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Abstract This paper investigates a time-inconsistent stochastic linear-quadratic problem with regime
switching that is characterized via a finite-state Markov chain. Open-loop equilibrium control is studied
in this paper whose existence is characterized via Markov-chain-modulated forward-backward stochastic
difference equations and generalized Riccati-like equations with jumps.

Keywords Forward-backward stochastic difference equation, open-loop equilibrium control, regime

switching, stochastic linear-quadratic problem, time inconsistency.

1 Introduction

Time inconsistency of this paper is referred to a phenomenon of optimal control: A control
which is optimal at some previous time instant is no longer optimal when viewed back in
the future. This phenomenon is often observed in dynamic decision makings, and is firstly
investigated by Strotz[!l in the 1950s. Strotz’s key idea is to view the controller at different
instants as different agents, and is to reformulate the time-inconsistent problem as a game
between these agents. The equilibrium of this game is a time-consistent solution to the original
time-inconsistent optimal control problem.

Since Strotz’s work, the game approach is widely accepted, and many practical time-
inconsistent scenarios in economics and finance are widely studied; see, for example, [2-5] and
references therein. In recent years, there is a growing body of literature from control community
SI Binbin - NI Yuan-Hua (Corresponding author)

College of Artificial Intelligence, Nankai University, Tianjin 300350, China; Key Laboratory of Intelligent
Robotics of Tianjin, Tianjin 300350, China. Email: binbinsi96@163.com; yhni@nankai.edu.cn.

ZHANG lJi-Feng

Key Laboratory of Systems and Control, Academy of Mathematics and Systems Science, Chinese Academy of
Sciences, Beijing 100190, China; School of Mathematical Sciences, University of Chinese Academy of Sciences,
Beijing 100049, China. Email: jifQiss.ac.cn.

*This research was supported in part by the National Key R&D Program of China under Grant No.
2018YFA0703800, and by the National Natural Science Foundation of China under Grant Nos. 61773222,

61877057 and 61973172.
© This paper was recommended for publication by Editor LIU Yungang.

@ Springer



1734 SI BINBIN - NI YUAN-HUA - ZHANG JI-FENG

that investigates the time-inconsistent optimal control problems. [6, 7] gave the definition of
equilibrium control in continuous time for problems with non-exponential discounting, and [§]
discussed the problems of general Markovian time-inconsistent stochastic optimal control. To
classify, two kinds of time-consistent equilibrium solutions have been reported within the realm
of time-inconsistent optimal control, which are the open-loop equilibrium control and closed-
loop equilibrium strategy® 131, In [11-15], the researchers investigated Strotz’s equilibrium
solution!!!, and established some theoretical results for time-inconsistent optimal control in
terms of closed-loop equilibrium strategy; while [9, 10, 13, 16, 17] studied the open-loop equi-
librium control for linear-quadratic (LQ, for short) problems. Recently, [18] proposes a novel
notion of equilibrium solution for the time-inconsistent stochastic LQ problem. This notion is
called the mixed equilibrium solution, which consists of two parts: a pure-feedback-strategy
part and an open-loop-control part. When the pure-feedback-strategy part is zero or the open-
loop-control part does not depend on the initial state, the mixed equilibrium solution reduces
to the open-loop equilibrium control and feedback equilibrium strategy, respectively. Further-
more, an example is given!'8 to show that the mixed equilibrium solution exists for all the
initial pairs, although neither the open-loop equilibrium control nor the feedback equilibrium
strategy exists for some initial pairs.

LQ problems with regime switching have been extensively studied during the last few

decades!19-26]

. The regime switching is characterized via a Markov process, which often arises in
reality with component failures or repairs, changing subsystem interconnections, and abrupting
environmental disturbances; see also [24, 26-30]. Due to their wide existence of time incon-
sistency and regime switching, it is very necessary to study the LQ problems with both time
inconsistency and regime switching. To this aim, in this paper we investigate the open-loop equi-
librium control of a time-inconsistent stochastic LQ problem with regime switching, which yet
has not been studied before. Necessary and sufficient conditions are derived on the existence
of open-loop equilibrium control via a Markov-chain-modulated forward-backward stochastic
difference equation (FBSAE, for short). By decoupling this FBSAE, conditions in terms of
Riccati-like equations with jumps are obtained to characterize the open-loop equilibrium con-
trol. In [31], an LQ optimal control is considered for discrete-time Markov jump linear systems
and a Markov-chain-modulated forward-backward difference equation (FBAE, for short) is re-
ported. As [31] deals with a system model without the noise w (of this paper), the FBAE
of [31] differs significantly from the FBSAE. Therefore, the study of FBSAE is much involved
than that of FBAE of [31].

The remaining part of this paper is organized as follows. In Section 2, the definition of
open-loop equilibrium control is introduced, and its characterization is presented in Section 3.

Section 4 gives an illustrative example and Section 5 concludes the paper.

2 Open-Loop Equilibrium Control

Let (§2,F,P) be a complete probability space, which is assumed to be abundant enough
such that two processes 6 = {0} and w = {wy} live on it.
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TIME-INCONSISTENT LQ WITH REGIME SWITCHING 1735

(a) 6 is a homogeneous Markov chain taking values in a finite set {1,2,--- ,7} £ M with a
stationary one-step transition probability matrix A = (p;;) € R™*7. The (i, j)-th entry of A is

pij:P(9k+1:j|9k:i)a ivjEMa ]C:O,l,

The initial distribution of y is denoted by v = (vy, s, -+ ,v;)T where the superscript 7 denotes
the transposition of a matrix or a vector.

