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Abstract In this paper, a robust finite-time tracking control scheme is proposed for wheeled mobile
robots with parametric uncertainties and disturbances. To eliminate the effect of lumped uncertainties,
a nonlinear extended state observer (NESO) is employed to estimate the unknown states as well as
uncertainties, and the corresponding coefficients are tuned via pole placement technique. Based on
the observation values, the finite-time sliding mode controller is presented to guarantee that both the
sliding mode variables and tracking errors converge to zero within finite time. Simulation results are

given to demonstrate the effectiveness of the proposed control method.

Keywords Finite-time sliding mode control, nonlinear extended state observer, trajectory tracking,

wheeled mobile robot.

1 Introduction

Wheeled mobile robot (WMR) trajectory tracking control is not only an important issue in
practical application but also an important research problem. However, due to the influence
of the parametric uncertainties and external disturbances in the system, the robust tracking
controller design is still a challenging task.

In order to enhance the robustness and the tracking control performance of the system, many

kinds of control methods are applied to the control of the WMR. Such as adaptive controll® 2,

(-4 sliding mode control® 7, etc. In [2], a new adaptive controller is de-

backstepping control
signed for tracking control of nonholonomic mobile robot with unknown slipping and external

disturbances. In [3], to improve the tracking performance of the nonholonomic mobile robot
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ROBUST FINITE-TIME TRAJECTORY TRACKING CONTROL OF WMRs 1359

trajectory tracking, a robust backstepping control method based on nonlinear disturbance ob-
server is presented. The work of [5] presents a novel integral sliding mode controller for a
two-wheeled mobile robot, the simulation and experiment results are provided to demonstrate
the effectiveness of the work. Among these methods, the sliding mode control method is con-
sidered as an influential method to deal with nonlinear uncertain systems because of its strong
robustness against uncertainties.

However, in traditional sliding mode control the sliding surface is linear, which will lead to
the system states converge to origin in an infinite time. In order to improve the convergence
rate of sliding mode control method, an efficient way is to introduce nonlinear sliding mode
surfacesl®. Terminal sliding surface is one of such nonlinear sliding surfaces, which can ensure
that the system states can converge to zero in finite timel® 1%/, Another obvious problem in
traditional sliding mode control is chattering, which will shorten the service life of actuator and
even cause the system instability. To solve this problem, we will employ nonlinear extended
state observer (NESO) to estimate the uncertainties of the system. As a kind of disturbance
estimate technique, NESO regards the lumped uncertainties as a new state of the system, and
the observed value can be further employed to compensate the uncertainties by feed-forward
method["'14 By the feed-forward compensation, the switching gains of the sliding mode
controller can take smaller values, which will obviously reduce chattering in the control signals.

In this paper, a robust finite-time controller is developed to improve the performance of
tracking control and robustness against uncertainties for the WMR. Firstly, the model of the
wheeled mobile robot with lumped disturbances is established at the dynamic level. Secondly,
a nonlinear extended state observer is designed to estimate the uncertainties, then based on the
estimation value a robust finite time trajectory tracking controller is developed. Finally, the
simulation results are provided to verify the effectiveness of the proposed control scheme.

The main contributions are shown as follows:

1) A robust finite-time control law for trajectory tracking control of WMR is designed, which
can guarantee that the system tracking errors converge to zero within finite time. The proposed
control scheme is only depend on the nominal model of the system, thus it can be applied to
the WMR system with lumped disturbances.

2) The excellent disturbance rejection performance is achieved by the estimation of NESO,
and the parameters of the nonlinear extended state observer are determined by the pole place-
ment technique, which greatly simplifies the parameter tuning process.

