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Abstract This paper considers a class of quaternion-valued Hopfield neural networks with mixed
time-varying delays and leakage delays. By utilizing the exponential dichotomy of linear differential
equations, Banach’s fixed point theorem and differential inequality techniques, the authors obtain some
sufficient conditions to ensure the existence and global exponential stability of almost automorphic
solutions for this class of quaternion-valued neural networks. The results are completely new. Finally,
the authors give an example to illustrate the feasibility of the results.
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1 Introduction

As we know, because the dynamics of neural networks plays a very important role in the
design, realization and application of neural networks, and Hopfield neural networks as a kind
of recurrent neural networks can be applied to the field of artificial intelligence and computer
science related fields, so many scholars have devoted themselves with great interests to the
study of various kinds of dynamics for Hopfield neural networks® !/, In addition, in reality,
time delays are unavoidable, so various types of delays have been incorporated into neural
networks during the past few decades!'2718], among them the mixed time delay is more practical.
Moreover, since the delay in the leakage term is difficult to handle, few scholars take the leakage
delay into consideration!® 197231 However, it has a great impact on the dynamical behavior of
the neural network. Therefore, it is significant and necessary to incorporate leakage delays into

Hopfield neural networks.
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ALMOST AUTOMORPHIC SOLUTIONS 101

On the one hand, the periodicity and the almost periodicity are very important dynamical
behaviours of neural networks that have been intensively investigated by many authors!!0: 24-28],
The almost automorphy, which was first introduced by Bochner??, is more general than the
periodicity and the almost periodicity and plays a very important role in better understanding
the almost periodicity. Over the years, in the study of differential equations, almost automorphic
solutions have aroused the interest of many scholars?% 32!, However, up to now, very few papers
have been published on the almost automorphy of neural networks (see [9, 33-35]).

On the other hand, it is well known that the quaternion as an expansion of real numbers
and complex numbers is composed of real numbers and three imaginary units ¢, j, k, which obey
the Hamiltonian rules: ij = —ji = k, jk = —kj =4, ki = —ik = j, i° = j2 = k* = ijk = -1
and the quaternion has been introduced into the neural network field and quaternion-valued
neural networks (QVNNs) have been proposed for quite a long time. In recent years, the
applications of quaternion-valued neural networks (QVNNSs) have been widely investigated. One
practical application of QVNNs is the 3D geometrical affine transformation, especially spatial
rotation, which can be represented by QVNNs efficiently and compactly!®® 37, Other practical
applications of QVNNs are image impression, color night vision!®®!, and so on. However, since
quaternion multiplication does not meet the commutative law, the method of dealing with real-
valued neural networks and complex-valued neural networks can not deal with QVNNSs directly,
so the analysis for the equation of state becomes difficult. As far as we know, there only few

[8-11, 39-45] Byt there has been no

papers have been published on the dynamics of QVNNs
paper published on the almost automorphy for QVNNs with with mixed time-varying delays
and leakage delays.

Motivated by the above discussion, in this paper, we propose the following quaternion-valued

Hopfiled neural network with mixed time-varying delays and leakage delays:

n

Z;Z;(t) = —ap(t)zp(t — dp(t)) + Z bpq(t) fq(2q(1)) + Z Cpq(t)9q(2q(t — Tpq(t)))
qg=1

q=1

n t
FDdualt) [ eyla(o))ds + uy(t), 1)
=1 t—0pq(t)

where p € {1,2,---,n} := A, z,(t) = 2[}(t) +iz)(t) + jz) (t) + k2 (t) € Q is the state of
the pth neuron at time ¢; a,(t) > 0 is the self-feedback connection weight; bp,(t), cpq(t) and
dpq(t) € Q are the connection weights and the delay connection weights from neuron ¢ to neuron
p, respectively; u,(t) is an external input on the pth unit at time ¢; 6,(t), 7pq(t) and opq(t) are
the leakage delays and transmission delays, respectively.

The initial values are given by
ZP(S) = ¢p(s)v s € [_7770]7 pEA,

where ¢, = wf—i—iz/};—i—jw};’—l—kw;(, n =max{0, 7,0}, 6 = maxi<p<n{0p}, T = maxi<p g<niTpq},
0= maXlSP:QS’ﬂ{EPq}? w}lj € C([_nv O]vR)a le {R,I, J, K} = A
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102 LI YONGKUN - MENG XIAOFANG

Remark 1.1 Quaternion-valued system (1) includes real-valued systems and complex-
valued systems as its special cases. In fact, in System (1),

(i) if all the coefficients and delays ap, bpq, Cpq, dpq, Op, Tpg> Opqs P» ¢ € A are functions from R
to R, and all the activation functions fy, g4, €q,¢ € A are functions from R to R, then the state
zp(t) = 2J}(t) € R, in this case, System (1) is a real-valued system;

(ii) if the coefficients bpq, cpq, dpg are functions from R to C, and all the activation functions
fq> 9q- €q are functions from C to C, then the state z,(t) = z[(t) +izl(t) € C, in this case,
system (1) is a complex-valued system.

