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Abstract This paper studies the optimal control of a fully-coupled forward-backward doubly stochas-
tic system driven by It6-Lévy processes under partial information. The existence and uniqueness of
the solution are obtained for a type of fully-coupled forward-backward doubly stochastic differential
equations (FBDSDEs in short). As a necessary condition of the optimal control, the authors get the
stochastic maximum principle with the control domain being convex and the control variable being
contained in all coefficients. The proposed results are applied to solve the forward-backward doubly

stochastic linear quadratic optimal control problem.

Keywords Forward-backward doubly stochastic differential equations, [to-Lévy processes, linear

quadratic problem, maximum principle, variational equation.

1 Introduction

The optimal control of forward-backward stochastic differential equations (FBSDEs) has
got a lot of attentions over recent years. We can refer to [1] for its widely applications in finan-
cial market. The theory of FBSDEs was first developed in the early 90s by [2-4] and others.
Wul®! studied the maximum principle of fully-coupled forward-backward stochastic systems with
the control domain being convex. Wul® also got the maximum principle of forward-backward
stochastic systems in a more general case where the control domain is non-convex. Ji and
Weil™ derived the maximum principle for fully-coupled forward-backward stochastic systems

with terminal state constraints. Peng and Wul®! obtained the existence and uniqueness results
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of fully-coupled forward-backward stochastic differential equations with an arbitrarily large time
duration, and given applications of FBSDEs to stochastic optimal control problems and differ-
ential games. Wul® used the solution of FBSDEs to get the explicit form of the optimal control
for LQ problem. Yul'”) obtained the existence and uniqueness result for one kind of forward-
backward stochastic differential equations, and he applied the result to the linear-quadratic
stochastic optimal control and nonzero-sum differential game of forward-backward stochastic
system. Meng['! established a sufficient and a necessary maximum principle under partial
information for a type of FBSDE. In [12], @ksendal and Sulem presented various versions of
maximum principle for optimal control of forward-backward stochastic differential equations
with jumps. In Wang and Wul'®!, a maximum principle for partially observed stochastic recur-
sive optimal control problems was obtained under the assumption that the control domain being
non-convex and the forward diffusion coefficients do not contain the control variable. Wang,

1.04) studied a partial information optimal control problem derived by forward-backward

et a
stochastic systems with correlated noises between the system and the observation. Ma and
Liul'®! studied the linear-quadratic optimal control problem for partially observed FBSDEs of
mean-field type. Wu, et al.' researched the optimal control of fully coupled forward-backward
stochastic systems with delay and noisy memory. We can refer to the book by Yong and Zhou!!7)
for details about stochastic control theory.

In order to provide a probabilistic interpretation for the solution of a class of semi-linear
stochastic partial differential equations, Pardoux and Peng['®! introduced a new kind of back-
ward stochastic differential equations, which is called backward doubly stochastic differential
equations (BDSDEs). Peng and Shil'! discussed a type of time-symmetric forward-backward
stochastic differential equations (FBDSDEs) and established the existence and uniqueness of the
solution by the method of continuation under some monotonicity assumptions. Sun and Lul2
studied the property for solutions of the multi-dimensional BDSDEs with jumps. Recently, the
optimal control of BDSDEs has been considered. Han, et al.*!l investigated the optimal con-
trol problems for backward doubly stochastic control systems. Zhu, et al.[?2] got the maximum

(23] also researched

principle for backward doubly stochastic systems with jumps. Zhu and Shi
the optimal control of backward doubly stochastic systems under partial information. Xu and
Han?¥ solved a class of doubly stochastic optimal control problems that the state trajectory
is described by backward doubly stochastic differential equations with time delay. Zhang and
Shil?! presented the maximum principle for forward-backward doubly stochastic systems with
the control domain being non-convex. However, among these literatures, the studies on the
optimal control of forward-backward doubly stochastic systems driven by It6-Lévy processes
were few.

In this paper, we investigate the necessary maximum principle of a fully-coupled forward-
backward doubly stochastic system with the control domain being convex and the control
variable being contained in all coefficients. The rest of the paper is organized as follows.
Section 2 begins a general formulation of the stochastic optimal control of FBDSDEs driven
by It6-Lévy processes, and gives some assumptions. In Section 3, we prove the existence and

uniqueness of the solution of this type of FBDSDEs. The variational equation and variational
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inequality are deduced in Section 4. In Section 5, we introduce the adjoint equation and the
stochastic Hamiltonian system. Finally, we apply our theoretical results to LQ problem in

Section 6.

2 Statement of the Problem
Let (£2,F, P) be a complete probability space. {F;}i>0 is generated by the following three

mutually independent processes:

1) Suppose that {W(t);0 < ¢ < T} and {B(¢);0 < ¢ < T} are two standard 1-dimensional
Brownian motions defined on (£2, F, P), with values in R.

2) Suppose that 7(t) is an independent pure jump Lévy martingale. N(dt,df) and v(df) de-
note the jump measure and the Lévy measure of 7)(-), respectively, then N(dt, d9) N(dt,do)—
v(d@)dt is the compensated jump measure of 7(-). We can write (¢ fo fR ON (dt,dd) where
Ry = R\{0}.

Let AV denote the class of P-null sets of 7. For eacht € [0, T], we define F;, = F}V \/.7-' PV
where for {n(t)}, I, = o{n(r) — n(s);s <r <t} VN, F[ = F§,. Note that the collection
{F,:t€][0,T]}is nelther increasing nor decreasing, so it does not constitute a filtration. We
use the usual inner product (-) and norm || - || in R™.

