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Abstract Necessary and sufficient conditions for the exact controllability and approximate control-
lability of a singular distributed parameter system are obtained. These general results are used to
examine the exact controllability and approximate controllability of the Dzektser equation in the the-
ory of seepage.
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1 Introduction

A large number of works deal with control systems described by abstract Sobolev type
evolution equations (e.g., [1-8]). Below we shall consider the problems of exact controllability
and approximate controllability for control systems described by abstract singular distributed
parameter systems.

Let X,Y, U be Hilbert spaces. Also let L(X,Y") be the space of all bounded linear operators
from X into Y, L(X) = L(X,Y). The singular distributed parameter system

Ei(t) = Az(t) + Bu(t), 0<t<T, xz(0)=xo, (1)

where E € L(X,Y), A is a closed linear operator from X into Y whose domain is dense in X
and B € L(U,Y), is an abstract form of various partial differential equations and systems of
equations which occur in many applications (see, e.g., [5-8]).

For the sake of convenience, we introduce the following definition.
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Definition 1.1 System (1) is called a regular system with order n (positive integer or
infinite) if there exist Hilbert spaces X1, Xo and P € L(Y, X7 x X2),Q € L(X; x X2, X), where

P is injective and @ is bijective, such that

L 0 K 0 B
PEQ = € L(X1 x Xs), PAQ= , PB= € L(U, X1 x X3),
0 N 0 I B,

where N is a nilpotent operator with order n (see [9]), K is the generator of the strongly
continuous semigroup eX* (see e.g., [10]), PAQ is a closed linear operator on X; x X whose
domain is dense in X7 X Xs, I, € L(X}) is the identical operator (k = 1,2).

In this case, the operators P and @ transfer (1) into the following decoupled system on
Hilbert space X7 x X5

j?l(t) = K.l?l(t) + Blu(t), 0<t<T, 33‘1(0) = Z19, (2)
Nio(t) = xo(t) + Bou(t), 0<t<T, 5(0)= a0, (3)
where
N TR el B R)
T2 72(0)

The system represented by (2)—(3) is called the standard form of regular system (1).

It was proved that many systems are regular system for example, Navier-Stokes systems,
robotic system, the system modelling the free surface evolution of filtered fluid, the system
modelling the moisture transfer in soil, the modeling of multi-body mechanisms, finance system,
input-output economics system, the problem of protein folding and so on (see, e.g., [9, 11-15]).
Subsystem (2) is a classical system in control theory. The properties of (3) determine the
peculiarities of (1). For example, it is known that controls from the class C"~1([0, +00), U)
must be used to solve (3) in the weak sense; the system may fail to have solution for controls
with less smoothness (see, e.g., [9, 13]). The exact null controllability of the system (2)—(3)
with scalar control has been studied in [11].

This paper investigate the exact controllability and approximate controllability of the sin-
gular system (1) under some additional hypotheses, or, equivalently, of (2)—(3). The general
results obtained are used to examine the exact controllability and approximate controllability
of the Dzektser equation in the theory of seepage.

Throughout the paper, R denotes the set of real numbers; C' denotes the set of complex
numbers; C™(J, X') denotes the set of n times continuously differentiable X-valued functions on
interval J; ker A denotes the kernel of A; ranA denotes the range of A; ranA denotes the closure
of ranA; domA denotes the domain of A; A* denotes the dual operator of A; (-, -) x denotes the
inner product on the space X; || - || x denotes the norm induced by the inner product on the
space X; L%([0,T], X) denotes the class of Lebesgue measurable function from [0, T] to X with

SO % dt < oo
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Here we give several auxiliary results. In the following, we assume that n is a positive
integer, i.e., N is a nilpotent operator with order n (see, e.g., [13]), and the system (1) is of the
form (2)—(3).