Our main aim in this paper is to study the existence and global exponential stability of
almost automorphic solutions of (1). To the best of our knowledge, this is the first paper to
study the existence and global exponential stability of almost automorphic solutions of (1) and
even when System (1) is degenerated to complex-valued system, our result remains new. Our
method of this paper can be used to study the almost automorphy for other types of QVNNSs.

This paper is organized as follows. In Section 2, we introduce some definitions, make some
preparations for later sections. In Section 3, by utilizing the Banach’s fixed point theorem and
differential inequality techniques, we present some sufficient conditions for the existence and
global exponential stability of almost automorphic solutions of (1). In Section 4, we give an

example to demonstrate the feasibility of our results. Finally, we draw a conclusion in Section 5.

2 Preliminaries

In this section, we shall recall some fundamental definitions and lemmas which are used in
what follows.

Definition 2.1 (see [46]) A continuous function f : R — R™ is said to be almost auto-
morphic if for every sequence of real numbers (s],),cn there exists a subsequence (s, )nen such
that

lim f(t+ sn) = g(¢)

n—oo

is well defined for each t € R, and

lim g(t —s,) = f(?)

n—oo

for each t € R.
Denote by AA(R,R™) the collection of all almost automorphic functions.

Lemma 2.2 (see [46]) Let f,g € AA(R,R™). Then we have the following

i) f+g€ AAR,R™);

ii) A\f € AA(R,R™) for any scalar \ € R;

iii) fo € AA(R,R™) where f: R — R"™ is defined by fo () = f(- + a);

iv) let f € AA(R,R"); then the range Ry = {f(t),t € R} is relatively compact in R™, thus
f is bounded in norm;

~

(v) if p : R™ — X s a continuous function, then the composite function o f : R™ — X is
almost automorphic.
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ALMOST AUTOMORPHIC SOLUTIONS 103

(vi) (AAR,R™), || - ||so) s @ Banach space.

Definition 2.3 (see [46]) A function f € C(R xR"™,R") is said to be almost automorphic
in ¢t € R for each 2 € R™ if for every sequence of real numbers (s/,),cn there exists a subsequence
(Sn)nen such that

lim f(t+ sp,x) =gt x)

is well defined for each t € R, x € R™ and

lim g(t - Sn,l‘) = f(tvx)

n—oo

for each t € R, z € R™. The collection of such functions will be denoted by AA(R x R™ R™).
Lemma 2.4 (see [46]) Let f:R xR™ — R"™ be an almost automorphic function in t € R

for each © € R™ and assume that f satisfies a Lipschitz condition in x uniformly int € R. Let

@ : R — R" be an almost automorphic function. Then the function

¢t () = f(t,0(1))

is almost automorphic.

Definition 2.5 A quaternion-valued function z = 2 + izl + j27 + k2K € C(R,Q) is

I

called an almost automorphic function if 2%, 27, 2/ and 2% are almost automorphic functions.

Definition 2.6 (see [34]) System
2(t) = A(t)x(t) (2)

is said to admit an exponential dichotomy if there exist a projection P and positive constants
a, 3 so that the fundamental solution matrix X (¢) satisfies

IX(HPX ()] < B2, 135,
IX(@0)(I - P)X N (s)] < fe®t), ¢ <.

Consider the following almost automorphic system

@'(t) = A@)x(t) + f (1), (3)

where A(t) is an almost automorphic matrix function, f(¢) is an almost automorphic vector

function.

Lemma 2.7 (see [34]) If the linear system (2) admits an exponential dichotomy, then

System (3) has a unique almost automorphic solution that can be expressed as
t —+oo
x(t) = / X(t)PX 7 (s)f(s)ds — X(t)(I - P)X 1 (s)f(s)ds,

t

where X (t) is the fundamental solution matriz of (2).
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104 LI YONGKUN - MENG XIAOFANG

Lemma 2.8 (see [34]) Let ¢, be an almost automorphic function on R and

1 t+T
Mie,] = Tlg]go f~/t cp(s)ds >0, peA.

Then the linear system
() = diag(—c1(t), —c2(t), -, —ca(t))2(t)

admits an exponential dichotomy on R.