We adopt the following notations:

SZ([0,T;R) := {v(t,w) : v(t,w) is a l-dimensional {F;};>¢-measurable process which

satisfies E [SUPogth v(t,w)?] < oo};

MZ([0,T);R) := {v(t,w) : v(t,w) is a 1-dimensional {F;};>o-measurable process which
satisfies E [IOT v(t7w)2dt] < oo};

F{ #([0, T R) := {r(t, 0,w) : r(t,0,w) is a 1-dimensional { F; },>o-measurable process which
satisfies E [fo Jo, (2.0 w) (d@)dt} < oo};

V() = {r : is a l-dimensional {F;};>o-measurable process which satisfies
1
||7‘||l,— (fR d@))2 <ooa.s.};
L2(02, Fr, P R) := {5 : € is a 1-dimensional Fp-measurable random variable which satisfies
E [¢%] < oo};

M2 = [M2([0, T}; R)]* x F3 »([0, T}; R).

For a given v € MZ%([0, T] R), we can define the forward Ito’s integral [ v( d W (s) and
the backward It6’s integral f d B(s) (see [18] for details).

We will need the following extenblon of Itd’s formula.

Lemma 2.1 Let o € S3([0,T};R), 3,0,6 € M%([0,T];R), v € L? ( ) be such that

+/Otﬁ(s)ds+/ota(s)‘23(s)+/0t6(s)7W(8)
—|—/Ot/ROfy(s,9)ﬁ(75,d0), 0<t<T
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Then

t

a(t)? = a(0)? +2/ a(s)A(s )ds+2/ a(s)o(s)d B(s)

+2/ als) 5(s) AW (s +2//R N(ds,do)
—/0 0(8)2d8+/0 5(8)2d8+/0 /RO (s, 0)*v(d6)ds,

B [o(0?] = [a07] + 28 [ [ ats)6)as| & [ o160

+E [/Ot 5(3)%18} +E [/Ot /R (s, 6)2u(d€)ds} .

Proof We can adopt the similar steps of Lemma 1.3 in [14], and we omit the details here.

Let U be a nonempty convex set of R. Let G; be a sub-sigma algebra of F, i.e., G; C F;. For
example, we could have G, = F}V be the information available to the controller at time ¢. We say
a control process u(+) : 2 x [0, T] — U is admissible if it is G;-adapted and u(-) € M%([0,T],R).
Denote the set of all admissible control processes by U,g.

Consider a stochastic system where the state is governed by the following fully-coupled
FBDSDE driven by It6-Lévy processes:

dy(t) = f(t,yt),Y(t),2(t), Z(t), K(t,-),u(t),w)dt
+g(t,y(8), Y (8), 2(0), Z(1), K (£, ), u(t),w) d W(t) — 2(t) d B(t)
+/R Yt y(t), Y (1), 2(8), Z(t), K(t,-), 0,u(t),w)N(dt,df), te 0,77,
dY(t) = —F(t7y(t),Y(t),Z(t),Z(t),K(t, ')7u(t)7w)dt
—G(t,y(t), Y (1), 2(t), Z(t), K (t,-), u(t),w) d B(t)
+ZW)dW ) + | Kt 0N(dt,dg), telo,T],
Ro

where (y,Y, 2,7, K(-,-)) € R%, x € R is a given constant. T' > 0 is a given fixed time duration.
F:0,T]xR° xU x 2 — R,
F:00,T]x R® xU x 2 — R,
G:[0,T]| xR> xU x 2 — R,
g:[0,T) xR®> xU x 2 — R,
Y:[0,T] x R® xU x 2 — R.

The solution (y(t),Y (t), z(t), Z(t), K(t,-)) corresponding to u(t) is called the state trajectory.
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Suppose that the performance functional is given by:

T
J(U,) =E |:/0 l(tv y(t)a Y(t)v Z(t)v Z(t)v K(t7 ')7 U’(t)a w)dt + hl(y(T)v w) + hQ(Y(O)) )
where
1:0,T)xR°xUx 2 —R, hi:Rx2—-R, hy:R—-R.

The optimal control problem is to find w*(-) € Uy,q such that

Jw) = inf J(u). (2)

uEULq

In the following, the dependence on w is suppressed for simplicity.

Denote
Y —F
Y f
(=1 = |, AtLO=| -G | &0
A
K g

We assume that

(A1) For each ¢ € R® A(-,() is an {F;}s>0-measurable process defined on [0,7] with
A(-,0) € M2.

(A2) F,f,G,g,7,1,h1,hy are twice Fréchet differentiable with respect to (y,Y, 2z, Z, K, u).
They and all their derivatives up to the second order are bounded by a constant c.

(A3) The following inequality is the key condition:

—(F(t,Q) = Ft )N —y) + (f(t.0) = f(t.NY =Y") = (G(t,¢) = G(t,()(z = )
+(9(t, Q) =9t NZ - 2") + / (v(t,€) = (&, ONE (-, 0) — K'(-, 0))v(df)

Ro

:<A(t7<) _A(tvg/)7<_<1> < _,UHC_C/HQ) VC,C/ €R57 vt e [OvTL

where p is a positive constant.

3 The Existence and Uniqueness of the Solution of FBDSDEs

In this section, we give the existence and uniqueness of the solution of FBDSDEs. Our main

result is as follows:

Theorem 3.1 Under Assumptions (A1)—-(A3), for each x € R, and random variable £ €
L3(2,Fr, P;R), the following FBDSDE has a unique solution (y(t),Y (t), 2(t), Z(t), K(t,")) €
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M2
dy(t) = F(t,y(), Y (), (1), Z(t), K(t,-))dt
+g(ty (1), Y (), (1), (1), K (t,-) d W (t) — (1) d B(t)

+ [ At y(t),Y(t),2(t), Z(t), K(t, -),H)N(zt,dﬁ), t e [0,T],
Ro

dY (t) = =F(t,y(t), Y1), (), Z(t), K (¢, -))dt
—G(t,y(t), Y (1), 2(), Z(t), K(t,)) d B(t)
d

FZW)dW ) + | Kt 0N(dt,d), telo,T),
Ro

Y(T) =¢.