(b) w is a martingale difference sequence in the sense of E[wyt1|Fx+1] = 0 for any k, where
Fr+t1 is the o-algebra generated by {wy, 8¢, ¢ =0,1,--- ,k} and Fy is understood as {0, 2}. Tt
is also assumed that for any k the process w has the property

E[wl%—i-l'flﬂ“l] = ]-7

and that 0, w are independent of each other.
Consider the following controlled discrete-time stochastic difference equation (SAE, for
short)

X}y = (Auko. X[+ Beroour) + (Crpo, Xk + Di g, ur)wi,

(1)
Xt=2z keT,={t,t+1,--- ,N-1}, teT={0,1,---,N —1},

where { X}, k € 1~1’t} £ X' and {ug, k € T;} £ u with T, = {t,t+1,---, N} are the state process
and control process, respectively; when 0, = i, the corresponding coefficients A¢ 1 ;, Crr s €
R™ ™ By ki, Dt ks € R™™™ are deterministic matrices. In (1), 2 belongs to l%_—(t;R") with

I5(t;R™) = {¢ € R™ |¢ is Fi-measurable, E|(]* < oo} (2)

The cost functional associated with System (1) is

2

-1
J(t,mu) =) E[(X[) " Quro. Xf + up Repoue] + E[(X3) Groy XK ], (3)
t

>
Il

where for 0 =1, Q¢ i, Ri ki, k € Ty and Gy ; are deterministic symmetric matrices of appro-

priate dimensions. Let
G(Te; R™) = {p = {pu. b € Te} | is Fr-measurable, E|u;|* < 0o,k € Ty }. (4)

Then, we pose the following optimal control problem.
Problem (LQ) For (1), (3) and the initial pair (¢, ), find a u* € {%(Ty; R™), such that

J(t, z;u*) = inf  J(t, z;u).
uEl%_-(TﬁRm)

Note that Problem (LQ) is time-inconsistent. The following definition gives a time-consistent

solution.
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Definition 2.1 u"®* € [%(T;;R™) is called an open-loop equilibrium control of Problem
(LQ) for the initial pair (¢, z), if
J(k,X;i’I’*;ut’w’*hrk) < J(k’X]i’z’*; (uk,ut’w’*|'ﬂ‘k+1))

holds for any k € T; and any uy, € 15(k; R™). Here, u™*|r, and u'**|r, ,, are the restrictions
of ut®* on Ty, = {k,k+1,--- ,N—1} and T4y = {k+ 1,k +2,--- , N — 1}, respectively; and
t,x,% . .
X" is computed via
X = Ao Xy ™ 4 Brro,uy ™" + [Crro, X + Dipo,uy™ Jwi,
X" =, keT,.
3 Solution

Lemma 3.1 Let ¢ € I%(k;R"), u = {us, k € Ty} € I2(T); R™), up, € 1%(k;R™) and
A € R. Then, the following equation holds

J(k7 C; (uk + )\uk}7u|Tk+l)) - J(kvcvu)

u u T
= QAE{Ek [Rio oot + Bitgo  Zit + Dit o ZiFwie] uk} + N2 T (k, 05 uy)

with
R N-1
J(lﬁ 0; uk) = E[(Yek’uk)TQk,é,nggk’Uk] + E[ung,Z,gk uk] + E[(Yls’uk)TGkﬂN YI]\C/’UI‘] . (5)
=k
Here, ulr,,, = {Ugs1,Ury2, -+ ,un—_1} and the 12 spaces are similarly defined as those in (2)-

(4); ZFue  YRUE qre given, respectively, by the backward stochastic difference equation (BSAE,
for short)

Zy" = B [Quro X[+ AL g0, 2555 + Oy g, 200 we),
ZE" = By (Groy X "), €Ty,
and the SAE

k,up k,u ku

Y = Akeo, Yy + Creo, Y, M,
k,up

Yi1" = Breo,uk + Do, ukWk,

YEu =0, € Thu,
where X% is computed via

X¢iy = (Are0, X[ + Broo,ue) + (Creo, X7 + Digo,u) we,
)(]lc€ =(, (eTy.
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Proof Replace uy with ug 4+ Auy, in (6), and denote the solution by X**. Then,

kX
X0 - Xk, XF_ xk XPA - xk
(4 +1 _ A 4 4 C l 4
= Ak,0,0, + Cke0, We,
o A A
XN — Xk
k41 k41
= B k,0, Uk + Dp k0, U Wk,
kA k
X" =X
k ko
A =0, le Tk+1.

kA

k
Denoting Xe N Xe by Yf, { e Ty, we get

koo k k

Yty = Akeo, Yy + Creo, Yy we,
k

Y’ 1 = Bi k.o, uk + Di k0, Uk Wi,

YE=0, €Ty
As XN = X[F + AYF, £ € Ty, it holds that

'](k7 C? (U,k + Auk) U|Tk+1)) - J(kv <7 U)

ug + Mug) T Ry 1o, (ur + Auy) — UERk,k,Okuk]

Xllsf + )\Y]\]?)TGk,eN (Xllsf + )\Y]\li):l - EI:(XI]%)TGk,eNX]]%]
1

—~

N—
- 2)\{ E[(X})" Qre,0,YF] +E[up Riko,un] +E[(X5) T Gron YR }
=k

—

N—
+)\2{ > B[V Qu6, Y] + Eluf Rino,un] +E[(YE) Groy Y] } (7)
0=

Note that

=
L

E[(X§)" Qr,e.0,Yr ] + Eug Ricro,ue] +E[(XK) Grion YN

=k
N-—1
= > E[(XO)T Qo YE + (ZE )TV — (ZD)TYF] + E[uf Ri s, ux)
=k
N-—1 T
- ]E{ [mexl{f + A;cf,e,egzﬁl + C,;f’wézfﬂwg - Zﬂ Yék}
=k

+

T kyup T k T
E [(Rk,k,ekwc + Bk, 2kt + Do, Zisa k) “k}

_ T kg T kg T
= E{Ek [Rk,k,ékuk + By k0. Lt T Diko, 211 wk] uk}-

This together with (7) implies the result.
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Concerned with the existence of open-loop equilibrium control, we have the following result

whose proof is omitted here due to Lemma 3.1.

