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Abstract This is an expository paper on algebraic aspects of exponential sums over finite fields. This
is a new direction. Various examples, results and open problems are presented along the way, with
particular emphasis on Gauss periods, Kloosterman sums and one variable exponential sums. One
main tool is the applications of various p-adic methods. For this reason, the author has also included a
brief exposition of certain p-adic estimates of exponential sums. The material is based on the lectures
given at the 2020 online number theory summer school held at Xiamen University. Notes were taken
by Shaoshi Chen and Ruichen Xu.
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1 Introduction

Exponential sums over finite fields are of central importance in number theory and its
wide applications. Much of the modern study focuses on their analytic estimates as complex
numbers. In this expository paper, we take a different point of view. Our main purpose is to
view exponential sums as algebraic integers and study their degrees as algebraic numbers, see
Section 3 for a precise description of our main problems to be studied. This is a new direction.
Various examples, results and open problems are presented along the way, with particular
emphasis on Gauss periods, Kloosterman sums and one variable exponential sums.

As it would become clear, p-adic methods would be particularly helpful in this global study
of exponential sums. For this purpose, we have also included a brief exposition of both classical
and recent results on p-adic estimates of exponential sums. The final part on the p-adic slope
variation for L-function of higher p-power order exponential sums is itself another emerging
new direction.

The material of this paper is based on lecture notes given at the 2020 Xiamen online number
theory mini-course. The audience consists of a mixture of undergraduate students, graduate
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1226 WAN DAQING

students and young people working in number theory and related applied areas. For this reason,
we have tried to keep the background as minimal as possible. It is a pleasure to thank Xiamen
University to organize this fruitful and enjoyable summer school. T would also like to thank
the participants for their many interesting questions, and in particular to Shaoshi Chen and
Ruichen Xu for their tremendous help in taking and preparing the notes. I would also like to
thank the anonymous referees for their constructive and helpful comments. For brevity and
clarity, we have kept these notes in their original lecture style. However, various references are
given for those who wish to look up more details.

2 Preliminaries

In this section, we shall first introduce some preliminaries on algebraic numbers and their
various absolute values.

2.1 Absolute Values over Rational Numbers
Recall that the set of natural numbers
N={1,2,---}

has two operations, namely + and x. For n € N, write

n=1+14---+1.
~ ~ -
n times

Then the “traditional” absolute value is defined by
|n| = the number of 1’s in the addition.

Also, by prime factorization, we can write n as
/,'L:]‘f).p....p.fu7
- ~ -
vp(n) times

where p is a prime and u is not divided by p. The vp(n) above is called the p-adic valuation
of n. It is the number of p in the multiplication. Then we define the p-adic absolute value

|, = (1)vp(n)
p p :

By unique factorization of integers, it is clear that we have

—1
n:H|n|p .

P

of n as

In other words, we have the following principle:

Integer factorization < Computation of p-adic absolute value for all primes p.
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EXPONENTIAL SUMS OVER FINITE FIELDS 1227

_ lal,

We can extend |-| and ||, to Q by [0], = 0 and ib“|p = |y To sum up, we have
p

Completion via\wR take algebraic closurei
7

Q C

\L embedding

Completion via |-|p bedds
embedding

take algebraic closur\e —— Completion via

Qp " p ’ Cp

Here are some examples.
Example 2.1 The sequence {p"|n = 1,2, -} converges to zero in || , diverges in |-[, for
all primes ¢ # p and in |-|.
n
Example 2.2 The sequence {(;) [n=1,2,--- } converges to zero in ||, diverges in |-,
for all primes /.

By the two examples above, we obtain that {|-|,||,,- - .-+ } are inequivalent absolute

) ||p )
values on Q. Actually, we have
Theorem 2.3 (Ostrowski) Up to the equivalence of topology, {||, |1y, |-|,, -} are

all the nontrivial absolute values of Q.
Proof Omitted.

2.2 Absolute Values over Number Fields

We first introduce the basic notion of number fields. A field K is called a number field if
K is a finite extension of Q. Such an extension can be written as K = Q[z]/(h(x)), where h(z)
is a monic irreducible polynomial of degree n in Q[z]. Let S8 be a root of h(z) in K, then K
can also be written as K = Q[f].

For a € K, we hope to define the absolute values |af and |af,. We have defined absolute
values in C and C,,, hence it is enough to choose field embeddings o : K — C and 0 : K — C,,

not unique in general. Such an embedding is determined by o(53).

Absolute value |-| over number fields We can factor h(x) as

T1 T2

hx) =] - 8) ][ («* + ajz + b))

i=1 j=1

in Rlz] and

h(z) = [[(= = 5)
i=1
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1228 WAN DAQING

in (C[Jf] Here 1 +27‘2 =n, 617527 o 7ﬁT1 € Rv ﬁr1+1vﬁT1+27 T 7ﬁ7’1+7’2 S C—Rand ﬁT1+T2+1 =
ﬂr1+17 e 7/8T1+2’I‘2 - /8T1+’r‘2'
Now since h(8) = 0, applying o to both sides, we deduce

It follows that o(3) € {f1,02, - ,On}. This gives n = ry + 27y different embeddings
o K —=C; o(p) =05
Define the absolute value
lal,, = loi(a)]

and note that

oy oy = [0 (@) =

o) = lal,, -

Hence, there are only r1 + ro distinct absolute values of K, namely the absolute value given by
the embeddings {01, - ,0r,,Or 41, "+ s Or 4+, ;. The first 1 of them are real embeddings, and
the last o of them are pairs of complex embeddings.

Absolute value [, over number fields Similarly, we factor h(x) as

g fi
h(z) =111 - 8:)
i=1j=1
in Cplx]. Hence we get n =3 7_, f; different embeddings, viz.

oij : K — Cp;  045(8) = Bij-

Then
lal, = [0 ()],
is a p-adic absolute value of K. For fixed 1 <i < g, the f; embeddings {041,042, -+ , 04, } are
Galois conjugates over @, and hence they define the same absolute value of K. It follows that
we only get ¢ distinct p-adic absolute values of K, namely {01, 09, -, 0,4}, where
|Oé|a'i_| g1 1<Z<g
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EXPONENTIAL SUMS OVER FINITE FIELDS 1229

Factorization of algebraic integers Let Ok be the ring of integers in K. Given non-zero

algebraic integer a € O — {0}, we have the unique factorization of ideals,
OZOK - H pvp (a)’
p

where p is a prime ideal of Ok. Define

ol = (NEp))Up(a)’

where N(p) = $(Ok /p) = p", and r is the degree of residue field, i.e., r = [Ok /p : F,]. This also
defines a p-adic absolute value of K. Hence |al, = |af,, where |-| = ||, is one of the above
p-adic absolute values of K and c is a normalization factor. To determine the factor ¢, consider

POk =p°---, vp(p) =e,

| | ( 1 )e <1>er | |er
p pr P p

Hence ¢ = er. Now we recover the principle in p-adic case:

and then

Ideal factorization of o < Computation of all p-adic absolute values of a.

2.3 Degrees of Algebraic Numbers

A number « in an extension field of Q is called algebraic if h(«) = 0 for some monic
polynomial h(z) € Q[z]. The minimal polynomial of « is the lowest degree monic polynomial
h(z) € Q[z] such that h(a) = 0. The minimal polynomial of « is unique and irreducible.

If « is algebraic over Q, then we define deg(«) := [Q(«) : Q], which is equal to the degree
of the minimal polynomial of o over Q.

Example 2.4 (, is algebraic since ¢, is a root of P — 1. Furthermore, deg ({,) =p — 1,
since its minimal polynomial is the p-th cyclotomic polynomial @,(z) = 2P~ +2P~2+.- -+ +1,
which is an irreducible polynomial in Q[z] of degree p — 1.

p-Eisenstein Criterion We frequently encounter the problem of deciding whether a polyno-
mial is irreducible. A useful tool is the p-Eisenstein criterion.

Definition 2.5 Let g(z) = 29+ a12%~! + .- + a4 € Z[z] be a monic polynomial. We say
that g(z) is p-Eisenstein for some prime p, if p|a; for all 1 < i < d and p? faq. More generally,
we say that g(z) is generalized p-Eisenstein! if v,(a;) > Lup(ag) for all 1 < i < d, and
(d,vp(aq)) = 1.

Proposition 2.6 If g(z) is generalized p-Eisenstein, then g(x) is irreducible over Qp, and

hence irreducible over Q.
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1230 WAN DAQING

Proof We first factor g(x) = H?Zl (x — ) € Cp[z]. Then our assumption implies that the
Newton polygon has only one slope, see [2]. Equivalently,

o) = vp(a2) = -+ = vy(aa) = oplaraz ) = uplaa).

If g(z) is reducible over Q,, then a partial product of the roots will be in Q,, say a1z ---ap €
Q, for some 1 < h < d. Then the valuation of the product

UplQg
vplarag - ap) =h p(d )
is an integer, since it is the valuation of ajag---ap € Qp. Note that (d,vp(aq)) = 1, we

conclude d | h, a contradiction. Thus, g(z) is irreducible over Q,.
Example 2.7 For positive integers d and s, the polynomial 2% — p® is irreducible over Q
if and only if (d,s) = 1.

Given a € Ok, our main problems are simply to understand the following three questions:
la] =7, |al, =7 dega=[Q(a): Q="

In this paper, « is the “exponential sum” to be defined in next section. We study the above
three questions. The first two questions on the absolute values are local. The third question on
the degree as an algebraic integer is global. The first question on the complex absolute value
has been studied extensively in the literature, in relation to the celebrated Weil conjectures. In
this paper, we focus on the second question on the p-adic absolute value and the third question
on the degree of a. The local p-adic information will be useful for the global degree problem.
Recently, p-adic lattices in local fields have been studied in [3] with application in cryptology.

3 Exponential Sums and Main Problems

Let p be a prime. Let ¢, be a fixed primitive p-th root of 1. Depending on the situation,
¢p will be taken as an element in C (complex numbers), or C, (p-adic numbers), or Q (alge-
braic numbers). We use [, to denote the finite field of p elements. In this section, we define
exponential sums over finite fields, and formulate our main problems to be studied.

3.1 Exponential Sums over I,

Let f(x1,22, -+ ,%y,) be a polynoimal in Fplz1, 22, - ,2,]. We define the exponential
sum over the prime finite field F,, to be the following algebraic integer

SH= 3. gEmrt e Gl Q)

@1,@, 00 EFp

This is usually viewed as a character sum, namely

Sy= D, blflarme--m),

@1,02,,0n EFp
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where
Vp t (Fp,+) = Q&) ¥pla) = CZ
is the additive character of order p defined by (.

Our basic questions are:
PROBLEM 1: Analytic number theory: ¢, € C, |S(f)| =7;
PROBLEM 2: p-adic number theory: ¢, € C,, [S(f)[, =%
PROBLEM 3: Algebraic number theory: ¢, € Q, degg S(f) =7.

For the first problem, as a complex number, the complex absolute value |S(f)| depends on
the choice of the p-th root (. For the second and third problems, it turns out that the p-adic
absolute value and algebraic degree of S(f) are independent of the choice of p-th root (,. There
is actually a fourth problem, namely, studying the ¢-adic absolute value of S(f), where ¢ is a
prime different from p. We shall however not touch this fourth problem in this paper.

All three questions above are difficult in general, as there are no clean formulas. Our first
step is to work with examples, discover and formulate good general properties.

Note that pZ[(p] = ((¢, —1)Z[¢,])P~, which means that p is totally ramified in Z[(,]. Mean-
while, the cyclotomic polynomial @,(z) is irreducible over @, hence |-|, is uniquely determined

1
p—1

on the field Q,(¢p), and |¢ — 1|, = (11))
The aim of this paper, is to study the global “PROBLEM 3”, which is a new direction. In
the process, it is likely that we need the two local problems 1 and 2 as well, which have been

studied extensively in the literature.