In order to prove the above theorem, we need the following two lemmas. Consider the
following family of FBDSDEs parameterized by « € [0, 1],

—

dy(t) = [f(t,U(t,-)) + fo(t)]dt + [g*(t,U(t,-)) + go(t)] d W(t) — 2(t)d B(t)
+ / (L UL ), 0) + 70t O N (dt,d6), te0,T),
Ro

dY (t) = —[F*(t,U(t,)) + Fo(t)]dt — [G*(,U(t, ) + Go(t)] d B(t)

ZO AW + [ K(to)N(dt,df), tel0,T),
Ro

Y(T) =&+ (1 —ajy(T),

where U(t,) = (y(£), Y (1), 2(t), Z(8), K (£,)), (Fo(t), fo(®), Go(t), g0(t), v0(t,)) € M2 are given
processes. And for any given « € [0, 1],
fa(t7U(t’ )) af(t7U(t")) - (1 _a)Y(t)v Fe(t
ga(tv U(t7 )) ag(t, U(t’ )) - (1 - a)Z(t)v Ga(tv U(t7 )) = aG(t’ U(tv )) + (1 - a)z(t),
Va(tv U(ta ')a 0) = O"Y(tv U(tv ) ) (1 - a)K( )

—~
-
—~
\’PO-
~—
~
|
Q
=
—~
\.P%
-
—
\’Pt-
~—
~
—~
—_
[
Q
~—
<
—~
~+
~—

When o = 1, (Fo(t), fo(t), Go(t), go(t),v0(t,-)) = 0, (4) is reduced to (3). The following lemma
gives an estimate for the existence interval of (4) with respect to o € [0, 1].

Lemma 3.2 Under Assumptions (A1)—(A3), if for some ag € [0,1), and for each x € R,
€€ L2, Fr, P;R), (Fy(t), fo(t),Go(t),go(t),0(t,-)) € M2, (4) has a unique solution, then
there exists a positive constant 8y such that for each a € [ag, g+ do], (4) also has a unique
solution (y(t),Y (t),z(t), Z(t), K(t,-)) € M2.

Proof Since for each x € R, ¢ € L?(2,Fr, P;R), (Fo(t), fo(t), Go(t),g0(t),Y0(t,")) € M?,
there exists a unique solution to (4) for & = ap. Let § be a positive number which is less than
1. It is easy to see that for each U(t, ) = (y(t),Y (t),2(t), Z(t), K(t,-)) € M2, there exists a
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unique solution U(t,-) = (y(t),Y (1), z(t), Z(t), K (t,-)) € M? satisfying the following equation:

dy(t) = [fUR)+0(f(EUR-) +Y (1) + fo(t)]dt
+go (U, ) + 6 (gt Uk ) + Z(8) + go(t)] dW(t) — () d B(t)

+/ [V (t,U(t, ), 8) + 8(1(£, U (t,-),8) + K (¢,)) +0(t, )] N(d t, d8),
Ro

dY (t) = —[Foo(t,U(t, ) + 8(F(t, U(t,-)) — y(t)) + Fo(t)]dt + Z(£) d W ()
—[G (U, ) + 6(G(t, U, ) — 2(t)) + Go()] d B(t) + / K(t,0)N(dt,db),
Ro
Y(T) =&+ (1 —ag)y(T) — oy(T).

We now proceed to prove there exists a small enough § independent of ag such that the mapping
defined by U(t,) = Iny+s(U(t, ")) : M? — M2 is contractive. Let

U'(t,) = ('), Y (8),2'(1), 2 (8), K'(t,)),
U'(t,) = (' (1), Y'(8), 2 (£), Z' (£), K'(t, ) = Lagss(U(t,)),
AU(t,-) = Ut,0)-U'(t,0) = (y(t)—y' (t), Y (1) =Y (1), 2(t)— 2 (1), Z(t) - Z'(t), K (t, )~ K (t,))

AU(t,-) = U(t,)=U'(t ) = () =y (1), Y (1) =Y (1), 2(t) =2'(1), Z(t) = Z" (1), K (t, ) = K'(t, -))
= (Ay(t), AY (1), Az(t), AZ(t), AK(t,-))-

Using Itd’s formula to Ay(t)AY (t) and noting the fact that E[Ay(0)] = 0, we can obtain:
E [Ay(T)((1 — a0)Ay(T) — §Ay(T))]

T
=B [ [ ) (P00 = P ) + 8PV~ U 60) - Ay(t»)dt]

)=
= (Ay(t), AY (1), Az(t), AZ(t), AK(L,)),
); A

s
+E A AY(t) (fao (t7 U(t’ )) - fao (t7 Ul(t7 )) + 5(f(tv U(tv )) - f(tv U/(tv )) + AY(t)))dt‘|

~E /T Az(B)(G (L U(E) = G4, U' (1) + 8(G U (L) = GLU' (1) = Az(t)))dt]

+E / AZ(t "‘OtU t,)) — g"‘O(t,U’(t,-))+5(g(t,U(t,-))—g(t,U’(t,-))JrAZ(t)))dt]

+E

/0 | ax 0) (12 (4, U(t,),0) = 7™ (1 U'(t,),6) + 6 (1 (£, U(t,),0) = (U (¢, ).6)

+AK( ~))>y(d0)dt

6(c+1) 6(c+1)

T
<El/0 [(e0 = po = DIAT(,)]]* + AU, )| + [N )||2]dt1,
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Then we can derive that

{ C“] /||AU |dt]
e g /||AU R

where A = min{1, u}. From It&’s formula, we get:

/OT Az(t)th]

