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Abstract In this paper, the authors study the fully distributed event-triggering consensus problem

for multi-agent systems with linear time-varying dynamics, where each agent is described by a linear

time-varying system. An adaptive event-triggering protocol is proposed for time-varying multi-agent

systems under directed graph. Based on the Gramian matrix of linear time-varying systems, the design

of control gain is done and sufficient conditions ensuring the consensus of linear time-varying multi-

agent systems are obtained. It is shown that the coupling strength is closely related to the triggering

condition. When it comes to undirected graph, it is shown that the coupling strength is independent

on the triggering condition and thus the design procedure is of more freedom than the directed case. In

addition, it is also proved that Zeno behaviours can be excluded in the proposed protocols. A numerical

example is presented to demonstrate the effectiveness of the theoretical results.

Keywords Consensus, event-triggering, fully distributed control, multi-agent systems, time-varying

systems.

1 Introduction

In the past decades, coordination of multi-agent systems is one of the hottest research topics
in control system area[1–6] due to its wide applications in attitude of spacecraft alignment,
smart grids, distributed optimization and so on. The basic problem of consensus is to design a
distributed protocol such that all the agents can reach an agreement in which the distributed
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protocol only depends on the local state of each agent and its neighbors. As a consequence,
numerous results have been reported on how to design the distributed protocols in multi-agent
systems[7, 8]. One common feature on consensus of multi-agent system is that it needs to know
the eigenvalues of the Laplacian matrix of the graph. However, as the Laplacian matrix is a
class of global information, in some situations, especially the network size is large, this global
information may be unavailable. In this case, over the past ten years, some efforts have been
devoted to designing adaptive protocols to study consensus of multi-agent system without using
the Laplacian matrix[9–12], where the main idea is to design an adaptive mechanism to tune the
coupling strengthes.

On the other hand, over the past decade, in order to reduce the resource communications
caused by continuous communications, many event-triggering protocols have been proposed in
multi-agent systems[13–18]. It should be noted in [13–18], they have used the eigenvalues of
the Laplacian matrix. As mentioned above, such design encumbers their applications in large
scale networks. Thus, very recently, there are some efforts reported on fully distributed event-
triggering control of multi-agent systems[1, 19–22]. In [1], a fully distributed event-triggering
protocol is designed to solve the consensus problem of multi-agent systems on undirected graphs.
In [20], fully distributed event-triggering consensus problem is investigated for linear multi-
agent systems on undirected graph and in [19], adaptive event-triggering consensus problem is
investigated for linear multi-agent systems on directed graph.

Moreover, in some practical applications, owing to model uncertainties, performance degra-
dation and external disturbances, many practical engineering systems are time-varying[23–26].
Thus, it would be more appropriate to model practical multi-agent systems by time-varying
systems. The investigation on time-varying systems is more difficult than the time-invariant
ones since some well-known methods such as linear matrix inequality and examining eigenvalues
in time-invariant systems are no longer valid in time-varying systems. Actually, as mentioned
in [27, 28], the asymptotic stability of linear time-varying systems has been listed as the first
open problem in mathematical systems and control fields. Thus, several researches have been
committed to address the stability problem of linear time-varying systems in the past few
years[28–31]. Although some efforts have been devoted to investigating the stability problem of
linear time-varying systems, there are few results being reported on consensus of multi-agent
systems with linear time-varying dynamics[23, 24, 26]. Meanwhile, it is worth pointing out that
the results in [23, 24, 26] are still restrictive. For instance, in [26], the control gain design
problem has not fully been investigated. In [24], the matrix B(t) is assumed to be an identity
matrix and the transition matrix is assumed to be bounded by a constant that is greater than 1.
Moreover, the communication graphs are assumed to be undirected and global information of
the Laplacian matrix is required in [23, 24, 26]. In a word, it is challenging to derive a fully
distributed event-triggering protocol for the multi-agent systems with time-varying dynamics
under directed graph, since the design procedure of the fully event-triggering protocol not only
depends on the agents’ time-varying dynamics but also depends on the network topology.

In this paper, we aim to investigate the fully distributed consensus problem for multi-
agent systems with linear time-varying dynamics under event-triggering control. Based on the
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Gramian matrix of linear time-varying systems, the control gain design problem is presented
and sufficient conditions are derived ensuring the consensus of time-varying multi-agent systems
on directed graph, where coupling strengths are dependent on the triggering condition. In the
case of undirected graph, it is shown that the design procedure of the fully distributed event-
triggering protocol is of more freedom than in the directed case. The novelties of this paper
can be concluded as follows: 1) Linear time-varying dynamics are considered in this paper.
Unlike existing results on event-triggering consensus in [1, 13–16, 19, 21, 22, 32], each node’s
dynamics is described by a linear time-varying system in this paper, which makes our current
research quite challenge since the classical methods in time-invariant systems such as Ricatti
equation, linear matrix inequality and examining eigenvalues are no longer valid in time-varying
systems. 2) The fully distributed event-triggering consensus problem is investigated for multi-
agent systems with linear time-varying dynamics on directed graph. In addition to the linear
time-varying dynamics, a fully distributed event-triggering protocol is designed on the directed
graph, which is more involved than in the undirected graphs[1, 21, 22]. Moreover, the existence
of the fully distributed event-triggering protocol is proved to be existed by using the Gramian
matrix of linear time-varying systems and Zeno behaviours are proved to be excluded.