Theorem 3.2 For the initial pair (t,x), the following statements are equivalent.

(i) There exists an open-loop equilibrium control of Problem (LQ)) for the initial pair (t,x).
(ii) The following assertions hold.

a) There exists a ut™* € 1%(Ty; R™) such that the stationary condition

En[Riko,uy"" + Bipo Zivs + Dipo Zomwe] =0, keT, (8)

is satisfied, where Z,]jfl is computed via the following FBSAE

X,f“;r*l = Ak,z,e,ng’* + Bp,uy ™" + (Ck,z,e,ng’* + Dy,,0,uy ") we,
Z," =By [Qk,e,egxf’* + AE,e,eszfl + Cg,l,ézzﬁ*lw]’ (9)
XP* = Xbmr o 78 —En(Gron XNT), L€ Ty

In (9), X0™" is given by

t,x,x t,x,* t,x,* t,x,* t,x,%
X = Aeko X077 4 Brokoo " 4 (Chokoo X0 ™ + Digo,wy ™" ) wi,
t,:
X" =2, keT,.

b) The convez condition

~

inf  J(k,O;ug) >0, keT 10
ukel%,__r%k;R"") ( uk) ¢ (10)

is satisfied, where j(k,();uk) is given in (5).

Under any of the above conditions, ub®* given in (ii) is an open-loop equilibrium control.

Lemma 3.3 Forte Ty ={1,2,---,N — 1}, it holds that

Ex[l6,=i)] = po_1i» k€T, (11)
and
Ex[l(g,=pywi] =0, ke T, (12)
Furthermore,
Eo[I(gy=i)] = P00 = i) = v,
and

]EQ [I(gO:i)wo] =0.

Proof Note that the processes 6 and w are independent of each other. Concerned with (11)

and for A € o(wp, w1, ,wk—1) = F}, we have

E(po, ,ila] =E[1a] > P(6x—1 = j)pji = E[Ia] P(6x = i) = E[I(9,_s) a].
j=1
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On the other hand, if A € 0(y,01,---,0,_1) = F/, it holds that
E[I(Gk:i)lA] = E[IAE(I(Gk:i)V:lg)] = E[pek,IJA].

Noting Fy, = F}, V F} = o(F}, UF}), we now prove that ]E[I(@k:i)IA] = E[pek,IJA] holds for
any A € Fj. In fact, letting A € F}, B € F;/, we have

E[I,=iyIans] = E[Io,—i)Ial] = E[lg,=)I8|E[Ia] = E[ps,_,ils|E[1a] = E[ps,_,ilans]
and
E[Ig,=iyIa\s] = E[Io,=i)(Ia — Tans)] = E[po,_,ila] — E[ps,_,ilans] = E[pe,_,ila\5]-

Moreover, for A; € Fj or A; € F}!,i=1,2,---, with property A; N A; =0, i # j, it holds that
E[Ig,=iIu,a,] = ZE[I(Qk:i)IAi] = ZE[pek_lifAi] =E[po,_,ilu,a,].
By the above derivation and the definition of o-algebra, we must have

E[Ig,—iyIa] =E[pe,_,ila], A€ Fi,
which implies (11). Furthermore, we can similarly prove (12).
As Fo = {0, 2}, we have
EO[I(GO:'L‘)] = E[I(Gozi)] = P(00 = Z) =V;
and
EO [I(gozi)wo] = E[I(Gozi)wO] =0.
This completes the proof.
Remark 3.4 From Theorem 3.2 and Lemma 3.3, we have that for t € Ty, k € T; (8)

and (9) become to

_ t,x,* T k,x T k,x
O = Ek I:Rk7k79kuk + Bk’,k,ek Zk}+1 + Dk7k79ka+1wk]

= Zpek_liRk,k,iuZ’r’* + Z By, B [I(ek:i)fol] + Z Dy kB [I(9k:i)le§f1wk] (13)
i—1 i=1 i=1

and

k,* k,* t,x,* k,* t,x,*
X7 = Ao, X"+ Bro,ug ™" + (Cre6, X" + Dipg,uy ™ )wy,

Zy* = AL B [Lo,— Ze3] + Y Cru B[ Tio,—0y 2y we) + > po,_,iQui X},
=1 i=1 =1

r
k,* t,z,* k,* k,*
Xk :Xk s ZN = E pgN_linﬂ'XN, {eTy.
=1

If k =t =0, then (13) becomes

0="> viRooity™" + Y BioEollwe=iZo1] + D DooBollge=i Zo1wo].  (14)
=1

=1 =1
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Lemma 3.5 If ub®* satisfies (8), then u™" can be selected as
uy"y = _W]]:/—LON_2HN*1>9N72X;\’TQ2T (15)

with property
(- WN*1>9N—2Wlt/'—l,éN_g)HN*L@N—zX;\}?; =0,

where
T T T
T
WN 105 2= D _Pox wiBN -1 N1+ D peN—2iBN—1,N—1,i<§ pz’jGN—l,j>BN—1,N—u
i=1 i=1 j=1
T T
T
+) p@N—m'DNl,Nl,i(E pz’jGN—l,j>DN—1,N—1m
i=1 j=1
T T
_ T
Hy 16y, = E PeNziBNLNu( E pz‘jGNLj)ANLNu
i=1 j=1
T T
T
+§ peN_giDN—l,N—1,¢<E pijGN—l,j)CN—l,N—l,i-
i=1 =1
Proof Note that
T
N—1,% N—1,% t,x,*
ZN =Y o iGN (AN N —1ox XN T BNt N 1oy 1 URY)
Jj=1
-
N-1 tx
+E Pon_1iGN-1;(CN-1.N-1.08 1 XN_1 + DN-1.N-1,08_ UR"1)WN-1-
i=1