3) By compensating for the lumped disturbances of the system, the high gain problem of

the controller can be avoided. Thus, the chattering phenomenon in the controller is weakened.
2 Problem Description

As shown in Figure 1, the mobile robot has two actuated wheels mounted on the same axis

and a castor wheel to maintain the equilibrium of the WMR. The kinematic model*®! of the
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WMR with the constraints of pure rolling and no slipping is described as

cosf 0O
v
¢=J(@u= | sinf 0 , (1)
w
0 1

whereq=[ z y 6 | € R?denotes the position and orientation of the WMR; u = [ v w |T €
R? is a vector consisting of the linear velocity and angular velocity.
According to the Euler-Lagrange formulation, the dynamic modell’?) of the WMR is de-

scribed as
M(q)i+ Cla, ) + G(q) + F(§) + 1a = B(q)r — AT(), (2)
where
m 0 0 cosf cosf —sinf
M@= 0 m 0|, Blg= % sind sing |, AV(q) = cosf ,
0 0 I b —b 0

7= [7n7]T, A\ = —m(icosf+ysin 9)9; m is the mass of the WMR; I is the inertia of the WMR;
r and 2b are the radius of the driven wheel and the distance of the driven wheels; 7; and 7. are
the control torques generated by the left driven wheel and the right driven wheel, respectively;
A is the Lagrange multiplier; The F(§) € R? is the unknown ground friction; 74 € R?® denotes
the unknown bounded disturbance; C(q,¢) denotes the centripetal and coriolis matrix, G(q)
is the gravitational vector. Suppose that the center of mass of mobile robot is located in the
middle of the rear wheel axis, and the mobile robot moves in the horizontal plane, then we can
conclude that C(p, ¢) = G(p) = 0.

Y

Figure 1 The platform of mobile robot

By multiplying JT(¢q) on both sides of (2) and using the fact J%(¢)AT(¢) = 0, one can
obtain the following dynamic model

Miu+ F +74 = Br, (3)

where M = JT(q)MJ(q) € R** F = JT(q)F € R*, 7y = J"(¢)7a, B= 1 [} 1]
@Springer
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However, it should be noted that due to the existence of measurement errors, load variation
and unmodeled dynamics, obtaining the accurate model of the system in many cases is very
difficult. Then considering the influence of the uncertain factors, the actual system dynamic
model can be formulated as

(Mo + AM)i+ F +74 = (By + AB)r, (4)

where Mo+ AM = M, By + AB = B, My and By are the nominal parts, AM and AB are the
uncertain parts.

Define f = [ f2]T = M7 YAMi + F + T4 — AB7] is the system’s lumped disturbance
vector and ¢ = [¢1 2 ]T = Mg’lBoT is the new control input vector. Then the system (4) can
be further expressed as

W+ f=1. (5)
Let the reference trajectory ¢, = [z y- 6. ]T generate by a virtual robot, which is described
as
T, = v, cosb,.,
Ur = vpsin b, (6)
0, = wr,
where z, and vy, are the Cartesian coordinates of its reference point; 6, is the orientation; v,
and w, are the desired linear velocity and angular velocity, respectively.

Assumption 2.1 There exists an unknown positive constant L such that the absolute
values of f1, fa, fl, and fg are bounded by L.

The control objective is to design a robust finite-time tracking controller for the mobile robot
with parametric uncertainties and disturbances such that the tracking errors can converge to
zero within finite time.

3 Design of Nonlinear Extended State Observer
3.1 Nonlinear Extended State Observer Design

Although it’s difficult for the system to accurately measure the lumped disturbance vector
f in practice, but its estimated value can be obtained quickly by nonlinear extended state
observer (NESO). In order to realize the estimation for the lumped disturbance vector f, we
need to employ a new extended state vector [z12 9022]T and define x11=v, x91=w. Therefore,

the equivalent system of (5) can be expressed as

11 = 212 + Y1,
T12 = hi,
. (7)
To1 = Too + o,
Z99 = ho,
where h; (j = 1,2) is the change rate of the lumped disturbance f; (j = 1,2), i.e., h; = fj, and
h; are assumed to be unknown but bounded functions.
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1362 GUO YIJUN, et al.

Based on its design theory, the NESO of the system (7) is designed as

€1 = 2z11 — T11,

211 = 212 — Prafal(er,0.5,0) + 91,
219 = —f12fal(e1,0.25,0),

€2 = 221 — T21,

291 = 299 — Ba1fal(es, 0.5, 0) + 1,
Z99 = —[2afal(es,0.25, 0),

where 21, z2; are the observer values of the states x1;, 2 in the system (7), f1;, 825 (j = 1,2)

denote the observer gains and the nonlinear function fal(-) has the following form[% 17]

lej|*sign(e;), |ej] > o,

9)

fal(e;, aj,0) =
Y e)/o, el <o,

where 0 > 0 and a1 = 0.5, as = 0.25.