The organization of this paper is as follows. In Section 2, some preliminaries and problem
statement are introduced. The fully distributed event-triggering protocols are proved to be
existent in Section 3. Numerical examples are presented in Section 4 while Section 5 summarizes
the results.

2 Preliminaries and Problem Statement

Throughout this paper, R
n×m represents the set of n × m real matrices. In is the n × n

identity matrix and ⊗ denotes the Kronecker product between two matrixes. For real symmetric
matrices X and Y , X ≥ Y (X > Y ) represents that X − Y is semi-positive (positive) definite
and λM (X) and λm(X) denote, respectively the maximum and minimum eigenvalues of X . ‖·‖
denotes the 2-norm and N stands for the set of nonnegative integers.

A directed graph G is represented by a pair (V , E) in which the nonempty finite set V is
the node set and E ⊂ V × V is the set of edges. A node j is said to be a neighbor of node i if
(j, i) ∈ E . The neighbor set of agent i is defined as Ni = {j|(j, i) ∈ E}. In a graph, if (j, i) ∈ E
implies (i, j) ∈ E , then the graph is said to be undirected. A path from node j to node i is
a sequence vi0 , vi1 , · · · , vil

of distinct node such that (vik
, vik+1) ∈ E , k = 0, 1, · · · , l − 1 with

vi0 = j and vil
= i. A directed graph is said to contain a spanning tree if every other node

can be reached from a node (usually call as the root node) through a directed path. A directed
graph is strongly connected if for any two distinct nodes vi, vj ∈ V there exist directed paths
from vi to vj and vj to vi. The adjacency matrix A = [aij ]N×N associated with the graph G is
defined as: aij > 0 if agent j can send information to agent i, otherwise aij = 0. The Laplacian
matrix L is defined as L = D −A, where D = diag{∑N

j=2 a1j ,
∑N

j=1,j �=2 a2j , · · · ,
∑N−1

j=1 aNj}.
Consider N agents described by the following linear time-varying system:

ẋi(t) = A(t)xi(t) + B(t)ui(t), i = 1, 2, · · · , N, (1)
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where xi(t) ∈ R
n and ui(t) ∈ R

m are the state and the control input of the agent i, respectively.
In this paper, we are interested in the following fully distributed event-triggering protocols:

ui(t) = K(t)
∑

j∈Ni

ci(t)aij(xi(tik) − xj(tik)), t ∈ [tik, tik+1), (2)

where tik with ti0 = 0, k ∈ N is the k-th triggering instant of the node i, i = 1, 2, · · · , N . K(t) is
the control gain matrix needs to be designed. ci(t) > 0, i = 1, 2, · · · , N are adaptive coupling
gains. The main purpose of this paper is to investigate the fully distributed event-triggering
consensus problem of the multi-agent system in (1) with directed and undirected graphs. That
is, we intend to design an event-triggering protocol without using the Laplapican matrix such
that limt→∞ ‖xi(t) − xj(t)‖ = 0, ∀i, j ∈ V .

Remark 2.1 In this paper, we aim to design a fully distributed event-triggering protocol
without using the eigenvalues of the Laplacian matrix, where one needs to design an adaptive
law for the coupling strengthes ci(t), which is different from the constant coupling considered
in [13–16, 32]. In addition, as each agent’s dynamics is time-varying, the well-known linear
matrix inequalities and Riccati equation methods are no longer valid. Thus, in what follows,
the main objective is to design fully distributed event-triggering protocols by using the Gramian
matrix of linear time-varying systems.

Then, the main results will be presented by using the Lyapunov function method and the
following lemmas will be used in our analysis.

Lemma 2.2 (see [33]) If the graph contains a directed spanning tree, then zero is a simple
eigenvalue of L and the other eigenvalues of L have positive real parts.

Lemma 2.3 (see [34]) Let φ : R → R be a uniformly continuous function on [0,∞).
Suppose that limt→∞

∫ t

0
φ(τ)dτ exists and is finite. Then

φ(t) → 0 as t → ∞.

3 Main Results

In this section, we will investigate the fully distributed consensus problem for multi-agent
systems with linear time-varying dynamics. Firstly, the fully distributed event-triggering con-
sensus problem will be investigated for multi-agent systems under directed graph. An adaptive
distributed event-triggering protocol is proposed. Secondly, when it comes to undirected graph,
we show that the design procedure is of more freedom than the directed graph. As each agent’s
dynamics is time-varying, the following notations on linear time-varying systems will be used
to derive the main results.

Consider a linear time-varying system

ẋ(t) = A(t)x(t) + B(t)u(t), (3)

where x(t) ∈ R
n is the state vector, u(t) ∈ R

m is the control input and A(t) ∈ R
n×n and

B(t) ∈ R
n×m are known matrix-valued functions. Let Φ(t0, t) be the transition matrix of the
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time-varying system ẋ(t) = A(t)x(t) with the initial value x(t)|t=t0 = x(t0). Then the Gramian
matrix Wc(t0, tf ) of the system in (3) is defined as

Wc(t0, tf ) =
∫ tf

t0

Φ(t0, s)B(s)BT(s)ΦT(t0, s)ds.