T
~/0 Ay(t) (fao (tv U(t7 )) - fao (tv U/(t7 )) + 5(f(t7 U(t7 )) - f(tv U/(t7 )) + AY(t)))dt‘|

< + EIAY(TY] + S E[Ay(TY),

E [Ay(T)*] +E

=2E

+E

T 2
A <gao (t7 U(t’ )) - gao (t7 Ul(t7 )) + 5(9@? U(t7 )) - g(t, U,(tv )) + AZ(t))> dt‘|

T
E A ‘/RO (,yao (t7 U(t, -), 9) _ ,yao (t, U/(t7 .)’9) 4 5(,)/@’ U(t7 _)7 9) . 'y(t, U (t7 _)7 9)

2
+AK(, .))) v(d6)dt

T T
/ IAU(,)|[Pdt| + 6% E [/ IAU(t, ')||2df] ;
0 0

where ( is a constant which depends only on the constant ¢, and § > 1. Thus, we have

<BE

=220 g ] [ v, Wt] ey ( [ 1avt | & sy >]>,
Bo(c+B+1)
E [Ay(T)?] < [%_5(”5“)%%} (E /0 |AU (¢, -)||2dt +1E[Ay(T)2]>.
Let 5 = (8ﬂ+1)2()g+5+1), then for any d € [0, dg],
T T
E| [ ||AU(t,->||2dt]<815 (E | 1avie ) pa +E[Ay<T>2]>7
3 T
E [Ay(T)?] < < (]E / [|AU(t,-)|[2dt +E[Ay(T)2]>.
0
It is clearly to see that
T 1 T
B[ lav )| +E[Ay(T)2]§2<IE | navte,ipar +E[Ay(T)2]>.
0 0

Thus, for each fixed ¢ € [0, dg], the mapping I, +s is contractive, which has a unique fixed point
Ut,") = (y(t),Y(t),2(t), Z(t), K(t,-)) € M2. We can see that Ul(t,-) is the solution of (4) for
a=ap+6,06 €[0,d)]. The proof is completed.
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When a = 0, Equation (4) is reduced to the following simple form:

dy(t) = [fo(t) = Y (®)]dt + [go(t) — Z()] AW (1) — =(t) d B(t)
+ / o(t,0) — K(t,0)N(dt,do),
Ro

dY (t) = —[y(t) + Fo(t)]dt — [2(t) + Go(t)] d B(t) + Z(t) d W (¢)

~ —
+ [ Kt 0)N(dt,db),
Ro

Y(T) = & +y(T).
We have the following lemma:

Lemma 3.3 For anyz € R, & € L*(2, Fr, P;R), (Fo(t), fo(t), Go(t), go(t),Y0(t, ) € M2,
(5) has a unique solution (y(t),Y (t),z(t), Z(t), K(t,-)) € M2.

Proof Uniqueness: Assume that there exists (y/(¢),Y'(t),2'(t), Z'(t), K'(t,-)) € M? satis-
fying the equation (5). We denote

Ay(t) =y(t) —y'(t), AY(t)=Y(t)-Y'(t),
Az(t) = z(t) = 2'(t), AZ({t)=2Z(t)—Z'(t),
AK(t,-) = K(t,-) — K'(t,").

Applying 1td’s formula to Ay(t)AY (1), we get

0<E[Ay(T)*] = -E /OT Ay(t)? + AY (t)? + Az(1)* + AZ(t) + ||AK(,-)||2dt| .

Thus, the solution of Equation (5) is unique in M?.
Existence: We consider the following backward doubly stochastic differential equation:
— —
dY'(t) = —[fo(t) = Y'(t) + Fo(t)]dt — Go(t) d B(t) + [2Z(t) — go(t)] d W (1)
+/ 2K(t,0) —vo(t, 0)|N N ( d t,do), (6)
Ro
Y(T) =¢.
According to [20], there exists a unique solution (Y'(¢), Z(t), K (t,-)) solving (6).
We now consider the following forward doubly stochastic differential equation:
— —
dy(t) = [fo(t) =Y (t) — y(t)]dt — 2(t) d B(t) + [go(t) — Z(t)] d W (t)
—
+ [ bo(t.0) - K(.0)F(dt,do). g
Ro
y(0) ==

The above equation has a unique solution (y(t), z(t)). We can refer to [22] for details. Let
y(t) = y(),Y () = yit)+ Y(¢), Z(t) = Z(t), 2(t) = 2(t), K(t,-) = K(t,-), then (5) has a
solution (y(t),Y (), 2(t), Z(t), K(t,-)). We get the existence.
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Now, we are going to prove Theorem 3.1:

Proof Uniqueness: We can derive the result from Lemma 3.2 and Lemma 3.3 obviously. Ex-
istence: By Lemma 3.3, for any z € R, £ € L2(2, Fr, P;R), (Fo(t), fo(t), Go(t), go(t),Y0(t, ")) €
M2, (5) has a solution (y(t), Y (t),2(t), Z(t), K(t,-)) € M2.

We can derive from Lemma 3.2 that there exists a positive constant dg, which depends
only on ¢, i, such that (4) has a unique solution for a = § € [0, o], thus, we can repeat this
process for N times with 1 < N§y < 1+ d§p. In particular, Equation (4) for « = 1 with
(Fo(t), fo(t),Go(t), go(t),70(t,+)) = 0 has a unique solution in M?. The theorem is proved.

4 Variational Equation and Variational Inequality

Suppose that (y(t), Y (t),2(t), Z(t), K(t,-),u(t)) is the solution to the optimal control prob-
lem (2). For any v(t) € Uyq satisfying u(t) + v(t) € Uga, by the convexity of U,q, we get for all
0<p<1ul(t)=u(t)+ pv(t) € Usq. Let (yP(t),YP(t),2°(t), ZP(t), KP(t,-)) be the trajectory
of (1) corresponding to u”(t).

