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Abstract The optimal control problem with a long run average cost is investigated for unknown
linear discrete-time systems with additive noise. The authors propose a value iteration-based stochastic
adaptive dynamic programming (VI-based SADP) algorithm, based on which the optimal controller
is obtained. Different from the existing relevant work, the algorithm does not need to estimate the
expectation (conditional expectation) and variance (conditional variance) of states or other relevant
variables, and the convergence of the algorithm can be proved rigorously. A simulation example is

given to verify the effectiveness of the proposed approach.

Keywords Discrete-time linear systems, optimal control, stochastic adaptive dynamic programming.

1 Introduction

Optimal control plays an essential role in modern control theory™). The majority of previous
optimal control methods require perfect knowledge of system dynamics. However, in the real
world, formulating an accurate mathematical dynamic model is hard. To tackle this difficulty,
some methods are proposed to solve optimal control and related problems of unknown systems
(e.g., [2-6] and the references therein).

For deterministic discrete-time linear systems, Kiumarsi, et al.[”)] solved an H.. control prob-
lem by applying an off-policy reinforcement learning (RL) algorithm; Lewis and Vamvoudakis!®!
developed both policy iteration and value iteration-based adaptive dynamic programming (PI
and VI-based ADP) algorithms to solve the linear quadratic (LQ) regulation problem; Rizvi
and Lin!! also proposed both PI and VI-based Q-learning approaches to solve the LQ regu-
lation problem without resorting to a discounting factor; Kiumarsi, et al.['?! gave a PI-based
Q-learning RL algorithm for the LQ optimal tracking control problem; Jiang, et al.l'll devel-
oped off-line PI, online PI, and Q-learning PI RL algorithms for the optimal tracking control
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problem of networked control systems with dropout. For deterministic discrete-time nonlinear
systems, He and Jagannathan!'? designed a neural network-based (NN-based) RL algorithm to
solve the optimal tracking control problem with input constraints; Wei and Liul'®) developed
a Pl-based deterministic Q-learning algorithm to solve the optimal control problems via NN;
Wang, et al.'¥) proposed a PI-based ADP approach via NN for robust control problem.

Actual systems are usually affected by noise. Generally, stochastic models are more in line
with practical problems than deterministic ones. Recently, the optimal control and related
problems of unknown stochastic discrete-time ones have achieved some attentions both in the-
oretical methods ([15-25]) and in applications ([26-28]). For discrete-time linear systems with
multiplicative noise, Liu, et al.l'® solved LQ optimal control problem of unknown mean-field
discrete-time systems based on VI ADP via NN; Liu, et al.l'0l solved the LQ Stackelberg game
problem by VI-based ADP via NN; Gravell, et al.'”l gave a PI-based ADP algorithm for stochas-
tic LQ zero-sum game problem. For discrete-time linear systems with additive noise, Wang and
Yang!'® obtained nearly optimal control laws for the optimal control problem by VI-based ADP
method; Han, et al.l'¥! developed a PI-based ADP technique to solve the fault-tolerant optimal
tracking control problem; Wong and Leel?%l solved an optimal control problem by establishing
a Pl-based Q-learning RL algorithm; Yaghmaie and Gustafsson?!l developed an off-policy PI-
based RL method for the LQ optimal control problem; Abbasi-Yadkori, et al.22l proposed a
new model-free algorithm via reduction to expert prediction for LQ optimal control problem.
For discrete-time stochastic nonlinear systems, Xu, et al.[??l developed a learning-based predic-
tive control algorithm via NN for the optimal control; Liang, et al.[2% 25! respectively proposed
a local PI and an improved VI ADP algorithm via NN to slove the optimal control problem
under the assumption that the past and the current system noises are independent and the
state space and the admissible control set are countable.

However, most of these work make use of the expectation (conditional expectation) and
variance (conditional variance) of states or other relevant variables in the algorithm design
(e.g., [15-25]), which may result in some limitations or disadvantages: 1) Many trajectory
information or data are needed to estimate the expectation and variance; 2) the control policy
designed is not optimal owing to the existence of the estimate error; 3) the convergence of the
algorithm or the optimality of the controller is hard to analyze or prove rigorously.

In this paper, we investigate the long run average optimal control problem for unknown linear
discrete-time systems with additive noise. The performance index is a long time-averaged cost

which has a broad practical background!?% 30,

To tackle this problem, we propose a value
iteration-based stochastic adaptive dynamic programming (VI-based SADP) algorithm. We
use the stochastic recursive least squares method to obtain the estimated value of the relevant
parameters. Compared with existing methods!!525] our proposed algorithm can obtain the
optimal controller by directly using the value of the system states without estimating the
expectation (conditional expectation) and variance (conditional variance) of states or other
variables. The system state space and the admissible control set can be uncountable in our
method. Different from [19-22], the coefficient matrix of the additive noise term can be any

unknown matrix instead of a known or unit matrix.
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It should be pointed out that there are some similar worksl** 33! about stochastic optimal
control based on system parameter estimation. Compared with [31], each value iteration in this
paper does not need to solve the algebraic Riccati equation. Different from the autoregressive-
moving average with exogenous input model in [32, 33|, the state space model is considered
in this paper, and moreover, the autoregressive-moving average with exogenous input model
can be transformed into a state space model, where the type of coefficient matrices is a special
case in our model. These similar works use a kind of indirect adaptive optimal control meth-
ods, in which controls are recomputed from an estimated system model at each step and this
computation is inherently complex[®4.

The contributions of our work includes: 1) We propose a value iteration-based stochastic
adaptive dynamic programming algorithm, based on which the optimal controller is obtained;
2) the convergence of the value iteration-based stochastic adaptive dynamic programming al-
gorithm and the optimality of the controller can be proved rigorously under some reasonable
conditions; 3) we directly use the value of system states without estimating the expectation
(conditional expectation) and variance (conditional variance) of states or other variables in the
algorithm design.