In what follows, we will design fully distributed event-triggering protocols based on the Gramian
matrix. The following assumption is made on the Gramian matrix.

Assumption 3.1 There exist three positive constants γ1 < γ2 and σ such that for all
t > t0, the following condition holds:

γ1In < Wc(t, t + σ) < γ2In. (4)

Remark 3.1 Assumption 3.1 is inspired by [29, 35]. This kind of assumption is called as
uniform controllability. It is shown in [35] that the linear time-varying system (3) is globally
uniformly exponentially stable with u(t) = K(t)x(t) if Assumption 3.1 holds, where K(t) will
be defined later.

Before presenting the main results, the following matrix function is given to construct the
Lyapunov function:

P1(t) =
∫ t+σ

t

e4ε(t−s)Φ(t, s)B(s)BT(s)ΦT(t, s)ds,

where ε > 0. According to Assumption 3.1, it can be seen that

γ1e−4εσIn ≤ P1(t) ≤ γ2In

and thus
γ−1
2 In ≤ P−1

1 (t) ≤ γ−1
1 e4εσIn.

3.1 Directed Graph Case

In this subsection, we consider the fully distributed event-triggering consensus problem for
multi-agent systems on directed graphs. Like [12], for the convenience of symbolic represen-
tation, we consider a group of N agents with linear time-varying dynamics, where the agent
labeled by 1 is assumed to be the leader and the other N − 1 agents are assumed to be the
followers and the leader’s control input is assumed to be zero. In this case, the Laplacian matrix
is in the following form:

L =

⎡

⎣
0 01×(N−1)

L2 L1

⎤

⎦ , (5)

where L2 ∈ R
N−1 and L1 ∈ R

(N−1)×(N−1). The following lemma that plays an important role
in deriving the main results will be used.

Lemma 3.2 (see [12]) Suppose that the graph contains a directed spanning tree. Letting
q = col{q2, q3, · · · , qN} = (LT

1 )−11N−1 and Q = diag{q2, q3, · · · , qN}, then

QL1 + LT
1 Q > 0.
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Letting ηi(t) =
∑

j∈Ni
aij(xi(t)−xj(t)), i = 2, 3, · · · , N and η(t) = [ηT

2 (t), ηT
3 (t), · · · , ηT

N (t)]T,
then we have

η(t) = (L1 ⊗ In)

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

x2(t) − x1(t)

x3(t) − x1(t)
...

xN (t) − x1(t)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

So

η̇(t) =[IN−1 ⊗ A(t) + L1C ⊗ B(t)K(t)]η(t) + [L1C ⊗ B(t)K(t)]ε(t), (6)

where ε(t) = col{ε2(t), ε3(t), · · · , εN(t)} with εi(t) =
∑

j∈Ni
aij [xi(tik) − xj(tik) − (xi(t) −

xj(t))], i = 2, 3, · · · , N , and C = diag{c2(t), c3(t), · · · , cN (t)}. Thus, the consensus problem
is equivalent to the stability problem of (6) due to the fact that L1 is nonsingular. Letting
ri(t) = ηi(t)P−1

1 (t)ηi(t), t ∈ [tik, tik+1), then the adaptive coupling laws for ci(t), i = 2, 3, · · · , N

are designed as follows:

ci(t) = pi(t) + ri(tik), t ∈ [tik, tik+1),

ṗi(t) =
∥
∥
∥
∥K(t)

∑

j∈Ni

aij [xi(tik) − xj(tik)]
∥
∥
∥
∥

2

, t ∈ [tik, tik+1). (7)

Letting ρ1, γ and β be three positive constants, then the following triggering condition is used
to determine the triggering instants:

tik+1 = inf{t > tik|fi(t) = 0}, k ∈ N, i = 2, 3, · · · , N, (8)

and the triggering function is defined as

fi(t) =max
{

c2
i (t)‖K(t)εi(t)‖2, (ri(t) − ri(tik))2‖K(t)δi(tik)‖2

}

− γe−βt

− ρ1

∥
∥
∥
∥K(t)

∑

j∈Ni

aij(xi(t) − xj(t))
∥
∥
∥
∥

2

, (9)

where δi(tik) =
∑

j∈Ni
aij [xi(tik) − xj(tik)] and ci(t) = pi(t) + ri(t). In what follows, we will

present a sufficient condition to ensure the consensus of the multi-agent system in (1) under
directed graph, in which the existence of the event-triggering protocol is proved under Assump-
tion 3.1. Moreover, the Zeno behavior will be proved to be excluded.

