J Syst Sci Complex (2020) 33: 672-684

General Decay Synchronization for Recurrent Neural
Networks with Mixed Time Delays*

MUHAMMADHAJI Ahmadjan - TENG Zhidong

DOLI: 10.1007/s11424-020-8209-x
Received: 17 July 2018 / Revised: 10 November 2018
©The Editorial Office of JSSC & Springer-Verlag Berlin Heidelberg 2020

Abstract This paper studies the general decay synchronization (GDS) of a class of recurrent neural
networks (RNNs) with general activation functions and mixed time delays. By constructing suitable
Lyapunov-Krasovskii functionals and employing useful inequality techniques, some sufficient conditions
on the GDS of considered RNNs are established via a type of nonlinear control. In addition, one example
with numerical simulations is presented to illustrate the obtained theoretical results.

Keywords General activation functions, general decay synchronization, mixed time delay, recurrent

neural network.

1 Introduction

As is well known, in recent years neural networks have received much attentions due to their
wide applications in a variety of areas such as signal processing, automatic control engineering,
associative memories, parallel computation, combinatorial optimization and pattern recogni-
tion, and so on'4. In particular, the recurrent neural networks (RNNs) systems are of great
interest among the scholars. For example, in the past decades, there is a mass of literature
concerned with the dynamical behaviors of recurrent neural networks have been studied by
many researchers> 1%/, However, in mathematical modeling of real world problems, time delays
are frequently encountered as a result of the inherent communication time between neurons and
the finite switching speed of amplifiers. In particular, in hardware implementation, time delays
usually causes oscillation, instability, divergence, chaos, or other bad performances of neural

[16] Thus, the study of dynamic behaviors for delayed recurrent neural networks has

gl5-16]

networks
been one of the hot research topics in the past few decade
It is worth noting that, a very important problem in neural networks system is the synchro-

nization. Especially, when we investigate the dynamical behaviors of chaotic neural networks,
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the synchronization can play an extremely vital role. The so-called synchronization is that the
orbits of two chaotic systems which start from different initial conditions gradually converge to
the same equilibrium point!*”. In recent years, many researchers have focused on the synchro-
nization for delayed neural networks (NNs) and obtained most significant results'? 16, 18-21],
Moreover, lots of synchronization results have been obtained under different synchronization
methods, such as linear matrix inequality (LMI) techniquel??!, matrix measure strategy and Lya-

punov approach?® 24 Lyapunov theory and fractional-order differential inequalities(2®)

, gener-
alized Halanay inequalities and matrix measure approaches?® | Lyapunov function approach?7,
and so on.

On the other hand, in the process of investigating neural networks the estimate of the con-
vergent rate of synchronization is a very interesting and useful for studying the synchronization
of chaotic systems. However, in some cases, the convergence rate of the synchronization can

not be shown or it is very difficult to estimate. Recently, Wang, et al.[28: 29]

investigated the
synchronization problem for a classes of chaotic NNs with discontinuous and continuous acti-
vations by introducing new concept of synchronization, namely general decay synchronization
(GDS). This motivates us to consider a new type of convergence rate, such as convergence with
general decay. Moreover, studies on the general decay synchronization for recurrent neural
networks with both time-varying and distributed delays are fairly rare. Therefore, based on
the above analysis and reasons, in this paper we study the following n-dimensional RNNs with

both time-varying and distributed delays
i(t) = —ciws(t) + Y aig (x5 (8) + > biygy(w;(t — 5(1))
j=1 j=1

n t
+Zdij/ hj(xi(s))ds + I, (1)
j=1 t—o;(t)

where i € % = {1,2,--- ,n}, n > 2 denotes the number of neurons in the neural networks; z; (t)
corresponds to the state variable of the ith unit at time t; ¢; > 0 denotes the rate with which
the ith neuron resets its potential to the resting state when isolated from the other neuron and
inputs; a;;, b;; and d;; are denote the connection weights between the ith neuron and the jth
neuron at time t; f;(-),g;(-) and h;(-) are the nonlinear activation functions, I; is the external
input vector. 7;(t) and o;(¢) are the transmission time-varying delays and satisfy 0 < 7;(¢) < 7;
and 0 S O'i(t) S ;.