In order to avoid the non-commutativity of the quaternion multiplication, in the following,
we will first decompose system (1) into real-valued system. To this end, we need the following
assumption:

(Hy) Let 2, = 2 +iz) 4+ jz)] + k2[5, 2, 2], 2] 2] € R, then the activation functions f,(z,),
9q(zq) and eq(z4) of (1) can be expressed as

R(_R I _J _K S I(.R I . J K
fa(zg) = q(Zq’zq’zq’zq)""qu(zq’zq’zq’zq)
ceJ( R I ) K K(.R I .J K
+if (zq,zq,zq,zq)+qu (zquq’zquq ),
R I .J _K CT(.R I .J K
gq(ZQ):gq (Zq7zq’zq’zq)+qu(zq7zq’zq’zq)
J K K(.R I .J K
,zq,zq)—i—kgq (szq”zq’zq ),
R(.R I .J K . I(.R I .J K
G‘J(Z‘I):eq(z q?’zq’zq)"’_’eq(zq”zq’zq’zq)
. J(.R I .J K K(.R I ,J K
+~7€q(zq 12qs 2q 5 *q ) + ke (zq’zq’zq’zq ),
where fl, gl el :R* =R, ge A le A
Under Assumption (H;), according to Hamilton rules, System (1) can be transformed into

the following system:

(=)' (1) = —apt)2f1(t = 5,0)) + S (b (0)F Lz 0)] — by (6)FL 24 (1)]
qg=1

g (07 [za(®)] = b5 (O FE Tz ®)]) + D (ef 74t = 7 1))

SO = a0 + 3 (a0 [ ele(olas

—0pq(t)

—aso) [ ols) + ), B

—0pq(t)
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ALMOST AUTOMORPHIC SOLUTIONS 105

(1Y () = —ay(t)=] Z( (6)F 2 1zq()] + by () Fi 24 2)]

g (T8 T24(8)] = bl (O] Tzt )+Z CAOTACKEEMO))
+C;£q(t)§f[zq(t Tpq(t))] + Cpq( )gq [24(t — Tpq(1))]

—Cpo (D73 [24(t = gt ) Z( /t Gm(t)el[zq(s)]ds

t t
! (1) /t ) e [zg(s)]ds + d2, (t) /t o T [2g(s)]ds

—b;q<t>ﬁK[zq<t>1+bK 0F! [zt )+Z( (137 [24(t = g (1))
+C;{q(t)§f[zq(t Tpg(t))] — c (t)gq [24(t — Tpq(1))]

Fepg ()73 [24 (8 = Tpg(t ) Z( /t Gm(t)eg[zq(s)]ds

al (t t Rz, (s)ds — dL (¢ t e 2,(s))ds
R0) BRSO A0Y AL
a= (t elzq(s))ds uit, 6
+pq<>/t_am(t) 1T ollds) + (0 ©)
(20 (6) = —ap (O (¢ = 0,(1) + 3 (VB (T F 20 0] + s () F 124 ()]

Q
—

oo (07 [z (D] = by (DT 20(0]) + 3 (e (075 20t = 700 (1))

+ ;I)f;( )gq [24(t = Tpg(1))] + CI ( )ﬁ;][zq(t Tpg(t))]

—c;q(t)ﬁq [2q(t = Tpq(t ) + Z ( /t S ef[zq(s)]ds
X (1) /t; ) S zg(s)]ds + dL (1) /t; ) & [z (s))ds

0 [ F(olds) ) )
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2, pge

J
q

R I
(zq,zq,z

l
q

=g

Gqlz4]

l
q

);

[7a] = eq (=7 20,2 24

1
q

I J K
SA AL AN

2 (2

Z[Zq] =
Al e A, and

where f,

(1),

K
Pq
K

rq

(t)+ kb
(t) + kc

J
pq
J

(t) + jb
(t) +je

I
pq

(t) + ib
(t) +ic

R
bpq

bpq(t)
Cpq(t)
dpq(t)

(),

C

pq
J

1

Pq

rq
R

(t) + kg (1),

(t) +jd
(t) + k) (t).

(t) +id
(t) +iu

=d

= T = OO~

N— —

Cpg(t)Glzp(t — Tpq(t))]

pq

J
P

[z(D] +

P TR N

(t) + ju

pq
p

pq

~~ N N N~~~

—_ — — — O O O — — T RN

up(t) = u

According to (4)—(7), one can obtain that

where

pringer

NS
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The initial condition associated with (8) is of the form
ZP(S) = Wp(s)v s € [_7]70]7

where @, (s) = (W1(s), ¥L(s), 6 (), 61X ()T, 0, € C(1=n, 0L R), p € A, L € A,

According to Remark 1.1, we have

Remark 2.9 Under Assumption (H;), corresponding to case (i) of Remark 1.1, quaternion-
valued system (1) reduces to (4) and corresponding to case (ii) of Remark 1.1, quaternion-valued
system (1) reduces to (4)—(5).

