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Abstract This paper studies the consistency of the extended Kalman filter (EKF) for a kind of non-
linear systems. Based on the EKF algorithm, the authors propose the quasi-consistent EKF (QCEKF)
as well as the tuning law for its parameters. The quasi-consistency of the proposed algorithm is proved.
Finally, the feasibility of the algorithm is illustrated by the numerical simulation on an orbit determi-

nation example.
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1 Introduction

Filtering is one of the most pervasive tools for estimating the systems’ states by the mea-
surement which is contaminated by random noise. For linear systems, Kalman proposed the
Kalman filter (KF) in 1960[!, which is an optimal minimum mean square error estimator. Be-
sides the state estimate, the KF algorithm algorithm can also provide the mean square error of
the estimation by the covariance matrix Py, which can be calculated by the filter. Hence, P can
be evaluate the filtering accuracy in real time. For linear systems, KF has been widely used(? 4.
For nonlinear systems, the extended Kalman filter (EKF) has been widely applied® 7. In the
EKF algorithm, the nonlinear functions are linearized at the current state estimate. Due to the
errors introduced during linearization, EKF is usually a biased estimator and the matrix Py in
EKF is no longer the mean square error of the estimation. In some special cases, the estimation
error of the EKF algorithm may diverge!®.

Although EKF has been widely used, little previous work focuses on theoretical analysis
of its estimation error for general nonlinear systems. When the initial estimation error and
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the covariance of measurement noise are small enough, [8, 9] proved the boundedness of the
estimation error of EKF. [10] proved the convergence of EKF in the condition that the initial
estimation error is small enough and the linearized systems is observable at the current estimate.
References [11, 12] proposed a new filter based on EKF for nonlinear systems with incomplete
information and proved the stability of the proposed filter by assuming bounded covariance
of the estimation. However, the assumptions in [8-12] are usually too strict to be satisfied in
practice, and few results in [8-12] can evaluate the boundary of the filtering error in real time.

On the other hand, in the past few years, lots of researches have shown that EKF may
produce inconsistent estimates due to the error introduced in linearization process. A state
estimator is consistent if it is unbiased and its actual mean square errors equal to the one calcu-
lated by the filter!*3!. Consistency is a fundamental criterion for evaluating the performance of
an estimator. In practice, since the true system state is unknown, if an estimator is inconsistent,
then the errors of the estimates are unknown and the estimate results may be unreliable. The
consistency of EKF, which is an essential issue, has not been investigated in depth. The incon-
sistent problem of the EKF-based simultaneous localization and mapping (SLAM) algorithm
are studied in [14-20]. In [20], the cause of the inconsistency was analyzed and a framework
for improving the consistency of EKF-base SLAM was proposed.

In this paper, the cause of the inconsistency of EKF for a kind of general nonlinear systems is
investigated and a novel framework for designing a quasi-consistency EKF (QCEKF) for general
nonlinear systems is proposed. A state estimator is quasi-consistent if its actual mean square
error is smaller or equal to the one calculated by the filter. It is proved that the proposed
QCEKF can assure the actual mean square error is no larger than the bound calculated by
the filter on time. Hence the boundary of the filtering error can be evaluated in real time.
Moreover, the initial estimation error and the covariance of measurement noise are no longer
to be assumed being small enough by using QCEKF.

The paper is organized as follows. Section 2 provides a brief introduction about the tradi-
tional EKF. In Section 3, the QCEKF algorithm is proposed for a kind of general nonlinear
systems, and the quasi-consistency of the proposed algorithm is proved. In Section 4, the
method to tune the parameters for QCEKF based orbit determination algorithm is presented,
and the feasibility of QCEKF is illustrated by the numerical simulation. The concluding re-

marks are given in Section 5.