The main purpose of the paper is by constructing suitable Lyapunov-Krasovskii functionals
and applying the method given in [28, 29] to establish some new sufficient conditions on the
general decay synchronization for System (1).

2 Preliminaries
In this paper, we always use .# = {1,2,---,n} and RT = [0, +00), unless otherwise stated.
The initial conditions associated with the system (1) are given by
x;(s) = pi(s), se[-7,0], i=1,2,---,n,
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674 MUHAMMADHAJI AHMADJAN - TENG ZHIDONG

where 7 = maxjc s{7j,0;} and ¢(s) = (p1(s), 2(s), -+ ,on(s)) € C([—7,0], R™), which de-
notes the Banach space of all continuous functions mapping [—7,0] into R™ with norm defined
by

lell = sup o)l
s€[—7,0]

with [|¢(s)]| = maxie.s |¢i(s)]-

Throughout this paper, we assume that the following assumptions are satisfied.

H; Activation functions f;(u), g;(u) and h,;(u) are continuous and there exist nonnegative
constants L, H;, K;, N;j, M;,0; > 0, such that for any vi,v2 € R,

|fi(v1) = fj(va)| < Ljlvr —va| + Ny, |gj(v1) — g;(v2)| < Hjlvg —va| + Mj;,
|hj(v1) = hj(v2)| < Kj[vr —v2| + O;.

H; Time-varying delays 7;(¢t) and o;(t) are differentiable, and there exist real numbers
0< ¢ <1land0<~; <1, such that for any t € R*

0<7(t) <G, 0<6;(t) <

In the paper, we consider the system (1) as the drive system, the response system is given
as follows

Gi(t) = —cigi(t) + > ai; [y (D) + > bijg (ys(t — 75(1)))

j=1 j=1
n t
+Zdij/ hj(y;(s))ds +ui + I, (2)
j=1 t—0;(1)
where w;(t) is the controller to be designed.
Let e;(t) = y;(t) — x;(t), then from (1) and (2), the error dynamical system is expressed as

#30d [ Byl eas+ 3)

—o;(t)

where f(e5(6) = £33 (8)) — f3(z5(2).

Now, we will give the definitions of ¥-type function and GDS.

Definition 2.1 (see [28, 29]) A function ¢ : RT — [1,400) is said to be t-type function
if it satisfies the following conditions

1) It is differentiable and nondecreasing;

2) ¥(0) =1 and ¥(+00) = +o0;

3) (t) = (t)/1(t) is nondecreasing and ¢* = Sup; > ¥(t) < +o00, where 9(t) is the time
derivative of 1 (t);

4) For any ¢, s >0, ¥(t+s) < (t)(s).

It is not difficult to check that functions ¥(t) = e* and 9 (t) = (1+t)* for any a > 0 satisfy

the above four conditions, thus can be seen as 1-type functions.
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Definition 2.2 (see [28, 29]) The drive-response systems (1) and (2) are said to be general
decay synchronized if there exists a constant € > 0 and a ¥-type function 1 such that for any
solutions z(t) = (x1(t),x2(t), -+ ,xn(t)) of System (1) and y(¢t) = (y1(t),y2(t), - ,yn(t)) of
System (2), one has

msup 1O = O] _
t—+o0 log (1)
where € > 0 can be seen the convergence rate as synchronization error approaches zero.

H3 For function ¢(t) given in Definition 2.1, there exist a function o(t) € C(R, RT) and a
constant ¢ such that for any ¢ > 0

V() <1,  sup / V2 (s)o(s)ds < +oc. (4)

t€[0,400)

Now, we present a useful lemma. This lemma is essential to our later study.

Lemma 2.1 (see [28, 29]) Under Assumption Hs, assume that the synchronization error
e(t) =y(t) — z(t) of driver-response systems (1) and (2) satisfy the differential equation é(t) =
g(t,et), where eq = e(t + s) for s € [—7,0], function g(t,e:) is locally bounded. If there exist
a differentiable functional V(t,e;) : RT x C — RT, and positive constants A1, Az such that for
any (t,e;) € Rt x C

dV(t, Et)

ulle®I)? < Viter), S

< =0V (t,er) + A2o(t), (5)
(3)
where x(t) and y(t) are solutions of the systems (1) and (2) respectively, § > 0 and o(t) are
defined in Hs. Then the driver-response systems (1) and (2) are general decay synchronized in

the sense of Definition 2.2, and the convergence rate is 6/2.