The remainder of the paper is organized as follows. In Section 2, we present the formulation
of the optimal control problem and review the optimal control method for known discrete-time
systems. In Section 3, we give the VI-based SADP design for unknown linear discrete-time
systems with additive noise. In Section 4, we provide the VI-based SADP algorithm, the
optimal controller, the algorithm’s convergence result, and the optimal result of the control
policy. In Section 5, we offer a simulation example to show the effectiveness of the algorithm
and the controller. In Section 6, we give some concluding remarks.

Notations | -|| represents the Euclidean norm for vectors, or the induced matrix norm for
matrices. S, is the normed space with the induced matrix norm of all r-by-r real symmetric
matrices. N denotes the set of natural numbers. FE(-) denotes mathematical expectation. For
any M € S, denote Apmin(M) as the minimum eigenvalue of M. F7 represents the pseudo-
inverse of the matrix F. For a symmetric matrix P = (p;;) € R™*™, define vector-valued

function vecs(P) = [p11 2p12 -+ 2P1m P22 2P23 ¢ 2Dm—1m Pmm) € R2m(m+1)  For
an arbitrary column vector v = [v; vz --- v,]T € R™, vector-valued function vecv(v) =
[v? vive - Vv, V3 vavg e vp_1v, V)T E R27("+1) indicates the Kronecker product
operator and vec(A) = [af @l --- @L]T, where @; € R™ are the columns of A € R™*™,

2 Problem Formulation

Consider the following discrete time stochastic system
Tr+1 = Axg + Bug + Cwp1, (1)

where x, € R is the system state, ux, € R™ is the control input, and {wy € R k=0,1,-- -}
is the noise defined in a probability space ({2, F, P) with respect to a nondecreasing family

of o-algebras {F;}. The coefficients A, B, and C are assumed to be unknown deterministic
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matrices with appropriate dimensions.

Consider the long run average cost function

k—1
1
J(u) =limsup , > (¢ Qu; + u] Ru), (2)
k—oo k i—0
where Q@ = QT > 0 and R = RT > 0.
The admissible control set is[3%
k—1
Uaa = {ul lzkl® = o(k), D> (luwill® + llzil*) = O(k) a.s., u; € Fiy i > 0}- 3)
i=0
We consider the following assumptions.
(A].) o € Fo.
(A2) (A, B) is controllable and (4, D) is observable, where D is any matrix satisfying
DTD = Q.

(A3) {wk, Fi}?2, is an almost surely bounded martingale difference sequence, wy. 1, w2,
.-+, wg,q are mutually independent for give k, and

E(wi,slﬂ_l) =0 as,
E{w} | Fr1} =€2>0 as,
k
1
s ks ;wlwl a.8 (4)
1 k—1
fim Sk —€F £0 as.
1=
for s=1,2,---,d, where wi = [wk71,wk727 R 7wk,d]T and V € R is a deterministic matrix.

(A4) The sign of a certain non-zero element in matrices A and B is known, and det(A) # 0.

(A5) The coefficient matrix C of additive noise is of row full rank.

Remark 2.1 (i) Since (A, B) is controllable, we can choose K such that A — BK is a
stable matrix and let uy = —Kxzj. Then under (A3) ({wr}72, is not necessarily a.s. bounded),
it can be verified that uy € Uyq (similar to [35]).

(ii) Different from the requirement on the noise in [31-33], we assume that the noise is
almost surely bounded in (A3). In fact, (A3) can be alternated by the following: {wy, Fj} is
a sequence of d-dimensional independent and identically distributed random vectors satisfying
(4) and E(wy) = 0 and wg 1, Wk2, -+ +, Wi.a are mutually independent for give k and E(||wg]®)
exists.

When system coefficients A, B, and C' are known, the following result holds according to
Theorem 3.5 and Remark 3.4 of [36].

Lemma 2.2 (Theorem 3.5 of [36]) If (A2) holds and {wy, Fir}32, is a martingale differ-
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OPTIMAL CONTROL OF UNKNOWN LINEAR SYSTEMS 595

ence sequence with

sup E(||lwg||?| Fr—1) < 00 a.s.,
k>0

k
o1 T
khlgo i E_l wiw; =V >0 as.,

then the algebraic Riccati equation
P*=ATP*A-ATP*B(R+ B"P*B)"'BTP*A+Q (6)
has a unique positive definite solution P*, the optimal control minimizing J(u) given by (2) is
uj = —(R+ BTYP*B)"'BTP* Az}, := —K*x, (7)
and the matriz
F* = A— BK* (8)

is stable. The optimal value of the cost function is J(u*) = tr(P*CVCT).

If V is known, then we can obtain the optimal value of the cost function (2). Generally the
algebraic Riccati equation (6) is hard to solve and some iteration algorithms were proposed to
approximate P* (see (37, 38]).

VI Algorithm
Step 1 Set n =0, Py =0, Ky = 0 and select a sufficiently small constant £ > 0.
Step 2 Compute P, 11 by

Poy1=A"P,A— ATP,B(R+ BTP,B)"'BTP, A+ Q. (9)
Step 3 Update the policy
Kny1=(R+BTP, 1 B)"'BTP,,, A (10)

Step 4 Stop if || Pyt+1— Pl < €, and let P, be an approximation of P*, otherwise set n «— n+1
and go to Step 2.

In [38], it is proved that the sequences { P, }52, and {K,}22, computed from the above VI
algorithm can converge to the solution P* of the algebraic Riccati equation (6) and the optimal
control gain K* respectively.