For convenience, we use the following notations in this section:

b(t) = D(t,y(t), Y (1), 2(t), Z(t), K(t,-), u(t)),
Pr(t) = B(t,y" (1), Y7 (1), 27 (1), 27 (1), KP(t, ), u” (1)),
b(t,ul(t)) = D(t,y(t), Y (1), 2(t), Z(t), K(t,-), u"(t)),

where @ = F, f,G, g, and their derivatives with respect to (y,Y, 2z, Z, K, u) respectively.
Lemma 4.1 Under Assumptions (A1)-(A3), we have

lim E /T(y”(t)—y(t))thl =0, lmE
0

p—0 p—0

0,

T
/ (YP(t) — Y (1)) dt}
0

lim E /T (2°(t) — 2(t))? dt} =0, limE
0

p—0 p—0

T
/ (27(t) - Z(t))th] o,
0

p—0

T
lim E / ||K?(t,-) —K(t,-)||12,dt1 =0.
0

Proof Denote y(t) = y?(t) — y(t) and similarly for Y'(¢), z(t), Z(t), K(t,-), then

dy(t) = (F7(t) — (1)) dt + (g°(t) — g(t)) W (1)
—z(t)FB(t)+/ (v*(t,0) — t,a))N dt,de),
Ro

ay (1) = (Fﬂ(t) F(t)dt — (G"(t) — G(t) d B()

W(t) + /R K(t,0)N(dt,ds),

+
N
ZL
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Using It6’s formula to y(¢)Y (¢), it follows that

T
0<E /0 <A(t74)—A(t,C’)7C—C’>dt]
+IE_/OT‘y(t)(F(t ul(t ‘dt +E / ’Y flt,ul(t ))‘dt]
+IE_/OT‘z(t)(G(t ul(t ’dt +E / ‘Z g(t,ul(t ))’dt]

+E _/OT /]R [ (6,6) (31, (1), ) —v(t,é))’y(dﬁ)dt]

T
<-"E [ | 0P+ @2+ 07+ 207+ K| + el

T
/ Ap*vidt|
0

where ¢(u) is a constant depending on 4 only.
Hence, we obtain the desired results.

Lemma 4.2 Under Assumptions (A1)—(A3), we have:

lim E [ sup (y°(t) — y(t))Q} =0, limE [ sup (YP(t) — Y(t))z} =0.
p=0  lo<t<T p—0  |o<t<T
Proof We see that

y<t>2=< / (F7(s) — £(s))ds + / (¢°(5) — g() AW (s) - / 2(s) 4 B(s)

e dsde)f
<o [ - sts >)ds)2+0(/t<ﬂ<s> yaw (s )+O(/ )
+C</ dB >+C(// d8d9>

T
Y(t)2=</ (F7(s) = F(s ))d8+/ (G#(s) = G(s)) d B(s) - / Z(s) dW (s)

/ / K(s,0)N (ds d9>
<c( / (F?(s) - F(s ))ds) +c( / ") —G(s)ﬁB(s))2+C( /0 ) Z<s>7W<S>>
+C</0T/RO K(s,a)ﬁ(ﬁ’s,de))2+c(/ot Z(S)E’W(s)>2
+c</0t /ROK(S,Q)N(E’s,de)>27

2
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where C' is a generic constant which might be different in different place.
Thus by Burkholder-Davis-Gundy’s inequality and Assumption (A2), we get

lim E { sup (y”(t) — y(t))Q} =0, limE | sup (Y*(t) —Y(£)*| = 0.

p—0  Jo<t<T p—0  Jo<t<T

The proof is finished.
We introduce the following variational equation:

dy'(t) = (VF(), 1(t)) dt + (Vg(t), I(t)) dW(t) — 2*(t) d B(t)

+ / (Vy(t,0), I()) N(dt,df),
Ro

y'(0) =0,
dY1(t) = — (VF(t),I(t))dt — (VG(t), I(t)) UB(t) + Zl(tﬁW(t) ®)

~ —
+/ K (t,0)N(dt,df),
Ro

where for ¢ = f, g, F, G, ",
I(t) = (yl(t)v Yl(t)7 Zl(t)v Zl(t)v Kl(t7 ')7 v(t))7
(Vo(t), 1(t)) = o, (1)y' (1) + oy ()Y (£) + o= (1) 2" () + 62(1) Z* (1)
| o (K (¢, 0)v(dB) + pu(t)u(t).

Setting y(t) = yp(t)p_y(t) — 4 (t) and similarly for Y (), Z(t), Z(t), K(t,-), we have the following

two lemmas.
Lemma 4.3 Under Assumptions (A1)—(A3), we have

T ~
/ Y(t)%it] =0,
0
T ~

/0 Z(t)th] =0,

T
lim E / y(t)2dt
0

p—0

m E

=0, u
p—0

T
lim E / z(t)%zt] =0, limE
p—0 0 p—0

T
lim E / ||K(t,-)||?,dt]zo.
0

p—0

Proof For & = f, g, F,G,~, we denote

PP(t) = B(t,y’ (1) — pJ(1), Y 2(£) = pY (1), 2°(t) — pZ(1), Z°(t) — pZ (1), K*(t,-) — pK (t,-),u”(1)).
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Note that (¢) and Y (t) satisfy the following equation:

dij(t) = [ () O )>]dt+{”(t)p 9(t)

- (Va(0). 1) | Tw )
—3(t)d Bt +/ “(t.9) <v»y(t,9),f(t)>] N(dt,db),
y(0)
df/(t) _ {Fp( ) -
+Z(t) dW(t) + / RK(t,0)N(dt,do),
Ro

Y(T) = 0.