3 Main Results

In this section, we will obtain some sufficient conditions to insure the GDS of the systems (1)
and (2). First, under Assumption Hs designing the controller u;(t) of response system (2) as
follows:

u;(t) = —aysign(e;(t)) — %, ie s, (6)

where §; and «; for i € # are control gains satisfying

n

Bj; 1
Eiéci+ﬁi—Z<Aﬁ+ 0 +nBﬂ+2alDﬂ+2g2Dﬂ> 0,

j=1
n (7)
— Z (N1|aﬂ| + T1M1|bﬂ| + 0'101|dﬂ|) >0

where A;; = |ai;|Lj, Bij = |bij|H; and D;j = |d;;| K.
Then based on the nonlinear controller (6), the following theorem can be obtained.
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676 MUHAMMADHAJI AHMADJAN - TENG ZHIDONG

Theorem 3.1 Suppose Hy-Hs hold, then the response network (2) can be general decay
synchronized with the drive network (1) under the nonlinear controller (6) if, the control gains
Gi and «; satisfy the inequality (7).

Proof Firstly, we construct the following Lyapunov-Krasovskii functional:

Vi(t) = ZIel |+ZZ/ o)l
i=1 j=1 75 ()
+;;2D” /m(t /t+9 lo3(s)dsds. (8)

Calculating the derivative of Vi (t) along the system (3), we get

(t) :ZSign(ei(ﬂ){ —ciei(t) + Z%fj ej(t)) + Zbugj ej(t —1i(t)))

Jj=1

+Zdu [ hatestonas — asssneatey - 2Dl “)}

t—o;(t) ei(t) + o(t)
PR L0 .
+;;BU( . ](t)| (1_43) |J U |>
0
2D;; e;j(t)] —le; 0)|)df + 7 ej(s)|ds
+gg [/_Gj(t)a 1= lese+ON-+5,0 [ e

SZ{ ~ lesld)] +Zlaijllfj<ej<t>>| 2 bislF (et = 75(4)))|

 llellest)
+Z 'd”'/ ()lds =i = T BT+ o)

ZBuieJ 7(0) + Y 2Dij0,(t)le; (0)]

j=1

~ 220“/ e, (s)|ds + Zwijdj(t) /t_c,.@) |ej(8)|ds}. )

—Jj Jj=1

Now, using H;, we have

SO aisl (e )N <D0 il (Ljle; (8)] + N;)

i=1 j=1 i=1 j=1
=D Agle; )1+ DD Nylagg)- (10)
i=1 j=1 i=1 j=1
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Similarly, we have

DO bisllgs (et = m (O] < D) [big| (Hjley (¢ — m5(t)] + M;)

i=1 j=1 i=1 j=1
=3 Biles(t =7 0O) + Y > by M; (11)
i=1 j=1 i=1 j=1
and
S5 ) stes(o)lds < 325" Dy / es()ds + 33 dylos 0. (12
=1 j=1 t—o; (1) =1 j=1 t—o;(t) =1 j=1

Using Hy and from (7), (9)—(12), we have
<> { —ciled®)+ Y Aijles (D) + Y Nyjlag| + > Bijle;(t — 75(t)))|
; j=1 j=1 j=1

- o Bille@llle(t)]
+Z|bw|M —l—ZD”/ o |€j(8)|d8+;|dij|ﬁjoj T 7H€(t)|| o)

70—1

Z Bijlej(t — mi; (1) + > 2Dyj05(t)]e; (1)]

J=1

|eg Id8+ZDza/ ()Iej(S)ldS}
aj(t

t

- Z 2D;; /
j=1

tfo'j

n n

:2{ - {CH@ _j; (Aﬂ+ (IB ) +2alei>}|ej(t)| — l:ai —;(Nilajil

+ M;|bj;| + UiOi|dji|:| + Bilei(t)] — 7ﬁi||e(t)|\|ei(t)| }

e+ o(t)
Sl PR Bii o\l 1 S Sielleit)]
S; [ﬁﬂl jz::(AJm(1 <)+2ZDW)Mj(t)|+;|€(t)”+g(t). (13)