3.2 Exponential Sums over F,

In addition to exponential sums over the prime field F,,, it is important to work with expo-
nential sums over all finite extensions F,x, not just F,, as in the Weil conjectures. Let ), be a
fixed algebraic closure of IF,,. For each k € N, there is a unique finite subfield IF,» of p* elements

in IF,. Consider the trace map

:—1

F
TI']sz:Fpk—)Fp; o — Z U(a):a+ap+--.+apk
o€Gal(F  |Fy )

We will denote this trace map as Try from now on. Then we can define the exponential sum

over Fpx, i.e.,

Sf)= 3 gl ezl

T1,@2, 0 €F p

In this way, for a given polynomial f, we have a sequence Si(f) of exponential sums indexed
by k € N. We can ask how our questions on the exponential sum Si(f) vary when the integer

parameter k varies. This leads to the following questions.

QUESTION 1: If ¢, € C, as complex numbers, how Si(f) varies with k?
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1232 WAN DAQING

QUESTION 2: If ¢, € C, as real numbers, how |Si(f)| varies with k?
QUESTION 3: If (, € C,, as real numbers, how [Sy(f)|, varies with k?

QUESTION 4: If ¢, € Q, an integers, how degq Sk(f) varies with k?

Our basic stability conjecture is:
Conjecture 3.1 Each of the above four sequences in k is determined by its first few
terms.

More precisely, we can ask about the possible rationality for the generating function of the

corresponding sequence.
QUESTION 1: Y272 Si(f)T* € Q(¢)(T)?
QUESTION 2: > 72 | [Sk(f)| T € R(T)?
QUESTION 3: 3.2, [Sk(f)], T* € R(T)?
QUESTION 4: Y72 deg(Sk(f))T* € Q(T)?.
It turns out that a lot is already known to these problems. For the first two problems, we
have
Theorem 3.2 The two sequences {Sk(f)} and {|Sk(f)|*} are linear recurring sequences.

As a corollary, we obtain
Corollary 3.3 The two sequences {Sp(f)} and {|Sk(f)|*} are determined by their first

few terms.

Proof [Proof of Theorem 3.2] By the rationality theorem of Dwork-Bombieri-Grothendieck® °/,
the following L-function is a rational function

L(f.T) = e (Z S )T'f> € QG)T).

=1
Then the generating function

L'(f,T)

L) € QD)

SOSUNTE =T o los(L(T) =T
k=1

is rational. Tt follows that the sequence Sk (f) in k is a linear recurring sequence.
To show that the sequence |Sy(f)|? in k is also a linear recurring sequence, note that

|Sk(f)|2 = Sk(f(mhx% T ,xn))Sk(—f(y1,y2,~ e ’yn))
= Sk(f(mhx% T ,Jin) - f(yhva T 7yn))
= Sk(9),

where g = f(x1,22, - ,xn) — f(Y1,Y2, - ,Yn) is a polynomial in 2n variables. Hence, we are

done.
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Remark 3.4 All rationality proofs for L(f,T) use either p-adic method or ¢-adic method.
Any proof over C will be revolutionary!

Remark 3.5 The sequence |Si(f)| itself is probably NOT a linear recurrence sequence.
We leave the problem of finding a counter-example (or proving no counter-example) to the
reader.

For the sequence of degrees, we have the following stronger periodicity conjecture:

Conjecture 3.6 (Periodicity) The degree sequence {deg Sy (f)} is periodic for k >> 0.

This conjecture was proposed at the beginning of this summer course. Luckily, it was
already proved to be true by the end of the course, in collaboration with several participants.
This result and its proof will appear in a joint work with Jason P. Bell, Shaoshi Chen, Rong-hua
Wang and Hang Yin. As a corollary, we obtain the following rationality result.

Corollary 3.7 (Rationality) The generating function Y p-, deg(Sk(f))T* € Q(T).

The proof of the above conjecture depends on the celebrated Skolem-Mahler-Lech theorem,
hence it is not effective. It is interesting to understand this degree sequence more explicitly
in various important special cases. This was the main purpose of this course. The explicit
results and problems studied in the course remain very interesting, and are not superseded by
the general structural but non-effective periodicity result.

The third question, the p-adic stability conjecture for the sequence of p-adic absolute value
|Sk(f)|p, seems more difficult. In all cases where we can compute the degree sequence explicitly,
the p-adic absolute value sequence |Sk(f)|, is indeed stable. The general case of the p-adic
stability conjecture seems to be a very challenging problem. An effective solution of this p-adic
conjecture should shed light on the effective solution of the global degree sequence problem.
We hope to return to this topic on another occasion.

4 Degree of Exponential Sums: Basic Examples

In this section, we shall introduce basic examples and results on the degree of exponential

sums.

4.1 The p =2 Case
First we discuss the trivial p = 2 case.

Proposition 4.1 For the degree of the exponential sum, deg Sk (f) divides p — 1 for all
k € N and all prime p.

Proof  Since Si(f) € Q(¢p), apply the tower formula

[Q(&) : Q) = [Q(¢) : QUSK(NIQSK(S)) : Q).

Then
deg S (f) = [Q(Sk(f)) : QI [Q(¢) : Q] =p— 1.
The proof is finished.
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As a corollary, we have
Corollary 4.2 Ifp =2, then deg Sx(f) =1, for all k € N.
This is also obvious from the definition, as (; = —1.
So we shall assume p > 2 from now on.
4.2 Low Degree Case

Recall the periodicity conjecture (see Conjecture 3.6), i.e.,
The degree sequence {deg Si(f)} is periodic for k >> 0.

In this subsection, we give an explicit formula for the degree sequence when deg(f) < 2. In
particular, we obtain

Theorem 4.3 Let f(x1,22, - ,2n) € Fplr1, 22, - ,2,]. Assume deg(f) < 2. Then the
degree periodicity conjecture holds. Furthermore, the p-adic absolute value sequence |Sk(f)|p is
also stable.

4.2.1 Degree zero case

In this case, f(z1,22, - ,2n) = c € Fp is a constant. Then the exponential sum
Sfy= >, GO =prge
T1,T2, " ,ZEnEIFpk
Hence,
1, if ke=0inF,,
deg S(f) = _ !
p—1, if ke #£0in Fp,
and

|Sk(f)lp =p~""

So the sequence {deg(Sk(f))} is periodic, and the p-adic absolute value sequence |Sk(f)|p is
stable in &.

4.2.2 Degree one case

Let f(x1,z2, -+ ,&n) = @121 + a2 + - -+ + anTpn + ¢ € Fpz1, 22, -+, x,]. Without loss of

generality, we may assume that a; # 0. Then the exponential sum

Si(f) Z Cg‘rk(alw1+~~+anwn+c)

T1,L2, ﬁan]Fpk

Z CTrk(alzl) . Z CTrk(a2z2+---+anzn+c)
D P

Tcléﬂ“pk fEQ,"',fEnE]Fpk

Z C;)I‘rk-(t) . Z Cg‘rk(azwereranwnJrC)

tE]Fplc T, ,wnE]Fpk.

0- Z Cp’I‘rk(azaJ2+"'+ana:n+c)

r27"'7rn€]Fpk

=0.
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EXPONENTIAL SUMS OVER FINITE FIELDS 1235

Hence, deg Sk(f) = 1,Vk € N. So in particular, the sequence {deg(S;(f))} is periodic in k, and
the p-adic absolute value sequence |Si(f)|p is the zero sequence.

4.2.3 Degree two case
First assume n = k =1, then

$i10%) = 3 ¢ =y/(c1)"

z€F,

This sum is called the quadratic Gauss sum, and the second equality was proved by Gauss
in 1804, which yields another proof of the quadratic reciprocity law. With this explicit formula,
we obtain deg S (2?%) = 2, |S1(2?)| = \/p and |Sl(332)}p = \}p.

For k > 1, by Hasse-Davenport relation (1935), i.e.,

—Si(2?) = (=81 (2?))",

the exponential sum Sy (z%) becomes

Hence
1, if 2 | k,

deg Sy, () =
@) 2, if 24 k.

So the degree sequence {deg(Si(z?))} is periodic in k, and the p-adic absolute value sequence
|Sk(22)|, = p~*/2 is stable in k.
Now if f(z) = az®+bx+c € F,[z], where a € F)*. By completing the square, we can assume
that f(z) = az? + ¢, and
Si(ax? +¢) = Sk(aa:Q)C;fc
= () Sua)Ghe

— (e g

where 7y, : (Fx)™ — {£1} is the quadratic character. Hence,

1, if plke, 2 | k,
deg Sk (az® +¢) = < 2, if plke, 21k,
p—1, if ptke.

Again, the degree sequence {deg(Si(ax? + bx + ¢))} is periodic in k, and the p-adic absolute
value sequence |Sy,(az?+bz+c)|, = p~#/2 is stable in k. Note that when calculating the degree,

we used the following fact:
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Fact 1 deg(v/£p(p) =p—1.
Proof  Since p — 1 = deg((?) = deg((v/£p¢p)?). This number divides deg(y/+p(,), which

in turn divides p — 1.

Now we turn to the case when n > 1. Since p > 2, by an invertible linear transformation,

the polynomial f(x1, 22, - ,x,) is equivalent to
g(@1, @2, xn) = 1@ + -+ 4 apa? + brp1 g1 + 0+ bpzy +
where ay,az,--- ,a, € (F,)”. Then the exponential sum

Sk(f) = Sulg) = Sk(aral) - Si(ara?) Sk (brr1r41) - Sk (bnn) - G°

Hence
0, if some b; # 0,

Sk(f) = N
tpk(n—r) (\/(—1)p2 p) lec, if all b; = 0.

So the degree sequence {deg(Sk(f))} is periodic in k, and the p-adic absolute value sequence
1Sk (f)p = p~ (=772 is stable in k.

4.3 Reduction to Low Degree Cases

The higher degree cases deg(f) > 4 can be reduced to lower degree case deg(f) = 3, at
the expense of increasing n. However, the cubic case deg(f) = 3 is not much easier, except for

n = 1 which is doable. No explicit formula exists in general. We have the following

Theorem 4.4  Assume that the periodicity conjecture (resp., the p-adic stability conjecture)
is true for all polynomials f(x1,x2, -, xpn) inFpla1, xa, -+, x,] with degree three and alln € N.
Then the periodicity conjecture (resp., the p-adic stability conjecture) is true for all polynomials
g(x1, 2, -+ ,xm) € Fplr1, 22, -+ , ] of any degree and all m € N.

We will first give an illustration on a specific polynomial and then provide a proof in general.

4.3.1 An illustrating example
Consider the monomial f(z1,z2) = x3z9 of degree four. Write f as f(z1,22) = ((23)z1)z2
and define a system of quadratic equations
T3 = 23,
V=1Qx=x23 =23, — A5
T5 = T4T2 = T3To.

Then
Sk(f)

Y. dnlai)

z1,2€F

= Z Vi (2s5)

(z1,22, ,x5)EV

1
= o Z (x5 + z6(x3 — 3) + 27(24 — T123) + 28(T5 — T472))

Z1,®2, - w8 €F k
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1
= ok Sk(g(z1, 22, ,78)),

1237

where the polynomial g satisfies deg g = 3. Here we used the standard lemma:

Lemma 4.5 (Orthogonality of characters) Let b € Fy«, then
k: .
pY, i b=0,
2 kb=
aE]Fpk O, Zf b # O

Proof Trivial when b = 0. If b # 0, then

S wilba) = Y wila)

aelek aEIFpk

p—1

= Zﬁ{a € Fpi|Try(a) = i} - C;;
i=0

p—1
=G
1=0

_ r1Gp 1
Cp -1
=0.
The proof is now complete.
4.3.2 General proof
Proof [Proof of Theorem 4.4] For general f(z1, 22, -+, &) € Fplz1, 22, -

4, we can write
J
2 Uj1 Ujn
f($1,~172,"',$n): a‘jxlj ...InJ R aj?é().
j=1

We can recursively introduce a system of quadratic equations

gl(x17x27"' 7xm) = 07

V= gm(x17x27"'»xm):07
$m+1—gm+1(331,$2,' o 7$m)207 (gm-'rl(xlva)' o 7$m) = a‘lxillluxglz o
Tt g = Gmtd (T1, T2, ) =0, (Gt a (21,02, Tm) = agoy” 2572 -

, @) of deg f >

N Am—O—J
)
Uln
Tn)

'szn)v
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such that

Sk(f) = Z¢k($m+1 + o Togg)

%
1 m+J
= k(mJ) Z¢k(xm+1 + - Ty + Zylgz 4 Z yi(xi — gi)
g Y i=m-+1
1
= pk(m—',-J) Sk(h(xlv oy TmJy Y1, aym—',-J)),
where h(z1, ** , Tm+J, Y1, * ,Ym+J) is a cubic polynomial in 2(m + J) variables. Clearly,

deg Sk(f) = deg Sk(h),
|Sk(f)|p = p_k(m+J) |Sk(h)|p~

The reduction proof is now complete.