Remark 2.10 If Z(t) = (28'(t), 25 (1), 2{ (t), 25 (t), - -+ , 2B(t), 2L (t), 2] (¢), 2K ()T is an
almost automorphic solution of System (8), then z(¢) = (21(t), 22(t), - -+ , 2n(t))T, where z,(t) =
2} () +iz)(t) + jz] (t) + k2 (), p € A must be an almost automorphic solution of (1). Thus,
the problem of finding an almost automorphic solution for (1) reduces to finding one for the
system of (8). For considering the stability of solution of (1), we just need to consider the
stability of solution of System (8).

3 Main Results

In this section, we will study the existence and global exponential stability of almost auto-
morphic solutions of System (8).

Let B = {¢ = (¢1', 01,61, 01, 65, 03,03, &5, -, o by b, 00 )T = (G1, 002, . dn) T €
C'(R,R*™) | ¢,¢' € AA(R,R*™)} with the norm [|¢[p = max { supyeg [6(t)|, super [|¢' ()]}
where [|¢(t)]| = maxpeaea{l, ()}, [¢'(8)] = maxpeaiea{l(¢},) ()]}, then B is a Banach

space. For the convenience, we will introduce the notation: f = sup,cg |f(t)], f = infier | f(t)],
where f is a bounded continuous function.

Throughout the rest of the paper, we assume that the following conditions hold:

(Hz) There exist positive constants o, 8, and v} such that

fa(za 200270 ) = Falwd' s vao vl wg )| < 0gf12d" = vl + aglzg — v
+oglz) =yl +ag |z =y,
190 (23" 2007 20 ) = 94 vao v v )| < B3 1=g = wg' 1+ B3z — vl
+8712] — vl + 851z — vl
lea (2" 2002 24°) = €a (g va v wg )| < 33’124 = |+ l24 = wal
9712 =y | + 7512 =y,
and fé(0,0,0,0) = gé(0,0,0,0) = efz(0,0,0,0) =0, where g € A,l € A.
(Hs) Function a,, € C(R,R*") with M|[a,] > 0 is almost automorphic, 6y, 7pq, opg € C(R,RT),
U, € C(R,R**1) and By, Cpy, Dpg € C(R,R***) are almost automorphic, where p, g € A.

(H4) There exists a constant x such that

Ik +a a
max{max{u, <1+a_p> (Fp/i—i—ﬂé)}} <K
peA | leA a a

=p =p
@ Springer



108 LI YONGKUN - MENG XIAOFANG

and

where
I, =ay0,+ By +Cp+D,, pEA,

N~ (R 7 7 TKN( R T T K
5, _Z(bpq+bpq+bpq+bpq)(o‘q +O‘q+0‘q+aq)7 pEA,

q=1

(a8, + ey + a3 + 2 ) (85 + 85 + 8] + 85 ), peA,

2
=

Q
1
NE HM:

_ —=R —I —J —-K
D, = apq(dpq + dyy + doy +dpq) ('yf+7§+'y{1] +yqK), pEA.

=]
I
=

Theorem 3.1 Let (Hy)—(Ha) hold. Then System (8) has a unique almost automorphic
solution in the region B* = {¢ € B| ||d|lp < k}.

Proof For any ¢ € B*, p € A, we consider the following almost automorphic system:

Z3(1) = ~a(OZ,(0) + ) |

" ¢p ds—|—Zqu ¢q( )]
P =1

+ 3 Coa(1)Gy [yt — 7pq(1)) +Zqu / | Faloasds +U0). 9

It follows from Lemma 2.8 that the linear system
Z,(t) = —ap(t) Zy(t), peA

admits an exponential dichotomy on R. Thus, by Lemma 2.7, we obtain that System (9) has

exactly one almost automorphic solution that can be expressed as follows

Zf,’(t) — /7 o= [ ap(w)du [ap(s) /86 " ¢;(u)du + Z qu(s)ﬁq [pq(s)]
+ Z Con(5)Gal6n(s = Ta(s))] + D Do) [ © Bylee(dut Upls)|, pen

q=1 5—0pq(s)

From Lemma 2.2, Lemma 2.4 and Definition 2.5, we can obtain (27, Z3,---,Z%)T € B. Now,
we define a mapping @ : B* — B by setting

D)= ((D9)1,(PP)2, -, (Pd)n)" = (27,25, ,Z2)", Vo eB*, peA.