Next, we construct the following Lyapunov-Krasovskii functional:

ZZB”/T7/+s|eJ |d€ds+ZZD”/

=1 j=1 - i=1 j=1 —9;

0t
/ / lej(€)|dedbds.
s t+0

Calculating the derivative of V5(t), we get

t
ZZ{ 2 (mles (t) |—/ lej(s)|ds) +D”/ / (le; ()] — |e;j(t + 0)])dods
t —0; Js

=1 j=1 T
n n 1

<> <TJ»BU - 5af,pij>|ej(t)| — A, (14)
i=1 j=1
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where
n

A= ZZ{ lJ/ le; (s |d5+D%J/ / lej(w |deS}
t+ —oj Jit+s

=1 j=1

Finally, we construct the following Lyapunov-Krasovskii functional:
V(t) = Vi(t) + Va(t).
Then, there exists a scalar x > 1 such that
n n X
Dole®I<VE) < x Y let)] + B4 (15)
i=1 i=1

where E = min;c »{E;}.
Calculating the derivative of V(¢) and from (13)—(14), we get

n n B
<Z—|:Ci+ﬁi_Z<A]z+ (1 C) +7—7,B]1+20'7,D]1+ =0, Dgz>:||ej(t)|
i=1

j=1
" Bio(t)llei(t)]]
*;n Ol +olt)
d le®lle)
<2 ~Biledo) |+ a0} gy Gy — A (16)

Let 8 = max;ec #{03;} > 0 and using the inequality 0 < ab/(a +b) < a for any a > 0, b > 0,
we have n
t) <Y —Eilei(t)| + Bolt) — A. (17)
i=1
Now taking a small enough § such that dx < E, then from the inequalities (15) and (17), we
get

Ly +oven <Z ~Efa(0)] + 600) ~ A+ 5(x D le(0) + )

i=1

<(6x — E) Z|e1 |+<——1)A+ﬂ@(t)

<Po(t),
which means that
V(t) + 8V (t) < Bolt). (18)
Then, from Lemma 2, the drive-response systems (1) and (2) achieve GDS under the adaptive

nonlinear controller (6). The convergence rate of e(t) approaching zero is /2. The proof is
completed. |

Remark 3.2 (see [29]) The function v is used as the decay function, so ¢-type stability
is also said to be stability with general decay rate. When 9 (t) = e* and ¥ (t) = (1 + ) for
any a > 0, 1-type stability may be specialized as exponential synchronization and polynomial
synchronization.
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If, in H; we assume that the activation functions f;(u), g;(u), h;(u) are globally Lipschitz,
i.e., the constants N; = M; = O; = 0, then H; turns to

Hi: f;(u),g;(u), h;j(u) are globally Lipschitz continuous, i.e., there exist constants L;, H;,
K; > 0, such that

|fi(v1) = fi(v2)| < Ljlor —wa|, [gj(v1)—gj(ve)| < Hjlvr —v2|,  |hj(v1)—=hj(v2)] < Kjlvr —val,

where vq,v9 € R.
In addition, the controller (6) in the system (2) becomes

(- Bl
’U,z(t)— Q‘(t)-FQ(t) , € 7. (19)

Then from Theorem 3.1, we have the following corollary.

Corollary 3.3 Suppose Hy,Hy, H3 hold, then the response network (2) can be general
decay synchronized with the drive network (1) under the nonlinear controller (19) if, the control
gains B; satisfy the following inequality:

n

Bi; 1
c; + Bi — Z (Aﬂ + m + TiBji + 20'1'Dji + 50’3Dﬂ) > 0.

J=1

In System (1), if b;; = 0, then the system (1) is reduced to the following form n-dimensional
RNNs with distributed time delays

t—o; (1)

n n t
(1) = —ciwi(t) + > ai [ (0) + > di / hj(z;(s))ds + I;. (20)
j=1 j=1
Accordingly, the response system (2) is degenerated to

Ui(t) = —ciyi(t) + Z aij fi(y;(t) + Z dij /t hj(y;(s))ds + I; + ui(t). (21)

—o;(t)

Accordingly, the assumptions H; and H; turn to
Hj For each j € 7, the activation functions f;(u) and h;(u) are continuous and there exist
constants L;, K;, N;j,O; > 0, such that

|fj(’01) — fj(U2)| S Lj|U1 - 1}2| —|—Nj, |hj(’Ul) — hj(U2)| S Kj|1}1 - UQ| + Oj, V1,02 € R.