2 The Traditional Extended Kalman Filter

Consider the following nonlinear system:

X1 = f(Xy),

k=0,1,---, (1)
yr = 9(Xk) + vk,

where X, € R™ is the state vector, and y; € R™ is the measurement vector. vy € R™ is a
zero-mean white noise processes with covariances being Rj. The nonlinear function f and g

are assumed to be C'-function with proper dimensions. The initial state Xy has an unbiased
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estimator )?0, which is independent of v, and the covariance is known:
E[Xo] = Xo, E[(Xo — X0)(Xo — X0)T] = P.

To obtain an estimate of X} via the measurements yi, the traditional EKF for the system
(1) is given as follows[?!:

Xir1 = f(Xk),

Piy1 = AkPkAg,

Ki = PriaCl (Crp1 Pra Oy + Rir) ™, (2)
X1 = X1 + K1 — 9(Xig)),

Pit1 = (I — KgCry1)Pri1(I — KiCri1)™ + KpRe1 KT,

where A, = g)f(&k, Cri1 = 88}%|ch+1’ )?k is the filtering value at time-step k, X is the
predicted value at time-step k.

If the system (1) is linear, that is, f(Xg) = ArXk, 9(Xk) = Crp Xk, where A, and Cj, are
constant matrices, then the EKF (2) is equivalent to KF, which is an optimal minimum mean

square error estimator and is also consistency.

Definition 2.1 (see [13]) A state estimator (filter) is consistent if its state estimate errors
satisfy

E[X; — X3 =0,  E[(X) — X3)(Xy, — X)) = P

In other words, it is unbiased and its actual mean square error equals to the one calculated
by the filter.

Since the filter gain K is calculated based on the calculated error covariance P, the con-
sistency is necessary for filter optimality. Otherwise, wrong covariance will yield wrong gain.

For the general nonlinear systems (1), assume ¢ and vy are the linearization errors at
time-step k:

{ o = F(Xn) = F(Xr) = AL (Xk = Xo0),
Vi1 = 9(Xk+1) — 9(Xit1) — Oy (X b1 — Xppt1),

where A} = g)f( Ix0 Cryr = g)’} |x.;.- Then for the EKF (2), the estimate error will be
X1 — Xps1 = (I — KeCp ) (A5 (Xk — Xi) + 0 (1) = Kathi1 () + Kivggr. (3)

The mean square error of the estimation is

E[(Xkt1 — Xns1)(Xip1 — Xpp1) "]
= (I — K3Cre) Ap B[( Xk — X)) (Xi — Xi)TIAT (I — K3.Cpoi1)™ + Ky Elvgsrvf, ] KT
+E[(I = KkCriy ) (AR (X — X3) (Xi = Xi)TALT) (I = Ky Ciyy)™)
~(I = KCrs1) ARE[(Xy, — X3) (X5, — X0)TJAF (I — KiCry1)™
+E[Kithpsr (V1 OK ] 4+ E[Kpvpg1vp 1 K| — K Eloggvp 1K
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+E[(I = KxCi ) (A5 (Xk — Xi)of () + on () (Xi — Xi) T A"
+ok(VeE (NI = KxCiry)™] = BT = Ky City )AL (X — Xi) + 0 (), (K]
— E[Khir1 () (Ap(Xx — X3) + 01() " (I = KxCi )"
2 Py + APy, )
where
APy
=E[(I = KxCiiy1) A (Xi — Xi) (X — Xp) " AL (1 = KiCiiy))"
— (I = KiCry1) ARE[(Xr — X3)(Xi — Xo)TJAT (I = KiChogr)™
+ B[Kthr1 (Vbpyr (VKR ]+ B[Kpvps1vp1 K| — KpEogs1vp 1| Ky
+ E[(I = KxCi ) (AR (Xx = Xp)op () + o () (Xi = Xe) T AT + o ()i (NI = K Ciyy)"]
- E[(I - KkCZH)(AZ(Xk — X&) + or())p (VKL
— E[Ktb1 () (AR (X = Xi) + 01(-) (T = K Cyy)"].

If APy41 > 0, then the actual mean square errors do not equal to the calculated covariance
Piy1. Therefore, the EKF (2) is not consistent for the general nonlinear systems and the actual
estimation errors, which are unknown in practice, cannot be evaluated by Py4+;. To make
matters worse, the wrong covariance Pj4; may cause diverging.