“H o, <>>} - |00 wain, 10| Toey

We can rewrite the equation as
dy(t) = ; [f”(t) — JP() + pAr(0)y' (1) + pBr ()Y (1) + pCy ()z" () + pDy (1) Z' (¢)
+p 5 Ei () K (t,0)v(do) + pr(t)v(t)] dt

+; {g”(t) = g7 (1) + pAg(D)y* (1) + pBy ()Y (1) + pCy ()21 (1) + pDy(t) 2 (1)

+p | B, (K (t,0)0(df) + ng(t)v(t)] AW () — 3(t)d B(t)

Ro

+/IR ; {w’(t, 0) — 7P (t,0) + pA, )y (t) + pB, ()Y (1) + pC, ()21 (t) + pD(t) Z (1)

+o | E,()K(t,0)v(do) + va(t)v(t)] N(dt,ds),
Ro

dy (t) = — _F%) — FP(t) + pAp(t)y* (t) + pBr ()Y (t) + pCr ()2 (t) + pDp(t) Z* (1)

+p | Er(t)K'(t,0)v(do) + pMF(t)v(t)- dt
Ro J

—; GP(t) = G7(t) + pAa()y (1) + pBa()Y (1) + pCa(t) (1) + pDa(t)Z (1)

| Ea(t)K (£, 0)(d0) + pMe(t)o(t)| T B(1)
YZW)dW @) + | K(t,0)N(dt,db),
Ro

Y(T) =0,
where for ¢ = f, g, F, G, ,
Ay(t) = /0 {oy(t,y(t) + Apy* (£), Y () + MY (t), 2(t) + Apz'(t), Z(t) + ApZ' (t), K (t,-)

+ APK (1), ult) + Aov(t)) — 6, (1) }dA,
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By(t) = /0 1{¢y<t, y(t) + Aoy (1), Y (8) + XY ' (1), 2(8) + Apz' (), Z(t) + ApZ* (), K (t,-)
+ MK (t, ), ult) + Apu(t) — dy (1)},

Cy(t) = /01{@(12 y(t) + Ayt (1), Y (1) + ApY (), 2(t) + Apz' (1), Z(t) + ApZ* (), K (¢, )
+ MK (8, ), u(t) + Apu(t)) — ¢ (t) A,

Dy(t) = /0 1{¢>z(t, y(8) + Apy' (1), Y (£) + ApY (), 2(8) + Apz' (1), Z(t) + ApZ (), K¢, )
+ MK (), u(t) + Apo(t) — ¢z (1) }dA,

Ey(t) = /Ol{dm(m y(8) + Apy' (1), Y (1) + ApY (), 2(t) + Apz' (1), Z(t) + ApZ' (), K (¢, )
+ XK (), u(t) + Mpo(t) — dxc (1)},

My(t) = /0 1{¢u<t, y(t) + Aoyt (1), Y (1) + ApY (1), 2(t) + Apz' (£), Z(t) + ApZ*(t), K (¢, )
+ XK (t, ), u(t) 4+ Apu(t)) — ¢u(t) .

Applying 1td’s formula to y(t)Y (t), we get
T ~ ~ ~
B | [ 0P+ 02+ 307 + 202 + R (I
0

T _ _ _
<hB] [ @02 + V07 + 307 + 207 + K)ol

T
+CE[/O (As ()" () + B ()Y (£) + Cy(£) 21 (t) + Dy (1) 2" (1)

+ Ef(t)Kl(t,Q)l/(dH)—|—Mf(t)v(t))2dt]

Ro

+ CIE[ / T (A, (0 () + By ()Y () + Cy ()= (t) + D,y (1) 2 (1)
0

+ | E,(t)K\(t,0)v(do) + Mg(t)v(t))th}

Ro

T
+ CIE[ /0 (Ap(t)y'(t) + Br(t)Y (1) + Cr(t)2 () + Dr()Z'(1)

[ Ep(t)K L, 0)(df) + Mp(t)v(t))th]

Ro

+ CE _/OT (Ac(t)y' (t) + Ba(t)Y ' (t) + Ca(t)2' (t) + Da () 2 (t)

+ [ Eg(t)K'(t,0)v(dd) + MG(t)v(t))th}

Ro

+ CE [ /T (Av(t)yl(t) + Bv(t)Yl(t) + C'y(t)zl(t) =+ Dy(f)Zl(t)
LJO

+ [ E,()K(t,0)u(do) + Mv(t)v(t))th} .

Ro
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Note that

hm E

/ A¢ ‘| = , lim E
p—0

hmE[/ Dy(t) ]: , limE
p—0

Thus, we have

T
lim B l / g(:s)%ﬁ] =0, limE
p—0 0 p—0

T
/0 B¢(t)2dt1 11mIE3 / Cy(t) dt]—o
T
/0||E¢(t)||3dt]=o, hmEV Mo(t) dt]:

T
/ Y(t 1 =0, limE V E(t)th] =0,
p—0 0
T ~
/ Z(t)th] =0, limE
0 p—0

/H%wmw4=
0
The proof is finished.