Theorem 3.3 Consider the multi-agent network in (1) with the protocol (2) on a di-
rected graph. Assume that the graph contains a directed spanning tree, the adaptive gains ci(t)
satisfy (7) and ρ1 in (9) is chosen such that pi(0) >

√
2ρ1, i = 2, 3, · · · , N . Then the multi-

agent system reaches consensus if the triggering function is defined as in (9) with K(t) =
−BT(t)P−1

1 (t). Moreover, no Zeno behavior exists and the adaptive gains ci(t) will converge to
some positive constants.
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Proof Consider the following Lyapunov function

V1(t) =
N∑

i=2

qi

(

pi(t)ri(t) +
1
2
ri(t)2

)

+
1
2

N∑

i=2

qi(pi(t) − α)2, (10)

where α is a positive constant that will be defined later. The derivative of V1(t) is given by

V̇1(t) =
N∑

i=2

qi

(
ṗi(t)ri(t) + pi(t)ṙi(t) + ri(t)ṙi(t) + (pi(t) − α)ṗi(t)

)

=
N∑

i=2

qi

(
ci(t)ṙi(t) + (ci(t) − α)ṗi(t)

)

=
N∑

i=2

qi

(
2ci(t)ηT

i (t)P−1
1 (t)η̇i(t) + ci(t)ηT

i (t)Ṗ−1
1 (t)ηi(t) + (ci(t) − α)ṗi(t)

)
. (11)

Noting K(t) = −BT(t)P−1
1 (t), one can obtain from (6) that

2
N∑

i=2

ci(t)qiη
T
i (t)P−1

1 (t)η̇i(t)

=2ηT(t)(CQ ⊗ P−1
1 (t))η̇(t)

=2ηT(t)(CQ ⊗ P−1
1 (t)){[L1C ⊗ B(t)K(t)]ε(t) + [IN−1 ⊗ A(t) + L1C ⊗ B(t)K(t)]η(t)}

=ηT(t){CQ ⊗ (P−1
1 (t)A(t) + AT(t)P−1

1 (t))}η(t) − 2ηT(t)[CQL1C ⊗ KT(t)K(t)]η(t)

− 2ηT(t)[CQL1C ⊗ KT(t)K(t)]ε(t). (12)

It follows from Lemma 3.2 that

− 2ηT(t)[CQL1C ⊗ KT(t)K(t)]η(t)

= − 2ηT(t)[CQL1C ⊗ KT(t)K(t)]η(t) − 2ηT(t)[CQL1(C − C) ⊗ KT(t)K(t)]η(t)

= − ηT(t)(C ⊗ KT(t))[(QL1 + LT
1 Q) ⊗ IN−1](C ⊗ K(t))η(t)

− 2ηT(t)[CQL1(C − C) ⊗ KT(t)K(t)]η(t)

≤− λmin(QL1 + LT
1 Q)ηT(t)[C2 ⊗ KT(t)K(t))η(t)

− 2ηT(t)[CQL1(C − C) ⊗ KT(t)K(t)]η(t). (13)

Let ς1 and ς2 be two positive constants. Then the following derivations can be made from the
triggering condition (9):

− 2ηT(t)[CQL1C ⊗ KT(t)K(t)]ε(t)

=2ηT(t)[CQL1(C − C) ⊗ KT(t)K(t)]ε(t)

− 2ηT(t)[CQL1C ⊗ KT(t)K(t)]ε(t)

≤ς1η
T(t)[CQL1LT

1 QC ⊗ KT(t)K(t)]η(t)

+
1
ς1

εT(t)(C2 ⊗ KT(t)K(t))ε(t)
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+ 2ηT(t)[CQL1(C − C) ⊗ KT(t)K(t)]ε(t)

≤ς1λmax(QL1LT
1 Q)ηT(t)[C2 ⊗ KT(t)K(t)]η(t)

+
ρ1

ς1
ηT(t)(I ⊗ KT(t)K(t))η(t) + N

γe−βt

ς1

+ 2ηT(t)[CQL1(C − C) ⊗ KT(t)K(t)]ε(t) (14)

and

2ηT(t)[CQL1(C − C) ⊗ KT(t)K(t)]ε(t) − 2ηT(t)[CQL1(C − C) ⊗ KT(t)K(t)]η(t)

=2ηT(t)[CQL1(C − C) ⊗ KT(t)K(t)](ε(t) + η(t))

≤ς2η
T(t)[CQL1LT

1 QC ⊗ KT(t)K(t)]η(t)

+
1
ς2

(ε(t) + η(t))T((C − C)2 ⊗ KT(t)K(t))(ε(t) + η(t))

≤ς2η
T(t)λmax(QL1LT

1 Q)[C2 ⊗ KT(t)K(t)]η(t)

+
1
ς2

ρ1η
T(t)(I ⊗ KT(t)K(t))η(t) + N

γ

ς2
e−βt. (15)

In addition, according to (7), one has

(ci(t) − α)ṗi = (ci(t) − α)
∥
∥
∥
∥K(t)

∑

j∈Ni

aij [xi(tik) − xj(tik)]
∥
∥
∥
∥

2

. (16)

Then, in view of the triggering condition (9), it follows that

ci(t)
∥
∥
∥
∥K(t)

∑

j∈Ni

aij [xi(tik) − xj(tik)]
∥
∥
∥
∥

2

=ci(t)‖K(t)ηi(t) + K(t)εi(t)‖2

≤2ci(t)‖K(t)ηi(t)‖2 + 2ci(t)‖K(t)εi(t)‖2

≤2ci(t)‖K(t)ηi(t)‖2 + 2
ρ1

ci(t)
‖K(t)ηi(t)‖2 +

2γe−βt

ci(t)
(17)

and

− α

∥
∥
∥
∥K(t)