(3) and (4) show that for the general nonlinear system (1), it’s difficult to exactly calculate
the first two moments of the estimation errors. Next, a novel framework for designing a quasi-
consistency EKF will be proposed. The definition of quasi-consistency is given as follows.

Definition 2.2 A state estimator (filter) is quasi-consistent, if its mean square error of

the estimation equals or less than the one yielded by the filter.

3 The Quasi-Consistent Extended Kalman Filter
The QCEKF algorithm for the system (1) is provided as follows:

X1 =f(X),
Pji1 =AR P AT + AQy,
Ky = P10 (Crp1 Prs1 Oy + Riyr) ™, (5)

Xip1 =Xpp1 + K1 — 9(Xg11)),

Prs1 =(I — KiChi1)Pri1(I — KiCrir)" + KiRi1 K + ARj1,
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where Py = E[()A(o — Xo)(Xo — X0)T], AQx and ARy are symmetric matrices, satisfying the
following conditions:
AQx >E[A;(Xx — Xi)op] + Elon (X — Xx)"A;"] + Eloret]
E[AL(Xy, — X3)(Xk — X)TALT]) — ARE[(X) — X3)(Xy — X3)T]AF,
ARji1 > = Bl(I = KiCi 1) (X i1 — X 1) V1 K5t |
ElKitnr1 (X1 — Xpep1) T (1 = KiCip)"]
+ E[Kytbr1 ¥ Ki | + E[Kpvp 10, Ky ) = K Eloggop | K
— (I = ExCr1) B[(Xjy1 = Xpr1)(Xipr = Xpey1) '] = KpCrpa)"
+ E[(I — KiCi 1) (X1 — Xig1) (X g1 — Xp1) (1 = KiCriy 1),
k=01,

Theorem 3.1 The algorithm (5)—(6) is quasi-consistent, i.e.,
E[(Xk—Xk)()?k—Xk)T] S]Sk, k=0,1,---

Proof We use the mathematical induction to prove the result. Assume E[()? =X k)()? k—
X1 < B. Linearizing the process equation, the following equation holds

X1 = f(Xn) = F(Xr) + Ap(Xk = Xp) + o,
where ¢y, is the linearization error. Then the predicted error at time-step k + 1 is
X1 — X1 = ALKk — Xp) + o
Thus, the mean square error of the predicted value can be presented as follows:
El(X k1 = X)) Xiwr = Xian)™] = Bl(AR Kk = Xi) + i) (AL (Xr = Xi) + 1) .
When AQy satisfies the inequality (6), we can get
E(Xky1 — Xk+1)(Xk+1 Xp1)T
= ARE[(Xk — Xi)(Xi — X)T)AT + B[AL(Xy — X)oh] + Elor(Xi — Xi)T 45"
+E(pipl) + BIALX ke — Xi) (X — Xi)TALT] = AR B[(Xy — Xi) (Xi — Xi) T AT
< Piia, (7)

where Pk+1 = AkﬁkAE + AQk
Linearizing the output function, the following equation holds

9(Xkt1) = 9(Xe41) + Cppr (X1 — Xpg1) + Yr41,
where 1 is the linearization error. The filtering error at time-step k + 1 is

)?k+1 — X1 =( — KpCy 1) (X kg1 — Xiy1) — Kb + Kpvpg1.
@Springer
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Thus the mean square error of the filtering value can be presented as follows:

B[(Xit1 — Xir1)(Xis1 — Xig1) ")
= (I = ExCrr1) E[(X i1 — Xpe1) (X i1 — Xpo1) ) (I = K Cpo1) " + Ky Blogprvg,, K
—E[(I — KrCj 1) (X g1 — Xie1) (Kithrg) ]
—B[(Kthks1) (X k1 — Xpp1) (1 = K Ci )
+E[Kppritp K| + ElKgvk v, K| = K Elvgavg K
—(I = KxCr 1) E[(Xpy1 — Xp1) X1 = Xiy )T = KCry1)™
+E[(I — K Cp ) (X pg1 — Xpg1) (X g1 — X)) T (I — K Ciyy)7]
< ﬁm—l,

- (8)
where 131@+1 = (I — KxCrs1)Pri1(I — K.Cry1)T + KkRkHK,;F + ARj41, ARy satisfies the
inequality (6).