Then,

Ex1[Ton_=Zn ]

.
= ZEN—l |:I(0N1—i)pijGN—1,j (AN—1,N—1,1X]]\\77:11’* + BN—l,N—l,iuﬁ{fw”i)}
=1

.
N—1,% T,k
+ ZEN—l [I(eNl—i)pijGN—l,j (CN—l,N—l,z'XN,ll’ + DN—1,N—1,1U§\}T’1)wN—1]
j=1

= ZPON—m'pijGN—l,j (AN—l,N—l,iX]IVV:lL* + BN—1,N—1,¢U§{;T,’*1)~ (16)
j=1
In the above, we have used the properties in Lemma 3.3. Furthermore, we have
En-1 [I(eN_lzi)Z]]\\;Fl’*qu]

T

= ZENA [I(ON_l_i)pijGNl,j (ANfl,Nfl,iX]]\\zf:lL* + BN1,N1¢U§{7$’§)WN1}

=1
.
+> Ena [IwN_l—z')PijGNLj (Cyoan-1: XN "+ DNl,Nlﬂ‘u?\}mi)w?vJ
j=1
.
= ZpewfzipijGNij (CNfl,Nfl,iX]]\\zf:lL* + DNA,NA,N?{Z’?) (17)
=1
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Hence, it holds that

T T
0= Zpe”*”RN*LN*LiUR/I—”; + ZBJT/—LN—MENA I:I(QN—lzi)ZI]\\/Zil}*]

i1 i=1
T
T N—1,%
+ E Dy v 1. BN-1[Lon 1= Zy  Twn-1]
i=1
-

— t,x,*
=) Poy_oillN_1 N_15Ug ]

i=1

T T
T N—1,% t,x,*
+ E E Pox_»iPij By -1 n-1,GN -1 (AN-1v-1i Xy 1"+ Byoin-1iuiy)

i=1 j=1
T T
T N—1, b2
+ 3 pon 0P DN n-1,:Gn -1 (Cvo1n-1:XN 1" + D1 v 1iuyh)
i=1 j—=1
T T T
T
:{ 5 Doy _oillN—1,N—1,i + 5 5 Pon_2iPijBy_1 n—1,GN-1jBN-1,N-1,i
i=1 i=1 j=1

T T
T t,x,*
+ E E p@N_2ipijDNl,N1,iGN—17J'DN—17N—1J}uN1

i=1 j=1

T T
T
+{ E E Pox_»iPijBy_1 N-1,,GN-1jAN-1 N1,

=1 j=1
+> ZPHN_ﬂpijD}\;1,N1,iGN—1,jCN—1,N—1,i}Xg_%’*-
=1 j=1
From Lemma 3.1 of [32], u}™% can be selected as (15).

Lemma 3.6 Lett € Ti,k € Ty and assume that uy™" in (8) and (9) has the form
uZ’z’* - W@79271X£’z’*,€ € Tyy1 with Wy, , a matric function of € and 6y_1. Then, the backward

state Z%* of (9) is expressed as

k,* k,* t,z,*
2" = Prooe Xy FThpe, Xy, €€ Tiqa,

where
T T T
T T
Pyyq= E PqiQk i + E PqiAk 0, Pre+1,i Ak,ei + E P¢iC 0,iPr,e+1,iCr i
=1 =1 =1
T T
T T
Thtg =Y PaileiTeerriAeei + Y PaiCheTher1iCrri
io1 i1
T
T
+ E Pai Ak 0.i(Pror1,iBroi + Thor1,iBeei) Yo g (18)
=1
T
O, (P :Dioi+T) Do) W,
+ PqiClgi \(Fhye1,iDrei + Lk ov1,iDe,0,i) Yeq,
=1
Prng=Grg  Thkng=0,
g=1,2,---,7, €T
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Proof Similarly to (16) and (17), we have

and

k,x k,x X, %
En—1[loy 1=i)Zn" wNn-1] = ZPGN—Qipiij,j (CoN—1, XN + Dk,N—l,iug\}T_’l)

Hence,

En-1 [I(ON_lzi)Z]]i;*] = ZPGN,zipiij,j (Ak,Nfl,iX]]ifil + Bk,Nfl,iug\}fwj;)

Jj=1

j=1

zy 1—ZAkN 11,Zp¢9N 2iDii G (Ak N1 XNy + Brn-1ug”)
=1 Jj=1

T T
T k,x t,x,*
+ E Crn—1, E Pox_»iPijGhj (Cron—1: XNy + D n_1iuy”)

i=1 j=1

-
k,*
+ E DPon_0iQr,N-1,iXN_1

{ZPON 21QkN 11+ZPON 21AkN 1¢Zplek,JAkN 1,2

=1 =1

k,*
+ Zpezv—ﬂ'cl;[:Nfl,i Zpiij,jCk,N—l,i) }Xz\f—1

i1 j=1
{ ZPON A N1 ZleGk,jBk N-1;
=1

T t,x,%
+ E Pon 2iCh n_1, E piij,jDk,N—l,i)}WN—l,eN_2XN_1
i=1 J=1

k,* t,x,*
=P N-1,0n_ s XN_1 + The,N-1,08 o XN_7-

From (19), we obtain

@ Springer

En—2[Zox_ Q:i)Zﬁ;’*_l]

=En- 2[I(GN 2= Z)(PkN 1,08 2X§, 1+TkN 1on_ 2X]t\]z;)j|

=En—2[Pe,n-1,il(ox_s=i) (Ak,N—Q,ON_2XN’i2 + BrN—2,05 2UN" )]