4.4 The Monomial Case z? over Fpk

Let f(x) = 2%, where d > 1. In this subsection, we consider the monomial exponential sum
Si(z?) over all finite fields F .. Recall that the exponential sum over F is

H= 3 ea?) = Y e D)

wE]Fpk- a:e]F k

and

Sk (2P?) = Sy ().

Hence, we shall assume that (d,p) = 1. The sum Si(z?) is called (up to a linear change of
variable) the Gauss period or “Gauss sum”. This is studied extensively in the literature for
small d, see Berndt and Evansl® for a survey. Our basic question is to find an explicit formula
for deg Sx(x?) for all & € N and to show that the p-adic stability for Si(x¢) holds. This is
already unknown, even for monomials z¢ for general d. We shall give some partial results.

For the prime field case when k = 1, according to Myerson!”, Gauss has already obtained

Theorem 4.6 (Gauss) degS;(z?) = (d,p—1).
For k > 1, we have.

Theorem 4.7 (Myerson!™) Ifd|(p — 1) and (d,k) = 1, then deg Si(z?) = d.
In this subsection, we shall prove the following stronger result
Theorem 4.8 Ifd|(p — 1), then deg Sy.(z¢) = 2 k) Ifd|? o 1 ,

The proof will be given a little later. As a corollary, we obtain

then deg Sy (%) = 1.

Corollary 4.9 The degree periodicity conjecture holds for the monomial f(x) = z% if
either d|(p — 1) or (d,p —1) =1 or d is a prime.
Proof We can assume p fd. If d|(p — 1), then

d

deg S (¢9) = (d, k)’
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L Lo k_q
which is clearly periodic in k. If (d,p — 1) = 1, then (d,p* — 1)|7"p_1 . Thus,

deg Sk(xd) = deg Sk(x(d’pkfl)) =1,

which is periodic in k. If d is a prime, then either d|(p —1) or (d,p—1) = 1. Hence we are done.

We also raise two problems here.
PROBLEM 1: Compute deg Si(x?), where d = p;ps is a product of two primes.

PROBLEM 2: Assume d divides (p¥ —1)/(p —1). The theorem shows that Si(z%) € Z. Find an
explicit formula for Sk(x¢). Some special cases are known. This has applications
in weight distribution of cyclic codes.

Remark 4.10 If d|(p — 1), using the binomial formula after writing p as 1+ (p — 1), we

find that
pP—Dk _q

p—1
Hence S(p_l)k(xd) € Z. This is a little surprising! Perhaps it is not so easy to find an explicit
formula for Sy (z?) in the case d divides (p* —1)/(p — 1).
Now we provide the proof of Theorem 4.8.

Proof [Proof of Theorem 4.8] For a € (Fp)x> 0a(Cp) = (p- Since Try, is F)-linear,
d d
Ua(Sk(ajd)) — Z CgTrk(a: ) — Z Cg‘rk(aa: )
z€FE z€Fk

d
From this, we see that o,(Sk(z%)) = Sk(x?) if a € H := (]F;k> NFy. Clearly,

pF—1

H = {a € ]F; a(p_l’(dvp’“*)) = 1} C (]Fp)X .

k
pt =1
H| = -1 .
- (” (d.p - 1>)
Now Si(2%) € Q(¢p)H, and hence

Then its order

p—1 p—1
deg Si.(z%) |[Q(¢)™ Q) = = . :
e )
P~ 5 @dpr-1)
For the second case, where d p::ll , we have
p—1 p—1 p—1

= = = 1’
k__ k_ k_
(p—l, (d’fpkfl)) (p—l,pdl) (p—l,(p—l)d’zp_}))

and hence deg Sy, (z9) = 1.
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It is a little more involved in the first case when d|(p — 1). Again, we have

p—1 p—1 p—1 d d d

(-1 oty) (p-170Y) (p-ro0tn7)) ) (anz) @rEE=1 (@dk)

and thus, deg Sy, (z¢) ’ ( d”_lk) . To show that the degree is equal to ( d‘_ik), we consider the following

polynomial
m(T) = [[ (T-Si(az?) € ZIG) [1) = 2[T],
a€F, /H
which is monic of degree D := (ddk) with Si(2?) as a root. We need to show that m(T) is

irreducible over QQ. Write
m(T) =TP — by TP~ 4+ 0, TP~ . 4 (=1)%p,

where b; is the i-th elementary symmetric polynomial of the roots {Sk(az?)|a € F)/H}. By
Lemma 4.11 (listed after the proof), we obtain

Eood kk
:D = =

wlbo) =D = = (k)

and & ) . -
) =i = =

d= A @k) " D(dk)

where (D, v,(bp)) = <(ddk), (dkk)) = 1. Hence, m(T) is generalized p-Eisenstein, which implies
that m(T) is irreducible of degree D.

The proof suggests the importance of computing the p-adic valuation v,(Sk(f)), or equiva-

lently the p-adic absolute value | Sy ( f)|p. We used the following lemma in the proof.
Lemma 4.11 Ifd|(p — 1), then vy(Sk(az?)) =% for alla € F:k.

The proof of this lemma will be presented later. It implies that the p-adic stability conjecture
holds for Sk (x?) if d|(p — 1). It does not seem to be obvious if the p-adic stability also holds if
(d,p—1) <d.

Kummer Sum and Gauss Sum  Next, we briefly discuss Kummer sum (the case d = 3

and k = 1), defined as the cubic exponential sum

3 3 2mixd i
Si(z°) = Si(z° @ F)) = Z exp » € Q)T CR.
z€F)
If p=2 mod 3, then S;(2%) = S;(23P~Y) = S;(x) = 0. Assume p =1 mod 3 now. Then
S1(a%) = —(G(xs) + G(xs)) €R

is a real number, where G(x3) is the standard cubic Gauss sum associated to a cubic character
X3, and |G(x3)| = y/p. This implies |.5’1 (x3)} < 2,/p, and hence
S (x3 [029] Fp)

2 /p € [-1,1].
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The precise value of the real number S; (2% ® F,) is quite mysterious as p varies. Based on a

few numerical calculations, Kummer in 1846 made the following conjecture:

Conjecture 4.12 (Kummer[sl) As the prime p varies in the congruence class p = 1

mod 3, the cubic sum S;(z3 ® Fp) is “more often positive than negative”.

However, Heath-Brown and Patterson!® proved that the sum is actually uniformly dis-
tributed in the interval [—1,1]. Yet in some sense, Kummer’s conjecture is still believed to be

true as the following finer conjecture suggests.

Conjecture 4.13 (Patterson[m]) As the real number ¢ goes to infinity, we have

Z Si(x®®@TF,)  (2m)?/3 ¢5/6
= 2,/p 5I'(2/3) logt

where I' denotes the Gamma-function.

4.5 Explicit Galois Theory of the Cyclotomic Field Q((,)

In this subsection, we explain how the monomial exponential sum Sy (z?) can be used to
explicitly construct all subfields of the p-th cyclotomic field Q,({,). This provides an excellent
example of explicit Galois theory.

Recall that Q((p) is the splitting field of the p-th cyclotomic polynomial

The extension Q((,)|Q is a Galois extension, and its Galois group is defined as

G = Gal (Q(¢p) |Q) = {All Q-isomorphismso : Q((,) — Q()}-

Apply any o € G to the equation &,((,) = 0, we obtain that o((,) € {(p, (2, , (57"}, Hence,
for any 1 < j <p—1, we have

Q¢p) ———— Qlal/(Pp(2)) ——— Q) = Q(é)

Cp t <;];

\/

aj
and oj,04, = 0j,;,. Hence, the Galois group
G={ojl<j<p-1}=(Z/pL)" = (Fp)".

By Galois theory, there exists a 1-1 correspondence between the subfields of Q((,) and the
subgroups of (F,)™, i.e.,
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Q(¢p) 1
|
Q)" = K ————— H = Gal(Q(¢p) |K)
| |
Q (Fp)*

By the structure of cyclic groups, the subgroups of (F,)”* are H; = {z?|z € (F,)*}, one for
each d|(p — 1). Here |Hy| = pgl. The number of subgroups of (F,)” is equal to the number of
subfields of Q((p), which is the number of divisors of p — 1, denoted by 7(p — 1).

Q) 1
Q)" = Ky —————— Hy = Gal(Q(¢) [Ka)
d ‘d
Q (Fp)”

Now our question is that given a divisor d|(p — 1), construct K, explicitly.

When d =1, K1 = Q = Q((,)™ = Q(¢)°.

When d=p—1, Kp—1 = Q(¢) = @(Cp){1}~

When d = 7', Hyo1 = {Ocp51|04 € (F,)*} = {&1}. Here —1 represents the complex
conjugation. Hence

Koo = Q617 = Q).

where 7, = ¢, 4+, 1. This is the maximal real subfield of Q((,) and is often denoted by Q(¢,) ™.
In fact, ¢, is a root of the quadratic irreducible polynomial

? —mpr + 1 € Rl).

Hence, [Q(¢p) : Q(np)] = 2, which impies that Ky = Q(np) indeed.
When d = 2, consider the group Hy = {a®: a € (F,)*}. For all a € (F,)”, apply o2 to the

Gauss sum

0,2(S1(2?) =02 | 3¢ | =30 ¢ = N ¢ = 51(0?).

z€F, z€F), y€F,

Hence, S1(2%) € Ka. Since [K2,Q] = 2 and Gauss’s formula shows that S;(z?) = \/(—1)p2 p
is quadratic over Q. Hence Ky = Q(\/(—l)pglp).
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In general, we may ask what K, is for any d|(p — 1)? Similarly, we calculate for any
a€ (Fp)~,

Gaa(S1(ah) =opa | ¢ = D0 ¢ = ¢ =51,
z€F, zel, y€eF,
Hence, Q(S1(2%)) C K4. We claim that
Theorem 4.14 K, = Q(S;:(z?)).
This theorem follows from
Lemma 4.15 (Gauss) degS(z?) = d.

Proof We give a p-adic proof here, which can be extended to more general situation later.
Clearly, S;(z?) is a root of the following degree d polynomial

m(T) =[] (T-5Si(ax?)) € Q)T = Q[T].
ac(Fp)* /Hy
It is enough to prove that m(T) is irreducible over Q. This can be obtained from the following
lemma.

Lemma 4.16 (see [1]) Write
m(T) =T+ m, T4 + -+ my € Q[T],

then m(T') € Z[T], and m(T) is p-Eisenstein.
We will prove a more general version of this later. We can raise the following problems.
PROBLEM 1: By the famous Kronecker-Weber theorem, every finite abelian extension of Q
is contained in some cyclotomic field Q((,,). Here the Galois group G := Gal (Q(¢n) |Q) =
(Z/mZ)™. By Galois theory,

Q(Gm) 1
|
Q)" = K ————— H = Gal(Q(Gm) |K)
| |
Q (Z/mZ)"

The problem is to find an explicit element ayr € Q({y, ), such that K = Q(ag). This should
be doable.