Remark 3.2 According to Theorem 3.1, the algorithm (5) is quasi-consistent and the

filtering error can be evaluated by Pi. Therefore, if Py is bounded, the true filtering error is
bounded.

Remark 3.3 Denote &5 and ¥y as follows:

&, = E[AL(Xy — X1t ] + Elpr(Xe — X0) AL "] + Elorer]
+ BAL (X — Xi) (Xe — Xi) T AL = AcB[(X) = X0) (X — Xi) T1AL,
U1 = —B[(I = KxCiyr) (X p1 = Xpr )0 Ky |
— B[Ktri1 (X g1 — Xp1) (I — K Cr i)
+ B[Kitp 11 K+ BlKpop v K| — Ky Elogog ) K]
— (I = KkCry1) E[(X k1 — Xip1) (X i1 — Xp1) ' J(1 = KxCrpa)"
+ Bl(I = KxCiy) (X g1 = X 1) (X1 — Xip) (1 = KiCiry) -

In the right hand of @, the first three items are caused by the linearization error ¢ and the last
two items are caused by the randomness of Aj. In the right hand of Wy, 1, the first three items
are caused by the linearization error 141, the error E[K}C/Uk;+1vg+1Kg] — KkE[kang]Kg
is caused by the randomness of K} and the last two items are caused by the randomness of
C) and Kj. Hence, when the error introduced during linearization can not be ignored, the
estimation error of EKF may be inconsistent. In QCEKF, the quasi-consistency is assured by
AQk and AR;C+1.

Theorem 3.1 can be extended to the systems with determined disturbance.

Considering the system

X1 = f(Xk) + dwi,

k=0,1,---, 9)
Yk = g(Xk) + vk + dv,kv
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where Xy, yx, v, f and g are the same as those in (1). dy, and d, x are the determined
disturbances, with known upper boundary d,, i, dy i respectively. The initial state Xy has an

unbiased estimator )?0, which is independent of v, and the covariance is known:
E[Xo] = X0, E[(Xo— X0)(Xo — Xo)"] = P.

For the system (9), the parameter turning law (6) should be adjusted as follows:
AQr 2E[AL(Xk — Xi) ok + dui) | + El(pr + dui)(Xi — Xi)TA; )
+ E(pn + du i) (05 + duw k) ]+ ARE[(Xx — Xi)(Xy — X5)")AL"
— ARE[(Xy — X3) (X5 — Xp) "] AL,
ARjr > — E[(I — KiCiyy)(Xier — Xir1)(@nsr + o) K]
— E[Ky($rr1 + do i) (Xip1 = Xp1) (1 = KxCiyy)"]
+ E[Ki(Yrs1 + dok) Wi + do k) K| + E[Kpvpg1vp g K
KBty K
— (I = KkCry 1) B[(X g1 — Xpy1) X1 = Xp1) (L = ExCrpr)"
+ Bl(I = KxCi) (X g1 = X 1) (X1 — Xip) (1 = KxCiy)'],
k=01,

B

Theorem 3.4 For the system (9), if the parameters AQy, ARyy1 satisfy the inequality
(10), then the algorithm (5), (10) is quasi-consistent, i.c.,

El(Xy — X)) (Xe — X)) < By k=0,1,---.

The proof of Theorem 3.4 can be easily obtained by the method similar to that in the proof
of Theorem 3.1.

Remark 3.5 For the system with continuous dynamic, we can transform the continuous
equation into discrete equation, viewing the discretization error as the deterministic disturbance,
then the original system can be transformed into the discrete system (9).