Theorem 1.2 (see [9]) Suppose u € C™([0,T],U). Then, for each initial value

21(0 n—1
1(0) c n - edomK,ngz—ZNszu(k)(O)

72(0) 72 k=0

there exists a unique solution

T 1 K 0
cC ([O,T],Xl XXQ)QC [O,T],dom
To 0 IQ

of (2)—(3). Furthermore

x1(t) B eKtyg + fot K=" Biu(r)dr )
w3 (t) — Ykzo NEBau®)(0)}

In view of this result, it seems natural to extend the concept of mild solution to singular
distributed parameter system of the form (2)—(3).

Definition 1.3 For [;10] € X1 X X5, a function [5,] € C([0,T], X1 x X») is called a mild
solution of (2)—(3) if it has the form (4) and satisfies [zl(o)} =[gl].

z2(0) x20

Theorem 1.4 (see [11]) Assume u € C"~1([0,T),U). Then, for any initial value

n—1
Z10 m
€ { € Xq,m2 = — E NkBQU(k)(O)}a
20 T2 k=0

there exists a unique mild solution [51] € C([0,T], X1 x X2) of (2)—(3).
It is well known that a mild solution z;(t) of (2) is expressible for 219 € X1,u € L?([0,T],U)
by the formula

¢
z1(t) = ety —|—/ K= Bru(r)dr,
0

where the integral is understood in the sense of Bochner (see, e.g., [10]).

Note that the first line of the matrix in (4), which gives a solution of (2)—(3), is a mild
solution of (2), while the second line, which is a sum over k, is a solution of (3). Hence, in
accordance with Definition 1.3, it is natural, for x99 € Xo,u € C"1([0,T],U), to regard the

function
n—1

za(t) = = 3 N*Byu®(1) (5)

k=0
as a mild solution of (3). It follows from (5) that (3) is solvable if and only if the compatibility
condition between the right-hand side and the initial data

n—1

w0 = — Y _ N¥Byu®(0) (6)
k=0
@ Springer
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is satisfied.
In the following definitions we shall assume by default that the solutions are mild.

Definition 1.5 System (2)—(3) is called exactly controllable on [0,T] if, for any z17 €
X1, 207 € Xo, any 19 € X1, 20 € Xa, there exists a control u € C"~1([0,T],U) such that (6)
is satisfied and 1 (T) = z17, 22(T) = za7.

Definition 1.6 System (2)—(3) is called approximately controllable on [0,T] if, for any
17 € Xy,20r7 € Xo, any w19 € X1,x90 € Xo, and any € > 0, there exists a control u €
C" ([0, T],U) such that (6) is satisfied and

21(T) —z1rllx, <&, |22(T) — zarllx, <e.

Our purpose here is to establish necessary and sufficient conditions for the exact controlla-
bility and approximate controllability of (2)—(3) with bounded operators By and Bs.
The next definition will be used in the next section.

Definition 1.7 A number A € C is called the F-eigenvalue of the operator A if there
exists a vector © # 0 such that AEx = Ax. Such a vector z is called the E-eigenvector of the
operator A corresponding to the E-eigenvalue .

It is easily verified that the E-eigenvectors corresponding to the same E-eigenvalue form a
subspace of X.

2 Controllability of (2)
As for the exact controllability of (2), we have the following results.

Theorem 2.1 (see [10]) Subsystem (2) is exactly controllable on [0,T] if and only if the
following condition holds for some v > 0 and for all z € X;:

T
</ eKTB1BTeK*Tsz,Z> > 7llz[l%, - (7)
0

X1
According to Theorem 2.1, we obtain the following Theorem.

Theorem 2.2 Subsystem (2) is exactly controllable on [0,T] if and only if for some v > 0
and all z € X;:

T
</0 F2(r)e"" BiBfe™ Tsz,Z> > 9zl (8)

X1
where f(1) =71"(r —T)"™. In this case fOT f2(1)eX™ B Bfe®X Tdr has bounded inverse.