In the above VI algorithm, we need to know the parameters A and B of the discrete-time
linear system. To obtain the optimal value of the cost function (2), V' in (4) and the coefficient
matrix C of the additive noise are required to be known. However, in some practical problems,
the matrices A, B, C, and V are difficult to be accurately obtained. In this work, we will develop
a VI-based SADP method to obtain the optimal controller.
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3 VI-Based SADP Design for Optimal Control

3.1 System Parameters Transformation

Let u; € Upyq,1=10,1,--- ,k — 1, where k is the running time of the system. For all P € S,
and z; € R", by x;11 = Ax; + Bu; + Cw;11, we have

.13?+1P.13¢+1 = (Al‘z + Bu; + C’wi+1)TP(Axi + Bu; + C’wﬂ_l)

ATPA ATPB| | -
[T u7] +2(Az; + Bu;) " PCwijy

BTPA BTPB| |u;

+wZT+10TPCwi+1. (11)
Define
Hyy Hip ATPA ATPB
H .= = . (12)
Hsy Hoo BTPA BTPB

It follows from (11) and (12) that

Ty
2l Priyy = [x;r uﬂ H + 2(Az; + Bu,) " PCwi 1 +wh , CTPCw; 4
u;
T
z;
= |vecv vecs(H) + 2(Az; + Bu;)"PCw;t1 + w1 CTPCwiy1. (13)
U;

Adding tr(PCVCT) to the right of (13), and subtracting tr(PCVCT), we get

T
s
zl Priq = |vecy vecs(H) 4 tr(PCVCT) + 2(Ax; + Bu;) T PCwiyy
U;
+wl CTPCw; 1 — tr(PCVCOT). (14)
Define
oasov.ey=| O BV eI (1)
tr(PCVCT)
@i == [(veev ([} u;r]T))T 0%, i€ R(Hm(yrﬁl)ﬂ, (16)
and
e; = 2(Az; + Bu;) " PCw;i1 + w1 CT PCw;iq — tr(POVCT), (17)
Then, we obtain
zi1 P = ¢ 0(A, B,C,V, P) + ;. (18)
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We define three transformations 77, 75 and 73, such that

n=ATPA="T(0(A, B,C,V,P)), Hyn =B"PA=T(0(4,B,C,V,P)),

12=A"PB =[T,(0(A,B,C,V,P))]", Hy =B"PB=T;(0(A,B,C,V,P)). (19)
Now, we need to solve 8(A, B, C,V, P) from (18). In the following, we use the recursive stochas-
tic least squares method ([36], Chap. 4) to approximately solve 8(A, B, C,V, P) from (18).

3.2 Estimation of Unknown Term 60(A, B,C,V, P)
Multiplying ¢, on both sides of (18), we have that for any finite running time k,

= =
A Z% T0(A,B,C,V,P) + k Z%& = Z(cpix?HPle). (20)
ks

If ! Zz o Pipi is reversible, then from (20), we can get that

k—1

1 !
9(A,B,C,V,P) (k Zaplapz ) f Z%x;ﬂlpxwl

i=0
1 k= —1q k=1

_(k Z%@?) k Z%‘&w (21)
i=0 i=0

Since ¢; is unknown and } Z 0 vipT may be irreversible, 0( A, B, C, V, P) can not be calculated
by (21). We use the recursive algorithm for stochastic least squares estimate ([36], Chap. 4):

0(A,B,C,V, P,k +1) = (A, B,C,V, P,k) + by Gror (211, Prisr — o1 0(A, B,C,V, P,k))

(A, B,C,V, P, k) + bi.Grpr[(vecv(zg 1)) Tvecs(P)

— Qi H(A B,C,V,P, k)] (22)
and
Giy1 = G — G TGy,
k41 k kGLPLPE Gk (23)
b = (1+ ¢4 Gror) ™"
We set Gog = BOI(HM)(TMIH)H,&) > (o > 0, where e is the natural constant, and set
2
0(A, B,C,V,P,0) = 0. For such a selection of §(A4, B, C,V, P,0) and Gy we get
-1
(A B,C,V,Pk) ( Z%% I<r+r1)(;+r1+1>+1)
=
X k ; wix?+1pxi+1. (24)

In the following, we prove limy_, é\(A, B,C,V,P,k)=0(A,B,C,V,P) as..
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3.3 Convergence of é\(A,B, C,V,Pk)

Let @ := [zi1 xio -+ zip)T € R" and w; := [u1 wia -+ U]t € R™. For the
convergence of 0(A, B,C,V, P, k), we need a persistent excitation condition:

(A6) There exist constants kg > (H“)(g”lﬂ) +1 and ag > 0, such that | Ef:_ol il >
OZQI(T+T1)(T+T1+1)+1 for all k£ > ko.

2
We can design a controller with stochastic excitation to make the system states satisfy (A6).

For example,
u; = u; +e = —Kx; + e, (25)

where K is chosen such that A — BK is a stable matrix, e; is the excitation signal. Similar to
Chapter 6 of [36], we need some conditions for e;:

(C1) Fori >0, e; € F;. {ei}32, is a sequence of r;-dimensional independent and identically
distributed random vectors, and {e;}5°, is independent of {w;}32, satisfying E(e;) = 0 and
E(eiel) = limg_ oo ]1€ Zi:ol eier =1,,.

(C2) Denote e; := [e;1 €2 - ewl]T, and let e; 1, €;2, - - -, €, be mutually independent.
{ei1}20, {€i2}Z0s < s {€irm 1520, {wist2o (s = 1,2,---,d) are mutually independent se-
quences with E(eib) =0forb=1,2,---,r1, where w; ¢ is given by wy 1= [wg1 wr2 - wk,d]T.

(C3) There exists a constant a > 0 such that sup, |e; 5| < a a.s. for b=1,2,--- 7.

Remark 3.1 (i) Different from conditions for e; in Chapter 6 of [36], we require that e;
satisfies (C2).

(ii) The family of o-algebras {F;} is rich enough such that both w; and e; are F;-measurable,
otherwise, we need to extend F; appropriately ([36]).