Lemma 4.4 Under Assumptions (A1)-(A3), it holds that

lim E
p—0

limE{ sup ﬂ(t)z} =0, limE[ sup ?(t)Q] =0.
p=0 lo<t<T =0 lo<i<T

Proof We can also rewrite Equation (9) in the following form:

dj(t) = [A;(t)g(t)+B;(t)17(t)+c}(t)z(t)+p}(t)2(t)+ i E}(t)K(t,0)v(do)+M(t)| dt

+| A ()5 () + By ()Y (1) + C()Z(¢) + Dy(8) Z(2)

+ | ELOK(t0)v(do) + Mgl(t)] AW (1)

Ro
-%mﬁmw+4[&@<>+ﬂo (1) + CL()Z() + DY (1) Z(1)
+ [ EXOE(,0)v(do) + M¢(t)} N(dt,do),

Ro

—[AR@®)F(t) + BR(1Y (1) + CR(1)Z(t) + Dp(H)Z(1)

+ [ EL@)K(t,0)v(d8) + Mh(t)|dt
Ro

— [AL@®F(1)+BE®)Y (1) +CE(D)Z(H) +DE(H) Z (1)

+ | ELOK(t,0)v(d)+ ML) | d B(t)

Ro

+ZW)dWt) + | Kt 0)N(dt,df),

Ro
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where
(t)= / 0y (0 Y0+ N (1), Y (1) + XY (1), 2(0)F A1), Z(O)+AZ(0), K (1, )FAK (L, ), u (1)),
= /01 Oy (ty(t)+ yt), Y )+ Y (2), z(t)+ Xz2(t), Z(t)+AZ(t), K(t, )+ K (¢, ), u’(t))dA,
= /01 Ot y(O)+ Ay (), Y () +AY (8), 2(8) +A2(t), Z(£) +NZ(t), K (t, )+ AK(t, ), u’(t))dN,
DL(t) = /01 Gzt y()+Ay(t), Y () + XY (), 2(t)+Az(t), Z(t)+ AZ(t), K (L, )+ AK(t,-),u’(t))dA,

(t) = /1 O (tyt)+Ay(), Y (&) +AY (1), 2(t)+A2(t), Z(6) +AZ(t), K(t, )+ K (¢, ), u’(t))dA,
0
M(t) =y (£) (AL () — by (1)) +Y (1) (B4 () =y (1)) +2" (1) (C (1) — d=(1)) + Z*(£) (D (1) — P (1))
+ Kl(t,9)(E;(t)—¢K(t))u(d0)

Ro

1
+/0 v(t) (Du(t,y(6), Y (1), 2(t), Z(8), K (t, ), u(t) +Apv(t)) = pu(t)) dX

[ v

and Aé(t), Bé(t)7 Cé(t),Dé(t),Eé( ) are bounded.
Using the similar steps in the proof of Lemma 4.2, we can easily get that

Note that
hm E

limE[ sup 'y“(t)ﬂ =0, limE[ sup ?(t)Q] =0.
p=0 lo<t<T =0 lo<t<T

The proof is finished.
Lemma 4.5 (Variational inequality) Under Assumptions (A1)—(A3), it holds that

T
OSE[/O {ly(t)yl(t)—l—ly(t)Yl(t)—Flz() t)+1z(t Y4 [ Ik(t do)

Ro
1000 Y] +E [ (T (7) + hay (Y O)Y(0)].
Proof Since u(-) is the optimal control, by the definition of J(u), we get
0 <p (W) — J(w)]
T
:p—lE[ [ @ vo @200, 270, K1) w0 1)
0
=1t y(t),Y (1), 2(t), Z(t), K(¢,-),u(t) }dt
+ p E[h (y?(T) — ha(y(T)] + p~ 'E[h2(Y?(0)) — ha(Y (0))].
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When p — 0, we get
p~'E

T
/ 1P(t) — U(t))dt| — E
0

/ L OU O + OV + LOAO + 1020
0

+ / (R 1, 0)(d6) + lu(t)v(t)}dtl ,

P E [h(y(T) = ha(y(T)] — E [hay (y(T))y" (T)]
p'E [h2(Y?(0) = ha(Y(0))] — E [hay (Y (0)Y(0)] .

Then the lemma is proved.

5 The Necessary Maximum Principle

To derive the necessary maximum principle in this section, we introduce the following adjoint
equation:

(10)
where the Hamiltonian functional H : [0,T] x R® x U x R® — R is defined by:
H(t’ y7 Y7 27 Z7 K, u7p7 P’ q7 Q’ T)
:f(t7 y7 Y7 Z7 Z’ K’ u)p + g(t7 y, Y7 Z7 Z’ K’ u)q - F(t7 y7 Y’ Z7 Z’ K7 U)P

- G(t7 y7KZ7 Z7 K7 U)Q+/ ")/(t, y?KZ’ Z7 K’ u’ 0)71 V(do) +l(t7y7 Y’ Z? Z’ K7 u).
Ro

We can verify that the equation (10) has a unique solution (p(t), P(t), q(t), Q(t),r(t,-)) € MZ2.
We then have the main result in this paper.

Theorem 5.1 (The necessary maximum principle) Suppose that Assumptions (Al)—
(A3) hold, and let (y(t),Y (t),z(t), Z(t), K(t,-),u(t)) be the solution to the optimal control prob-

lem (2), (p(t), P(t),q(t),Q(t),r(t,-)) be the corresponding solution of (10). Then the maximum
principle holds, that is,

]E[Hu(tv y(t)a Y(t)a Z(ﬂ? Z(t)a K(ta ')7 u(t),p(t), P(t)a Q(t)7 Q(t)v T(tv ))|gt] =0.
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Proof Applying It6’s formula to p(t)y'(t) and P(t)Y'(t), and combining with the fact that
y1(0) =0,YY(T) = 0, we get
E [hiy (y(T))y" (T) + hay (Y (0))Y(0)]
=E [p(T)y"(T) — P(0)Y*(0)]

[ ,T

=—E /0 Hy(tvy(t)7y(t)7Z(t)7Z(t)aK(ta')au(t)vp(t)aP(t)aQ(t)vQ(t)7T(tv'))yl(t)dt‘|
: T