∑

j∈Ni

aij [xi(tik) − xj(tik)]
∥
∥
∥
∥

2

=
α

2

∥
∥
∥
∥K(t)

∑

j∈Ni

aij [xi(tik) − xj(tik)] − K(t)εi(t)
∥
∥
∥
∥

2

− α

2

∥
∥
∥
∥K(t)

∑

j∈Ni

aij [xi(t) − xj(t)]
∥
∥
∥
∥

2

− α

∥
∥
∥
∥K(t)

∑

j∈Ni

aij [xi(tik) − xj(tik)]
∥
∥
∥
∥

2
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≤α

∥
∥
∥
∥K(t)

∑

j∈Ni

aij [xi(tik) − xj(tik)]
∥
∥
∥
∥

2

+ α‖K(t)εi(t)‖2

− α

2

∥
∥
∥
∥K(t)

∑

j∈Ni

aij [xi(t) − xj(t)]
∥
∥
∥
∥

2

− α

∥
∥
∥
∥K(t)

∑

j∈Ni

aij [xi(tik) − xj(tik)]
∥
∥
∥
∥

2

=α‖K(t)εi(t)‖2 − α

2

∥
∥
∥
∥K(t)

∑

j∈Ni

aij [xi(t) − xj(t)]
∥
∥
∥
∥

2

≤ αρ1

c2
i (t)

‖K(t)ηi(t)‖2 +
αγe−βt

c2
i (t)

− α

2
‖K(t)ηi(t)‖2. (18)

On the other hand, noting Ṗ1(t) = −B(t)BT(t)+4εP1(t)+A(t)P1(t)+P1(t)AT(t)+e4εσΦ(t, t+
σ)B(t+σ)BT(t+σ)ΦT(t, t+σ), it can be obtained from the fact Ṗ−1

1 (t) = −P−1
1 (t)Ṗ1(t)P−1

1 (t)
that

N∑

i=2

ci(t)qiη
T
i (t)Ṗ−1

1 (t)ηi(t)

=
N∑

i=2

ci(t)qiη
T
i (t)

{
P−1

1 (t)B(t)BT(t)P−1
1 (t)

− 4εP−1
1 (t) − P−1

1 (t)A(t) − AT(t)P−1
1 (t) − e4εσP−1

1 (t)

× Φ(t, t + σ)B(t + σ)BT(t + σ)ΦT(t, t + σ)P−1
1 (t)

}
ηi(t)

≤ηT(t)(CQ ⊗ P−1
1 (t)B(t)BT(t)P−1

1 (t))η(t)

−ηT(t){CQ ⊗ (P−1
1 (t)A(t) + AT(t)P−1

1 (t))}η(t)

−4εηT(t)(CQ ⊗ P−1
1 (t))η(t). (19)

Let ς3 = λmin(QL1 +LT
1 Q)− (ς1 + ς2)λmax(QL1LT

1 Q) and ς1 and ς2 are chosen such that ς3 > 0.
Then, it can be derived from (11)–(19) and ci ≥ pi(t) ≥ pi(0) that

V̇1(t) ≤− 4εηT(t)(CQ ⊗ P−1
1 (t))η(t)

+ ηT(t)
{[

− ς3C2
+

ρ1

ς1
I +

ρ1

ς2
I + 4CQ +

(

2
ρ1

p(0)
+

αρ1

p2(0)
− α

2

)

Q

]

⊗ KT(t)K(t)
}

η(t)

+
(

1
ς1

+
1
ς2

)

× Nγe−βt + γe−βt
N∑

i=2

(
2qi

p(0)
+

αqi

p2(0)

)

≤− 4εηT(t)(CQ ⊗ P−1
1 (t))η(t) − ς3

N∑

i=2

ηT
i (t)

[

ci − 2qi

ς3

]2

ηi(t)

+ ηT(t)
{[

4Q2

ς3
+

ρ1

ς1
I +

ρ1

ς2
I +

(

2
ρ1

p(0)
+

αρ1

p2(0)
− α

2

)

Q

]

⊗ KT(t)K(t)
}

η(t)

+
(

1
ς1

+
1
ς2

)

Nγe−βt + γe−βt
N∑

i=2

(
2qi

p(0)
+

αqi

p2(0)

)

, (20)
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where p(0) = maxi∈V{pi(0)}. Thus, according to the initial condition that pi(0) >
√

2ρ1, one
can take a sufficient large α such that

4Q2

ς3
+

ρ1

ς1
I +

2ρ1

ς2
I +

(

2
ρ1

p(0)
+

αρ1

p2(0)
− α

2

)

Q ≤ 0. (21)

Letting θ = [(N
ς1

+ N
ς2

) +
∑N

i=2(
2qi

p(0) + αqi

p2(0) )] and substituting (21) into (20) yields

V̇1(t) ≤− 4εηT(t)(CQ ⊗ P−1
1 (t))η(t) + θγe−βt. (22)

Integrating (22) further gives

0 ≤ V1(t) =
∫ t

0

V̇1(s)ds + V1(0) ≤
∫ t

0

θγe−βsds + V1(0)

≤θγ

β
+ V1(0), t ≥ 0. (23)