First, we show that for any ¢ € B*, ¢¢ € B*. In fact,
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IN

IN

sup |(9¢),(1)]
teR

[ o [ oy 3 (o0
oo s—8,(s g=1

0 () FL[64(5)] = b (5) 7 [80(9)] — V85 ()T [64(5)])

sup
teR

_Cpq(s)gg[¢q(5 — Tpqg(8))] — C;{Z(s)gf [Pq(s — qu(s))])

+§n: (dﬁq(s) / 7 er'lbq(w)lds — dj, (s) / s%q(s) el [og(u))ds

S

eX [¢q(u)]ds> + uf(s)] ds

ng[%@amww—m@/

s—0pq(s)

t n
e (wdu | = = R I =] K
i‘éﬂﬁ’/ o It ap(u)d [ap5p||¢|B+Z(bpq+bpq+bpq+bpq) (af +af
e e

oy + ol ) [olls + D (o, + by + T + 7 ) (B2 + 85+ 68 + 55 ) |l
q=1
" /R I -] -K _
+> Ty (dpq +d,, +d,, + dpq> (Wf + 4+ +7§<) lells + uﬁ} ds
g=1

1 - " /R I =] K
a. ({EP(SP + Z (bpq +bpg +bpg + bpq) (O‘qR + O‘é + O‘t{ + O‘f)
=p a=1

+ 3 (e + ey + e+ ol ) (B2 + 81 + 67 + 85

q=1

“ _ —=R —=I —=J =K _
+Zapq<dpq+dpq +dpq+dpq) (’yf—i—vé—k’y(}]—!—'yf)]/i—i—uf)
qg=1

In a similar way, we have

1 _ Ik + 3l
—((ap6p+Bp+Cp+Dp)m+afj) =2 P peA (10)
a, a,
Ty + 7T
sup|(P9)L (1)) < -——L, peA, I=1JK. (11)
teR a,

On the other hand, we have

sup [ ((20);) (1)
< up (Bl 01+ 3 (0, 1L+ ) oot
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+af|oh ] + o |6 ()] + af |65 (1)]) + D (2 + o + 20y + 70
qg=1
X (ﬁf!@f(t - qu(t))‘ + ﬁ(ﬂ(bé(t - qu(t))‘ + ﬁ(}]|¢¢}](t - qu(t))‘
|05 (¢ = (D) + D T (T + T + Ay + ) + (105 (0)]
g=1
#atleb o] + o7l )]+ ¥l ) + )
+ap/ e~ S ap(u)du {ap5p|(¢§)’(t)} +y (bfq + 5y, + 5o + bffq)
e p

% (affof ()| + agloh(s)] + a7 |67 ()] + af |68 (s)])
+ Z (Eﬁz + Ez{'q + EZq + Eﬁz) (ﬂquR(S — Tpg(s))| + ﬁtﬂﬁbé(s ~ Tpq(s))]

q=1
3763 (5 = T ()] + BE 64 (5 = Toa(5)] ) + D Tpa (o + Ty + g

g=1

K R| R I\ 4T J| 4 J K|, K —R

£25) (46| dldo)] 07 6)| o 0)]) + s
< @bk + Y (Efq + By, + 50 +Ef,2) (af +al+al + aff)/-;
qg=1

+>° (Eﬁl+61{,q+agq+6§2) (ﬁf+ﬂ§+ﬁj+ﬁf)n

q=1
3 T (g + Ty + g + i) (908 47k 7]+ 78 )+ TR

q=1
1 [a,,z,,ﬁ S (5 + By + By i) (0 + 0l

Qp q=1

K =R =1 —=J =K R I J K

+a, )/@4— Z (cpq +Cpg tCpy T cpq) (ﬁq + 8, + By + 5, )/@

~_ (R A o) =K R I J K —R

+Zapq(dpq+dpq+dpq+dpq) (% +; 7 7 )m—i—up]

g=1

= <1 + E—p) ((a,,Sp + B, +C, +Dp)li+ﬂ§)

ap

Gy

= <1+a—”)(rpn+a}j), pEA.

In a similar way, we have

@ Springer
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It follows from (10)—(13) and (Hs) that
|| ¢¢HB < R,

which implies that ®¢ € B*. Next, we show that ¢ : B* — B* is a contraction operator. In
fact, for any ¢, € B*, we can get

sup |( ¢ — D), (1))

teR

t "t — — p—
Sup/ e Js ap(u)du {_ |(¢R) } + Z (bfq + sz)q + qu + bzi)

teR J—

IN

< (aff 65 (s) = vf(s)| + atlof(s) = vi(s >+aif¢>zs AR ALAT)

_wq ) Z ( Cpg T € Cpq t+ec Cpq + Cpq) (ﬁflcbff(s — Tpq(8)) — ¢5(5 - qu(s))f

q=

1
+ﬂ1’¢1 — Tpq(8)) — ( qu(s))’ + ﬁgf%](é’ — Tpq(8)) — wc}](s - qu(s))’
B (5 = Tpals)) — ¥ (s - rpq<s>>¢) * 2 (T + g + By + 0y