PROBLEM 2: By class field theory, for a number field K, every finite abelian extension of K
is contained in some Ray class field Ky,, where m is a modulus, and

Gal (K |K) = CI.

The problem is that given a modulus m, how to construct explicitly K, and all intermediate
subfields K € Ky C Ky, for all subgroups H < CI%.
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K 1
Ky ————— H
K— Qb

This is a major open problem in algebraic number theory. It might be doable for imaginary

quadratic fields K using the theory of complex multiplications for elliptic curves.

5 Kloosterman Sums

In this section, we study the degrees of Kloosterman sums as algebraic integers.

5.1 Kloosterman Sums over [,

Let n € N and A € F7. Define the toric exponential sum

T1TT2T " TTn 1£>‘1
K= > fovmttmtagtn) Cge)

X
@1,32, 20 EF)

This sum is called the n-dimensional Kloosterman sum over the prime field F,. For its

complex absolute value, we have the following well known estimate.
Theorem 5.1 (Delignel'!, 1980) As a complex number, |K L, 1(\)| < (n + 1)y/p".

Any elementary proof for n > 2 will be valuable. The precise value of KL, 1()) is again
very mysterious. As A varies in F,, (and p grows), the (p — 1) normalized Kloosterman sums
Kl 1 (A\)p~™/? are equidistributed with respect to some Sato-Tate measure. This is the function
field Sato-Tate conjecture for Kloosterman sum, proved by Deligne and Katz, see Katz!'2l. For
fixed integer \ # 0 (say, A = 1), as p varies, how the normalized Kloosterman sum K1,, ; (\)p~"/?
varies is completely open.

As a p-adic number,

Kln,l()\) = Z (1 =+ Cp _ 1)(r1+r2+'~~+zn+1112’\”_mn)
T1,@2, w0 €F
= Z 1 mod (Cp - 1)
T1,@2, @0 €F

(p—1)" mod (¢, — 1)
=(—-1)" mod (¢p —1).

This implies that v,(Kln,1(A)) =0 and [Kln 1 (M), = 1.
For the degree of the Kloosterman sum, we have

Theorem 5.2 (see [14]) As an algebraic number, deg Kl,, 1(\) = (n+p1717171).
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5.2 Kloosterman Sums over [,

Let k,n € N and A € F,;. Similarly, one defines

Tr $1+T£2+"'+In+rlz£\.--mn
D S nesen) e i)

X
T1,L2, Jnerk

This is the Kloosterman sum over F,«. As a p-adic number, taking mod (¢, — 1), we again
have
Kln 1(A) = (=1)" mod (¢, — 1),

and hence |Kly k(A)[, = 1. Deligne’s theorem again gives

Theorem 5.3 (Deligne™)  As a complex number, |Kl, (\)| < (n 4 1)y/pkn.

For the algebraic degree, we have

Theorem 5.4 (see [14]) As an algebraic integer, deg Kl,, 1(A\) = (n+p1_7;_1) forallk #£0
mod p.

The case k = 0 mod p has been open. In a forthcoming work, we shall apply finer p-adic
method to prove the following result.

Theorem 5.5 Ifp>n+2 and A € F, then deg Kl x(\) = (nflj;_l).

This result implies that the periodicity conjecture holds for deg K, 1(A) if p > n + 2. This

is a non-abelian example! Now we shall prove the easier Theorem 5.4.

Proof  [Proof of Theorem 5.4] For a € (F,)™, 04(¢p) = 2. Then

Z Trk(arl+az2+~~~+azn+ antlx

7ul(K i (V) = G et g (@),

Z1,%2, ,Tn €F)
If @™ =1, then 0, (Kl, 1 (N) = Kl i (N).
Let
H={acr | =1} = {acFyla 0 =1,
Then its order |H| = (p — 1,n + 1). Now Kl,, 1(\) € Q((,)", and hence by Galois theory

_1 1
deg Kln k(M) ’[Q(Cp)H 1@l = p|H| T (o +p1 p—1)"

As noted before, |deg Kln}k()\)|p = 1, and hence the minimal polynomial will NOT be p-
Eisenstein or generalized p-Eisenstein. However, we have Lemma 5.6 (listed after the proof)
which is needed now. Inspired by the lemma, write

m@) = ] (T-o(" - DKL)+ (-1)") € Z[¢,]*7 [T] = Z[T),
a€Fy /H

which is monic of degree D := (n Jf’l_,plil). Write

m(T)=TP —byTP~ 4 0,7P2 + ...+ (=1)Pbp
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and use Lemma 5.6, we obtain

vy (bp) = p—1 n+1 n+1
PP g 1p—1)p—1 (n+1,p—1)
and +1 ' i(n+1 1) +1
n i iln+1,p— n
bi > = b = )
vplbi) 2 = pue(bo) p—1  (n+l,p-1)
where (D,v,(bp)) = <(n+’f;_1)7 (n+p1_7pl_1)) = 1. Hence, m(T) is generalized p-Eisenstein,

which implies that m(7T) is irreducible of degree D. Thus
deg Kl 1(\) = deg((p" — 1)Kl 1(\) + (-1)") = D.
The proof is finished.
We used the following lemma in the proof.
Lemma 5.6 Ifk #0 mod p, then
n n+1
vp((P* = DKL s (N) + (-1)") = b1
The proof of this lemma will be presented later.

Remark 5.7 It would be interesting to determine v, ((p* — 1)Kl 1(\) + (=1)") when k
is divisible by p.
Application: Construction of subfields of Q((,) via Kloosterman sums

Let d|(p — 1) and Ky be the unique subfield of Q((,) such that [K, : Q] = d. Previously, by
Gauss, we showed that K, = Q(S1(2%)). Now we have

Corollary 5.8 Letd|(p—1). Taken = pgl —1, then Kq = Q(Kly,1(\)) for any X € F,.
Proof  Use the result of degree in the previous section, we see that

p—1 p—1
deg Kl 1(N\) = (p—1,n+1) - p—-1,(p—1)/d) =4

The proof is finished.

6 p-adic Estimates of Exponential Sums

In this section, we explain how to use the classical Stickelberger theorem to estimate p-adic
valuation of various exponential sums.
6.1 Stickelberger Theorem

Let Z, be the ring of p-adic integers in Q,,, which is the p-adic completion of Z under || iy
It can also be written as

Zp ={a € Ql|al, <1},

which is the closed unit disk in Q,. The maximal ideal pZ,, is the open unit disk and the residue
field Z,,/pZ,, is F,,. Conversely,

Z, = W (F,) = lifting of F,, to characteristic 0,
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where W means the Witt vectors.
Now for each k € N, we want to lift F,» as well, i.e., Z,» = W(F,x), the Witt ring of [F,.
The ring Z,» is the ring of integers in the unique unramified extension Q,r of Q, of degree
k and can be written as

L = {a € Q| |af, < 1},
which is the closed unit disk in Q,x. The maximal ideal pZ, is the open unit disk and the
residue field Zx /pZ, is F .
The “mod p” reduction 7 : Z,» — F,x is a surjective ring homomorphism. And there is a

unique injective GROUP (not ring) homomorphism
CL):F;k —>Z;k <—>(C;
such that
Tow: F;k — ]F;k
is an identity map and w(af) = w(a)w(B), w(a) = a mod p.
Moreover, if ]F;k. = {g), then w(g) is a primitive (p* — 1)-th root of 1 in C,. Hence, the map
w is
w: F;k = pye_g CCX,
where pr 1 = {a € Cf la?" =1 = 1}. This is called the Teichmller lifting of IF;,c.

Proposition 6.1 Any multiplicative character x : F:k — C, can be uniquely written as

X =w™l, where 0 < j < p¥ —1. The case j = 0 corresponds to the trivial character.

Fix a primitive p-th root {, of 1 in C,,. The p-adic Gauss sum attached to the multiplicative
character w7 : ]F;k. — CX is defined as

Grl(j) == Y wla)™7 - @,

zEIF:k
where 0 < j < p¥ — 2. Using the Teichmller lifting, we can write this as
Ge() == > ol Gn,
TEH K _

where Try : Z,» — Z, is the trace map. Clearly, G%(0) = 1. Note that

Grlpj) = — Z 2 PI . Cg‘rk(x) - _ Z (2P) 77 Cg‘rk(xp) = Gr(j).
TEH K TEM k1
Example 6.2 As a complex number, |Gx(j)| = \/pk, for 1 <j<pk—2.
After these preparations, we now state the Stickelberger theorem:
Theorem 6.3 (Stickelberger[13], 1890) For0<j < pk — 2, write

j=io+ip+iop®+ - +ipiptt
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and
op(j) =to+i1+ -+ ix—1 = sum of p-digits of j.

Then
1

(G = o)

Now we provide a useful example.

Example 6.4 If d|(p — 1), the for all 1 <i < d — 1, we have

k: . k . . .
pt—=1. ilp-1)p"—-1 i(p—1)  ilp—1) ilp—1)
d 1= d o1 = d + d p+ + pr.

Hence o), (pk(;li) = ki”;l. By Stickelberger theorem, we obtain

k_1 ki
o (770)-4

An exact p-adic formula for G (j) in terms of p-adic I'-function was given by Gross-Koblitz
in 1979, see [15].
6.2 p-adic Valuation of Monomial Sum S (z%)
The monomial sum Si(z?) can be expressed in terms of Gauss sums. In this subsection, we
shall prove
Theorem 6.5 Let d|(p* —1), then v,(Sk(z?)) > *. The equality holds if and only if p =1
mod d.

k_
Proof Let x :=w™ "4 b F;k — C,, x(0) = 1, the primitive character of degree d. Then

Sea) =1+ > (e

TEM k4
d
1o 3 (L) g
yG]F:k =1
Here we are using the relation
d f X d
, d,  ifye (IE‘ k) ,
ZXl(y) = "l
i=1 0, ify¢g (F:k>
Then
d—1
S =Y X X+ [ Y (o4
i=1 yell“:k yG]F:,C

@ Springer



EXPONENTIAL SUMS OVER FINITE FIELDS 1249

By the example from the previous section, if p =1 mod d, then
k .
pr =1, ki
(")
and hence v, (Sg(2?)) = *.
k

Assume now d|(pF —1) but d f (p—1). Clearly, k > 2, and we want to show v,(Sk(z?)) > .
Write

pP—1 k
d i=jo+ap+jep® + -+ jr—1p"
where 0 < j;x < p — 1. Then we obtain
k
p*—1. . . ) _
J i = jo+j1p+ jop® + -+ a1l
pk—l 1

d (pi)y = k-1 + jop + 10> + -+ + jr—ap® 7,

k

Pt =1, 1. . , . . g

g PN =gt Gap o Gep® - Gopt
where (pi), is the smallest positive residue of pi mod d. Summing both sides, we obtain

pF—1 k—1 k—1
g G @ig+e () = Got i+ +j) A +p+ e+,
and note that
1< i7<pi>d7"' a<pk71i>d <d-1,

we get

p;1(i+<pi>d+”'+<pk_li>d)Zp_1(1+-~-—|—1): kE(p—1)

a LT a

k times

Jo+ -+ k1=

with the equality holding if and only if i =1 and p =1 mod d. Thus, if p Z 1 mod d, then

k
pr—1, I . . L k(p—-1) k
Up(Gk< d Z>>—p_1(J0+]1+ +]k—1)>p_1 d =

The proof is now completed.

Remark 6.6 If p— 1 is not divisible by d, it is an open problem in general to determine
this sequence v, (Sk(z%)) in k. This is the main reason that we are not able to determine the
degree sequence for Sy, (z?) for general d.