This implies that V1(t) is bounded and so is ci(t). In addition, we can conclude that ci(t)
converge to some positive constants since ci(t) are monotonically increasing functions. By
means of (22) and (23), one has

lim
t→∞ 4ε

∫ t

0

ηT(s)(CQ ⊗ P−1
1 (s))η(s)ds ≤ θγ

β
+ V1(0) − V1(∞) < ∞. (24)

Then, according to Lemma 2.3, one can conclude that ηi(t) → 0 as t → ∞, i = 1, 2, · · · , N .
In what follows, we will show that the Zeno behavior of the protocol (2) can be excluded by

using the contradiction method. Assuming that limk→∞ tik < ∞ and then due to the continuity
of εi(t) and K(t) for t ∈ [tik, tik+1), we have

‖K(tik+1)εi(tik+1)‖ → 0, k → ∞ (25)

and

(ri(tik+1) − ri(tik))2 → 0, k → ∞. (26)

Moreover, according to the triggering condition (8), we can conclude that

‖K(tik+1)εi(tik+1)‖2 ≥ γ

c2
i (tik+1)

e−βti
k+1 (27)

or

(ri(tik+1) − ri(tik))2‖K(tik+1)δi(tik+1)‖2 ≥ γe−βti
k+1 . (28)

This further means that

0 <
γ

c2
i (ti∞)

e−βti
∞ = lim

k→∞
γ

c2
i (tik+1)

e−βti
k+1 ≤ lim

k→∞
‖K(tik+1)εi(tik+1)‖2 = 0 (29)

or

0 <γe−βti
∞ = lim

k→∞
γe−βti

k+1 ≤ lim
k→∞

(ri(tik+1) − ri(tik))2‖K(tik+1)δi(tik+1)‖2 = 0. (30)

This contradiction shows that the Zeno behaviour can be excluded.
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Remark 3.4 First, different from the existing results on consensus of multi-agent systems
(see [1, 19, 21, 22, 32, 36, 37]), linear time-varying dynamics is considered in this paper and the
controller K(t) is designed by using the Gramian matrix of linear time-varying systems. Second,
in addition to the linear time-varying dynamics, different from the fully distributed event-
triggering consensus problem of multi-agent systems in [1, 21, 22], directed graph is considered
in this paper, while the above mentioned results only consider undirected cases. In [1], when
designing an event-triggering protocol, the absolute measurement error xi(t) − xi(tik) is used
to design the triggering instants. However, it is shown in [38] that this absolute information
cannot be obtained precisely in some situations. In this paper, it can be seen from the triggering
condition (9) that only relative information between agents is utilized. Thus, not only the model
and network topology considered in this paper are more general than those in [1], but also the
event-triggering condition is also more concise than the one in [1]. It is worth pointing out that
in this paper, the control gain matrix K(t) is solved as K(t) = −BT(t)P−1

1 (t), which needs
to solve the transition matrix Φ(t0, t). Different from time-invariant systems, in time-varying
systems, it is not easy to compute Φ(t0, t). In the following, we present two simple methods to
compute Φ(t0, t): 1) if A(t)

∫ t

t0
A(τ)dτ =

∫ t

t0
A(τ)dτA(t), then Φ(t0, t) = exp(

∫ t

t0
A(τ)dτ) and 2)

if A(t)
∫ t

t0
A(τ)dτ 
= ∫ t

t0
A(τ)dτA(t), then Φ(t0, t) = I+

∫ t

t0
A(τ0)dτ0+

∫ t

t0
A(τ0)

∫ τ1

t0
A(τ1)dτ1dτ0+

∫ t

t0
A(τ0)

∫ τ0

t0
A(τ1)

∫ τ1

t0
A(τ2)dτ2τ1dτ0 + · · · .

3.2 Undirected Graph Case

In this subsection, we will show that when the graph is undirected, the condition that
the fully distributed event-triggering protocol is dependent on the initial value of the coupling
strength (pi(0) >

√
2ρ1) can be removed. The graph in this subsection is assumed to be

connected. In order to do this, a new Lyapunov function will be used to derive the main
results.

Let x(t) =
∑ N

j=1 xj(t)

N , ei(t) = xi(t) − x(t) and e(t) = col{e1(t), e2(t), · · · , eN (t)}. Then the
following error dynamical system can be obtained from (1) and (2):

ė(t) =(IN ⊗ A(t))e(t) + (CL ⊗ B(t)K(t))e(t)

+ (UC ⊗ B(t)K(t))ε(t), (31)

where

U =
1
N

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

N − 1 −1 · · · −1

−1 N − 1 · · · −1
...

...
. . .

...

−1 −1 · · · N − 1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

The other parameters are the same as the ones in Theorem 3.3. For i ∈ V , the adaptive coupling
ci(t) is defined as

ċi(t) = κi

∥
∥
∥
∥K(t)

∑

j∈Ni

aij [xi(tik) − xj(tik)]
∥
∥
∥
∥

2

, t ∈ [tik, tik+1), (32)
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where κi, i ∈ V are positive constants. Letting ρ, γ, and β be three positive constants, then the
following triggering function is used to determine the triggering instants:

fi(t) =‖K(t)εi(t)‖2 − ρ

∥
∥
∥
∥K(t)

∑

j∈Ni

aij(xi(t) − xj(t))
∥
∥
∥
∥

2

− γ

ci(t)
e−βt. (33)

Theorem 3.5 Consider the multi-agent system in (1) with the event-triggering pro-
tocol (2) under an undirected connected graph. The multi-agent system in (1) reaches con-
sensus if the adaptive coupling gains ci(t) satisfy (32) and ρ in (33) is chosen such that
ρ ∈ (0, 1

2 ). Moreover, the multi-agent system in (1) with the protocol (2) reaches consensus
with K(t) = −BT(t)P−1

1 (t) and ci(t), i ∈ V converge to some positive constants. Besides, the
protocol (2) does not exhibit Zeno behaviour.