(iii) By (C3) and (A3) ({wr}i, is not necessarily a.s. bounded), it can be verified that
u; € Upg with u; defined by (25) (similar to [31]).

The following lemma implies that the control law (25) can make the system states satisfy
(A6).

Lemma 3.2 For the closed loop system (1) and (25) under (A1)-(A3) and (Ab), there
are constants ag > 0 and ko > 0 such that

k-1
)\min(z 801‘%0?) > ook, Vk 2> k. (26)
=0

Proof See Appendix A.
Thus, we have the following convergence result.

Theorem 3.3 If (A1)—(A3) and (A5)—(A6) hold, then

~

lim (A, B,C.V.P.k) = 0(A, B.C,V,P) a.s., (27)

-~

where (A, B,C,V, P, k) and (A, B,C,V, P) are given by (22) and (21) respectively.
Proof See Appendix B.
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4 VI-Based SADP Algorithm, Optimal Controller, and Related Anal-
ysis

By (22) and mathematical induction, we see that 6(A, B,C,V, P, k) is linear in P. Hence,
~ ((T+T1)(;+T1+1)+1)XT(T2+1) and MO — 0

we have 0(A, B,C,V, P, k) = Myvecs(P), where M € R
Since (11) is satisfied for any P € S,, by replacing 5(147 B,C,V,P,k) in (22) with Myvecs(P),
we obtain

M}C+1 = M, + kakcpk[(vecv(ka))T — SDEMI@]~ (28)
By the convergence of g(A, B,C,V, P, k), we get
klim My =M as., (29)

where M satisfies 6(A, B,C,V,P) = Mvecs(P) for all P € S,. Let A = [a1 a2 -+ ay),
B =1[b1 by -+ b,] and CVCT = (hs,;), where, for b=1,2,--- ,r, a, = [ay, ay, - a,,]T €R"

is the bth column of A and for j = 1,2,---,71, b; = [by; by; -+ b,;]T € R" is the jth column
of B.

Define f(a,,b;) := [2a1,b15 ay,bys+ag,by; -+ 2a,b,5]" € R™:Y for b= 1,2, ,r, j=
1,2, 115 flay,a3) = 20,05 G055 + agap - 2arbaT3]T eR™Y ford #+ B, b, b=
1,2, 7 g(CVCT) := [hiy haa -+ hy hoo hog - heJT € R™2 and f(b;,b5) =

2615015 bujby; + bojby; - 2br5br3]T e R for j # 7, j, J§ = 1,2,---,r1. Then

M = [vecv(ay) f(ai,az) --- f(ai,by) vecv(az) --- vecv(b,) g(CVC™M)T.
Now, we give our VI-based SADP Algorithm:

Algorithm 1 VI-Based SADP Algorithm

Step 1 Set k = 0,P) > 0, My = 0, Ko = 0, 79 = 2§ = 0 and sclect a sufficiently small
constant £ > 0.

Step 2 Input ur = —Kuxy, + e, into the system (1), where K is chosen such that A — BK is a
stable matrix and ey, is chosen to satisfy (C1)—(C3).

Step 3 Compute M1 by (23) and (28).

Step 4 Compute

gl(A, B,C, V,ﬁk, kE+1):= Mk+1vecs(]3k),
Per1 = Ti(61(A, B,C,V, Py, k+1)) — (Ta(61 (A, B,C, V, Py, k+1)))
(R +T3(0:(A, B,C,V, Py, k + 1)) (61 (A, B,C,V, P,k + 1)) + Q,  (30)
52(14, B,C, V,]3k+1,k; +1):= Mk+1vecs(]3k+1),
Kip1 = (R+ T3(02(A, B,C,V, Dyyr, k + 1) Ta(02(A, B,C,V, Pyyr, k + 1)). (31)

Step 5 If 131@+1 # 0, then ﬁk+1 — ﬁo, set k «— k+ 1 and go to Step 2. If 131@+1 > 0 and
|\]3k+1 - ]3k|\ < g, then let P, be an approximation of P*, otherwise set k +— k + 1 and go to
Step 2.
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In Algorithm 1, || Pyi1 — Py|| < € is a termination condition, which means that we stop the
iteration once f’k changes by only a small amount in an iteration. Without this termination
condition, we can obtain two sequences {ﬁk},;“;o and {K. k1o, and the following convergence
result.

Theorem 4.1 For Algorithm 1 under (A1)—(A5), we have limj_.co Py = P* a.s. and
limy oo K = K* a.s., where {ﬁk}gozo and {IA(k}gc’:O are given by (30) and (31) respectively.

Proof See Appendix C.

For the optimality of the control policy, we have the following result:

Theorem 4.2 For the system (1) and the cost function (2), if (A1l)—(Ab) are satisfied,
then

ﬂ% = —I?kxg (32)

is the optimal controller, where I?k is given by (31) and x is the closed-loop solution under the

controller u.

Proof See Appendix D.

Remark 4.3 Since limp_. o ﬁk = P* a.s. and limy_.oo M}y = M a.s., we have limy_.
Myvecs(Py) = Mvecs(P*) = 6(A, B,C, V, P*). The element in the last row of (A, B, C, V, P*)
is tr(P*CVC™). Hence, when C and V are unknown, we can obtain an estimate of the optimal
value of the cost function (2) by Algorithm 1.

5 Numerical Simulation
In this section, we present a simulation example to show the effectiveness of our VI-based

SADP algorithm and the designed controller.
Consider the two-order stochastic linear discrete-time system

1 0.7 11 20
Tht1 = Ty + up + Wh+1, (33)
—-0.20.3 00.8 01

where wy, ~ U(D) for k = 0,1,---, D = {z = (v1,22)T : 0.5 < z; < 05,5 = 1,2} and
wo, w1, - - are independent and identically distributed. w; 1 and w; 2 are mutually independent,

and w; s ~ U(—0.5,0.5) for s =1,2. The cost function is considered as (2) with R = Q = Is.

