d1 = 1 and cj = 0, dj = 0 (j = 2, 3 . . . , li), (4.5) becomes

φj(k) =
1

(j − 1)!
∂j−1

k e−2k2t−kx, ψj(k) =
1

(j − 1)!
∂j−1

k e2k2t+kx. (4.6)

Thus Matveev solutions of (1.1) are obtained, where

φ = (φ1(k1), . . . , φl1(k1);φ1(k2) . . . , φl2(k2); . . . , φ1(ks), . . . , φls(ks))T, (4.7.1)

ψ = (ψ1(k1), . . . , ψl1(k1);ψ1(k2) . . . , ψl2(k2); . . . , ψ1(ks), . . . , ψls(ks))T (4.7.2)

(l1 + l2 + · · · + ls = n+m+ 2).

In (4.7), taking
φ = (φ1(k), φ2(k))T, ψ = (ψ1(k), ψ2(k))T, (4.8)

where φj(k) and ψj(k) are generated from (4.6), we can compute the Matveev solution of
(1.1),

q = − 1
4kt+ x

e−2(2k2t+kx), r = − 1
4kt+ x

e2(2k2t+kx). (4.9)
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Similarly, choosing

φ = (φ1(k), φ2(k), φ3(k))T, ψ = (ψ1(k), ψ2(k), ψ3(k))T (4.10)

and (n,m) = (1, 0), we have

q =
1

2t+ (4kt+ x)2
e−2(2k2t+kx), r =

−2t+ (4kt+ x)2

2t+ (4kt+ x)2
e2(2k2t+kx). (4.11)

When (n,m) = (0, 1), we get

q =
2t+ (4kt+ x)2

2t− (4kt+ x)2
e−2(2k2t+kx), r =

1
2t− (4kt+ x)2

e2(2k2t+kx). (4.12)

Assume that

φ = (φ1(k1), φ2(k1), φ1(k2))T, ψ = (ψ1(k1), ψ2(k1), ψ1(k2))T, (4.13)

setting (n,m) = (1, 0) gives

q = −2
(k1 − k2)2

[1 + 2(k2 − k1)(4k1t+ x)]e2ξ1 − e2ξ2
, (4.14.1)

r = −2
[1 + 2(k2 − k1)(4k1t+ x)]e2ξ2 − e2ξ1

1 + 2(k2 − k1)(4k1t+ x) − e2ξ2−2ξ1
. (4.14.2)

Similarly, taking (n,m) = (0, 1) yields

q = 2
[1 + 2(k2 − k1)(4k1t+ x)]e−2ξ2 − e−2ξ1

1 + 2(k2 − k1)(4k1t+ x) − e2ξ1−2ξ2
, (4.15.1)

r = −2
(k1 − k2)2

[1 + 2(k2 − k1)(4k1t+ x)]e−2ξ1 − e−2ξ2
, (4.15.2)

where ξi = 2k2
i t+ kix(i = 1, 2).

From (4.9), (2.14), (4.11), (4.12) and (2.16), (2.17), the Matveev solutions are the limit
solutions when k2 tends to k1 = k, k2, k3 tends to k1 = k. General conclusions are also correct.

5 Complexitons

We would like to consider that A is a real Jordan matrix as follows:

A =

⎛
⎜⎜⎜⎜⎜⎜⎝

J1 0

J2

. . .

0 Jh

⎞
⎟⎟⎟⎟⎟⎟⎠
, (5.1.1)

where

Ji =

⎛
⎜⎜⎜⎜⎜⎜⎝

Ai 0

I2 Ai

. . .
. . .