X@ﬂ‘bf“) 2210019 + 1)~ )
|65 (s) — v (s )\)}ds
< ai[apzp@ (5 + B, + 50y + 55 (o + ad + af + o)

30 (e + ey oy o) (85 + 8+ 7 + 55 )
q=1
R —=I —=J —-K
+Zapq(dpq +dyy + dpy + dm) (vfﬂé +7] —I—vf)} 6 — |z

= —’”||¢—wum, pEA. (14)
@
In a similar way, we have
r
sup (26 — oy),, ()] < —Ellp— vz, peA, I=1,JK. (15)
teR @,
On the other hand, we can obtain

sup | (@6 — #9))'(1)] < (1 + a—f”) (@3 + By + Cy+ Dy ) 6 =5
teR a,

a
- (1+2) 50— vl pea (16)
=P
In a similar way, we have
a
sup (@0 - 80f)' )] < (14 2 ) Blo—vls, pea i-raK (D
S 4
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By (14)—(17), we have
12(¢) — 2(¥)lle < 7ll¢ — Vlle.
In view of (H4), we see that @ is a contraction mapping from B* to B*. Therefore, ¢ has a
unique fixed point in B*, that is, (8) has a unique almost automorphic solution in B*. The
proof is complete. |
Theorem 3.2 Assume that (Hy)—(Ha) hold, then System (8) has a unique almost auto-
morphic solution that is globally exponentially stable.

Proof From Theorem 3.1, we see that System (8) has an almost automorphic solution
Zx(t) = (Z5(6), Z5(t), -+, Z;(4))" with initial value ¢*(t) = (5 (t),¥3(t), -, ¥;(t)". Sup-
pose that Z(t) = (Z1(t), Z2(t), -+ , Zn(t))T is an arbitrary solution of System (8) with initial
value () = (V1(t),¥2(t), -+ ,¥n(t)T. Set Y(t) = Z(t) — Z*(t), then, according to (8), we
have

n

Yp/(t) = —a,(t)Y,(t = ,(t)) + Z Byq(t) (Fq[zq(t)] - ﬁq [Z; (t)])

q=1
+ D Cog(t)(Gylzg(t — Tpg ()] — Gy(25[(t — Tpg(1)])

n t
F30u0) [ (Eilaalo)) - Eylsio))ds, pe A (13)
q=1 t—0pq(t)
For p € A, let I, and 6, be defined as follows:
I,(¢) = a, — ¢— (apgp + By + Cpec?pq + Dp)»
0,(¢) = a, — ¢ — (@ + a,) (@0, + By + Cpe’ ™" + D).
By (Hy4), we have
— (apdp + By +Cp+Dy) >0, peA,
— (@ +a,) (@b, + By +Cp+D,) >0, peA.
Since II, and @, are continuous on [0,+o00) and IL,((), 6,(() — —o0, as ( — 400, there
exist &,,&, > 0 such that I1,(§,) = 6,(&;) = 0 and 11,(¢) > 0 for ¢ € (0,&,), ©,(¢) > 0 for
¢ €(0,§), p € A Take ¥ = minyea {fp,fz}, we have II,(9) > 0, 0,(9) > 0. So, we can
choose a positive constant 0 < A < min {@, minyea{a,}} such that

IL,(A) >0, 6,(\) >0, peA,

which imply that for p € A,

1 - _
— (apép + B, + Cpe*™r Dp) <1
=p

and

a — 5 7,
(1 b 2 A) (a,,ap + By + Cpe¥Tre 4 Dp) <1.
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Let M = maxpea {1%—’;}, then by (Hy) we have M > 1. Thus,

1 1, _
M—gélg{@p_)\(ap(sp—i—Bp—FCpeA ”‘1—|—Dp)} < 0.

Let
1Y @) = mae {mase {125, = 250115 () = () D)1},
It = { e {_sww uhto) =51 )]:_sup (W3 () = (05 ()] -

Hence, for any € > 0, it is obvious that

1Y (O < llllo +€ (19)
and
1Y)l < (lello +e)e™™ < M(llello +e)e™, Vit € [-n,0]. (20)
We claim that
Y @) < M(llello + )™, ¥t >0. (21)
In the contrary case, then there must be some p € {1,2,--- ,n} and ¢; > 0 such that

{'pr — IV (]| = M(gllo + e,
1Y)l < M(lgllo +)e, ¢ < ti.