Proof Sufficiency. Since max,¢jo 7 f2(7) = (T'/2)*", by (8), we have that

T T
(T/2)*" </ eKTBleeK*Tsz,z> > </ fQ(T)eKTBleeK*Tsz,z> > VHZ”%(I
0 0
X1

X1

Therefore, (7) is true. By Theorem 2.1, the subsystem (2) is exactly controllable on [0, T7.
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CONTROLLABILITY OF SINGULAR SYSTEMS 1489

Necessity. Assume (7). If (8) is false, then for any positive integer m, there exists ,, € X3
and ||z;,||x, = 1, such that

T
« 1
</ fQ(T)eKTBlBTeK TZ‘de7xm> < m- (9)
0

X1

Since f2(7) is an increasing function, when 7 € [0,7/2] and f2(7) is a decreasing function,
when 7 € [T'/2,T], we have that

JA() > (Ufm) ()Y O TR (1), T — (1 /) ),

By (9), we get that

1/2 T—(1/m)Y/ 4™
< ) 1/(4’ﬂ) T] / <eKTB1B>1keK Txmvxm> dr
(1/m)1/(an) X1
T *
< ) l/m 1/(4n) ] |:/ <eKTBlBi«eK T$m7$m> dr
0 Xi
(1/m)1/(4n)
—/ <eKTBleeK Txm,xm> dr
0 X1

T
—/ <eKTBlB’feK*Txm,xm> dr].
T—(1/m)1/(4n) X,

By (7), we obtain that

1 (1/m)1/(4n) .
<mfﬂ>mmmmm—ﬂ%b—/ (K BB o) dr
0

X1
T
—/ <eKTBlB’feK Ta:m,xm> dr].
T—(1/m)1/(4n) X1

As m — 400, we have that 0 > T?"y > (0. This contradiction indicates that (8) is true. By [10],
we have that fOT f2(7)e® ™ By Bie®X "dr has bounded inverse.

As for the approximate controllability of (2), we have the following results.

Theorem 2.3 (see [10]) Subsystem (2) is approzimately controllable on [0,T] if and only
if any one of the following conditions hold:
(i) [ X" BiBieK Tdr > 0,
(11) BieX 72 =0 0n[0,T] = 2z =0.
According to Theorem 2.3, we can obtain the following theorem.

Theorem 2.4 Subsystem (2) is approzimately controllable on [0,T) if and only if
T *
= / fA(r)eX B BieX Tdr > 0
0

for any polynomial f(7) € R not identically zero and ranG(f,T) = X;.
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Proof The sufficiency is obvious. We only need to prove the necessity. If z € ker G(f,T),
then

T
0= GUT)z ) = [ 1B, dr
and thus, 0 = f(7)Bfe® 7z for 0 <7 < T. Since f(7) can have only finitely many zeros in the

interval 0 < 7 < T, it follows that BieX 7z = 0 on [0,T]. By Theorem 2.3, we have z = 0.
Therefore

T
G(f,T) = / FA(r)eX "B Bt Tdr > 0
0

and ker G(f,T) = {0}. By [10], we obtain ranG(f,T) = X;.

3 Controllability of (3)

As for the exact controllability of (3), we have the following results.

Theorem 3.1 Subsystem (3) is exactly controllable on [0,T] if and only if
ran[B; NBy -+ N" !'By]=X,. (10)
Proof The exact controllability of (3) on [0,7] implies, in particular, that it has a solu-
tion satisfying the initial condition z2(0) = x9o for any zop € Xs. By (6), we have zgp €
ran[Bo NBz --- N""1By]. This proves that (10) is necessity. Now we prove the suffi-

ciency. Since (10) holds, for any x99 € Xa, there exist vectors a, € U,k =0,1,--- ,;n — 1, such
that x99 = — ZZ;S N*Byay. Hence, the condition (6) is satisfied, proved that

u®(0)=ap, k=0,1,---,n—1. (11)

By (5), it follows that, for any ¢t > 0, the corresponding solution is determined only by the value
u®(t),k=0,1,--- ,n — 1. Therefore if a control u(t) satisfies (11) and if

uN(T) =6, k=0,1,--- ,n—1, (12)

then (5) yields that zo(T) = — Zz;é N¥ By, In order to build a control u € C"~1([0,T],U)
satisfying (11) and (12) we can proceed as follows. Let

n—1 tk n—1 tk n—1 (t —T)k
ul(t)zzk|ak—|—tnzk'ck, k€U, k=0,1,---,n-1, UQ(t)ZZ il Br.
k=0 k=0 " k=0 :