+EN—2[Te,N—1,il(0x =) (AN—2,N—2,0n_ XN+ Broo N0y Ui )]

Jk t,x,*
= p@N,3iPk,N71,iAk,N72,iXN,2 + P0y_5i P, N=1,iBre, N2, UN—-2,05_s XN _5

t,x,*
+Pon_oiThen—1,i(AN—2.N—2, + BNn-2,N-2iUN-2.0n_s) X N5
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and
En_a|T, A
N-2|L(y_2=1)&4N_1WN-2
k,* t,x,*
=En—2[Loy o=i) (Pen—10x 2 X N1 + ThN-1,05 X N7 WN—2]
k,* t,x,*
=En—2[Pen-1il(on =) (Ck.N—2.0x s XN o + Di.N—2,05_oUX"5)]
t,x,* 1,x,%
+EN 2 [Ti,n-1,il(0n _a=i) (CN—2,N—2,0x s X N5 + DN—2,N—2,65_2UN"5)]
= P C X P D v Xt
=DPon_3ilk, N—1,iCk N-2iX N_o T DPon_3il bk, N—1,iDk N—2i¥YN-20y_s5N_ 5
t,x,*
+Pon—5iTh,N—1,i (CN—2,N—2,i + DN_2N—2:UN—2,05_5) XN -
Therefore,

Zzlir’i2 = Z Ag,Nﬁ,iEé [I(szfz:i)zzlir’il] + Z CIEN72,iEN—2 [I(wazzi)zz%ile—Q]
i=1 i=1

.
k,*
+ E Don—_5iQu,N=2,iX N~ o
i1

T T
T
Z{ E Don_5iQr,N—2,i + E Pon_5iAp N—2,i Pk N-1,i Ak, N-2,i

=1 =1

_
T k,*
+ E Pon_5iCk N2 Pk, N-1,iCh,N—2,i }XNQ

=1

T T
T T
+{ 5 Pon_siApN_2i Tk N-1iAN-2 N2 + E Pon_5iCrn—2:Tk N-1,,CN-2 N-2,i
i1 i1

.
T
+ 5 Pon_silk N—2 (Pe,N—1,iBi,N—2,i + Tr,N—1,iBN—2,N-2,i) UN—2,05_s
i=1

~
T t,x,x
+ E Pon_5iCh N_2, (Pe,N—1,iDe.n—2 + Te,N—1,:DN—2.N—2.:) WN—Q,eN_g.}XN_Q
i=1

t,x,*

k,*
=P N—20n s XN_o + Th,N-2,0n_s XN 2

By deduction, we can achieve the conclusion.

Theorem 3.7 The following statements are equivalent.

(i) There exists a u®* € 1%(Ty; R™) such that the stationary condition (8) is satisfied.
(ii) Fither of the following two cases holds.

a) Fort e Ty,

(I = Wioo Wy VHio,  Xp™ =0, keT, (20)
is satisfied, where XH%* is

t,x,kx t,x,* t,x,* t,x,* t,x,*
X = Ak ko X" 4 Brogo w4 (Chokou X0 4 Dirouy ™" ) wi,

X" =z, ke
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with
t,x,k T t,x,*
w = Wi, Hio X", keT.

In the above, Wy o, ., Hr0._,) is given by

T
T
Wioe o = > _ Doy vi [Rk,k,i + By i (Prgs1,i + Tioer1,i) B
i=1

+ Dg,k,i (Pekg1,i + Tk,k+1,i)Dk,k,i] ;

.
T
Hyo, , = E pekli[Bk,k,i (Pei+1,i + Thoet1,i) Ak ki
i—1

T
+ Dy i (Props1,i + Tk,k+1,i)ck,k,i] ,
and (P j+1,is Thkt1,4),8 = 1,2,--- .7,k € Ty, are computed via
T T
T
Prog = E Pqi Q.0 + E PaiAk.0,i P o410 Ak e
=1 =1

.
T
+ Y 0giCieiPrer1iChoei,

=1
T T
T T
Thq = E Pqi A 0iThe+1,: 40,0, + E P¢iCr 0,iTk,041,iCe0,i
i=1 =1
T
T
- E Pgi Ak 0i(Pres1,iBrei + Tk,é+1,iBé,Li)WZqH&q
i1
T
T
—> " P4iCF i (Pror1.iDrei + Tk,e+1,iDe,e,i)WZqHz,q,
i1

PyNg= Gk,qv Tk,n,g =0,

g=1,2,---,7, £&Th1.
b) Fort=0,
(I = Weo W g, VHioo X7 =0, keTy,

and

(I — WoW)Hoz =0

are satisfied. Here, Wy o, ., Hi0,_,) s given in (21) (with k € Ty), and (Wy, Hy) is

T

Wo = Z vi[Ro,0.i + B{{o,i (Po,1,i +To,1,i) Boo,i + DOT,O,i (Po,1,i + To,1,1) Do,o.i]

=1
T

Hoy = Z Vi[Boo.i(Po,i + To,1,i) Ao, + Do o (Poti + To,1,) Co,0.i) -

=1
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with (Po,1,i,T0,14),t =1,2,---,T, computed via

T T
T
Poq= E PqiQo,0,i + E PqiAo,0,iPo.0+1,i 40,0,

i=1 =1
T

T
+§ P4iCo,0,:50,0+1,iCo,¢i

z 1

Toeq = quon e.id0,041,i A0 + qulco 0,i10,6+1,iCr.0,i

=1 =1
T

— AL, (Poug1.iBoi + Toes1.iBesd) W, H

Dqi 0,0,i \10,+1,i0,£,i 0,04+1,4D20% 2,qt14.q
=1
T
T

- E pquo7g7¢(Po,e+1,¢Do,z,i+To,z+1,iDz,zﬂ‘)WZqHz,q?

i=1
PO,N,q = GO,qv TO,N,q =0,

qg=1,2,---,7, £€T.
Further, X™* in (23) is computed via

0, 0,2 @, 0z, .
Xl = Ao X0 + Browy "+ (Chgo, X" + Doy, ™" )wy,
X87r7* =, keT
with

T t,x,*
0,,% _Wk,Gk_lHkyek—lxk ’ ke Tl)
u =
k

—W{ Hoz, k=0.