Remark 3.1 The lumped disturbances f; (j = 1, 2) and their time derivatives are bounded,
in the practical system this assumption is reasonable. For instance, the unknown ground fric-
tion is always bounded, or the external disturbance and parametric uncertainties of the system
are also limited in a practical application. In addition, the assumption is a basic precondition
for the design of the NESO, which has been widely employed in [18, 19].

Remark 3.2 As pointed out in [18], if the observer parameters (1, 02; are appropri-
ately chosen the observer errors can converge to a domain of a small positive constant, that is

|z12 — z12] < li, |waz — 292] < lo, where [ and o are small positive constants.

3.2 Coefficients Determination of NESO via Pole Placement

From (8), we can see that in order to achieve satisfactory observation performance, the
coefficients (31;, 32; should be tuned carefully through experience. In this section, we will
employ pole placement techniquel’ to determine the coefficients.

Define the state observer errors Ay; = z1; — x15, Agj = 225 — T2; , then according to (7)
and (8), the dynamic of the state observer errors is obtained as

A = Ay — Brifal(er, 0.25,0),
A1y = —Biofal(er, 0.5, 0) — hy,
Agy = Agy — Borfal(es,0.25,0),
Agy = —Baofal(es, 0.5, 0) — ho.

Due to h; (j = 1,2) are bounded, the nonlinear function fal(-) is smooth, and fal(0,0.25, o) =

0, fal(0,0.5,0) = 0, fal'(:) = (illef;) #0, fal'(-) = (ille;) # 0, then by the Taylor formula (10)
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can be rewritten as follows

A1 = Ay — Brafal'(e1,0.25,0) A,
A1y = —Biofal’(e1,0.5,0) A1 — hi,
Ag1 = Aoy — Barfal (e2,0.25,0)Agy,
Agy = —Bosfal’ (e3,0.5,0) Aoy — hy.

Define f3;; = ﬁallﬁ (i=1,2,7=1,2), we can get the following state space form
A = AA + Bh, (12)

where
~ =l 1 ~ 0 Aj
A= , B= , A=
From (12), we know that the determination of the parameters 3;; can be realized by the
determination of the parameters l;;. If we choose the desired pole p; for the system (12), then
the parameters l;; can be obtained by (13).

RS ) (13)

i=1
where s denotes the system pole; I is the identity matrix.

Remark 3.3 If there is no the second item on the right of (12), we can easily conclude
that the estimated errors will asymptotically converge to zero by choosing the appropriate
parameters /;;. However, as pointed out in [20], although there exist h; in (12) the estimated
errors are bounded under the assumption that h; are bounded, and the upper bounds are
related to the bandwidth of the observer.

4 Controller Design and Stability Analysis

In this section, a finite-time trajectory tracking controller based on NESO is designed to
improve the tracking performance of the mobile robot, and the stability analysis is also given.
Firstly, for the controller design, a definition and some lemmas are given to show the stability
of the system.

Definition 4.1 (see [21, 22]) A continuous vector field function f(x) = (f1(x), fa(z), -,

fn(z))T is said to be homogeneous of degree k € R and k > —max{r;, i = 1,2,--- ,n} with
respect to {ry,ra,- -+, }, where r; > 0, if for any given € > 0, we have
fi(ET1x17ET2x27n_ 7€Tnxn):€k+rifi(x17x27"' 7xn)7 xERn7 7’:1727 , . (14)

The system & = f(x) is homogeneous if f(z) is homogeneous.
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1364 GUO YIJUN, et al.

Lemma 4.2 (see [23]) Consider the following system

~

&= f(z)+ f(z), f(0)=0, zeR" (15)

where f(x) is a continuous homogeneous vector field of degree k < 0 with respect to (r1,79,- - ,74)

and ]?(a:) satisfies f(()) = 0. Assume x = 0 is an asymptotically stable equilibrium of the
system & = f(x). Then, x = 0 is a locally finite-time stable equilibrium of the system if

. fi(e"xy ey, g :
lim, o L2, 2) =0, i=1,2,---,n,Va #0.