6.3 p-adic Valuation of Kloosterman Sums
In this subsection, we shall prove
Theorem 6.7 Let A € F;, then
" " n 2(n+1
(04 = D) + (1) + (C1M G o) = 20 D)
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Proof Calculate

n+1
pF—2 pF—2
W (NG = (D)"Y W) | DD w (e
J=0 J=0 aeHT:k
pF—2 A\
Sy g (A
. ,an+1€1F:k =0 ay - Apt1

_ (_1)n+1(pk _ 1) Z Cgrk(a1+--~+an+1)

X
A1 An41=X\,a1, ,Gn i1 Elek

= ()" (" = 1)Kl (V).
Hence,

(p* — 1)Kl k(N
pF—2
=(—1)"“< wj(A)Gk(j)"“>

Jj=0

-1

=(—1)"* (Gk(O)"+1 + (W(A)Gku)”“ +w\)GR(p)™ T 4+ w( W

+ ) wj(A)Gk(j)”“)

op(4)>2

)Gk (pkfl)nJrl)

=(-1"*! (1 + RN (Gr()™ T+ Y wj(/\)Gk(j)"“) :

op(4)>2
Here we used the assumption that A € F)S, which implies that w(\) = w(N) = .- = w()\pk_l).
Furthermore, G (1) = Gi(p) = - - = Gx(p*~1). Now for 0,(j) > 2, we have
WGl =
D k7)) = p— 1 .

Hence we obtain
2(n+1)

0 (7" = DEL) + (17" + ()" (Ga(1) o) 2 7'

)

as desired.

As a corollary, we deduce

Corollary 6.8 Ifk#0 mod p and A € F}, then

n+1

o (" = DELe) + (D) = 7
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6.4 General p-adic Estimates

Using the elementary method as above, one can prove the following result of Sperber which
was orginally proved using Dwork’s p-adic theory.
Theorem 6.9 (Sperber'®))  Let f(x1,20, - ,2,) € Fpr[z1, 22, -+ ,3,] and d = deg(f).

Then
n

op(Se(F) = Tk

for all k € N.

In the one variable case, we also have the following more precise result.

Theorem 6.10 Let f(z) = 2 +a12? '+ -4a4 € F i [z] be a polynomial in one variable.
Then v, (Sk(f)) > k/d with equality holding if and only if p=1 mod d.

Again, if p # 1 mod d, the exact value of v,(Sx(f)) is unknown and can be complicated.
Results on p-adic estimates of exponential sums can be used to derive p-adic estimates for the
number of rational points on equations over finite fields.

Theorem 6.11 (Ax[m) Let f(x1,22, -+ ,xn) € Fprlw1, 22, , 2] and d = deg(f) > 0.
Let
Ni(f) = #{(z1, 22, -+ ,zn) € Fpulf(21, 22, ,20) = O}
Then v, (N (f)) > k[™,7].
For a system of m polynomials, we have
Theorem 6.12 (Katz!'®l) Let fi(zy, @0, - ,&n),-, fm (@1, @2, ,Tp) € Fpr (w1, 22,
-y Ty, with maxi<i;<m deg(f;) > 0. Let

Ni(F) = #{(z1, 22, ,2n) € Fpplfi(zr, 22, yzn) =+ = fm(1, 22, -+, 2,) = 0}

Then S dea(fi)
n — i= eglfi
e (Nk(F)) 2 & Gmaxlgisjn deg(fi)D '

Katz’s original proof was based on Dwork’s p-adic theory. It can also be proved using just
the Stickelberger theorem as above, see [19]. Alternatively, Houl?”) showed that Katz’s theorem
can be reduced to Ax’s theorem in a quick elementary way.

More generally, we have

Theorem 6.13 (Adolphson and Sperber?!l)  Write

J
f(xl,x27 Ce ’xn) = Zajxll)jlxgﬂ .. .x:’iin c Fpk [x17x27 . »xn]~
j=1
Let A be the convex polytope in R™ of the origin 0 and the lattice points (vj1,vj2,- -+ ,Vjn) € R™,

where 1 < 5 < J. Let
u(f) = minfp > 0|uA(f) NN # 0}
Then
up(Sk(f)) = n(f)k.
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This result was originally proved using Dwork’s theory. It can again be proved using just

the Stickelberger theorem as above. Here is an example:

Example 6.14 Let f(x1,22, -, %) € Fplz1, 22, - ,2,] and d = deg(f). Then
A(f) C A + 2§+ +al).

It follows that u(f) > u(A) = 7. This gives Sperber’s theorem. See Figure 1 for this. It is
easy to check that the above Adolphson-Sperber theorem also implies the Ax-Katz theorem.

@Y

Figure 1 For Example 6.14

Remark 6.15 There are further improvements using finer and more complicated quanti-
ties such as p-weights and the degree matrix, see Moreno and Moreno?®, Blachel?¥, Chen and
Caol?” and Cao and Sun®0l. The idea is to use p-reduction to reduce the degree of f(z) as
follow. Write d = do + dip + - - - + dsp®, where 0 < d; < p. Let {e1,e2, - ,ex} be an Fy-basis
of Fx, then any x € Fx can be written uniquely as

r =x1€1 + To€2 + -+ + TR CL

and

d

x? = (z1e1 + oen + - + zper) (1€} + 20l + -+ zpel) D

(1€l +moel oo+ apel )€ Fprlar, o, 0, 3y

The degree has now dropped to dy + dy + -+ + ds < d. This can lead to improvements in the
some cases when p < d.

7 Distinctness and Rationality of Exponential Sums

In this section, we carry on further discussion on the degree of exponential sums from two

perspectives: The distinctness and rationality of exponential sums.
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7.1 Distinctness of Kloosterman Sums

Recall that for A € IF;,c7 the n-dimensional Kloostman sum over IF,» is defined as

Kl (N = Z C';rk (w1+x2+~~~+xn+ J;lm2>\.,.mn) .

X
@12, wn €F

Now our first question is:

QUESTION: As the nonzero parameter A varies in the prime field Fp, when the (p — 1)
Kloosterman sums {Kl, x(A)|A € F)'} are distinct?

This question is closely related to the degree of Kloosterman sums, i.e.,

deg Kl,, x(\) = number of distinct elements in {Kl, r(a" ' \)|a € Fy}.

The congruence formula for K1, () gives

Theorem 7.1 Assume (k,p) = 1. Then the (p—1) Kloosterman sums { Kl x(A\)|A € F)}
are distinct. In particular,
p—1

deg Kl v(N) = #{a"Ma e By = 7))

Proof By the congruence formula for Kloosterman sum,
(0" = DKL) = (1) (1 + ko(NGR(1)™) +0 (77

Now if (k,p) = 1, then v, (kw(\)Gg(1)" 1) = Zti, and the coefficient kw(A) are distinct in )}
as A varies in ;.

In the special case, Kk = 2™,p > 2,n = 1, the first part of this theorem was re-proved by
Borissor-Boissov[?? in 2020. The first part of the special case (k,p) = 1 and n = 1, of the above
theorem, was raised as an open problem in the same paper.

In the above, we only considered the case that the parameter A\ varies in the prime field
). Our second question is to consider when the parameter A varies in the extension field F;k
Namely,

QUESTIONT: When the (p* — 1) Kloosterman sums { K1, x(\)|\ € F;k} are distinct?

As we shall see, this problem is significantly harder! Note that

Try, (a:f+oc5+---+mﬁ+ mpmgp

Kl p(N) = > Cp ! ) = Kl x(AP),

X
@12, wn €F

which can be regarded as the Frobenius Frob, acting on K1, (). So the best one we can hope
is that if

Klp k(M) = Kl k(A2),
then A1, A2 are Frobenius conjugate over F,, i.e., A\ = /\gi for some i. However, there are
examples where K, (A1) = Kl (A2) but A1, A2 are not Frobenius conjugate. Some more

conditions are needed.
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Conjecture 7.2 (see [14, 27]) Ifp > k(n+1), Kl x(M) = Kl x(A2), where A1, Ay € F;k,
then A1, A2 are Frobenius conjugate.

This conjecture is equivalent to saying, for p > k(n + 1),

H{K L k(WA €5} = Lu(p) — 1,

where I (p) = #{ monic irreducible polynomials of degree dividing % in F,[x]}.
Now assume that the Ref conjecture holds, that is, Kl, x(A1) = Kl, g(A2) implies A1, Ao
are conjugate over F,, (where A1, Ay € F;k) Then for A € IE‘;,N

deg Klp k(A) = #{Klni(a""'N)|a € F}
_ p—1
- #{aeFS|antl € {1, 1 a1 1)
_ p—1
- (p—1,n+1) # {{1’)\p—1,,\p2—1, 3N (Fg)(nﬂm—l)}'
This shows that even if we assume that the Ref conjecture holds, the degree formula for
deg K, (A) can still be somewhat complicated when & > 1. The Ref conjecture is known
to be true in some cases.
Theorem 7.3 (Fisher®™)  Ifp > (2(n+1)%+1)? and Kl (M) = Kl 1(A2) for A, Aa €
IF;,H then A1, A2 are Frobenius conjugate.
This result shows that the Ref conjecture is true if p is large compared to n and k. The
proof uses ¢-adic cohomology for prime £ # p.

Theorem 7.4 (see [14]) Assume p > (k—1)(n+ 1) + 2 and p ¥ N1(n)Na(n)--- Ni(n),

where ‘
Z Z = logz y :
\n+1 N\n+1
2 (nl) 2 (7

If Klp p(M) = Kl k(A2) for A, s € IF;,H then A1, A2 are Frobenius conjugate.

Dwork showed that Nj,(n) # 0 for all h,n and gave an asymptotic formula for Ny, (n). Thus,
the above theorem shows that the Ref conjecture is true if p does not divide certain non-zero
integer. The proof uses p-adic method and Stickelberger theorem. Note that the above two
theorems are proved using non-archimedian methods. It would be interesting to give a direct
archimedian proof which might shed more light. Another elementary problem is

PROBLEM: Prove that Ny(n) € Z for all h,n € Z. Explicitly, we have

L . n+1
1y h
Np(n) = ; 5 2 (h17h27 o »hs) .

hi+ho+-+hs=h

For example, we have

Nl(n) = 1,
NQ(n) =1- 2n7
Ni(n)=1-3"""+2.6",
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As a corollary, we obtain
Corollary 7.5 The Ref conjecture is true for k =1 and all p.

This is slightly stronger than the original Ref conjecture, which assumes p > (n+1) if k = 1.
The Ref conjecture is also true if n = 1, k < 4. It should be possible to extend the range of k
with computer calculations.

General case

We shall in general consider for f(z1,z2, - ,2,) € Fpla1, 22, -+ , ], and
deg Sy (f) = number of distinct Galois conjugates in {Sx(af)|la € F,}.
Now the questions are:
QUESTION 1: #{distinct Sk(af)|a € F)'} =7;
QUESTION 2: #{distinct Sk(af)|a € F;k} =7.

It should be possible to prove many results in this direction using either p-adic method or ¢-adic
method. The above explained the classical examples of Kloosterman sums.

As another example arising from applications, let us consider the Weil spectrum. For 1 <
d < p* — 1, the Weil spectrum is the set

Wk a = {Sk(z? + az)la € ]F;k}

One interesting problem is to give a good lower bound for the size of the set W 4.
Theorem 7.6 Let (d,p* —1) =1, d % p' mod (p* — 1), then !ka}d| > 3.
Furthermore, one has the following two conjectures by Helleseth in 1971, see the survey by
Katz and Langevin[?].
Conjecture 7.7 Let (d,p* —1) =1,d # p' mod (p* — 1) and k = 2™, then |[W 4| > 4.
This conjecture is proved if p = 2, 3, but still open for p > 5.

Conjecture 7.8 Let (d,p" —1) =1,d =1 mod (p — 1) and p* > 2, then there exists
a € I such that Si(z¢ + az) = 0.