Multiplying both sides of (18) by efo (W44 and integrating over [0,t], we get

rt t rt S
Yo(t) = {ypm)e—lo ortate [t ap<u>du(ap<s> JRAT

0 ~5,(s)

+ Z Byq(s) (ﬁq [24(s)] — ﬁq [Z; (5)]) + Z Chpq(s) (Gq [24(s — Tpq(5))]
q=1

Gl s = D)+ D) [ (Byleatw)] - Byl )as .

g=1 s—0pq(s)

Thus, by M > 1, (19), (20) and (22) imply that

|(z = 2); (1)

t1 t1 t] _ = "
< |28(0) — 22F(0)[e Jo" artwide 4 / e [ ap(w)du [ap6p|<z;f>'<s>—<z By (s)]

3 (B + B + B + By ) (0 28(5) = 237(5)] + 0l |20 (5) = 2,7 (5)]
q=1
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+o)| 2] (s) — 227 (s)] + a2 (s z;K(s)})+Zn:<ég+5§q+agq+ag)
ot
x (B8]0 = pq(5)) = 255 = T (5))| + BE[28 (5 = () = 237 (5 = 7 (9))]
87 |2 (s = Tpa(8)) = 257 (s = Tpa ()] + B |25 (5 = Tpa(s)) — 237 (s — qu(S))D
+ iapq (Efq g + g+ By ) (V|28 () = 257 (5)] + 820 (5) = %7 (5)
|20 () = 227 ()| + |2 )—z;K(s)D]ds
< (lpll+ <)o e it [ i lrt i (g5,

(Rl ) K R I J K S I
+Z(bpq+bpq+bpq+bpq>(aq+aq+aq+aq>+ ( + Cpg
— st

el + —K)(6R+ﬁf+6"+ﬁf() ATPHrZ:a,Dq(d +d, +d, +d)

x@f+ﬁ+n;+¢ﬂ)me@b+@am

]. ]- = T —aplu
< M(”@”O + E)ei)\tl (M — Qp—_/\<ap§p + Bp + CpeAT”q + Dp))Q(A p(w))t1
< M([[ello +&)e™ . (23)
Similarly, we can get
|(z = 2")(t)] < M([[gllo + €)™, 1=1,J K. (24)
On the other hand, we have

[((z=2F) (h)}
< @p|25(0) — 22R(0) e Jo" (e L g5 |(2RY (1) — (237) (1)

3 (B + B+ By + By ) (0B 208) = 27(0) | + b |=4(8) — 257 8)]

q=1
gz (1) = 237 ()] + aff |25 = 255 O) + D (e + by + 0y + 70
q=1
x (B[00t = T (1) = 25 (t = Tpa ()] + B2 = (1)) = 257 (t = Ty ()]
+5¢}]|ZqJ(t — Tpq(t)) — Z;J(t - qu(t))} + ﬁ(ﬂzf(t — Tpq(t)) — Z;K(t - qu(t))D
" _ —R -1 —=J =K *
+ Z Ipq (dpq + dpq + dpq + dpq) (’yf!zf(t) - | + 7% !Z - qu(t)}
q=1
t1 "
9750 = 57 0] + 9 =20 - 70 +ap/ ™I er(
0
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x [ap3p|(zf)'(s) =Y )] + 3 (Bt + Boa + By + By ) (0F]257(5) = 257(5)]
q=1
—l—aé!zé(s) - z;‘I(s)| + ai!z(‘]](s) - z;‘](s)| + af!zé{(s) - z*K(s)D

q

3 (@ ey + oy ol ) (BE |28 = 7a(s)) = 2575 = g (5))]
q=1
—I—ﬂ(ﬂzé(s - qu(s)) - Z;I(s - qu(s))| + ﬂg!z&](s - qu(s)) - Z;J(s - qu(s))|
I |20 (s = T (5)) = 225 (5 = Ta ()]) + D Ty (T + Ty + Ty + )
q=1

X (V28 (5) = 2R (5)]| + b2 (5) = 22 (5)] 7 |2 (5) = 227 (5)]

+7§(|z§((s) - z;K(s)D]ds

1 1 < T —ap(u
< M(”()OHO + 5)e_>\t1 { (M — m (Ep5p + Bp + Cpe)\qu + Dp)ﬁpe()\ p(u)ts
=P
a =5 7,
(o ) e )
=p
< M(llpllo +)e™ . (25)

Similarly, we have
(2= 295) (t)] < M(llpllo + )™, 1=1,J,K. (26)
It follows from (23)—(26) that
1Y ()l < M(llello +e)e™,
which contradicts the first equation of (22). Therefore, (21) holds. Letting e — 07 leads to
1Y ()] < Mllglloe™, Vit >o0.

Hence, the almost automorphic solution of System (8) is globally exponentially stable. The
proof is complete. i

4 An Example

In this section, we give an example to illustrate the feasibility and effectiveness of our results

obtained in Section 3.