Lemma 4.3 (see [24]) Suppose a1, agz, -+, an and 0 < ¢ < 2 are all positive constants,

then the following inequality holds:
(af+a3+ - +a2) <(af +ay+-- +a3)’ (16)

Lemma 4.4 (see [25]) Suppose that a continuous, positive-definite function V (t) satisfies
the following inequality:

where v > 0, 0 < p < 1 are constants. Then for any given to, V(t) satisfies the following
imequality:

VIZl(#) < V() —y(1 — p)(t —to),  to <t <ty, (18)
and V(1) =0 forVt >ty with ty = to + L"),

4.1 Finite-Time Virtual Velocity Controller Design Based on Kinematic Model

In this subsection our objective is to design the virtual velocity controller v, and w,. to track
the given trajectory as (6) within finite time.
Define the tracking error vector relative to the local coordinate frame Xm-Om-Ym which

is fixed on the mobile robot as Figure 1.

cosf sinf O T, —
_ T
E=1le e e = | —sinf cosf 0 Yr—Y | - (19)
0 0 1 0, —0

Differentiate (19) along with (1) and we have

Weey — Ve + Uy COS €9,
- T
E=|¢é ¢ ¢ } =1{ —weey + vy siney, (20)
Wr — We-
By analyzing the structure of (20), the virtual velocity control laws can be designed in two
steps. Firstly, we design w, such that eg can converge to zero in finite time. Secondly, we design

v, to make the errors e, and e, converge to zero in finite time.

Firstly, the virtual angular velocity control law is designed as follows

we = wr + ki |eg| " sign(ep), (21)
@ Springer
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where controller parameters k1 >0, 0 < 1 < 1.
Choose the following Lyapunov function
L,

‘/1 = 569. (22)

Differentiating (22) along with (20) and (21), we have

Vi = eqéq
= —egk1|eg|ﬁlsign(eg)

_ _k1|€6|51+1

B1+1 B1t1

— _2 ) kl‘/l 2 . (23)

According to Lemma 4.4, it can be concluded that 6. can converge to zero in finite time
1-81

ty = to + A= {to)
2

.
k}l(lfﬂl)Q

Secondly, based on the design of w., we will design the control law of v., which will drive

the errors e, and e, converge to zero in finite time after ¢ > t9. When ¢ > tg, w. = w,, the

system (20) can be transformed into the following form

€r = Wrey — V¢ + Vp,

(24)
€y = —Wrey.
Therefore, the virtual linear velocity control law can be designed as follows
Ve = Up + k2|ez|ﬂ2sign(er) - kgwr|ey|ﬂ3sign(ey), (25)
where ko, k3 > 0,0 < B2, B3 < 1.
Then, the closed-loop system of (24) is
S —k B2 B3
€y = wrey — kaleg| ?sign(ey) + kswr|ey| *sign(ey), (26)
by = —Wrey.
Choose the following Lyapunov function
1 1 ks h
Vo = = 2 -2 + 3 2
2 26w+26y+1+63|ey| ( 7)
Differentiating (27) along with (24), we have
Vo = exba + €yéy + ksley| e, sign(e,)
= eg(wrey — kales|?sign(ey) + kjgwr|ey|ﬁssign(ey)) — eywrey + k3|ey|ﬁséysign(ey)
_ —k2|6m|ﬁz+1
<0. (28)
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1366 GUO YIJUN, et al.

Then, it can be concluded that the states e, and e, can converge to zero asymptotically.
Global finite-time stability can be obtained if a system satisfies both global asymptotical sta-
bility and local finite-time stability[22.

In the following, we will prove the states e, and e, are local finite-time convergence.