Note that if d =1 mod p — 1, then for all b € F;,
oy (S(x? + ax)) = Sy (bx((bx)?! 4 a)) = Sp(z? + ax),

which implies that Sy.(z? + ax) € Z.
7.2 Rationality of Exponential Sums

Recall that for a polynomial f(z1,22,---,2,) € Fpe[z1,22,- -+, 2,], we defined the expo-
nential sum
Su(f)= Y U e z)c).
T1,T2, " ,Inerk

In this chapter, we shall discuss the following question.
QUESTION: When the exponential sum Si(f) is a rational integer in Z? In other words,
when deg Si(f) =17
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Definition 7.9 Let n4(f) be the number of Fr-rational points on the Artin-Schreier
hypersurface defined by
Y-y = f(z1, 22, T0).
A simple property is
Theorem 7.10 Si(f) € Z if and only if Si(f) = ""‘(i):lpm.
Proof Since ni(f) € Z, the “<” direction is immediate. For the “=" direction, note that

we always have

n(f) =Y Sklaf).

a€lF,

If now, Si(f) € Z, we deduce

ni(f) =p" + Y Sk(af) =p*" + (p — 1)Sk(f).

ang

The proof is complete.
As a corollary, we deduce

Corollary 7.11 Ifni(f) #1 mod (p — 1), then Si(f) & Z.
For 0 <i <p—1, we define

nk(fvi) = #{(x17x27' o 7xn) € sz|Trk(f(x1,x2,- o ,{,Cn)) = 7’}

Then nk(f,0) = }an(f) Another characterization for Si(f) € Z is the following

Theorem 7.12 Si(f) € Z if and only if nk(f,1) = ng(f,2) = -+ = ne(f,p — 1), which
is equivalent to ny(f,1) = p(pal) (p*"tt — g (f)) for all i € F.

Proof  Assume Si(f) =m € Z. Then we can rewrite Si(f) as

p—1
Sk(f) =Y ¢ -ni(f, ).
i=0
Then we have two relations over Q:

p—1
> G k(i) + nk(f,0) —m =0,

i=1
p—1
d G +1=o0.
=1

Since deg(¢p) = p — 1, the first relation must be a constant multiple of the second relation,

hence
nk(f71) = :nk(fvp_l) :nk(fvo) —m.

We also have
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Recall that n(f,0) = }nk(f), we obtain for i € Fj™e*,

;nkm + (= Vna(f,i) = p™.

This shows that

mlf)= L@ =)
for i € F\. Conversely, if ni(f, 1) =nk(f,2) =--- =ni(f,p — 1), then
p—1
Sk(f) = ZC;) nk(fJ) = nk(f70) - nk(f71) € Z.
i=0

Recall that our basic question of this section is

QUESTION: Classify the polynomials f(x1, 22, -+ ,2,) € Fyr[21, 22, -, 2,] such that Si(f) €
7.

This is very interesting even in the case of n = 1. We now consider this one variable case.
Let f(z) € F,u[z]. Note that o =aforallac F,., we can assume d = deg(f) < p*. Using
the reduction Try(aa?) = Trp(a'/Pa), we can further assume that f(z) has no terms of the
form zP?. Recall

nk(f i) = #{x € Fpu|Trp(f () = i}, i€ TF,.

By the previous theorem, our question in the one variable case is equivalent to
QUESTION: Classify polynomials f(z) € F,i[z], such that ng(f,1) = ng(f,2) = ---

nk(f7p - 1)
We first give some examples.

Example 7.13 If f(z) is a permutation polynomial (PP) over I, then Si(f)
Sk(x) =0, and hence ng(f,i) = p: =pF1 for all i € F,,.

But there are other examples if £ > 1.
Example 7.14 Let f(z) = z¢ where d’p::ll, d>1and k > 2. Then f(x) is NOT PP
over F . as (d,p* — 1) > 1. But we know that S(f) € Z. This implies that

1
p(p—1

ni(f) —p

nk(f71):nk(f72)::nk(f7p_1): p—l

)

)(p’“+1 —ni(f), Sk(f) =

where
n(f) = #{(5,9) € Fouly? — y = 2%},
However, if k& = 1, there are no other examples. In fact, let f(x) € Fp[z] with degree
1 <d=deg(f) <p-—1, then

m(f,i) = #{x € Fp|Tr1(f(2)) = i} = #{x € Fp|f(z) =i} <p—1.
Note that n1(f,0) +---+ni1(f,p—1)=p. As 2(p—1) > p and

m(f,1) =m(f,2)=--=m(fip-1)=¢
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we must have ¢ € {0,1}. If ¢ = 0, then ni(f,0) = p and then f(zr) = 0 on F,. This is a
contradiction. Hence, ¢ = 1. This implies that nq(f,0) = 1 as well. Hence, f(x) is PP over F,,.

To sum up, we have shown:

Theorem 7.15 For f € Fy[z], 1 < d=deg(f) <p—1, we have S1(f) € Z if and only if
f(x) is PP over ).

The classification of permutation polynomials over IF,x is itself an interesting topic, and has

been studied extensively. This has various applications.

Definition 7.16 A polynomial f(z) € F,u[z] is called exceptional over F, if the
polynomial (2:5 ) has no absolutely irreducible factors defined over F,«, other than x — y.
In other words, every irreducible factor of f(x) — f(y) in F,x [z, y] other than x — y will further
factor in Fy[z, y].

Example 7.17 f(z) = 2¢ is PP over [« if and only if (d,p* —1) = 1, which is equivalent
to that z? is exceptional over Fpe.

Definition 7.18 The Dickson polynomial is defined as

d d
x4+ Va2 —4b x— Va2 — 4b
Dd@,w:( : )+( ; )
where b # 0.

If b =0, then Dy(z,0) = z¢. If b # 0, then

d/2 .
Dy(z,b —LH d (d—j jn—2j
d(x7 )_ Z d—] . (—b) X .

i=0 J
Dickson polynomials over finite fields have been studied extensively, see the monograph by Lidl,
et al.29. In particular, we have

Proposition 7.19 For b € FX,, Dy(x,b) is PP over F
P

if and only if Dq(x,b) is exceptional over F .

if and only if (d,p** —1) =1,

pk
In the general case, we have
Theorem 7.20 Let 1 <d =deg(f) < p*, f € Fpr[a].

1) If p* > d*, and f(x) is PP over F,., then f(z) is exceptional over F.. (This part is a

consequence of the Weil bound.)
2) (Cohenl) If f(x) is exceptional over Foi, then f(x) is PP over F .

3) (see [31]) If f(x) is not PP over F,., then

PP —1
Ll

B )} < pb — [

Remark 7.21 This value set bound in 3) was originally conjectured by Mullen, based on

computer calculation. It can be used to give a very simple proof of 2). Note f(z) is PP over
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Fpr, if and only if #{f(F,x)} = pF. A simple proof of the value set bound in 3) was given by
Turnwald®?!| see also Taol*3 for an elegant presentation of the proof.

As a corollary, we obtain

Corollary 7.22 Let f € Fi[z] and assume p* > d*. Then f(z) is PP over F, if and

only if f(x) is exceptional over F .
The next conjecture aims to classify all possible degrees of exceptional polynomials.
Conjecture 7.23 (Carlitz-Wan, see [34]) Let f(z) € Fyr[z], d = deg(f) > 1.

1) (Carlitz, 1966, see [35]) If p is odd, d is even, then f(z) is NOT exceptional over F .
2) (Wanl®l, 1991) If (d,p* — 1) > 1, then f(z) is NOT exceptional over F .

It is clear that the first part is a special case of the second part.

Corollary 7.24 There is an exceptional polynomial of degree d over Fpk, if and only if
(dvpk - 1) =1

Remark 7.25 This conjecture is easy to prove if p 1 d, the tame case. The condition
(d,p* — 1) > 1 can be viewed geometrically as the projective plane curve defined by

f(@) = f(y)
T —y

=0

has a nonsingular F,x-rational point at co. The irreducible component over F,» containing this
nonsingular Fx-rational point will be absolutely irreducible. Thus f(z) is NOT exceptional

over [F .
Theorem 7.26 (see [36]) The Carlitz conjecture is true.

Their proof uses sophisticated group theory, including the classification of finite simple
groups. Their result is more general, which proves Wan’s conjecture as well if p > 5. The

general case was later settled by Lenstra.
Theorem 7.27 (see [34]) The Carlitz-Wan conjecture is true.

The proof is much simpler, uses only local field and a little elementary group theory. Qifan
Zhang recently further simplified Lenstra’s proof, used only local fields without group theory.
7.3 General Degree Results
7.3.1 Results over I,

For a polynomial f(x) € Fpylz], 1 < d = deg(f) < p — 1, we first consider the exponential
sum over the prime field I, defined by

Si(f) = ¢ ezg).

z€F,

Recall that we also defined
n(f,0) = #{z € Fp|f(z) = 0}
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and
n(f,i) = #{x € Fplf(z) =i}, VieF,.
Here we prove the following general result on the degree of S1(f).

Theorem 7.28 We have

p—1
(p—1,n(f,0) - 1)

is the symbol of division as usual.

e i) (- ).

The vertical line symbol “”

Proof For m € N, define
No(f) = #{ (21,22, -+, om) €FP[f(21) + f22) + - + f(2m) = 0}

Write
F(T)= [] (T - Si(af)) =TP~' + RTP? + -+ F,y € Z[T),
a€lFy

which is a monic polynomial in T" of degree p — 1. Define
H ={a € F;|o.(S:1(f)) = S1(f)} = Stablizer of S1(f).

Then
Fy= J[ (T - Siaf)=nm(m),
a€F) /H
where
M(T) = [ (T-Si(af)) € QlT],
a€F) /H

which is invariant under Galois action. By Galois theory, the polynomial M (T') is the minimal
polynomial of S1(f). Thus, deg S1(f) = deg M(T') = "’;ﬂl The problem is that we do not know
the stabilizer H in general.

We consider the m-th power moment sum

Pn=>_ Si(af)"

a€Fy

- Z Z Cgf(m) Z Cgf(wm)
acFy \=1€Fp Tm €Fp

— Z Z Cg(f(rl)+f(m2)+~~~+f(wm)) _1
T1,T2,,Tm R, \a€F,

= pNi(f) —p™.

Now F(x) = xP~' + FiaP~2 + .- + F,_y = M(x)fl. Taking derivative yields

(p—1)a""2 + (p— 2)F1a”5 + -+ Fyp = [H| - M(2) ¥1=1 . M (a).
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Both sides are polynomials over Z, hence
(p_lv(p_2)F17(p_3)F27"' 7Fp72) =0 mod |H|
Equivalently,
(p_15F172F27"'7(p_2)Fp—2)EO mod |H|
By Newton’s formula,

0:P1+F17
0=P+ P Fy 4 2F;,

OZprl+Pp72F1+"'+P1Fp72+(p_1)Fp71~

We have shown jF; =0 mod |H|, for all 1 <j <p—1. By the above Newton’s formula, one
recursively finds
P, =0 mod |H|,

P,_1 =0 mod |H]|.

Hence
0= Py, =pNu(f) —p™ =Nn(f)—1 mod |H|.

Noting that |H||(p — 1), thus

We conclude that

_p_]-_ p_l (p_17N(f)_17"'7Nm(f)_l)
WS =g = o LN = Lo N = 1) o |

The last factor is an integer. Thus, we have proved

p—1
(p—=LNu(f) =1, Nm(f) = 1)

degS&(f)‘p -1

Note that
Ni(f) = #{z € Fp|f(z) = 0} = n(f,0),
we obtain the desired result.
We now give some examples and corollaries.
Corollary 7.29 If (n(f,0) —1,p—1) =1, then deg S1(f) =p— 1.
Corollary 7.30 Ifn(f,0) € {0,2,p— 1}, then deg S1(f) =p—1.
If n(f,0) # 1, then (n(f,0) —1,p—1) < pgl, which implies that deg(S1(f)) > 2. This is

consistent with the fact that f(x) is not PP over F), if n(f,0) # 1.
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Example 7.31 If f(z) = 2 + bx?~! = 291 (x + b), where b # 0. Then n(f,0) = 2, and
hence deg S1(f) =p—1.
Example 7.32 If f(z) is odd, i.e., f(—z) = —f(x), then

Si(f) =Y ¢ =>" gD =851(f) e QG T

z€F, z€F,

From this example, we obtain

Corollary 7.33 If f(z) is odd, then

p—1
(p_]-?n(f?O)_l)

Example 7.34 Let f(z) = 2% — b22?2 = 2972(22 — b?), where 21 d and b € F}. Then

n(f,0) = 3, and thus deg(S1(f)) = 73 ".