Proof Construct the following Lyapunov function candidate:

V (t) = eT(t)(L ⊗ P−1
1 (t))e(t) +

N∑

i=1

(ci(t) − α)2

16κi
. (34)

Then the derivative of V (t) is given by

V̇ (t) =2eT(t)(L ⊗ P−1
1 (t))ė(t) +

N∑

i=1

(ci(t) − α)ċi

8κi
+ eT(t)(L ⊗ Ṗ−1

1 (t))e(t)

=2eT(t)(L ⊗ P−1
1 (t)A(t))e(t) + 2eT(t)(LCL ⊗ P−1

1 (t)B(t)K(t))e(t)

+ 2eT(t)(LC ⊗ P−1
1 (t)B(t)K(t))ε(t) +

1
8
(ci(t) − α)

∥
∥
∥
∥K(t)

∑

j∈Ni

aij [xi(tik) − xj(tik)]
∥
∥
∥
∥

2

+ eT(t)(L ⊗ Ṗ−1
1 (t))e(t), (35)

where LU = L is used to get the second equality.
Noting that K(t) = −BT(t)P−1

1 (t), we can make the following derivations:

2eT(t)(LCL ⊗ P−1
1 (t)B(t)K(t))e(t) = −2eT(t)[LCL ⊗ KT(t)K(t)]e(t) (36)

and

2eT(t)(LC ⊗ P−1
1 (t)B(t)K(t))ε(t)

= − 2eT(t)(LC ⊗ KT(t)K(t))ε(t)

≤eT(t)(LCL ⊗ KT(t)K(t))e(t) + εT(t)(C ⊗ KT(t)K(t))ε(t). (37)

From the triggering condition in (33), one has

N∑

i=1

[ci(t)‖K(t)εi(t)‖2] =εT(t)(C ⊗ KT(t)K(t))ε(t)

≤ρeT(t)(LTCL ⊗ KT(t)K(t))e(t) + Nγe−βt (38)
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and

N∑

i=1

[‖K(t)εi(t)‖2] =εT(t)(IN ⊗ KT(t)K(t))ε(t)

≤ρeT(t)(LTL ⊗ KT(t)K(t))e(t) +
N∑

i=1

γ

ci(t)
e−βt. (39)

Moreover,

(ci(t) − α)
κi

ċi = (ci(t) − α)
∥
∥
∥
∥K(t)

∑

j∈Ni

aij [xi(tik) − xj(tik)]
∥
∥
∥
∥

2

. (40)

In view of the triggering condition (33), we have

N∑

i=1

[

ci(t)
∥
∥
∥
∥K(t)

∑

j∈Ni

aij [xi(tik) − xj(tik)]
∥
∥
∥
∥

2]

=
N∑

i=1

[

ci(t)
∥
∥
∥
∥K(t)εi(t) + K(t)

∑

j∈Ni

aij [xi(t) − xj(t)]
∥
∥
∥
∥

2]

≤2
N∑

i=1

ci(t)
[

‖K(t)εi(t)‖2 +
∥
∥
∥
∥K(t)

∑

j∈Ni

aij [xi(t) − xj(t)]
∥
∥
∥
∥

2]

≤(2ρ + 2)eT(t)(LTCL ⊗ KT(t)K(t))e(t) + Nγe−βt. (41)

On the other hand, similar to (18), we get

− α

∥
∥
∥
∥K(t)

∑

j∈Ni

aij [xi(tik) − xj(tik)]
∥
∥
∥
∥

2

≤α‖K(t)εi(t)‖2 − α

2

∥
∥
∥
∥K(t)

∑

j∈Ni

aij [xi(t) − xj(t)]
∥
∥
∥
∥

2

. (42)

Thus, we arrive at

N∑

i=1

[

− α

∥
∥
∥
∥K(t)

∑

j∈Ni

aij [xi(tik) − xj(tik)]
∥
∥
∥
∥

2]

≤
N∑

i=1

[

α‖K(t)εi(t)‖2 − α

2

∥
∥
∥
∥K(t)

∑

j∈Ni

aij [xi(t) − xj(t)]
∥
∥
∥
∥

2]

≤
(

ρ − 1
2

)

αeT(t)(LTL⊗ KT(t)K(t))e(t) +
N∑

i=1

αγ

ci(t)
e−βt. (43)

From (35)–(43) and the definition of P1(t), the following statements can be obtained.