0 I2 Ai

⎞
⎟⎟⎟⎟⎟⎟⎠
, Ai =

⎛
⎝ αi −βi

βi αi

⎞
⎠ , (5.1.2)
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and αi, βi (i = 1, 2, . . . , h) are real constants. Then, from (3.1), complexitons can be obtained.
In order to prove that, we first observe the simplest case when

A =

⎛
⎝ α −β

β α

⎞
⎠ = αI2 + βσ2, σ2 =

⎛
⎝ 0 −1

1 0

⎞
⎠ . (5.2)

Substituting (5.2) into (3.1.1) gives rise to

φ = e−[2(α2−β2)t+αx]I2 · e−(4αβt+βx)σ2C. (5.3)

Expanding the above φ and taking advantage of σ2
2 = −I2, we have

φ = e−2(α2−β2)t−αx[cos(4αβt+ βx)I2 − sin(4αβt+ βx)σ2]C. (5.4.1)

Similarly,
ψ = e2(α

2−β2)t+αx[cos(4αβt+ βx)I2 + sin(4αβt+ βx)σ2]D. (5.4.2)

Further, we consider the matrix A as a Jordan block Ji

A = Ji = A′ + E′, (5.5.1)

A′ = Ili ⊗Ai =

⎛
⎜⎜⎜⎜⎜⎜⎝

Ai 0

Ai

. . .

0 Ai

⎞
⎟⎟⎟⎟⎟⎟⎠
, (5.5.2)

E′ = Eli ⊗ Ii =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0

I2 0
. . . . . .

0 I2 0

⎞
⎟⎟⎟⎟⎟⎟⎠

2li×2li

, (5.5.3)

where the symbol ⊗ denotes tensor product of matrices. Noting that A′E′ = E′A′, we get

As = (A′ + E′)s =
(
I2li + E′∂αi + · · · + 1

j!
E′j∂j

αi
+ · · · + 1

s!
E′s∂s

αi

)
A′s. (5.6)

Employing the following formula

∂αiA
p
i = ∂αi(αiI2 + βiσ2)p = p(αiI2 + βiσ2)p−1 (p = 1, 2, 3, . . .), (5.7)

(5.6) can be written as

As =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

I2 0

I2∂αi I2

1
2I2∂

2
αi

I2∂αi

. . .
...

. . .
. . .

. . .
1

(li−1)!I2∂
li−1
αi

. . . 1
2I2∂

2
αi

I2∂αi I2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
A′s = T (∂αi)A

′s. (5.8)
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Substituting (5.8) into (3.1) yields

φj(αi) = T (∂αi)e
−2A′2t−A′xC = T (∂αi)(Ili ⊗ e−2A2

i t−Aix)C, (5.9.1)

ψj(αi) = T (∂αi)e
2A′2t+A′xD = T (∂αi)(Ili ⊗ e2A2

i t+Aix)D, (5.9.2)

or

φj(αi) =
1

(j − 1)!
∂j−1

αi
e−2A2

i t−Aixc1 + · · · + ∂αie
−2A2

i t−Aixcj−1 + e−2A2
i t−Aixcj , (5.10.1)

ψj(αi) =
1

(j − 1)!
∂j−1

αi
e2A2

i t+Aixd1 + · · · + ∂αie
2A2

i t+Aixdj−1 + e2A2
i t+Aixdj , (5.10.2)

where

φj(αi) = (φj1(αi), φj2(αi))T, φ(αi) = (φ1(αi)T, φ2(αi)T, . . . , φli(αi)T)T, (5.11.1)

cj = (cj1, cj2)T, C = (cT1 , c
T
2 , . . . , c

T
li)

T; (5.11.2)

ψj(αi) = (ψj1(αi), ψj2(αi))T, ψ(αi) = (ψ1(αi)T, ψ2(αi)T, . . . , ψli(αi)T)T, (5.11.3)

dj = (dj1, dj2)T, D = (dT
1 , d

T
2 , . . . , d

T
li)

T. (5.11.4)

According to (5.4), (5.10) can be expressed as the following explicit form:

φj(αi) =

(
φj1(αi)

φj2(αi)

)
=

j∑
s=1

1
(j − s)!

∂j−s
αi

[
e−2(α2

i−β2
i )t−αix

·
(

cs1 cos(4αiβit+ βix) + cs2 sin(4αiβit+ βix)

−cs1 sin(4αiβit+ βix) + cs2 cos(4αiβit+ βix)

)]
, (5.12.1)

ψj(αi) =

(
ψj1(αi)

ψj2(αi)

)
=

j∑
s=1

1
(j − s)!