We have
u(k) 0) = o (k) _ — . _
1 =g, Uy (T) =0, k=01, ,n—1. (13)

We choose a number ty € (0,7) and set

u(t) = ul(t), 0 S t S to; u(t) = UQ(t), to S t S T. (14)
We shall find coefficients ¢,k =0,1,--- ,n — 1, so as to have
W (o) =ul (te), k=0,1,---,n—1. (15)
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Differentiating, this gives, for j =0,1,--- ,n — 1,

n—1 k—j k+n—j
G) _ tO TL-I—k‘ 't
! (to)_Z( _ ’“+Z (k +n — j)k! *

Therefore, in order that (15) be valid for j = 0,1,---,n — 1, the following equations must be

satisfied
— B n + k |tk+n J )
+ k= Uy (to)-
kz: Ak Z (k+n—j) lkl 3 (to)
Consequently, the required coefficients ¢,k = 0,1,--- ,n — 1, constitute a solution of the

nonhomogeneous n X n-system of linear algebraic equations. The determinant of the ma-

trix of this system is the Wronskian of the following system of linearly independent func-

. n ’I’LJrl tn+2 t2n71
tions t",t SUal T ()l

so the above nonhomogeneous system of linear algebraic equations has a unique solution
¢, € Uk =0,1,--- ,n — 1. Consequently, the control u, as defined by (14) with the coef-
ficients co,c1, -+ ,cn—1 just obtained, lies in C™~1([0,T],U) and satisfies the condition (13).

Hence, this proves Theorem 3.1.

at t = tg. Therefore, the determinant does not vanish, and

As for the approximate controllability of (3), we have the following theorem.

Theorem 3.2 Let N € L(X2) be a nilpotent operator of order n, By € L(U,X3). Then
the following statements are equivalent:
(i) subsystem (3) is approzimately controllable on [0,T];

(i)
ran[By, NBy --- N" 'By] = Xo; (16)

(iil) subsystem (3) is exactly controllable on [0,T] .

Proof (i) = (ii): The approximate controllability of (3) on [0,7] implies, in particular,
that it has a solution satisfying the initial condition x2(0) = x99 for any x99 € Xa. By (6), we
have w9 € ran[By NBy --- N"7!By]. This proves that (ii) is true.

(ii) = (iii): By Theorem 3.1, (iii) is true.

(iii) = (i), obviously.

Remark 3.3 Note that approximate controllability and exact controllability are equiva-
lent for (3).

4 Controllability of (2)—(3)
As for the exact controllability of (2)—(3), we have the following theorem.
Theorem 4.1  System (2)—(3) is exactly controllable on [0, T] if and only if both (2) and (3)

are ezactly controllable on [0,T].

Proof The necessity is obvious. We only need to prove the sufficiency. Assume z19, 217 €
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X1 and w29, T2 € X2. We have to find u € C"~1([0,T],U) such that

t n—1
1 (t) = ety + / KU Bru(r)dr,  wa(t) = =) N*Byu® (1),
0 k=0
X1 (T) = 1T, afg(T) = XoT. (17)

We choose u(t) = u1(t) + ua(t). Thus,

t t
a1 (t) = e +/ eK(tiT)Blul(T)dT—l—/ K=" Bruy(7)dr,
0

0
n—1 n—1
wa(t) = =Y N*Byul® (1) = 3" N Bou (1),
k=0 k=0
We choose u1(t) to be of the form
ur () =t"(t —T)"v(t) (18)

for some v € C™([0,T],U). Thus, ugk)(O) = ugk) (T) =0, if k¥ < n.By the proof of Theorem 3.1,
there exists ug € C"~1([0,T],U) such that — Z;é NkBQng) (T') = x2(T). From Theorem 2.2,
for polynomial f(7) = 7"(7 — T)™, there exists y € X5, such that

T T
/ FA(7)e" T BBy eX Tydr — [m — Ty — / eK<T—T>Blu2<r)dr} =0.  (19)
0 0
Let v(7) = f(7)Bie®X (T=7)y. Then, by (18) and (19), u1(7) = f2(7)Bfe (T=7y and
T T
/ eK(TiT)Blul(T)dT — |:{171T - eKTxm - / eK(TT)Bl’LLQ(T)dT:| =0.
0 0

Thus (17) is true. Therefore (2)—(3) is exactly controllable on [0, T].
As for the approximate controllability of (2)—(3), we have the following theorem.