Note that f(x) is odd, if and only if f can be written as f(z) = zg(x?). More generally, let
el(p—1), and f(z) = zg(x*), consider

-1
9 .

deg sl(f>' P

H.={aecF;la® =1}, |He|=e.
For all a € H., we have

9a(51(f)) = Si(af) = Si(azg((az)%)) = Si(f)-

Thus, S1(f) € Q(¢,)H <. Hence,
deSi(DIRIG)™ Q=" =T
To sum up, we have
Corollary 7.35 If f(z) = xzg(x¢) for some e|(p — 1), then
p—1
(p—1Ln(f,0)=1)
Moreover, if in addition (p — 1,n(f,0) — 1) = e, then deg S1(f) = pgl.
Example 7.36 Let f(z) = z(x® — b¢), where e|(p — 1) and b # 0. Then n(f,0) =e+ 1,
and hence (p — 1,n(f,0) — 1) = e and deg Sy (f) = P_*.

e

1

degsu(f)} o

Remark. For Dickson polynomial Dy(x,b), b € F)5, what is deg S1(Da(z,b))? This remains
open in general. For b = 0, Dg(z,0) = ¢, and Gauss showed that deg S1(z?) = (d,p — 1).
7.3.2 Results over F,

For a polynomial f(z) € F,r[z], 1 <d = deg(f) < p* — 1, we defined the exponential sum
over IF,x by

Se(f) = > G e z[g).

IG]Fpk
The same proof as the prime field case gives
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Theorem 7.37 We have
p—1
(p—1,n(f) = 1)

This result is less useful when k > 1, as it is harder to compute ng(f) for k£ > 1. In the case
k=1,

dex 5u()| (- )

ni(f) = #{(z.y) € Fly” —y = f(2)}
=p-#{z e Fp|f(x) = 0}
= pn(f,0)
=n(f,0) mod (p—1).

This recovers the general result in the prime field case.
Corollary 7.38 If (p — 1,ni(f) — 1) =1, then deg Sk(f) =p— 1.

Corollary 7.39 If f(x) = zg(z°), e|(p—1), then deg Sk(f)|p;1. If further (p—1,nk(f) —
1) =, then deg S(f) = ".".

As mentioned above, for k > 1, it is harder to compute ng(f) and so harder to give useful
examples to compute deg Si(f).

Now we have finished the discussion on the results related to the degree. In next section,

we shift to p-adic estimates for L-functions of exponential sums.

8 [L-Functions of Exponential Sums

In this section, we give a brief exposition for L-functions of exponential sums, focusing on

their p-adic properties.
8.1 [L-Functions of Toric Exponential Sums

Let F, be the finite field of ¢ = p” elements, f(z1, 22, ,xn) € Fylzit, il - - 2] be
a Laurent polynomial. Note now that the base field is F,, not necessarily the prime field F,.
So, we are in a slightly more general situation. We define the sequence of toric exponential
sums Si(f) by
Se(f)y= >, guUlvmea)) e,

X
1,2, an €F,

where Trj, denotes the absolute trace map from Fyx to F,. The L-function of f over I, is

defined as the following exponential generating function

ik
L(f.T) = exp (Z ! Sk(f)> € ZIGITT.
k=1

The reason that the power series L(f,T) has integral coefficients is because it has an infinite

Euler product. In the case when f(z1,22, - ,&n) =21+ 22+ -+ x5 + then Si(f)

A
1T Ty’
reduces to the Kloosterman sum over ]Fqk.
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Theorem 8.1 (Dwork!*, Bombieril®) L(f,T) is rational in T.

The total degree (the sum) of numerator and denominator for the rational function L(f,T)
can be effectively bounded, see Bombieril®”), Adolphson and Sperber®¥], and Katz[®?l. Such
explicit degree bounds are important in algorithms for computing zeta functions and L-functions
over finite fields, see Lauder and Wan/*?!, Harvey[*! and the survey[*?l. But no exact total
degree formula is possible in general. We shall consider a nice case studied by Adolphson and
Sperber?! where one can push much further.

; _ Y v; X _ n
Write f(z1,22, " ,&n) = D j=1a;x%7, where a; € Fy. Here v; = (vj1,v52, -+ ,Vjn) € Z
) Vi1 U Vin
and % =z, x5"* - 2,/". Define

A(f) := convex closure of {0,v;(1 <j <J)}

in R™. Without loss of generality, we assume that A = A(f) is n-dimensional in R™. If § is a

o= Z a;x".

v; €

closed face of A, we define

Definition 8.2 The polynomial f is called non-degenerate if for every closed face ¢ of
arbitrary dimension, not containing 0, the system
of? _of o of?

8!1,‘1 _8.%2:'”:8.%”:0

. . X
has no common solutions in (F," )™.

Theorem 8.3 (Adolphson and Sperber(*3)  Let f be non-degenerate. Then L(f,T)~?
is a polynomial of degree n! Vol(A).

)nfl

Write
n! Vol(A)
L7 = I a-am)eci).
i=1
Then

Sk(f) = (1" (ah +ab+ - +abivaw)) . VREN.

By Deligne, |o;| = \/¢"*, where u; € {0,1,---,n}. Let w; = #{1 < j < n!'Vol(A)| |oy| = \/qi},
where 0 < ¢ <n. Then
wo + w1 + -+ - + w, = n!Vol(A).

The weight sequence {wg, w1, -+ ,wy,} is completely determined by Denef and Loeser!*¥ using a
complicated combinatorial formula derived from intersection cohomology. This result has been
extended to twisted character sum case in [45].

For us, we write
n! Vol(A)

LTV = [ (1 - aiT) e Cy[T).

i=1
We would like to determine the g-slope sequence

{vg(ar),vg(az), -+ vg(anivor(a))}-
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This is rather complicated in general, even in the one variable case. We shall explain a tool
which is useful in many interesting cases.

Remark For toric exponential sums, Si(f) = (¢* —1)" mod (¢, —1). Thus, v,(Sk(f)) =0
and vy(a1) = 0. We want to find v,(a;), for all 1 < i < n!Vol(A).

8.2 Lower Bound for Newton Polygon
Let C(A) = Ug>ocA, i.e., the cone in R™ generated by A. See Figure 2 for this.

- N
s A Y
/’ Al
- Y
- N
Y
N
N
A Y
A Y
O -mmmmm S .-
7’
’
5 7’
4
7’
/7
1 S~ o
\\ ’
~ 7’
\\/
<
C ~

Figure 2 Cone C(A)
Definition 8.4 For u € R", define a weight function

00, if ug C(A),

w(u) =
inf{c > 0|u € cA}, if u e C(A).

If u € C(A), then there exists a codimension-one face 6 € A, O ¢ §, such that wiw) €0
Let the equation of § be Y"1 | e;x; = 1, where ¢; € Q. Then

e; =1, u=(ui,ug, - ,Up).
2t i)
Hence,
w(u) = Z el
i=1
Let D(9) be the least common denominator of ¢;, for 1 < i < n. Then

Zso, YueC(6)NZ".

Definition 8.5 D = D(A) = lcms D(0), where § runs through all codimension-one faces
of A, not containing 0.

Proposition 8.6 We have w(Z") C },Z>o U {oo}. See Figure 3 for this.
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Figure 3 Lattice points in C'(A)

Definition 8.7 Let Sy = F, [29(*)"2"]. This is a finitely generated graded F,-algebra.
Let deg(z") := w(u). Then

(Sa)k = &) Folz"],
ueC(A)NZ™,  w(u)=k/D
which is the homogeneous graded degree k (or weight k/D) part of Sa. Clearly,

oo

Sa =B (Sa)-

k=0

Definition 8.8 For k € Z>¢, define
Wa(k) = #{u € C(A) NZ"|w(u) = k/D} = dimp,_(Sa)k-
As an n-dimensional graded algebra, the Poincare series of Sa is of the following form

00 00 nD k
Zdiqu (SA)ka _ Z WA(k)Tk _ k=0 HA(IZ)T
k=0 k=0 1-1)

Thus,

n

Ha(k) =Y (~1)! (2’) Wa(k —iD).

=0

If f is non-degenerate, then {z; gfl , T2 gf

2 T aiﬁ } form a regular sequence of the ring

Sa, i.e., the multiplication map

anf : S T of T of e T of — S T of T of e LT of
laxi - PA 181‘17 28.1327 ’ 1718.131‘_1 A 181‘17 281‘27 ) lflaxi_l
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is injective for all 1 <14 < n. This means that the associated Koszul complex
1 "

K.(f):O—»Sgg)—>Sg)—>-~-—>5’g)—>0

is acyclic. Furthermore,

af af

. . 0
i, (7)) = dime, S/ (17 0 07 oo

f T
8%1’ 2

) = nlVol(A).

This non-degenerate condition ensures a similar property on the lifted p-adic Dwork homology
and thus L(f,T)"D""" is a polynomial of degree n! Vol(A). Furthermore,

s of  of of
HA(k)—dlm]Fq (SA/ (xlax17x28x27 7$naxn)>k7

the dimension of the graded degree k part of Sa/ (xlgfl , T (;Z’... T ngn)' In particular,
Ha(k) >0, and

nD
L af af of \ _ |
kZ:OHA(k) = dimp, SA/ <x1 O , T Oy’ , Ty aa:n> = n!Vol(A).

Definition 8.9 The Hodge polygon HP(A) of A is the lower convex polygon in R?
with vertices (see Figure 4)

m m k
(ZHA(]C),Z DHA(k)> , m=0,1,---,nD.
k=0 k=0
nD
D
)
D
1
O D
Hs(0) Hs(1) Hs(2)

Figure 4 The Hodge polygon
Definition 8.10 Let f be non-degenerate over F,. Write
L(f, T)(—l)nfl —14 AlT et An! Vol(A)Tn! Vol(A).

The ¢g-adic Newton polygon of L(f, T)(’l)n_l7 denoted by NP(f), is the lower convex closure
in R? of the following points

(k,vq(Ag)), k=0,1,--- ,nlVol(A).
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The slope sequence {vq(a1),vq(a2), -+, vg(nivoi(a))} is determined by NP(f). For any
rational number s,

#{1 <i <n!Vol(A)|vy(e;) = s} = the horizontal length of the slope s side in NP(f).

Then, we have

Theorem 8.11 (Adolphson and Sperber*3))  Let f be non-degenerate over Fy. Then we
have NP(f) > HP(A) with endpoints coincide. That is, the Newton polygon lies above the
Hodge polygon (see Figure 5 for this).

Figure 5 Figure for Adolphson-Sperber theorem

Definition 8.12 The polynomial f is called ordinary if NP(f) = HP(A).

In the ordinary case, the slope sequence is given explicitly by

0 0 1 1 nD nD
\7 -~ ) /7 D ) ) D ) ) D ) ) D .
a Ha(1) Ha (nD)

It is therefore of interest to determine when f is ordinary.

Conjecture 8.13 (Adolphson and Sperber*®) If p =1 mod D, then NP(f) = HP(A)

generically, i.e., for all f(z) in a Zariski open dense subset of parameter space for f € IF,, [xlil, x§t2,

21 with A(f) = A.

rrn

Theorem 8.14 (see [46, 47]) The AS conjecture is true for n < 3 but can be false for all
n > 4.

These papers introduced several decomposition theorems which are useful to determine when
f is ordinary. We explain one of them in next two sections.
To conclude this section, we mention one open problem.

Conjecture 8.15 Let f(z) € Fyz1, 22, -+ ,x,] be non-degenerate. Then, the Newton
polygon NP(Af(x)) is independent of the non-zero parameter A € qu.

This is open, even in the case n = 1 and p 1 d, where
flx) =2+ a1z® + -+ ag € Fyla].