V̇ (t) ≤− 4εeT(t)(L ⊗ P−1
1 (t))e(t)
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+ eT(t)
(

5ρ

4
− 3

4

)

(LCL ⊗ KT(t)K(t))e(t)

+
(ρ − 1

2 )α
8

eT(t)(LL ⊗ KT(t)K(t))e(t)

+ 4eT(t)(L ⊗ KT(t)K(t))e(t) + υ(t)e−βt, (44)

where υ(t) = 9Nγ
8 + 1

8

∑N
j=1

αγ
ci(t)

. Let ξ(t) = (U ⊗ In)e(t), where U is the unitary matrix such
that UTLU = diag{0, λ2, λ3, · · · , λN} with 0 < λ2 ≤ λ3 ≤ · · · ≤ λN . Then, we have

V̇ (t) = − 4εξT(t)(Λ ⊗ P−1
1 (t))ξ(t)

+
(ρ − 1

2 )α
8

ξT(t)(Λ2 ⊗ KT(t)K(t))ξ(t)

+ 4ξT(t)(Λ ⊗ KT(t)K(t))ξ(t) + υe−βt

=
N∑

i=2

ξT
i

[

− 4ελiP
−1
1 (t) +

(
(ρ − 1

2 )α
8

λ2
i + 4λi

)

× KT(t)K(t)
]

ξi(t) + υ(t)e−βt. (45)

We can choose α ≥ 64
λ2( 1

2−ρ)
, thus ( (ρ− 1

2 )α

8 λ2
i + 4λi) ≤ 0. Therefore, we obtain

V̇ (t) ≤ −4ε
N∑

i=2

λiξ
T
i (t)P−1

1 (t)ξi(t) + υ(t)e−βt. (46)

Moreover, it can be seen from (32) that ci(t) are monotonically increasing functions, so it can
be concluded that υ(t) is bounded by a positive constant υ. Thus, we get

0 ≤ V (t) =
∫ t

0

V̇ (s)ds + V (0) ≤
∫ t

0

υe−βsds + V (0)

≤υ

β
+ V (0), t ≥ 0. (47)

This implies that V (t) is bounded and so are ci(t). In addition, we can conclude that ci(t)
converge to some positive constants since ci(t) are monotonically increasing functions. Then,
similar to the proof in Theorem 3.3, we can show that the consensus can be achieved and the
Zeno behaviour can be excluded. Thus, the proof is completed.

4 Numerical Simulations

In this section, numerical simulations are provided to illustrate the effectiveness of the
theoretical results.

Example 4.1 Consider the multi-agent system in (1) on directed graph in which each
agent’s dynamics is described by the following linear time-varying system:

ẋi(t) = A(t)xi(t) + B(t)ui(t), i = 1, 2, · · · , 6, (48)
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where

A(t) =

⎡

⎣
0 12 cos(15t) + 0.8 sin(15t)

0 1

⎤

⎦ , B(t) =

⎡

⎣
0

1

⎤

⎦ .

According to the definition of A(t), we can get

Φ(t, s) =

⎡

⎣
1 0.8et−s sin(15t) − sin(15s)

0 et−s

⎤

⎦ .

Letting σ = 0.1, then we have γ1 = 0.0003 and γ2 = 0.15.
The communication graph is shown in Figure 1. Let ρ1 = 0.2, γ = 0.1, β = 0.3 and the

initial value of pi(t) is chosen as col{p1(t), p2(t), · · · , p6(t)} = col{0.65, 0.75, 0.8, 0.85, 0.95, 1}.
The state trajectories of the multi-agent system in Example 4.1 are displayed in Figures 2
and 3 and the coupling gains and triggering instants of each agent are shown in Figures
4 and 5, respectively. Form these figures, we can see that the consensus can be achieved
since xi(t) − xj(t) → 0, i, j = 1, 2, · · · , N and coupling strengths ci(t) converge to some con-
stants. In addition, it can be seen from Figure 5 that the protocol proposed in this paper
does not need to update all the time, which can save communication cost in continuous-time
communication[11, 12].

1

2

5

6

3

4

Figure 1 Communication graph of Example 4.1

0 0.5 1 1.5 2 2.5
-6

-4

-2

0

2

4

6

Figure 2 The state trajectories of xi1 of Example 4.1
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Figure 3 The state trajectories of xi2 of Example 4.1

0 0.5 1 1.5 2 2.5

1

1.5

2

2.5

3

3.5

4

Figure 4 Coupling gains ci(t) of Example 4.1

Figure 5 Triggering instants of Example 4.1
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5 Conclusions

This paper has investigated the fully distributed event-triggering consensus problem of multi-
agent systems with linear time-varying dynamics. First of all, an adaptive event-triggering
protocol has been proposed for the time-varying multi-agent system under directed graphs.
Then, by assuming that the linear time-varying system is of uniform controllability and using
the Lyapunov function method, sufficient conditions have been obtained to ensure the solvability
of the consensus problem of the multi-agent system in which the global information of the
Laplacian matrix is not used and thus our event-triggering protocol can be implemented in
a fully distributed way. When it comes to undirected graphs, we have shown that the fully
distributed protocol can be designed with more freedom than in the directed case. In both cases,
it has been proved that the Zeno behaviour is excluded. The effectiveness of the theoretical
results has been verified by a numerical example. Future works will include an extension of
our current research into more complicated models such as time-varying coupling, nonlinear
time-varying dynamics[39] and multi-agent systems with cyber-attacks[40, 41].
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