System (26) can be divided into two parts

éx .
. :g(eraey)+g(er>ey)v (29)
Cy
where
i _ B2 . Bs :
kales|"*sign(es) + kawr|ey| ’sign(ey)
g(eaiv ey) = 9
—Wrey
—~ /g\l (easv ey) Wr€y
g(ewv ey) = e =
92 (easv ey) 0
Consider the following system
€y
| = gleasey). (30)
Cy
Choose the following Lyapunov function
1 ks 148
Vs = —¢2 3, 31

Differentiating (31) along with (26), we have

Vs = epéy + k3|ey|ﬁ381gn(ey)éy
= —k | B2+1 k Bs _ k B3
= —kaoley| + kswregley|Psign(ey,) — wregksley | sign(e,)

= —koles | <0 (32)

Then, based on Lyapunov stability theory, (es,e,) = (0,0) is an asymptotically stable

equilibrium point of the system (26). If we choose 32 = %, it’s easy to obtain that g(e,,e,)

with variables (es, e,) is homogeneous of degree k = gi;i with respect to (1, ﬁ)

As for g(ey, ey), we have

Gi(e™eg,eMey)

;1_{% okt =0, 1=1,2, V(EI, ey) 7é 0, (33)
where r; = 1, ro = —2—. According to Lemma 4.2, System (26) is locally finite-time stable.

1483
Thus, we can conclude that the system (20) is globally finite-time stable under the virtual

velocity control laws of (21) and (25).
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4.2 Finite-Time Tracking Control Based on Dynamic Model

Define the tracking error between virtual velocity vector u, = [ve w.|T and actual velocity
vector u = [vw]|T as
E=u—u. (34)

Then, the first-order derivative of the tracking error is given by
E =i — .. (35)

In order to ensure the states of the system converge to the equilibrium point quickly, we
select the following fast terminal sliding mode surface

T t
s=[s =] :E+/0 K\E + Ky BV, (36)

where p, g are odd number, and selected to satisfy ¢ < p < 2¢; K1 = [k“ v ] >0, Ky =

0 k12
[Fa k22] > 0 are the diagonal matrix.

Differentiating (36) with respect to time yields
S=FE+KFE+KyEVP, (37)
From (5) and (35), the equation (37) can be rewritten as
S=v—f—tic+ K E+ KEVP, (38)

Then, actual finite-time control law based on NESO can be designed as

z
b=t — (K1 B+ KoEYP) + | 7% | = K3|SPsign(9), (39)
222
where |S|ﬂ4sign(S) = [|s1|%4sign(s1), |s2|%sign(s2) |7, 212 and 299 are the observing values of the

lumped disturbances f; and fs, respectively, and K3 = [kgl kgz] > 0 denotes the diagonal

matrix.

Substituting (39) into (38), we can obtain the following equation

=1 72 | = = Ka|S|"sign(S). (40)
222

4.3 Stability Analysis

Theorem 4.5 Consider the velocity tracking error system (34), the nonlinear extended
state observer (8), the fast terminal sliding mode surface (36) and the control law (39), the fast
terminal sliding mode surface S will converge to a small region of origin in finite time, and also
the tracking error will be stabilized at a relatively small region of origin within a finite time by
choosing the appropriate controller parameters.
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1368 GUO YIJUN, et al.

Proof The following Lyapunov function is considered
Lot
Vi = 55 S. (41)
Differentiating (41), and using (40) yields

Vv, =519

212

= ST — f — K3|S|™sign(S)

222
2 2
< lilsil =D kalsi (42)
X 1|9 3|91 .
i=1 i=1

It is easy to find a positive constant n satisfied n < min {ks1, ks2}. Thus, (42) can be

rewritten as
2 2

y 1 1
Vi <= (ks —n)lsil ™1 =3 (sl =13 si]). (43)
1=1 i=1
For (43), when |s;| > (%)ﬁ, using Lemma 4.3, we have

2
Vi <- Z (kas — )]s "+

2 Ba+1

=—k277 V, % | (44)

where £ = min {k3; —n}. According to Lemma 4.4, the region |s;| < (%)i can be reached
in finite time, and by choosing the appropriate controller parameters it can be concluded that
the sliding mode surface S can converge to a small region of origin in finite time. Furthermore,
according to the finite time convergence feature of terminal sliding model?%!, we can obtain that
the tracking error will be stabilized at a relatively small region of origin within a finite time.
This completes the proof. |

5 Simulation

In this section the proposed control scheme FTC with NESO is applied to the wheeled
mobile robot for verifying its effectiveness and superior performance. Besides, a finite time
sliding mode controller (FTC) without NESO, and a robust tracking controller (RTC) in [27]
are also given for the purpose of comparison.