It is indeed true for the monomial f(z) = z?.
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8.3 Diagonal Laurent Polynomials

Definition 8.16 Let f(z1,x2, - ,z,) = Zn

. pUj . X R
j=10;x%, where a; € Fg. Here v; =

. V4 Vi O .
(vj1,Vj2,+ , V) € Z™ and x¥ =z, 2" -+ - 2,/". Note that the number of non-zero terms is

equal to the number of variables. If the square matrix

M(f):(vhv??"' 7vn)

: ) € Z", then, f is called a diagnoal

Unj

is nonsingular, i.e., det(M(f)) # 0, where v; = (

Laurent polynomial.
Proposition 8.17 A diagonal f is non-degenerate over Fy, if and only if p 1 det(M(f)).
Write

d 0 - 0
0 dy -~ 0

M(f) ~ , o dalda| - |dy,
0 0 : 0
0 0 - d,

where {dy,ds,- -+ ,d,} are the invariant factors of the finite abelian group Z" /M (f)Z".

Proposition 8.18 (see [46]) Let d,, be the largest invariant factor of a diagonal Laurent
polynomial f over Fy. If p=1 mod d,,, then NP(f) = HP(A).

Example 8.19 The polynomial f(z) = z* + 29 + ... + 2% where d; > 0, is diago-
nal. It is non-degenerate, if and only if p 1 didy---d,,. It is ordinary, if and only if p = 1
mod [dy,da, - ,d,], where [dy,ds, -+ ,d,] is the largest invariant factor.

Example 8.20 Let f(z) = 2% p=1 mod d. Then the slope sequence is
01 d—1
d'd 7 d

8.4 Facial Decomposition Theorem

and n! Vol(A) = d.

Returning to the general non-degenerate Laurent polynomial case. Recall that A = A(f)
is n-dimensional in R™. Let {d1,d2,---,d,} be all the closed codimension-one faces of A, not
containing the origin O. Then the restriction

f(sq, — Z ajwvj

vj €9;

is also non-degenerate with respect to A(f;) = A;. The decomposition

is called the facial decomposition of A. See Figure 6 for this.
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Figure 6 Facial decomposition

Theorem 8.21 (see [46]) Let f be non-degenerate over F,. Then NP(f) = HP(A) if and
only if NP(f;) = HP(A;) for all 1 <i < h.
Example 8.22 Let f(z) = af +2¢ + -+ 2% + ga(z1, 20, ,2,) € Fylwy, 2, -+ , 7).

Then A(f) has a unique codimensional-1 face d not containing the origin. One checks that

f=attadt. . tad

By the facial decomposition theorem, f is ordinary, if and only if £ is ordinary, if and only if
z¢ is ordinary, if and only if p =1 mod d.

Example 8.23 Let f(z) = 2¢ +ajz? ' +---+ag. If p=1 mod d, then it is ordinary.

The slope sequence
01 d—1
d'd 7 d

is the same as the case f(r) = x¢.

Example 8.24 Let

)\ n+1
Ttydn) = e n = j 'Uj7 )\ 07
f@ e, yan) =@ f ot dant T j;aja: #
where
1 0 0 -1
0 1 0 -1
(17171727 T 7vn+1) - .
oo -~ 0 -1
o o0 --- 1 -1
nx(n+1)

and n!Vol(A) = n+ 1. For each 1 <4 < n+ 1, let d; be the codimensional-one face with
vertices {v1,va, - ,Unt1} — {v;}. Then detd; = +1. Then f% is ordinary for all p, and hence
f is ordinary for all p, i.e., the slope sequence of L(f, T)(_l)%1 is {0,1,--- ,n}, see Figure 7.
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A
1
1
1
1
1
1

1

Figure 7 Facial decomposition and Kloosterman sums

This result was first proved by Sperber*8! for p > n.

Example 8.25 (Xu and Zhul*®!) In their work on Bessel F-crystals for reductive groups,
one class of generalized Kloosterman sums is the toric exponential sums associated to the

Laurent polynomial,

d axgm-l
flxi, 22 @Topg1) = @1+ + T2 — TG4 + ;
T1T2**T2n

where a € F, p =1 mod d. Applying the facial decomposition, they deduce that the slope

1 2 d—1
{Oadvdv"'72n+ d }

Example 8.26 (Chen and Linl®") For a1, as,--- ,a4 € Fx, let

sequence for L(f,T) is

Sk(a) _ Cgrk(a1r1+azz2+---+a4z4).

1 1o cFX
wiwo Tagag =10 rieIFqk

This sum arises from many applications in analytic number theory, including Zhang’s work on
the twin prime conjecture. Let L(T) = exp ( e L " Sila )) Then

6
LT)=(1-T)1-q¢D) [](1 — T
=1
where || = \/q3 for 1 <14 < 6, and the slope sequence for the a;’s is {0,1,1,2,2,3}.

Several additional interesting examples can be found in Sperber®!: 521, Wan[4"], Hongl53: 54,
Yang!®%!, Zhul®6 571 Blachel5®: 59 Lel60 Zhang and Fengl®!!, Chenl6? and Fu and Wan!63!.
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9 Exponential Sums of Higher p-Power Orders

Previously, we considered exponential sums associated to the additive character of order p.
In this last section, we consider exponential sums associated to characters of all higher p-power
orders.

For simplicity of illustration, we restrict to one variable exponential sums, namely, the

polynomial f(z) has one variable:
f(@) = age® + ag_13 4+ +ag €Fylx], aq#0, ptd
Let ¢, be a primitive p-th root of 1. Let

Se(f)= > U ez[g], keN

IEIFqk

The L-function is
0o Tk d—1
L(f,T) = exp (Z L Sk(f>> = [J(—aTh).
k=1 i=1
As a complex number, by Weil’s celebrated theorem, |a;| = ,/q for 1 <i < d—1. As a p-adic
number, the slope sequence

{vg(an), vg(az), -+, vg(aa—1)}

is unknown in general. If p =1 mod d, then

fog(an), vg(02), -+ vglaa1)} = {ji L 1}.

Now, for each m € N, let (,m be a primitive p™-th root of 1. Let

d
Zw (a;)z" € Z,[x],
=0
where w denotes the Teichmiiller character. Define the p™-th order exponential sums by

Sl@m Z Tl"k(f (w(z))) c Z[C m].

xzelF ok

The number Si . (f) now has two integer parameters k and m. The integer k& denotes the
extension degree, and the integer m determines the order of the character.
For each fixed m, we define the m-th L-function by

Tk
Lon(f,T) = exp (Z Sk m(f)> .

k=1

In the case m = 1, this L-function L;(f,T) reduces to the previous L-function L(f,T). For
general m > 1, the L-function L,,(f,T) is a polynomial of degree p™~1(d — 1). Write

p™ld—1
Lo(f,T)= ] (1 —a(mT*, meN
=1
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Again, as complex numbers, Weil’s celebrated theorem shows that |a;(m)| = /g, for 1 < i <
p™~td — 1. As p-adic numbers, what is the g-slope sequence for L,,(f,T)? i.e.,
{vg(ai(m)), - vg(apm-14-1(m)} =7

As mentioned above, this is already unknown for m =1, if p Z1 mod d.
We raise a question here:

QUESTION: Any stable behaviour for the m-th slope sequence

{vg(@1(m)), vg(az(m)),- -, vg(apm-14-1(m)}
as m — oo?

Theorem 9.1 (Liu and Wanl®¥) If p = 1 mod d, then for all m > 1, the m-th slope
sequence is given explicitly by

m—1 _
{UQ(al (m))v UQ(OQ(m))v e 7Uq(apm71d*1(m)} = {dpnlzl ’ dp’i*l T dpdpmfl ! } :

The truncation of an arithmetic progression.

The idea is to introduce the sequence of the universal t-adic exponential sums

Se(fit) = D A+ ez 1], ], <1,

a:G]Fqk-
and its t-adic L-function
L(ft,T)=exp (D) Su(ft) | € Zp[T][]-
k=1

Note
Sk,m(f) = Sk(f, Cpm — D), Ln(f,T)=L(f, Cpm — LT).
Thus, it is enough to study the t-adic L-function.
Proposition 9.2 L,,(f,T) is ordinary for one m, if and only if L(f,t,T) is ordinary, if
and only if L, (f,T) is ordinary for all1 <m < oco. Ifp=1 mod d, then L1(f,T) is ordinary,
which implies that L, (f,T) is ordinary for all m.

What if p Z1 mod d? We have a slightly weaker but similar stability result.
Theorem 9.3 (see [65]) The m-th slope sequence for Ly, (f,T) can be recovered from the

mo-th slope sequence for all m > mg, where

q:pT7 mo:’rl—f—logp 8d

(d— 1)27‘-‘
Note that mo =2 if p > ). More precisely, let {s1, 52, ,Sgymo—1_1} be the slope sequence
8 p
or Ly, (f,T). Then for all m > myg, the slope sequence for L, (f,T) is given by
0
m—mgq
) ) t 4 Sgymo—1_
U { i 72-1-81)”_’ dpmo—1 1}_{0}.
pm—mo pm—mg pm—mg

i0=0

P

This is a truncation of dp™~' arithmetic progressions!
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The idea is that for p 21 mod d, the t-adic L-function is not ordinary, but it is partially
ordinary in the sense that the Newton polygon and its lower bound (the Hodge polygon) agree
at all vertices in an arithmetic progression. Then we can get a tight upper bound. Then we
get finite number of arithmetic progressions.

Remark 9.4 In the special cases f(z) = ¢ + az?! or f(x) = 2% + az, where p =
—1 mod d, more precise improvements were obtained by Ouyang and Zhang!?!, Ouyang and
Yang[m’ 68],

Remark 9.5 This striking slope stability has been generalized to various cases when the
polynomial f¢(z) is replaced by
1) Any polynomial g(z) € Z,[z], see Lil®).
2) A much larger class of convergent power series g(x) € Z,[[x]], see Kosters and Zhul™!.

3) Generalization to higher rank and higher dimensional case, see Ren, et al.l"l and Renl[™!.

4) Generalization to higher genus curves ramified at several points, see forthcoming works of
Joe Kramer-Miller and James Upton.

Remark 9.6 These ideas also inspired the works in another direction.

e Wan, et al.[’3l. On slopes of p-adic modular forms.

e Liu, et al.l[™. On the spectral halo conjecture for eigenvalues near the boundary.
This last paper further inspired the works of

e L. Ye's Harvard Ph.D thesis™!. On eigenvarieties for definite unitary groups.

e Johansson and Newton!”®. On Hilbert modular eigenvarieties.

e Ren and Zhaol”. On spectral halo for Hilbert modular forms.

10 Concluding Remarks
Recall that we defined the exponential sum

Sh= Y guUlreee) e g)g)

T1,22,0 L0 €F g

for polynomial f(x1, 22, -+, @) In Fplz1, 20, -+, 2p].
The main questions are

QUESTION 1: Y72 | [Sk(f)| T € R(T)?
Asindicated earlier, the answer is probably no although we do not have an explicit
counter-example. But something slightly weaker is true: Y ;- [Sk(f) |2 Tk €
R(T).
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QUESTION 2: 3.2, [Sk(f)], T" € Q(T)?
It is not clear if this would be true. But we can make a slightly weaker conjecture:
> ke [Sk(f)], T* is a meromorphic function in T € C, and Y2 v, (Sk(f))T* is
a p-adic meromorphic function in T € C,,.

QUESTION 3: Y72 deg(Sk(f)T* € Q(T)?

In a forthcomming joint work, we prove that the third question has a positive answer.
Namely,

Theorem 10.1 The sequence deg Sk(f) is periodic for k >> 0. In particular,
> deg(Sk(f))T* € Q(T).
k=1

As a corollary,
Corollary 10.2 Sy (x%) is periodic, Yk >> 0. Kl, x()\) is periodic, Vk >> 0.

But explicitly, what are these two virtual periodic sequences? Are they effectively com-
putable? We have given a number of partial results in this course. It would be very interesting

to know the complete answer, even for these two most classical examples!
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