By VI Algorithm when system parameters A, B, and C are known, we have

1.5288 0.2201 K 0.4606 0.2386

*

0.2201 1.1947| 0.1878 0.3125
If the matrix
1
V=12 (1)
0 19
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is known, then we get that the optimal value of the cost function is 0.6092.
For our proposed the VI-based SADP Algorithm 1, we take that the initial state is chosen
asxo = [0 0]T . Let up = —Kuxy, + ey, where

0.50.7
0 0

and e; ~ U(ZA)) for k = 0,1,---, D = {z = (z1,22)T : V3 <z < V3,i= 1,2} and
€o, €1, -+ are independent and identically distributed. e;; and e; 2 are mutually independent,
and e; p, ~ U(—\/S, \/3) forb=1,2.

From Figure 1(a) and 1(b), we can sce that the elements of P, and K, converge to the corre-
sponding optimal values P* and K*, respectively. In Figure 1(c), (Mkvecs(ﬁk)) lasy TEDTESENES
the element of the last row of Myvecs(Py), and we get that the estimated value of tr(P*CVCT)
is 0.6100, which is closely to the optimal value 0.6092. Figure 1(d) shows that the cost function

~
/\O /\O _ O . . .
J(@”) under the controller u; = —Kjz, can asymptotically approximate the optimal value.
2.00 0.8
B S R S Jp—)
SPun =P =P Ph Ri s~ R ag Kby =Ko
1751 0.7
1.50 4 0.6
1254 0.5
@ 1.001 ¢ 04 '/ﬁ
0.754 0.3 ff e S e
0.50 1 0.2
0254 o ibeszzmdmooas 01
0.00 ; 0.0
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Iteration or time step (k) Iteration or time step (+)
(a) Convergence of Py (b) Convergence of Ky
25 25
— (Mvecs(B))ast — @)
——tr(P'CVCT) ——tr(P'CVCT)
2.0 2.0
g 15 15
< &
I 3
g =
210 1.0
T
0.51 0.5
0.0 0.0
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Iteration or time step (k) Iteration or time step (k)

(c) Convergence of (Mkvecs(lsk)) (d) Convergence of Jj(u®) under the controller u¢

last
Figure 1 Convergence of ﬁk, I?k, (Mkvecs(ﬁk))

under the controller G2
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Table 1 shows that ||Pyyq — Pe < 0.01 is satisfied when k > 4800, || Pyy1 — Pi < 0.005 is
satisfied when k > 7500, and || Pyy1 — Py|| < 0.0025 is satisfied when & > 9500.

Table 1 Different values of

€ ko Hﬁk-‘—l_ﬁkH <ek>ko
0.01 4800 Yes
0.005 7500 Yes
0.0025 9500 Yes

6 Concluding Remarks
In this paper, we developed a VI-based SADP algorithm to solve the optimal control problem

of unknown linear discrete-time systems with additive noise. Our proposed algorithm can
directly use the value of system states to obtain the optimal controllers and the optimal cost
function without estimating expectation (conditional expectation) and variance (conditional
variance) of states or other variables. It should be pointed out that for unknown linear systems
with additive noise, the analysis of the optimal control is hard. In this paper, we made a
try to give an SADP algorithm for the optimal control of such systems and supply rigorous
convergence analysis of the algorithm and the optimality analysis of the controller. In our
future work, we will investigate the method of stochastic adaptive dynamic programming for
more general cases.
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Appendix A: Proof of Lemma 3.2

Firstly, we show that {u;}°, and {z;}3°, are a.s. bounded.
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By (25) and e; € F;, we get u; € F;. For (1) and w;—1 = —Kx;—1 + €;-1, we have

i—1 i—1
=(A-BK)'wo+» (A—BK)'Be; 11+ » (A—BK)'Cw; ;. (34)
=0 =0

Since A— BK is the stable matrix, there are Sp > 0 and A € (0, 1) such that ||A— BK||* < So)\i
for all 4 > 0 by [35]. ‘
It follows from a.s. boundedness of {w;,}32,, |4 — BK||* < SoA’, and (C3) that there exists
a constant a > 0 such that sup; |z, ,| < a as. for b=1,2,---,r. This together with (25) and
(C3) implies that there exists a constant & > 0 such that sup; |u; 3| < @ a.s. forb=1,2,--- 7.
Secondly, we prove that (26) is true by the proof idea of Theorem 6.2 in [36].

Since (26) is equivalent to

k—1
.. 1 ) T
lim inf Amm<i§0 %%) >0, (35)

we will prove that (35) holds in the following.

Now, (1) can be written in the following form (I — Az)zky1 = Bzugs1 + Cwiy1, where 2z
denotes the shift-back operator: zxyy1 = xi. det(I — Az) denotes the determinant of I — Az.
Let

= (det(I — A2))*pr, (36)
det(I — Az) =ap+a1z+---+apzf, p<r, (37)
where ag, a1, - ,a, depend on the elements of A.