Theorem 4.2  System (2)—(3) is approzimately controllable on [0,T) if and only if both (2)
and (3) are approzimately controllable on [0,T].

Proof The necessity is obvious. We only need to prove the sufficiency. Assume

z10, 217 € X1, 0,00, , a1, B0, b1, Bn—1 €U
and € > 0. We have to find u € C"~1([0,77],U) such that

t n—1
w1(t) = ™10 + / XU Bru(r)dr, za(t) = = Y N*Byu®(t)
0 k=0

and
u®(0) = ap, u™(T) =B, k=0,1,---,n—1, |z (T)—z17| <e. (20)

We choose u(t) = ui(t) 4+ ua(t). Thus

t t
X1 (t) = eKtxlo =+ / eK(t_T)Blul(T)dT + / eK(t_T)B1UQ(T)dT,
0 0
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n—1 n—1
a(t) = = > N*Byul® (1) = 3 N¥Byu (1).
k=0 k=0

We choose u;(t) to be of the form

ui(t) = t"(t — T)"v(t) (21)

for some v € C"([0,T],U). Thus ugk) (0) = ugk) (T) = 0,if k¥ < n.By the proof of Theorem 3.1,
there exists ug € C"~1([0,T],U) such that ugk)(O) = ak,ugk)(T) =Bk, k=0,1,--- ,n—1. From
Theorem 2.4, for any polynomial f € R not identically zero, there exists y € X7, such that

T T
’ / f2(r)eX™ B Bi e Tydr — |:331T — BT g0 —/ eK(T_T)B1UQ(T)dT:| ’ <e. (22)
0 0
Let f(1) = 7"(1 — T)",v(t) = f(7)BieX (T=T)y. Then, by (21) and (22),
ui(r) = f2(7)Bie™ Ty

and

T T

‘ / KT Bruy (1)dr — |:331T — gy, —/ eK(TT)B1U2(T)dT:| ‘ <e.
0 0

Thus, z1(t) = eftao + f; KT Biu(r)dr, w9 (t) = — Y3 —5 N¥Boul¥)(t) satisfy (20). There-
fore (2)—(3) is approximately controllable on [0,T].

5 Controllability of Dzektser Equation

Consider the Dzektser equation, which describes the evolution of the free surface of seepage
liquid (see, e.g., [6]),

2 2 4
<1 + 88§2> (‘ix(f’t) = <88£2 + 23854)95(57@ +u(t), (&1t) € (0,7) % [0,400), (23)

922(0 02
2(0,4) = 2(52’t)=x(77,t)= ”;g’”:o, o

t€0,+00), (£0) =wz0(§), &€ (0,m),
Let
X ={z € H*(0,n):2(0) =z(x) =0}, Y = L*([0,7],R),

o2 22 o
LHgezr A7 g2 T 2900

domA = {x € H*(0,7) : 2(0) = 2" (0) = x(r) = 2" () = 0},
(@(®))(©) ==(§,1), (Bu(®))(€) =bu(t), £€(0,7m), uwueU=R, b=1eL*[0,7]R),

E =

where the meanings of H2(0,7) and H*(0,7) are the same as in [11]. Then Dzektser equation
(23)—(24) can be reduced to the following system

Ei(t) = Az(t) + Bu(t), z(0) = xo, (25)
@ Springer
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It is easily checked that sink¢ is the E-eigenvector of the operator A corresponding to F-
eigenvalue —k2(1 + krfil) of the operator A (k =2,3,--+), Esin = 0, Asin{ = sin¢,