Proof (1)=-(ii). Firstly consider the case t € T1. From Lemma 3.5, letting ¥n_19, , =
—WI]:,_MN_QHN,Lng2 and substituting it into (18), we have Pn_2 N—1,05 2, TN—2,N—1,05_2
and

Zx:f’* = PN—Q,N—LON_2X1]\\// 12* +TN-aN-1.0n X075

Similarly to (16) and (17), it holds that
N—2,%
En—2 [I(9N—2:i)ZN—1I ]
= Pyv_on-1,En—2[loy o= 1)XN 2*]+TN oN—1,En_2 [Ty =iy XN"3]
= Pon_si(PN—2,N—1,i + TN72,N71,i)AN72,N72,1‘X1\}?;
+Poy i (PN—2,N—1,i + TN-2,N—1,i) BN—2,N—2,/u3""
and
En—2[Loy o= z)ZN TTwn 2]
= Pon_ai(PN—2.8-1,i + TN—2,N-1,i) ON—2.N—2:XN"%

+Pox_5i (PN-2,N—1,i + TN—2,N—1,)) DN_2 N—2,:U3"5.
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Therefore, we have

T T

t,x,* T N—2 %

0= E Pon_siRN—2, N2 Uy "o + E By o n—2:BN-2[L0y_s=i)Zy_1]
=1 =1

.
T N—2,
+> DN on-2.Bn-2[loy =iy Zn 1 wn 2]
=1
= WN—279N—3U§\7/I—7>; + HN—279N—3X]t\}?;7 (25)

where

T

T
WN_265_5 = E Pon_si|[RN—2.N—2 + BN,Q,N,Q,Z'(PN—Q,N—M +Tn-2,N-1,)) BN-2,n—2,
i—1

T
+DN_27N_27¢(PN72,N71@‘ + Tn-2,N-1,i)) DN—2,N—2,],

.
T
Hy 20y 5 = E Poy_si|BN_on_2i(PN-2.N-1+TN-2N-1:)AN—2,N-2,
=1

+D%_27N_27¢(PN72,N71@‘ + Tn-2,N-1,i))CN—2,N—2,i]-
From Lemma 3.1 of [32] and (25), u%™% can be selected as
UNTy = W gy JHN 200 o XN
and
(I - WN_Q,QN_sWI]:,_QﬂN_S)HN_z,eN_g.X;\}?; =0.

By deduction, we can achieve the conclusion.
Consider the case t = 0. Similarly to the case t € Ty, we can prove the results for & € Ty,
and now we pay attention to the result for £k = 0. Note that

0, 0,% 0,2,
Zy" =P, X" +Toee, X, LeT,

with
T T T
T T
Poiq= E DqiQo,e,i + E PqiAo,0iP0,041,i 40,0, + E PqiCo ¢,iF0,0+1,iCo,0,i,
=1 =1 =1
T T
T T
Totg = > PaiAd e Tous1,iAeei + Y PgiCosiToer1iCoti
i1 i=1
T
+ AG ¢i(Poe1,iBo,ei + Toe41,iBeei) ¥
Pqig,e,i\L£0,641,i0,¢,4 0,4+1,iD2,0,i) ¥ q
=1
T
+ .Co 0.i(Po,es1,iDo.ei + To,e41,iDeei) V.
DPqi 0,£,i \£0,+1,iL70,£,i 0,0+1,57¢0,0,4 l,q>
i=1
PO,N,qZGO,qv To,n,g =0,
q=1,2,---,7, £e€T.
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Hence,
Eo [0y 23] = vi (Por.i + To.1.) (Ao,04w + Bo o uy™)
and
Eo [I(gy=i) 27" *wo] = vi(Po,1,i + To.1,:) (Co.0,i + Doosug™").
Therefore, (14) becomes
0 = Woug™* + Hoz, (26)

where

.
Wo = Z vi[Roo.i + Bao,i (Po,1,i +To,1,i) Boo,i + DOT,O,i (Po,1,i + To,1,1) Do,o.i]

i=1
Hy = Z v; [Bgo,i(Po,l,i + TO,l,i)AO,O,i + DOT,OJ' (Po,l,z' + TO,l,i)CO,O,i]-
i=1
From Lemma 3.1 of [32] and (26), u§™™ can be selected as

ug’w’* = —WgHox

and
(I — WoW{)Hoz = 0.
(ii)=(1). By reversing the proof of (i)=>(ii) and Lemma 3.1 of [32], we can achieve the
conclusion.

Lemma 3.8 The following statements are equivalent.
(i) The convex condition (10) is satisfied.