∂j−s
αi

[
e2(α

2
i−β2

i )t+αix

·
(
ds1 cos(4αiβit+ βix) − ds2 sin(4αiβit+ βix)

ds1 sin(4αiβit+ βix) + ds2 cos(4αiβit+ βix)

)]
. (5.12.2)

Thus, double Wronskian (1.8) is the complexiton of (1.5), where

φ = (φ1(α1)T, . . . , φl1(α1)T;φ1(α2)T, . . . ;φl2(α2)T; . . . ;φ1(αh)T, . . . , φlh(αh)T)T, (5.13.1)

ψ = (ψ1(α1)T, . . . , ψl1(α1)T;ψ1(α2)T, . . . ;ψl2(α2)T; . . . ;ψ1(αh)T, . . . , ψlh(αh)T)T (5.13.2)

(l1 + l2 + · · · + lh = n+m+ 2).

On the other hand, for ∂αiA
n
i = −σ2∂βiA

n
i , the partial derivative with respect to αi can

be replaced by the partial derivative with respect to βi in (5.10) and (5.12). In [8], the similar
formula of Complexitons of KdV equation was presented.

For example, taking n = m = 0, ξ = 2(α2 − β2)t + αx, η = 4αβt + βx (dropping the
subscript) and

φ = (e−ξ cos η,−e−ξ sin η)T, ψ = (eξ cos η, eξ sin η)T, (5.14)
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then,

q = −β e−2(α2−β2)t−αx

sin 2(4αβt+ βx)
, r = β

e2(α
2−β2)t+αx

sin 2(4αβt+ βx)
. (5.15)

When β = α, (5.15) is the periodic solution about t, and

q = −α e−αx

sin 2α(4αt+ x)
, r = α

eαx

sin 2α(4αt+ x)
. (5.16)

6 Interaction solutions

In order to obtain more exact solutions to (1.1) in double Wronskian form, we assume that A
is composed of (3.4) (Ar), (4.1) (Am) and (5.1) (Ac). i.e.

A =

⎛
⎜⎜⎝

Ar 0

Am

0 Ac

⎞
⎟⎟⎠ . (6.1)

Then, according to (1.6), we have

φ = (φT
r , φ

T
m, φ

T
c )T, ψ = (ψT

r , ψ
T
m, ψ

T
c )T, (6.2)

where

φp,x = −Apφp , ψp,x = Apψp, (6.3.1)

φp,t = −2φp,xx, ψp,t = 2ψp,xx (p = r,m, c). (6.3.2)

It is obvious that (1.8) constructed by (6.2) still solves (1.5), and this type of solutions is called
interaction solutions.

Taking

φ = (φ1r, φ2r , φm(k))T, ψ = (ψ1r, ψ2r, ψm(k))T, (6.4)

and (n,m) = (1, 0), it is easy to get

q =
2k2

e2(2k2t+kx) − 2kx− 1
, (6.5.1)

r =
2(2kx− 1)e2(2k2t+kx) + 2
e2(2k2t+kx) − 2kx− 1

. (6.5.2)

When (n,m) = (0, 1), we can obtain

q =
2(2kx+ 1)e−2(2k2t+kx) − 2
e−2(2k2t+kx) + 2kx− 1

, (6.6.1)

r = − 2k2

e−2(2k2t+kx) + 2kx− 1
. (6.6.2)