By the Cauchy-Schwarz inequality, we have

k—1 P
mm<zglgz ) HHHIfl (¥ 997 y) < (p+1) (Za ) mm<2%% ) (38)
=0 7=0 =0
Thus, for (35) it suffices to show that
k—1
lim inf k™ Amin ( Zgig?) > 0. (39)

=0

Now we use proof by contradiction to prove (39).
If (39) were not true, then there would exist a vector sequence {fy,, }:

(r+r1)(r4+ri+1)

_ T 41
Br = [Qhpy1 Q2 =50 @ Gtrprtm+ L] € 2 ;
km s 2 +1

such that ||G,, || = 1 and

lim kml(kfwzmgm) —o. (10)
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Adj(I — Az) denotes the adjoint matrix of I — Az. Let
(AQi(I — A2)" = [a1(2) az(2) -+ ar(2)], (41)
[(det(I — A2))I., Oy xa)" = [det(I — Az)y, det(I — Az)yg -+ det(I — Az)y,,],  (42)
where, for b = 1,2,---,r, q,(z) € R" is the bth column of (Adj(I — Az))", and for b =

1,2,---,r1, v € Rt is the column vector of the bth row with 1 and other rows with 0.
Notice that

(det(I — A2))zx = (Ad)(I — A2)[Bz C] |"*], (43)
Wi
ug
(det(I — Az))ug, = [(det(I — Az))I,, 0] , (44)
W
and definition of ¢;. Then we have
T * T
B B
B g = laka vec : a1(2)al (2)[Bz C] + ay,, 2 | vec N a1 (z)a (2)
m CT ’ CT

T
x[Bz C])) o ey (det(I — Az))?(vec(yr 7)) "

Uq Uq
X ® + Oék (T+T1)(r+r1+1)+1 (det(I — AZ))2 (45)
w; w; ms 2
Let
T T T
Bz B'z
Ly, (2) = ag,, 1 | vec al(z)alr(z)[Bz C] + ag,,.2 | vec al(z)ag(z)
! CT CT

T
x[Bz C])) ey e (det(T — Az))* (vec(y 7" )"

2p
(9) (9 (9) j
= Z[pkjm,l Piona pkjm,(m+d)2]zj’ (46)
3=0

= 1, we have that p,(iz,l,pgz’g? Ty

m H

where, for 7 = 1,2,---, (r; + d)?, p,i{iﬁ € R. By |8k
pgii (r1+a)2 are bounded. By (45) and (46), we get

Em—1 Em—1
. _ . — 0 0 0
T,}E,noo kml Z (ﬁl}:ﬂgi)Q = T,}E)noo kml Z [pl(gw?,,luzz,l + (pé,,zg + pl(€737m+d+1)ui,1uiy2
i=0 1=0

+---+ p,(jf’)(nwng,p’d + Olkm7 ('r+7"1)(;“+7“1 +1) +1
2
x (det(I — Az))ﬂ

= 0. (47)
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By (25), (47) and combining terms containing e; 1, we have

km—1 km—1
dim k(A g0 = im kS [(2000) i+ (6 s+ A s )i
i=0 i=0
(p,0) (p,0)
+oe Tt ('Vkp r14d +’yki,,(r1+d 1)(r1+d)+1>wt pd)el 1
0 0 2
+P( : AU 121 + P( : 1%2,1 +ot p](<;7f?(r1+d) z2 p,d

2
+akm,(r+r1)(72“+7“1+1)+1(det(I — Az)) }
=9 (48)

where *y(p 21+d € R, and the sum of the coefficients of w;_1,1w;—(p—1),a> Wi—2,105—(p—2),d> ="

(»,0) (p) (p,0) ) @ ©)
Ui—p,1Wi,d and WL 38 Pk e rae FOT N 1 )t Phads Phn2 T Pl ()

i =1,2,---,2p — 1, we have the same argument. The coefficients of all terms in (48) are
bounded by ||5;C
Let gl, = O’{€j71,€j+1,2,~'~ ity Wi1,1,Wid1,2,° -+ s Wit1,d, 0 < j < 4}, It follows from
(C1) and (C2) that {e; 1, g§1>} and {e |, g§1>} are martingale difference sequences. Notice the
facts that z; o Wibs €ibs Wib, and w; s are a.s. bounded for b=1,2,--- ,r, b=1,2,--- ,r;, and
s=1,2,---,d and p(J) 1 pl(fﬂz , p](j”)“(rler)g, QRO |y (det(I — Az))Q, and O,
are bounded for j = 0,1,---,2p. Then, by Theorem 2.8 of [36] we have that for any n > 0,

)

m H

km—1

_ 0 0 2
k! Z {P( : 1Y 121 + Péﬁ 1€$1 +ot pl(c,f)(rl+d)2wl2 pd T O iy
=0

0 0
x (det( — Az)) } {2,0;%3 Ui+ (p( ) o+ pérz,rﬁdﬂ)ul 2
0 0
+ot (%gi 21+d + ’yl(cfn,()rl+d71)(r1+d)+1)wi7pvd:| €i,1

= O(k;bl X kﬁl log2+’7(l€m + e)) —0 (m—o00) as. (49)

This together with (48) implies

k:777/7
n}iinoo o’ Z [(2/’2) 11+ (P( ) ot chrz,rﬁdﬂ)uz 2
i=0
(p,0) (p,0) 2
+eoet (’ykl; r1+d + ’yki,,(rl+d71)(r1+d)+1)wi*p,d)ei,l]
=0 (50)
and
Fn—1
. _ 0 0 2
Jim kST (o) e+ o s A g pa
i=0
det(I — A2))%)?
+O{k77“(7‘+7‘1)(;‘+7‘1+1)+1( et( - Z)) )
=0. (51)
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It follows from (C1) and (C2) that {e7, —1, Qi(l)} is the martingale difference sequence. Notice

the facts that w;p, u;p, and w; s are a.s. bounded for b =1,2,---,r and s = 1,2,--- ,d and
/’;cl;),p pg;)g, . pg;)(rﬁd)g, and O, are bounded for I; =0,1,--- ,p. Then, by Theorem 2.8
of [36], we obtain
Em—1
. _ 0 0 0
n}gnoo o Z (2P21,1“i,1 + (pgciz + Pii,r1+d+1)“i,2
i=0

(p,0) (p,0) 2
4.4 (’ykfn,m1+d + ’yk;l:n,(rl+d71)(T1+d)+1)wi7p’d) (612,1 - 1)