As for the control scheme FTC without NESO, the corresponding sliding mode surface is

designed as (36), the control law is designed as
¢ =it — (K1 E + Ko BY?) — K| S|™sign(9). (45)
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According to Reference [27], the expression of RTC is given as

Ve = Uy COS €9 + kg€,

(46)
We = wr + ksvrey + kevy sineg,
z
p=| | - KE (47)
222

where ky4, k5, kg > 0 are the controller gains, and K4 = [k(‘)“ kgz] > (0 is the diagonal matrix.

For fair comparison, the initial parameters of system and partial controller parameters are set
as the same. The initial poses of the virtual robot and actual robot are [0 0 0 ]T and [0.1 0.1 7/8 ]T,
respectively; the mobile robot parameters are set as 7 = 0.05m, b = 0.1 m, I = 2.7 kg-m?, and
m = 4.5 kg; the desired linear and angular velocities are set as v, = 1 m/s and w, = 1 rad/s;
the auxiliary velocity controller parameters are set as k; = 6, ko = 2, k3 = 2, 51 = 2/3,
and B2 = (3 = 1/3. The parameters of the FTC+NESO are designed as l;; = lo; = 100,
l12 = l22 = 6000, K; = diag{20, 20}, Ky = diag{15, 15}, K3 = diag{1, 1}, ¢ = 1, p = 1.5,
and By = 1/8; the parameters of the control strategy FTC without NESO are designed as
K, = diag{20, 20}, Ko = diag{15, 15}, K3 = diag{8, 8}, ¢ =1, p = 1.5, and 4 = 1/8; the
parameters of the RTC are set as k4 = 2, ks = 10, kg = 22, and K, = diag{31, 40}.

The parameter uncertainties are chosen as AM = 0.01M,, AB = 0.01B,, and

in(t) + 2.4
cos(t) + 2.5

The simulation results are illustrated in Figures 2-5. Figure 2 is the estimation errors for the
lumped disturbances. As shown in Figures 2(a) and (b), by selecting appropriate values of the
observer gains, the estimation states z12 and 295 can converge to the actual disturbance values
f1 and f5 in finite time, respectively. Figure 3 shows the trajectory tracking curves of three
different schemes. Figure 3(a) shows the trajectory tracking curves of the proposed scheme,
while the trajectory tracking curves of the other two schemes are shown in Figures 3(b) and
(¢), respectively.

Figure 4 shows the tracking errors of three different schemes with respect to time. From
Figures 4(a) and (b), it is easy to see that the tracking errors and the response time of the
proposed scheme are similar to those of FTC scheme. So the first two control schemes can all
achieve fast convergence speed and very small steady errors, and the response time of tracking
errors is about within 2 seconds. From Figures 4(a) and (c), we can seen that the tracking
errors and the response time of the proposed scheme are all much better than those of the
RTC in [27]. Figure 5 shows the control signals of three different schemes. In Figure 5, it can
be seen that the control signals of FTC4+NESO and RTC in [27] almost have no chattering,
while the control signals of FTC have obvious chattering almost all the time. So through the
comparison, we can conclude that the proposed scheme is more suitable to practically apply for

WMR system than the other two control schemes.
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Figure 2 Estimation errors for lumped disturbances. (a) The estimation error of
disturbance f1. (b) The estimation error of disturbance f2
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I T T
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= 0 treno RTC [
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Figure 3 The trajectory tracking curves of three different schemes. (a) The tra-
jectory tracking of FTC+NESO. (b) The trajectory tracking of FTC.
(c¢) The trajectory tracking of RTC
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Figure 4 The tracking errors of three different schemes. (a) The tracking errors
of FTC+NESO. (b) The tracking errors of FTC. (c¢) The tracking errors
of RTC
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Control signals
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Figure 5 The control signals of three different schemes. (a) The control signals
of FTC+NESO. (b) The control signals of FTC. (c¢) The control signals
of RTC

6 Conclusions

In this paper, the trajectory tracking problem of WMR with lumped disturbances has
been studied. By using NESO the lumped disturbances of the system can be successfully
estimated, based on which a novel robust finite-time sliding mode controller has been developed.
Detailed simulation results demonstrate that the proposed scheme can achieve a good control
performance and the chattering phenomenon in the traditional finite-time sliding mode control
can be obviously reduced.
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