Letting

φ = (φ1r, φ2r , φ1m(k), φ2m(k))T, ψ = (ψ1r , ψ2r, ψ1m(k), ψ2m(k))T
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and (n,m) = (2, 0), (1, 1), we have

q =
k3

(4k2t+ kx− 1)e2(2k2t+kx) + kx+ 1
, (6.7.1)

r =
e4(2k2t+kx) + [4k2x(4kt+ x) − 2]e2(2k2t+kx) + 1

k[(4k2t+ kx− 1)e2(2k2t+kx) + kx+ 1]
; (6.7.2)

q = 4k
(kx+ 1)e−2(2k2t+kx) + 4k2t+ kx− 1

e2(2k2t+kx) + e−2(2k2t+kx) + 4k2x(4kt+ x) − 2
, (6.8.1)

r = 4k
(kx− 1)e2(2k2t+kx) + 4k2t+ kx+ 1

e2(2k2t+kx) + e−2(2k2t+kx) + 4k2x(4kt+ x) − 2
, (6.8.2)

respectively.
When (n,m) = (0, 2), we compute

q =
e−4(2k2t+kx) + [4k2x(4kt+ x) − 2]e−2(2k2t+kx) + 1

k[(4k2t+ kx+ 1)e−2(2k2t+kx) + kx− 1]
, (6.9.1)

r = − k3

(4k2t+ kx+ 1)e−2(2k2t+kx) + kx− 1
. (6.9.2)

Obviously, (6.5), (6.7), (6.8) and (6.9) are interaction solutions between rational and Matveev
solutions.

Choosing

φ = (φ1r , φ2r;φ1c, φ2c)T, φ1c = e−ξ cos η, φ2c = −e−ξ sin η, (6.10.1)

ψ = (ψ1r , ψ2r;ψ1c, ψ2c)T, ψ1c = eξ cos η, ψ2c = eξ sin η, (6.10.2)

and (n,m) = (2, 0), we have

q =
2β(α2 + β2)2e−2ξ

−2β[(α2 + β2)x + α]e−2ξ − (α2 − β2) sin 2η + 2αβ cos 2η
, (6.11.1)

r =
4β(cos 2η − cosh 2ξ) + 4(α2 + β2)x sin 2η

2β[(α2 + β2)x + α]e−2ξ + (α2 − β2) sin 2η − 2αβ cos 2η
. (6.11.2)

where ξ = 2(α2 − β2)t+ αx, η = 4αβt+ βx.

While (n,m) = (1, 1), we derive that

q =
−2β[(α2 + β2)x + α]e−2ξ − 2(α2 − β2) sin 2η + 2αβ cos 2η

β(cos 2η − cosh 2ξ) + (α2 + β2)x sin 2η
, (6.12.1)

r = −2β[(α2 + β2)x − α]e2ξ + 2(α2 − β2) sin 2η + 2αβ cos 2η
β(cos 2η − cosh 2ξ) + (α2 + β2)x sin 2η

. (6.12.2)

Similarly, when (n,m) = (0, 2), the solution of (1.1) is

q =
4β(cos 2η − cosh 2ξ) + 4(α2 + β2)x sin 2η

2β[(α2 + β2)x− α]e2ξ − (α2 − β2) sin 2η − 2αβ cos 2η
, (6.13.1)

r = − 2β(α2 + β2)e2ξ

2β[(α2 + β2)x− α]e2ξ − (α2 − β2) sin 2η − 2αβ cos 2η
. (6.13.2)
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(6.11), (6.12) and (6.13) are interaction solutions of (1.1) between rational solutions and com-
plexitons.

7 Conclusions

(1) Taking the second-order AKNS equation as an example, we provide a matrix equation
satisfied by double Wronskian entries. By searching for the general solutions of φ and ψ and
expanding them as the series of A, we can obtain rational solutions, Matveev solutions, com-
plexitons and interaction solutions of the AKNS equation. Moreover, rational solutions of the
nonlinear Schrödinger equation are constructed by reducing. According to our knowledge, these
solutions are novel and have not been reported in literature.

(2) The method for constructing double Wronskian entries can be applied to other Lax
integrable equation, such as higher-order AKNS equation, mKdV equation, Toda lattice and
so on. This method is simple and can derive general formula of column vectors φ and ψ.

Acknowledgements The graduate Yin Fu-mei read the paper carefully and verified the
formulas step by step. The authors especially express their thanks to her.
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