-E /0 H.(t,y(t), Y (), (1), Z(t), K(t,-), u(t), p(t), P(t), q(t), Q(t), r(t, '))Zl(t)dtl
r T

vE| [ (bl (V0. 16) + at) (Va0 20 + [

0 Ro

r(t,0) (V(t,0), I(t)) u(de)) dt}

r T
~-E /0 Hy(ty(t)»Y(t)»Z(t)»Z(t),K(t,-),U(t),p(t),P(t),q(t),Q(t),r(t,-))Yl(t)dt]

s
—E /0 Hz(ty(t),Y(t),Z(t),Z(t),K(t,-),U(t),p(t),P(t),q(t),Q(t),r(t,-))Zl(t)dt]
- T
—E[/O i Hi (t,y(t),Y (1), 2(t), Z(t), K(t,0),u(t), p(t), P(t),q(t), Q(¢),r(t, 0))
K¢, o)u(de)dt]

T
E [ /0 (P (VE(), 1(5) + Q(1) (VC(), 1(1)) )dt] .
Using Lemma 4.5, we have
T
0 <]E{ /0 {0y () + 1y (Y (1) + 1(021(0) + 12() 2 (1)

+ [ IR €0)0(d8) + L(00(0) bt + E [, (DA (T) + hay (Y(O)Y (0]

=E

T
/0 Hu(tv y(ﬂ? Y(ﬂ? Z(ﬂ? Z(t)a K(ta ')a u(t),p(t), P(t)a Q(t)7 Q(t)7 T(tv ))U(t)dt] .
Letting a(s) = vj 44¢)(s) for Yo(t) € Uya, we have a(s) € Uyq, then

t+e
B [ Huo Y (65060 2060, K (5.0(6). (61, P9, (9, Q) r 5, s} | = 0.
Differentiating with respect to € at € = 0, we get
E[Hy(t,y(t), Y (), 2(t), Z(t), K(t,-), u(t), p(t), P(t), q(t), Q(t), r(t,-))v(t)] = 0, as.
And this inequality holds for all v(¢) which is G;-adapted, we have
E[Hu(tv y(ﬂ? Y(ﬂ? Z(ﬂ? Z(t)a K(ta ')a u(t),p(t), P(t)a Q(t)7 Q(t)7 T(tv ))|gt] =0.

The proof is completed.
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6 Application

In this section, we give an example of the optimal control of forward-backward doubly
stochastic systems. Consider the optimal control problem, where the state process (y(t), Y (¢))
is governed by

dy(t) = A)Y (t)dt + BO)Z@) dW(t) — 2(t)d B(t),  te[0,T],

y(0) =u, B _

dY (t) = —(C)y(t) + DE)w(t))dt + Z(t) dW(t) — N(t)=(t)d B(t), te[0,T],
Y(T) =¢,

(11)

where A(t), B(t),C(t), N(t) are deterministic functions such that the above equation satisfies
the conditions (A1)—(A3). And v(t) is our control process.

The performance functional J(v) is given by

Jw)= _E

) /T(R(t)y2(t) + S(t)Y2(t) + L(t)v?(t))dt + Fy*(T) + GY?(0)| ,
0

where R(t) and S(t) are non-negative deterministic functions, and L(t) is a positive determin-
istic function. We proceed to find an optimal control u(t), such that

J(u) = inf J(v),

VEULq

where U4 is the collection of all admissible control processes.
The Hamiltonian functional H is reduced to
1
H(t,y,Y:2 Z,0,p, P, Q) =, (R(O)y* + S(O)Y* + L(t)v*) + A(W)Yp + B(1) Zg
— (C(t)y + D(t)v)P — N(t)2Q.

And we can deduce the adjoint equation as follows:

dp(t) = —(R(t)y(t) — c(t) P(t))dt + N(O)Q(t) d B(t) +q(t) d W (1),
p(T) = Fy(T),
dP(t) = —(A(t)p(t) + S(OY (1))dt — B(t)a(t) d W(t) — Q(t) d B(t),
P(0) = -GY(0).

Assuming that the information available to the controller is denoted by F}V. According to

Theorem 5.1, if u is the optimal control, then
u(t) = L1 () D(E[P(1)| 7).

In the rest of our paper, we try to give a more explicit representation of u(-). We set X (t) =
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E[X(t)|FY], X =y,Y,z Z,p, P,q,Q. By the Lemma 5.4 of [26], p(-) and P(-) satisfy

dp(t) = —(ROF(E) — c(t) P(t))dt +(t) d W (2),

p(T) = Fy(T)
dP(t) = —(A®)B(t) + SV (£)dt — B()d(t) d W (t),
P(0) =-GY(0

y(0) == (12)
dY (t) = —(C()§(t) + DOu())dt + Z(t) dW(t), te[0,T)
V(1) =¢
We put
plt) = F()§(t), F(T)=F, P{t)=GHY(t), G0)=-G
By Ito’s formula, we have
dp(t) = (F®)g(t) + F)AW®)Y (t))dt + F(t)BM)Z(t) d W (1),
p(T) = Fy(T)
dP(t) = |G()Y (t) — G()(C(F(t) + D(t)u(t))] dt+G(t)Z(t) dW (1)
P(0) =—GY(0)
Combining the drift and the diffusion items of p(t) and P(t), we obtain
E@®)(t) + F()A®R)Y () = —(R)F(E) — c(t) P(1))
F(O)B()Z(1) = q(1),
GH)Y (1) = GH(CHFE) + DOLL () DE)P(1) = —(A)P(E) + SH)Y (1))
G(1)Z(t) = —B(H)q(t)
Then it follows that
(CHG() = AF(1))* + (F(t) + R())(G*()D* ()L~ (t) = S(t) = G(t)) = 0
F)B*(t) + G(t) =0 (13)
F(T)=F.
G(0) = -G

We have the following conclusion:

Proposition 6.1 If all the assumptions hold, then the optimal control process u(-) of this
problem is
ut) = L () DH)G)Y (b),

where Y (t) is given by (12) and G(t) satisfies the equation (13).
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