Esinké = (1 — k?*)sinké (k=2,3,---), Asinké = (2k* — k*)sinké (k=2,3,--)

and

—+oo .
B (1,sink&)y X 4sin(2k — 1)¢
1= Z:1 (sinke, sinke)y R = bmg + Z 2k —1)r

Let X1 be the closure of the subspace span{sinké : k = 2,3,---} in the norm of the space X;
X2 = span{sin{}. Then X5 is one dimensional. Let E; and Az denote the restrictions of E and
A on X; and Xj, respectively. Then

k2
Ksink¢ = By ' Asinké = —k? (1 +a 1)sink;§, k=23,

domK = span{sink§ k=23, }a

_ -1 4 . _ = 4sin(2k — 1)§

by = B (1 - Wbmf) - kZ:; [1—(2k—1)?)(2k — )7
_7-1 <1,sin§>y Gng — 4 5

by = A <Sin§,sin5>ybm§ = 7Tblnf.

The regular standard form of (25) is

{tl(t) = le(t) + Blu(t), :Cl(O) = Z10, (26)
0 = z2(t) + Bou(l), x2(0) = w20, (27)
where [28” € X1 x X, K is the generator of the strongly continuous semigroup e
N =01in (27), Byu = byu and Bau = bou.
First of all we discuss the exact controllability of (23)—(24).

Kt on X1,

Since Xy = ran[Bs), by Theorem 3.1, subsystem (27) is exactly controllable on [0, T'] for any
T > 0. It is obviously that the semigroup associated with (26) is given by

+oo .
Kty _ N~ (1,47 e (yosinkE)x ’s
Y Ze | sin ke]|2 sinké. (28)
Since et = et the condition for exact controllability of (26) is the existence of a v > 0 such
that
iy T
|(y, sink§) X| 2 / x K* 2 2
= < B T dr < ||B
3 e =l [ 1 R < 1B
X Jio Lo [(y, sink&) x|?
—2k2(1+ K IIsinkg]%
ie.,
[e%S) _92k2 .
3 s 1 MUREDT i ik
||BlHL(U,X1) 9 - keI > 0. (29)
k=2 2k (1 + k2—1) H S £||X
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It is obviously that no v satisfying (29) will ever exist. Consequently, subsystem (26) is never
exactly controllable on [0,7] for any T > 0. By Theorem 4.1, Dzektser equation (23)-(24) is
not exactly controllable on [0, 7] for any T > 0.

Now we discuss the approximate controllability of (23)-(24). As N = 0 in (27), it follows
from (ii) of Theorem 3.2 that Xy = span{sin{}. In this case condition of Theorem 4.2 guaran-
tee that (23)—(24) is approximately controllable on [0,T] for some T > 0 if and only if (26) is
approximately controllable. It is obviously that the strongly continuous semigroup associated
with (26) is given by (28). Since et = X" by (ii) of Theorem 2.3, the condition for approx-
imate controllability is that there exists T > 0 such that BfeX 'y =0 on [0,7] = y = 0. In
fact, for any T > 0, if 0 = BfeX *y on [0, T, then

+o0

oKty — Ze%(lﬂé‘:)t (y,sinké) x Sinké = 0.

= (sink¢, sink) x

2
: : : oo —k*(1+ 5" )t (ysink€)x
Since sine series >, " e MU sinke, sinke) x

t € (0,7, we have

sink¢ is uniformly convergent on [0, 7] for every

+oo , )
Z k2t Ko (y,sinkE)x e B
k:ze o (sink¢, sink¢) X<Sm ¢, sinmé) x = 0.

By the orthogonality of the sine function system, we can get (y,sinmé)x =0,m =2,3,--- , i.e.,
y = 0. Hence, by Theorem 4.2, the Dzektser equation (23)—(24) is approximately controllable
on [0, 7] for any T > 0.

6 Conclusions

We have defined exact controllability and approximate controllability, and proved corre-
sponding necessary and sufficient conditions for regular singular distributed parameter systems.
An illustrative example was given. For a specific singular distributed parameter system, the
exact controllability and approximate controllability can be tested according to the results of
this paper.
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