=0, (52)
and by (50)
k:777/71
. _ 0 0 0
mlgnoo F' Z (Qpl(cﬂ),,luivl + <Pii,z + Pii,r1+d+1)“i,2
=0
(p,0) (p,0) 2
e (W trd T Vi (1 d—1) (ra ) +1) @i )
—0. (53)
Notice that limy—c . Zf;ol e;el = I.,. Thus continuing similar argument for (53), we get
. 0 0
77}E>noo(pl(€")“2 + pl(c,,)“rl—i—d—i—l) =0. (54)
Similarly,
li ) =0, 4,=0,1.--- 1
mgnoo pk"uil(rl +d)+i1+1 ’ “ B e ' (55)
: () _ c_ .
Hm pp i mad b1 = 0 1 =01 d =1
: (9 (9 _
lim (PR (v 1) ()i Ph (o1 () 1s1) = 05
31:1727"'7T1; i2:81+1,81+2,"',7‘1+d; (56)
: () ) _
(087 a1 () iatrs T Pl (r1 iz =1 d) +sara) = O
so=1,2,---,d—1; da=s9+1,80+2,---,d; (57)
n}ilnoo QDD Ly = 0, (58)

where 7 =0,1,---,2p.
Since {oz]C (rtr)(r4r+1) - + 18 bounded and (58), there is a subsequence {« (rbr1)(rbri1) Lo
ms 2 +1 k}mT, 2 +1
satisfying
lim « (7‘+7‘1)(7‘+7‘1+1)+1 =0. (59)
2

T—00 k""T !

Since {0y, } is bounded, there exists a convergent subsequence tending to a limit
ﬂ = [Oz1 Qg a(r+r1)(g+'r1+1) O]T

with unit norm.
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Let
BTz T BTz T
Hy, (2) = ag,, 1 ot a1(z)ai (2)[Bz C]+ au,, 2 ot a1(z)as (2)[Bz C]
Feay e (det(I — A2)) T (60)
m s 2
For j = 0,1,---,2p; pl(iz,,l’ p,(izg, RN pgz (r1d)2 BT€ bounded. This together with (46)
and (55)—(57) implies that there is a subsequence {Hg,, (2)} satisfying
lim Hy,, (z) = H(2), (61)
where
BTz T BTz T
H(z) = oT a1(z)aq (2)[Bz C]+ as ot ai(z)ay (2)[Bz C]
2
+- Oé(r+r1)(g+’f1+1) (det([ - AZ)) %17?1 (62)

and H(z) is an anti-symmetric matrix.

Since H(z) is the anti-symmetric matrix, we have
H(z)+H(z)T =o0. (63)
By (A5) and comparing coefficients of elements on both sides of (63), we obtain
QL= Q2 =0 = Qrgr@int) = 0. (64)

Thus, it follows from (64) that 8 = 0. However, this is a contradiction with ||| = 1. Thus (39)

is true. The proof is completed.

Appendix B: Proof of Theorem 3.3

Let u; = —Kx; + e;, where K is chosen such that A — BK is a stable matrix, and e; is
chosen to satisfy (C1)-(C3). Thus, by (A3) ({wr}72, is not necessarily a.s. bounded) we have
{ui} c Z/{ad, ie.,

k—1

Y (luwil’® + Jlil®) = O(k) - as.. (65)

i=0
By Theorem 2.8 of [36] and (A3) ({wx}72, is not necessarily a.s. bounded), we obtain that for
any § > 0,

k—1
1
k Z(A.]Zl + Bui)TPCwiH

=0
|, (k::aw + i) é (10x S (el + )+ ) W]

i =0

o(\/lk (log(k + ©)) é”) S0 (k—oo) as. (66)
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It follows from (4), (17), and (66) that limj_ ; Zl o €& = 0 a.s.. By the proof of Lemma 3.2
and the definition of p;, we know that there exists a constant M° > 0 such that sup, [p; »| <
MCas. forh=1,2,---, (T+T1)(g+”+1) + 1.

By (21), (24), and Lemma 3.2, we get

lim (6(A, B,C,V,P,k) —0(A, B,C,V, P))

k—oo
1 = -1
= 11m {K Z%% I<r+r1)<;+r1+1)+1) - (k Z@W?) }
i=0
= = !
X i Z cpix;rHPxiH} + khlgo { (k Z 901‘90?) k Z %Ez}, k> ko. (67)
=0 1=0 =0

Let
= 1 -1
_ T
Ey = (k ;:0 pip; + kﬂOI(Nrm)(ngerl)_i_l) . k> ko,

-1

1 k—1
Ekz(stom;f) : k> ko.
=0

For k > ko, notice that Ej, — By = Ex(Ey — E;")Ey and limy o0 (B, — E; ') = 0. Thus,
it follows from sup; |p; n| < MY a.s. and Lemma 3.2 that limy_ (E;C — Ek) = 0 for k > ko.
This together with sup; [¢;n| < MY a.s. implies
= 1 1 = -1
. T T
klggo { {(k ; vip; + kﬁol(r+r1)(g+m+1>+1) - (k ; PiP; ) }
=
=0, k> k. (68)

It follows from limy oo Zl o & =0 as., sup, [ ] < M? a.s., and Lemma 3.2 that

1, k-1
1 -
hm {( E <p1<pl) f E gpisi} =0, k>ko. (69)
i=0

By (67), (68), and (69), we have limg_, o g(A,B,C,V,P, k) — (A, B,C,V,P) = 0. The proof

is completed.

Appendix C: Proof of Theorem 4.1

Let A = (ai;) € R™", P = (p;;) € R"™*", and B = (b;;,) € R™*"™, where 4,j = 1,2,--- ,r
and j; = 1,2, ,r;. By (A4) there are constants o, jo, So € {1,2,--- ,r}andly € {1,2,--- ,r1}
such that a;,;, > 0 and b,,;, > 0.