H, For each j € Z, the activation functions fj(u), hj(u) are globally Lipschitz continuous,
i.e., there exist constants L;, K; > 0, such that

|fi(v1) = fij(va)| < Ljlvr —wal, |hj(v1) — hj(va)| < Kjlvr — v,

where vq,v9 € R.
Then also from Theorem 3.1, we have the following two corollaries.
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Corollary 3.4 Suppose Hy,Hy and Hs hold, then the response network (21) can be general
decay synchronized with the drive network (20) under the nonlinear controller (6) if, the control
gains B; and oy satisfy the following inequalities:

- 1
i+ Bi — Aji +20:Dj; + =07 Dji | > 0,
¢ +0 ;<J+UJ+2Ul J)
(22)

— Z (N1|CLJ1| + 0'101|dﬂ|) >0
j=1
Corollary 3.5 Suppose HI, Hy and Hs hold, then the response network (21) can be general
decay synchronized with the drive network (20) under the nonlinear controller (19) if, the control
gains B; satisfy the following inequality:

n

1
ci + B — Z (Aji +20;Dj; + - 02D ) > 0. (23)

2 7
J=1

4 Numerical Simulations

In this section, one example is given to illustrate the effectiveness of our results obtained in
this paper.

Example 4.1 For n = 2, we consider the following chaotic recurrent neural network system

with time-varying delays
2
;(t) = —cizi(t +Zaufj 2i () + Y bijgs(z(t —75(1))
j=1

+Zd” / hy(z;(s))ds + I, (24)
t—o;(t)

where f1(u) = fo(u) = tanh(u), g1(u) = g2(u) = tanh(u) — sin(u), hi(u) = ho(u) = tanh(u) —

cos(u). The parameters of System (24) are assumed that ¢; = co = 1, a11 = 2, a2 =

—0.11, ag = —25, ase = 3.2, by = —1.6, big = —0.1, by, = 0.18, by = —2.4,dy; =

0.2,d12 = 0,do1 = —0.2,d9p = 0.15, 7;(t) = e'/(1+¢'), oj(t) = €'/(5+¢€') and I, = 0 for

i=1,2.

The corresponding response system is described by

yl( ) = _Czyz + Zal]fj y] + Zbug] yj ( )))
+>dy / (s + B ), (25)

where ¢;, a;j, bij,dij, fi(t),g;(t), h;(t) 7;(t),0;(t) and I; are the same as in System (24).

The numerical simulations of System (24) and System (25) with initial values x;(s) = 0.2,
x2(s) = 0.5 and y1(s) = —1.3, y2(s) = 2.1 for s € [—1,0] are represented in Figures 1 and 2, we
can see that System (24) and System (25) have chaotic attractors.
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Figure 2 The chaotic behavior of delayed recurrent neural network system (24) and (25)

The nonlinear controller u;(t) is designed as follows

. Bille(t)le:(t)
ui(t) = —qgsign(e;(t)) — ————=, 1€ 7, 26
(v fest)) - S (26)
where ¢e;(t) = y;(t) — x;(¢) for i = 1,2.

It is not difficult to estimate that L; = H; = K; = 1, N; = 0.05, M; = 0.04,0; = 0.035
and 7; = 0; = 1. Thus, the assumptions H; and Hy are satisfied. Letting o(t) = e~ 1, o(t) =

e! and choosing a; = 0.5,a3 = 0.6, 1 = 7,82 = 5. Then, the assumption H3 and the
inequality (7) of Theorem 3.1 are satisfied. Therefore, according to Theorem 3.1, the drive-
response systems (24) and (25) can be achieved GDS under the controller (26). The time
evolution of synchronization errors between systems (24) and (25) are demonstrated in Figure 3.
The synchronization curves between the systems (24) and (25) are shown in Figure 4.
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Figure 3 The evaluation of synchronization error e;(t) and ez (t)
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Figure 4 Synchronization curves of z1(t), y1(t) and x2(t), y2(¢)
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