(ii) Fither of the following two cases holds.

a) Fort e Ty,

.
Zpek,li(Rk,k,i + B;;F,k,ipk,kﬂ,in,k,i + Dghipk,k—o-l,ka,k,i) >0, keTy as. (27)
im1

is satisfied.
b) Fort=0,

Zpek,li(Rk,k,i + B;;F,k,ipk,kﬂ,in,k,i + Dghipk,k—o-l,ka,k,i) >0, keTy, as. (28)
i—1

and

T

vi(Ro,0,i + BoT,o,z'Po,l,iBO,O,z' + DOT,Oﬂ'PO,l,iDO,O,i) >0 (29)
i1

are satisfied.
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Furthermore,
iji (Rik,i + B}Ek7¢Pk,k+1,in,k,i + DEmPk,kH,z'Dk,k,i) >0, j=1,2,---,7, k€T, (30)
i=1

implies (27). If further the Markov chain 6 is irreducible, then (30) and (27) are equivalent.
Proof From (5) and the {Py ¢4} of (22), we have

ka O,Uk)

Z

g\ T keyu, Eup\T k, kup\T k,
_ E{m YT Qe Y+ (YEUYT P g YV — (VB TR, Y }

&~
e

+E I:’U‘ERIC,Z,G)C uk]

2

k,up\T T T k,up
E{(Ye ) Qroeo, + Ak r.6, Pros1.0,Ak0.00 + Crp0,Prt+1.0,Cro00, — Prego,_, Y] k}

~
Il
Ea

_|_

T T T
Eug, (Bik,0x + Br k.0, Pok1,05 Brok,o + Dig i 0, Pre k1,0, Die k0, ) Uk
U sV

>

e}

Hence, the convexity condition (10) is satisfied if and only if
Ek (Re.k,0, + B g.o, Proit1,0, Broor, + Di .o, Pei1,0, Diko,) =0, k€ Ty, as.

Note that for t € Ty and k € T,
Ek (Rr.k.0, + Bikop Prkr1.00 B.kon + Di 1 o, Prokt1,6, Do)

.
T T
= E P9,_1i (Rikyi + Bi gi Prk+1,iBrokyi + Dig g i Pk41,i Dk i)

=1

and

Eo(Ro,0,6, + Bg,o,eopo,l,eoBo,o,eo + Dg,o,eopo,l,eoDo,o,eo)
= Z vi(Ro,0,i + Bg:()}iPO,l,iBO,O,i + Dg:(),iPO,l,iDO,O,i)~
i=1
We then have the equivalence between (i) and (ii).
If the Markov chain 6 is irreducible, then P(fy = j) >0 for k€ T,j =1,2,---,7. Hence,
(27) is equivalent to (30).
By the above preparations, we have the following equivalent characterization on the existence
of open-loop equilibrium control of Problem (LQ).
Theorem 3.9 For the initial pair (t,x), the following statements are equivalent.
(i) There exists an open-loop equilibrium control of Problem (LQ) for the initial pair (t,x).
(ii) Either of the following two cases holds.
a) Fort € Ty, the conditions (20) and (27) are satisfied.
b) Fort =0, the conditions (23), (24), (28) and (29) are satisfied.
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So far, we are curious about the case that the initial pair (¢,z) rolls out over the product
space T x R™. In this case, k € T; in (27) should be slightly changed as k € T to characterize the
convexity condition. Concerned with the stationary conditions, we can get more beyond (20).
For details, see the following theorem.

Theorem 3.10 The following statements are equivalent.

(i) For any initial pair (t,x) € T x R™, there exists an open-loop equilibrium control of
Problem (LQ) for the initial pair (t,x).

(ii) The set of difference equations

T T
T
Prog= E PqiQr i + E Pai Ay 0, Pro1,i Ak e

i=1 i=1
T CT,. P C
+ 21':1 PqiCg pid 7k 0+1,iC k0,05
T T

T T
Thtg = D PaiAhiTeer1iAeei+ Y PaiCigiTrer1,iCre

i1 i1
T
T
- E Pai Ak (Prer1,i B, + Tk,€+1,iB€,€,i)WZqH€,q
i—1
T
T T
- E pqick,Z,i(Pk,€+l,ka,€,i+Tk,é—i—l,iDé,é,i)Wg,qHé,q,

- (31)
Ping=Grq Tkng=0,

q:1a27"'77-7 éequ—ﬁ—l)

T

T T
Zpek,li(Rk,k,i + By k. iPekt1,Broki + D i Prk1,iDigi) >0, k€ Ty,
i=1
Wk79k71le,0k_1Hk79k—1 = Hy,9, 1, k€T,
-

Z vi(Ro,0,i + ngo}iPO,LiBop,i + Dgﬂ,o}ipo,l,iDo,o,i) >0,
i=1
WoWJ Ho = H

is solvable in the sense of

-
Zpek,li(Rk,k,i + B;Ek7ipk,k+1,13k,k,i + Dzmpk,kﬂ,il)k,k,i) >0, keT,
i=1
Wkﬁk—lwlj,ek,lHkﬂk—l = Hkﬁk—u k€ Ty,
-
T T
Z V; (Ro,oﬂ‘ + BQQ@-PO,LiBO,O,i + Do,oﬂ‘PO,l,iDO:O,i) >0,

=1
WoWJ Hy = Ho,
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where
-
Wi, 1 = Zpek,li [Rk,k,i + ngi (Pre+1,i + Thok1,i) Broksi
i=1
T
+ Dj i (Pri+1,i + Tk,k+1,i)Dk,k,i:| ,
.
T
Hyp, ., = Zpek_li [Bk;” (Prkr1yi + T 1,6) Ao
i=1
T
+ Dy i (Prpr1,i + Tk,k+1,i)ck,k,i] ,
keT,
and

Wo = Z Vi [RQOJ + BOT,O,i(POJJ + TO:LZ‘)BO,O,Z‘ + Dg,o,i(PO,l,i + To,l,i)Do,o,i]7
i=1

Ho =Y vi[Bgoi(Poi+Tori)Aooi + Do (Poi+ To1i)Cooi)-
=1

Under any of above conditions,
_Wg>9k_1Hk79kf1Xltg7z7*a ke Ty,

u%r,* - —WgHoa:, k=0,
_Wg,ek,lHk,ek_lX,i’$’*7 teTy, keTy

is an open-loop equilibrium control of Problem (LQ) for the initial pair (t,x), and the corre-

sponding open-loop equilibrium state is

t,x,kx t,x,* t,x,* t,x,* t,x,*
X" = Ak ko X" 4 Brogo w4 (Chok0u X0 + Digouy ™" ) wi,

X" =g, keT,.