Example 4.1 Consider the following QVNNs with time-varying leakage delays:

2 2
Z;/a(t) = —ap(t)zp(t — dp(t)) + Z bpq(t) fq(2q(1)) + Z Cpq(t)9q(2q(t — Tpq(t)))
q=1 qg=1
dpq eq(zq(8))ds + up(t), 27
+3 O eolealods 400 (27)
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where p = 1,2, 2, = 2l +iz) + jz] + kz[ € Q, and the coefficients are as follows:

al(t):18+02|cos(\/_t)| as ():26+04|sin(\/_t)|

1 1
folzg) = |x + a:K| + z% sin (a: +x ) +]—(|a: +1| - |.13qJ —1]) + kjﬁ tanhxf,
1 2 1 1 K K
alrg) = s (ef + ) + il +3Esm<x b l) kst 1]~k 1)),
1 1
eq(zq) = 3 sin? J;R + z—|x + JZI| +j= (|a:g -1 - |.13q —1]) + kz sina:é(,
b11(t) = bi2(t) = 0.07 sm(\/—t) —40.09 cos(\/§t) + 70.08 cost — k0.05sint,
b1 (t) = baa(t) = 0.06 cos(V/5t) 4 i0.04 cos(vV2t) — j0.09 sin(v/3t) — k0.08 cos(2t),
c11(t) = c12(t) = 0.08 cost — i0.07 sin(v/5t) 4 j0.075sint + k0.055 sint,
ca1(t) = caa(t) = 0.06 cos(2t) — i0.065 sint + j0.085 sin(v/5t) + £0.09 cost,
dy1(t) = dia(t) = 0.18 cos(V/2t) +i0.16 sint — 50.24 cos(v/3t) + k0.3 cost,
do1(t) = daa(t) = 0.28 cos(v/5t) + i0.15 cos(v/2t) — j0.2sin(v/3t) — k0.15 cos(2t),

1
u1(t) = ug(t) = 0.04sin(v/3t) — i0.02 cos(v/2t) + j0.035 sin? t 4 k0.03 sin(2t),
61(t) = 0.02 4 0.005sint, do(t) = 0.02 + 0.05cos(V2t), 711(t) = T12(t) = 1 +sin’t,
To1(t) = T22(t) = 2 +sint, ope(t) =0.05+0.01sint, p,q € A.

By a simple calculation, we have

1
Q1:18, a; =2, a2—2.6, as = 3, aqR:af—E7

1 1
og=ap =g B =B =8=8 =1 W=%=%=%=7p
b =B =0.07, biy = Dbiy = 0.0, b11 = leQ = 0.08, by =bi=0.05,
B = B = 0.06, Day = bay = 0.04, by = by = 0.09, Doy = boy = 0.08,

ck =¢lb =008, &, =¢,=007, & =¢,=0075 ek =ck =0.055

el =¢clh, =006, @, =cl,=0065 ey =7y =0.085 cb =ck =0.09,

A =d =018, dyy =diy =016, dy =dy =024, dyy =diy = 0.3,
—=R —=R

do = doy = 0.28, doy = doy = 0.15, oy =doy = 0.2 doy = doy = 0.15,
it =ul =004, @ =7l =002 T =7 =0035 T=uf=0.03,
31 = 32 =0.025, T11=T12 =2, To1 =To2 =23, Opg = 0.06, p,q€ A.

Then, we have

{[’pfwaﬁj

Gp —l
o <1+ g)(rpﬁup)}} =1.9978 < K =2

and

- _
max {—”, (1 n al)rp} —0.9559 =1 < 1,
1<p<2 | @, a

=P
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which means that (Hy) is satisfied for k = 2. Obviously, conditions (Hy)—(Hs) are also satisfied.
Therefore, according to Theorem 3.2, (27) has a unique almost automorphic solution, which is

globally exponentially stable (see Figures 1-3).

oW s

60 80 100

. . . 2 .

0 20 40 60 80 100 0 20 40
t

Figure 1 Transient states of four parts of the the QVNNs (27) in Example 4.1

Figure 2 Curves of 2} (I € A) in 3-dimensional space for stable case
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Figure 3 Curves of 74 (I € A) in 3-dimensional space for stable case

Remark 4.2 No existing results can directly derive that (27) has a unique almost auto-
morphic solution, which is globally exponentially stable.

5 Conclusion

In this paper, we have investigated QVNNs with time-varying leakage delays. By employing
the Banach’s fixed point theorem and differential inequality techniques, we obtain the existence
and global exponential stability of almost automorphic solutions for QVNNs. An example has
been given to demonstrate the effectiveness of our results. Our results of this paper is new.
Furthermore, the method of this paper can be applied to study the almost automorphic problem
for other types of QVNNs.
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