Remark 3.6 According to the equations (7) and (8), the more conservative AQj and
ARyy1 are, the more conservative JB;CH will be. If the parameters AQy and ARy11 are too
conservative, the true filtering error may bounded while ﬁk divergence. This feature can be

illustrated by the following Example.
Example 3.7 Consider the system

T1 k+1 = T1,k + T2k,
L2,k+1 = x%,,w
Yp =Tk v, k=0,1,---, (11)
T

where Xy = [21,k, Z2,k] " 1S a 2-dimension state vector, yy, is a 1-dimension measurement vector.

vy is a zero-mean white noise processes with covariances being R; = 1. The initial value
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x2,0 € [—0.5,0.5]. The initial estimation X, is independent of v, and the covariance of the

initial estimation are known as follows:

E[(Xo — Xo)(Xo — X0)"] = Py =

When the initial estimation X, = [1,0]T, according to the QCEKF algorithm (5), X; =
[1,0]T and Ag = [} }]. We choose AQy = {QPO(LUBFQPO(Q’Q) 0]. For the system (11), it can be
verified that AQ satisfies the inequality (6). Substituting AQ)y into the algorithm (5), we have

~ ~ Pi(1,1)
~ ~ 3P (1,1 3F(2,2 0 ~
Py =AgPoAe™ + AQo = 0(1,1) +3P5(2,2) . K= | PR

Since Ky is independent of {yx}, we can choose AR; = 0. Substituting AR; = 0 into the

algorithm (5), we have
Pi(1LDR,
P = |PiQD+R : (12)
0 P1(2,2)

Similar to ﬁo, P is also a diagram matrix, and it is easy to know that:

P1(17 1) S R17 ]31(272) = AQ0(272)7 /x\Q,l =0.

Moreover, P, and To,1 are independent of {yx}.
Similarly, we can choose the parameters AQy and ARy1 as follows:
2P.(1,1) +2Px(2,2) 0

AQy = . ARj.1 =0. (13)
0 k

Then ]Sk(l7 1) < Ry, ]3;@(27 2) = AQk-1(2,2) = k, T2, = 0. Obviously, ]3;C is divergent.
However, since QCEKF algorithm is quasi-consistent, we have

E[(@1x — x14)?] < Pe(1,1) < Ry,

To g — Tok = —T2,5 — 0.

Since 2,9 € [—0.5,0.5], x2,r — 0. Hence, the mean square of filter error is bounded.

In this example, the mean square error of filter is bounded while B is divergent. The reason
is the parameter AQ)} is too conservative.

This example shows that the selection of the parameters AQy, ARy are the key issue of
QCEKF.

Theorems 3.1 and 3.4 provide the rules of how to determine the parameters AQg, ARy 1.
Next some specific methods for choosing the parameters AQy, ARy41 will be discussed for the
orbit determination problem.
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4 QCEKF Based Orbit Determination Algorithm

For the flight during free flight phase, denote the position vector as [re:7y:7= ]T, the velocity
vector as [vewyv=]T. The dynamic equation of the flight can be presented as follows(22):

Ty Vg Ty
Ty Vg Ty
T Vg N Ty
| = . ) £ F(X), X= , (14)
Vg — q§ Ty + 2wUy + wiry Vg
Uy - Z; Ty — 2w, + w2ry Uy
. u
_Uz_ L - q§ Tz i _Uz_

where u, = 3.986005 x 10! is the geocentric gravitational constant, w = 7.292115 x 107? is the
angular speed of rotation. ¢ = \/ r2 + 72 + 12 is the distance from the earth ’s center to the
vehicle.