Proof ii)=-i). This follows from Theorem 3.7 and Lemma 3.8.

i)=-i). Note (20). Letting k = ¢ and taking different x’s, we have Wk79k71Wg}9k_lHk79k71 =
Hyp, .,k € T. As for any (t,x) with t € T and = € [%(t;R™) Problem (LQ):, admits an
open-loop equilibrium control, we must have the solvability of (31).

Remark 3.11 If the Markov chain 6 is irreducible, then P(f; = j) > 0 for k € T,j =

1,2,---, 7. In this case, if

.
iji (Riki + B}EkJPk,kJrl,in,k,i + D£k7ipk,k+1,ka,k,i) >0,
i=1

WieiWi jHij = Hij, k€T,

j:1727"'77—
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is satisfied, then

Zpek,li(Rk,k,i + B;;I:k,ipk,k+1,in,k,i + Dik,ipk,k+1,¢Dk,k,¢) >0,
i=1
Wk,ek—lwli,ek,lHkﬁk—l = Hk,ek-—lv ket

will hold.

4 An Example

Consider an example of Problem (LQ) with the system equation

X1 = (Ar,0. Xk + Brour) + (Cro, X} + Doy ) wi,
Xt =, kETt :{t, ,2}, tET:{O,1,2},

and the cost functional

2
J(t,xiu) = ZE[(Xk)TQt,k,Oka + up Ry o, un] + E[ X3 Gio, X3],
k=t
where

A0,90\90:1 L1, Ageyy,_, = 0-51, A1’91|91:1 = —1.41, A1’91|91:2 = —1.5,
A2}92‘92:1 2.1, A2}92‘92:2 = —1.55, 30’90‘90:1 = —1.5, BO,00|90:2 =1.35,
31701|01:1 =—15, B1>91\91:2 = —1.85, B2,92\92:1 =0, B2>92\92:2 = 2.55,
00,00|90:1 = 2.14, 00’90‘90:2 = —1.31, 01}91‘91:1 = —2.431, 01,91|91:2 = 2.38,
02’92|92:1 = —2.341, 02}92‘92:2 = 2.445, DQ’QOMOZ1 = 1.455, D0,90\90:2 = —2.345,
D1791|91=1 = 2533, D1,91‘91=2 = 245, D2,92‘92=1 = 15, D2,92‘92=2 = O7

Q0,0,00199=1 = Q0,0,00/09—> = 2: Q0,1,01]5,—1 = Q0,1,01]6,—» = 0,
Q0,2.0510,-1 = Q0.2.00p,—» = 1, Q110,051 = @1,1,0,]0, o = 1.5,
Q1,2,05]0,—1 = ©Q1,2,05]p,—» = 175, Q2,2.0,(p,_1 = @2,2,05]9,—0 = 1,
Ro,0,00100-1 = £0,0,600l09—> = L, B0,1,01]6,-1 = B0,1,01)9,-0 = 2.9,
Ro.2,0510,-1 = R0,2,0010,—2 = 2, R1,1,0100,21 = R1,1,0110,-0 = 2,
Ri12,0510,21 = R1,2,0010y-0 = 35 R22.0505,-1 = R2.2,0,,,_, = 3.45,
Goalo,s = Lo Gogylays = 15, Croglyys =20 Grggly,_, = 2.5,
= 0.5, G2}93‘93:2 = 1.75.

lo5=1 lo5=1 lo5=2
3 3 3

Here, Markov chain 6 takes values in M = {1, 2} with the transition probability matrix

A:

N = s
N = s W
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202)

Solution By some calculations, we have

and the initial distribution of 6 is v = (

2
> p1i(Rani+ By, PagiBai+ D3, PagiDai) =12.2658 > 0,

=1

2
Zp% (R2,2,i + B;I:iPZ,B,iBZ,i + D;r}iPQ,B,iDQ,i) =9.7022 > 0,
=1

2
> p1i(Ria + BYProiBui + DT, ProiDy i) = 206.8808 > 0,
=1

2
> poi(Rini+ B ProiBu + DY ProDy ) = 203.3189 > 0,
=1

2
> vi(Roi + By Po,iBoi + Dy i PoiDo:) = 578.8061 > 0,
i=1
Wa1 =12.2658 #0, Wao =9.7022 #0, Wi, = 170.9644 # 0,

Wh2 =167.4800 # 0, Wy = 467.8447 # 0.

According to this and Remark 3.11, we have that the corresponding (31) is solvable. Therefore,
for any (t,z) € {0,1,2} x R, the considered LQ problem admits an open-loop equilibrium
control. For (0, z), the control

W Hio X7, ke {1,2},
—W{ Hoz, k=0,

uO,a:,* _

is an open-loop equilibrium control, where

~W{Hy = 04537, — W] Hy,=-05826, —W],H;s=—0.2493,
~W3  Ha1 = 04587, — W, Hoo = 0.4469,

and X%%* is computed via

Xplt = (Ako, — Bro Wiy Hio, ) X"

+ (Cro. Do Wil o, Hio ) X" we, k=12,
XPor = (Ao,e, — BOﬁOW(}LHO)Xg’w’*

+ (00790 - DO,QOWJHO)Xg’r’*wO,

0,2, _
X, =

5 Conclusion

In this paper, we investigated the open-loop equilibrium control for a time-inconsistent
stochastic LQ problem with regime switching. Necessary and sufficient conditions are presented

to characterize the existence of open-loop equilibrium control via the Markov-chain-modulated
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FBSAE and generalized Riccati-like equations. For future researches, we would like to extend

the methodology developed in this paper to other types of time inconsistency.
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