For (29), define Gy := {w| limg—co Mx(w) = M}, and P(Gy) = 1. We denote My(w) :=
[vecv(an)r(w) f(a1,az)i(w) - fla1, br )i(w) veev(az)y(w) - - veev(br, Jx(w) g(CVCT)p(w)]",
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where
7‘(7‘+1)
veev(ay)e(w) = [(af,)k(w) (ag,a0)k(@) - (a2)r(w)]" €R b=1,2,-- 7
r(r+1) -~
veey(by)i(w) = [(03;)k(w) (byzbop)r(w) - (BZ)k(w)]" € R J=12
r(r+1)
flay: 0;)k(w) = [(2a1,b15)k (W) (@1,bo5 + agyby;)k(w) - (2arbbr5)k(w)]T ER >
forb=1,2,---,7, j=1,2,---,71;
r(r41)
Flay, ap)i(w) = [(2ay,a5)k(w) (ag,005 + agag)e(@) -+ (20,,0,5)kwW)]T €R 2
for b;ég, b, b= 1,2, .7,
r(r4+1)
F(b3,05) k(@) = [(2b13b15)8(w)  (by3by5 + bazby)i(w) -+ (20,50,5)k(W)]T €R =2
for j # 7, j, j=1,2-,m; and Q(CVCE) kW) o= [(h)(w) (h2)e(w) -+ (har)r(w)
(ho2)k(w) (has)k(w) «+ (he)e(W)]T € R , w € Go. It follows from (29) and definitions
of My(w) and Gg that
kh_{go veev(aj, )k (w) = veev(aj, ), 1220 veev(by, )i (w) = veev(by,), (70)

for all w € Gy.

Let w € Gy in the following.

By daigjo > 0, bsyr, > 0, and (70), there are k; < oo and ke < oo, such that (a zOjo)k(w) >0
for all k > ky and (b2, )x(w) > 0 for all k > ky, respectively.

For j =1,2,---,r, the way to construct (a;;,)x(w) and (bj;,)x(w) is shown in Figure 2.

- lim veev(a;,) (@) = veev(ay,)
lim My(w) = M ) i >
{m vec(by), (@) = vecv(by,)

Jim (a1,,25,),,(©) = @iy,
Jim (beyiybjiy), (@) = bsyi,bji,
for =1, 2, =,

lim (ay,), (@) = aj;,

k- =

{;‘m(,l)(m by, D)= {(Ei) (0> 0

for j=1, 2, =, 1 .J—()>0
®

E Qigjo > 0
(@ {bw >0

(buy) (@) = G

Solo 1o ) (-
(b

@
for k> maxky, k) and s % ip and /% 5

Figure 2 Design of (a;j,)r(w) and (bji,)(w)

Thus, we have
i (ajo)n(w) = agjo,  lm (bj)u(w) = bjio, (71)

forj=1,2,---,r.
Similarly, we get
lim (aﬁ)k(w):aﬂ? 7;:1727"'7r; ;:1727"'7j0_17j0+17"'77n;
k—oo (72)
khm(bm)( )_bmlv i:1727"'7r; j1:1727"'7l0_17l0+17"'7rl
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Let Ag(w) := ((aiy)r(w)) € R™", Bi(w) = ((bij, )x(w)) € R™™. It follows from (71), (72),
and definitions of Ag(w) and By (w) that limg_,o Ax(w) = A, limy_.~ Bi(w) = B.
Now, (30) in Algorithm 1 is equivalent to

Prp1 () = ALy (@) Pr(@) Apyr () — ALy (@) Po(@) Brot (0) (R + BEy1 (@) Pr(w)
X Bi1(@)) T B () Be(w) A () + Q (73)

where k + 1 > k1 = max{ki, k2}, lgkl(w) >0, and k; < co.

By (73) and mathematical induction, we know that Py(w) > 0 for k > k.

Now, Algorithm 1 is summarized in (73), and f’kl(w) > 0. Thus, by Theorem 3.4 of [36],
we get limy 00 Pr(w) = P* and limg_, o Kj(w) = K*, where w € Gy. The proof is completed.

Appendix D: Proof of Theorem 4.2

By the proof idea of Theorem 8.3 in [36], we can proof Theorem 4.2.

For (31), we have K; € Fj, which together with (32) implies uy € Fr. We know that
limy oo I?k(w) = K* by Theorem 4.1, where w € Gy and P(Gy) = 1.

Now, we show that {u})} € Uaq. Since limg_o I/(\'k(w) = K* and A — BK* is the stable
matrix. By Theorem 8.3 of [36], we get

(A = BKj(w))(A — BEy_1(w)) -+ (A — BKo(w))|| < co*™',0€(0,1), Vk>0, (74)

where ¢ is a positive constant and w € Gy and P(Gg) = 1.
It follows from (1) and (32) that
o) = (A= BEKj_1)(A— BKj_3) -+ (A— BKo)a) + > [(A— BK;_1)
i=1
X(A—BEjy_2)--- (A — BEj_;)Cuwy;] + Cuwy. (75)

It follows from (74), (75), and a.s. boundedness of {wy }72, that there exists a constant M* > 0
such that supy, ||z9| < M*' a.s.. This together with (32) implies {u} € Uyq.

Now, we prove that @9 is optimal. By Theorem 8.3 of [36], for any % € U,q, we have
132 T
J(i) = tr(P*CVC™) + lim sup ( . > i+ (R+ B"P*B)"' B P* A

k—oo i—0
x(R+ BTP*B)[u; + (R + BTP*B)‘lBTP*Aa:i]) . (76)

Thus to complete the proof it suffices to show that for the control law 4} defined by (32)

k—1
1
limsup , Y ||l + (R+ BTP*B)~'BTP* Ax|*> = 0. (77)
k—oo k i—0

It follows from limy_..c Ky = K* a.s. and supy, [|[2%]] < M* a.s. that (77) is true. Hence, @) is
the optimal controller. The proof is completed.
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