The measurement of the target is obtained in the polar coordinates23l:

ye=h| |ryx| — Sk | + ks (15)

where S}, is the position vector from the earth’s center to the sensor. The measurement noise vy,

2
o. 0 0
valued uncorrelated zero-mean Gaussian noise processes with covariance being R = | 0 o7 0 1 .
0 0 o2

The nonlinear function A ([; D is presented as follows:

20 \/zg + 22 + 22
Rz | = arctan( ") : (16)
2, arctan( \/Z;_ ” )

In this example, since the randomness of the gain matrix Kj can be neglected, the param-
eters AQg, ARj11 can be chosen as follows:

AQr =((1+ a1 x)(1 4 agp) — 1) AP AT
1
)MQ};C-I- <1+ )AQ%;C,
Qaq kg
ARp1 =((1+ Bix) (1 + Bag) — 1)(I — KiCli1)Pr1(I — KiCry1)®

+ (1+ﬁl,k)<1

+(1+a1) (1 +
Q2 L

)

1
)KkMR,kK;;F—i— (1-1- 3 )KkAch,k’K]’grv

L
ﬂ2,k 1,k
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where

S [AQq,kll _ Mgkl
1,k — ~ T’ Qg = ~ T’
| Ak PrAx || |AxPeAr ||

AQyp =6 X diag([(@k,l i)’ (e +dia)’, o (Pre + dk,6)2]>7
9 = 0%f; = O*f; =T\ = =T
@z,i:4trace(\/PkaX2|)?kPkaX2|)A(k\/Pk )7 22172a"'a67 Pk:\/Pk \/Pk7

T2
(i1, dr2,dy3)" = 9 [faks foms for) TS
T2
(.4, 5, di6) " = 5 (|A22,k[f4,k,f5,k,f67k]T| + |A21,k[8000,8000,80()()]T|>,

Ag1 g = [0,I3]A[I5, 0", Asa s = [0, I3]A[0, I5] T,
Mgk =4 X 6diag( [@%,1»802,27 "‘ 3@2,6} )7

By = max { Y2 Yr3 } By, = max { Mg k(2,2) Mg (3, 3)}
s o ) 5 s 5 )

Oc Ob Oe

AR(p,k =3 diag([¢k,12,¢k,22,71%,32])7

9 ~ 9%h ~ 9%h ~ T . ~ ~ T~
wzﬂz4trace|:\/Pk(aX)2|Xk+1Pk(aX)2|Xk+1\/Pk :|, i =1,2,3, Pk:\/Pk \/Pk,
Mp e =4 x 3diag([br1”, Yr,2?, ¥rs7])-

Remark 4.1 For the system (14), the simulations show that the randomness of the gain
matrix Ky is very weak.

In the simulation, the initial state is Xo = [Sk, 0,0, 0]T +[1 x 10°m, 2 x 10°m, 2 x 10%m, 4 x
10°m/s,5 x 10%m/s,1 x 103m/s|T, where Sy = [—1.007499,5.48943,3.077004]T x 10°m. The
standard deviation of the initial filtering error is 0, , = 0,y = 0,., = 1 X 10*m, 04, = 0y, =
0y = 1 x 10°m/s. The sampling step is T = 1s. The standard deviation of the measurement
noise is ¢, = 20m, o, = 5 x 10~ %rad, o, = 5 x 10~ 3rad.

Figures 14 are the simulation results of the traditional EKF and QCEKF algorithms. The
red lines stand for the mean square error (MSE) of filtering results, which is calculated by
100 times experiments, and the blue lines stand for the corresponding diagonal elements of Py.
In Figures 1-4, the diagonal elements of Py are smaller than the mean square error. Hence,
the traditional EKF is not quasi-consistent. In Figures 1-4, the diagonal elements of ﬁk are
the upper boundary of the corresponding mean square error, i.e., the QCEKF algorithm is
quasi-consistent. Hence, we can evaluate the filtering error based on P, in real time.
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Figure 1

Figure 2
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Figure 3

Figure 4
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Numerical simulations of the velocity vector by the QCEKF algorithm:
The mean square error (MSE) of the true filtering error (dotted line) and

the corresponding diagonal element in B, (solid line) in real time

5 Conclusion

This paper proposed a QCEKF algorithm for a kind of nonlinear systems, and the quasi-
consistency of the algorithm is proved. Then the feasibility of QCEKF algorithm is illustrated
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by the numerical simulation for an orbit determination example.
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