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Abstract In this paper, the authors consider a stochastic control problem where the system is gov-
erned by a general backward stochastic differential equation. The control domain need not be convex,
and the diffusion coefficient can contain a control variable. The authors obtain a stochastic maximum
principle for the optimal control of this problem by virtue of the second-order duality method.
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tional inequality.

1 Introduction

This paper is concerned with the dynamic system of general backward differential equations
(BSDEs). A BSDE is an It6’s stochastic differential equation (SDE) in which the terminal
rather than the initial condition is given. The BSDEs were introduced by Bismut!! in the
linear case and by Pardoux and Peng[? in the general case. Since their introduction, the
BSDEs have received considerable research attention in a large range of domains, especially in
mathematical finance (see, e.g., Cvitanic and Mal3!, El Karoui, Peng, and Quenez!*, Ma and
Yong[!, Schroder and Skiadasl®), Yong and Zhoul™, etc.). In particular, the celebrated Black-
Scholes option pricing formula can be derived from a class of linear BSDEs where the random
terminal condition is just the option’s payoff at the maturity. Since BSDEs are well-defined
dynamic systems, it is very natural and appealing to consider the control problems of BSDEs.
However, there exist only a few works along this line, including Peng!®!, Xu!), Wul'!, Lim and
Zhou"!), Huang, Wang and Xiong!'?, and Wang and Yul"3!. Our work distinguishes itself from
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the above ones in the following aspects: (i) The stochastic system is described by a general
BSDE whose diffusion coefficient contains the state y(t). (ii) The control domain need not be
convex, and the diffusion coefficient contains the control variable. To our best knowledge, this
system has not been found in existing works.

Our objective in this paper is to establish necessary optimality condition of the Pontryagin
maximum principle type. In our problem, since the control domain is not necessarily convex,
we must obtain the maximum principle in its global form. A classical way of treating such
a problem is to use the “spike variation”. Due to the appearance of the control variable in
the diffusion coeflicient and the control domain is not necessarily convex, the usual first-order
expansion approach does not work. Hence, we must introduce a second-order expansion method
to derive the variational inequality. This method was firstly used by Peng in [14] to derive
general forward stochastic maximum principle. Based on this, we obtain the corresponding
(second-order) variational inequality and adjoint equations that lead to the maximum principle.

The paper is organized as follows. In Section 2, we give the statement of the problem,
our main assumptions and some preliminary results about BSDE. In Section 3, we consider
the second-order expansion of the perturbed state variable y°(t), z°(¢) and the perturbed cost
function J(u®(-)). We also treat the estimations of these terms. In Section 4, we introduce the
adjoint equations. By means of the duality method, we derive the maximum principle. Finally,

we end this paper with some concluding remarks.

2 Statement of the Problem

Let (§2,F,P) be a probability space with a filtration F;. Let B(-) be a 1-dimensional
Brownian motion. We assume that F; = o {B(s);0 < s < t}. Throughout this paper, we use
the following notations:

L*(Fr;R) = {¢: € is R-valued Fr-measurable stochastic variable s.t. E|¢|> < 4+00};

L%(0,T;R) = {g@(t) :{p(t),0 <t < T} is R-valued Fi-adapted stochastic process

T
s.t. E/ lo(t)|2dt < —|—oo};
0

L%(0,T;R) = {z/J(t) {W(t),0 <t < T} is R-valued Fi-adapted stochastic process

T
s.t. E/ (1) dt < +oo}.
0

Consider the following backward stochastic control system:
dy(t) = b (y(t), z(t),v(t)) dt + [o (y(t), v(t)) + () 2(D)]dB(1),
y(T) = ¢,

where

by,z,v) : RxRxU —R, o(y,v):RxU—R
@Springer



A MAXIMUM PRINCIPLE 1507

and ¢ € L?(Fr; R). An admissible control v(-) is an F;-adapted process with value in U such
that Esup,co g |’Ut|2 < o0, where U is a nonempty subset of R. We denote the set of all
admissible controls by U,q. Our problem is to minimize the following cost functional over U,q:

T
J(0()) =E / (), v(t)) dt + b (y(0)) | .

inf {.J (v(-));v(-) € Uaa}, (2)
where
l(y,v) :RxU —R, h(y):R—R.

In this paper, we only consider 1-dimensional stochastic system because the state of a backward
system depends on two variables (y(t), z(t)), and z(¢) is hard to handle. Otherwise, there is an

immediate difficult when we look for the second-order adjoint equation. In addition, we assume

(i) 0,1, h are twice continuously differentiable with respect
to y, and b is twice continuously differentiable with respect to
(y,2). They and all their derivatives by, byy, byz, bz, .-
are continuous in (y, z,v);
(ii) oy, 04y, ly, lyy, hy, hyy are continuous in (y,v),
by, byy, byz, b2, 0.2, 0y, Oy, lyy, hyy are bounded, and

b, 0,1, hy are bounded by C (1 + |y| + |z| + |v]), where C > 0;

(iii) o, ! is uniformly bounded with respect to (t,w)

and

(i) for all v1, vy € U, there exists ¢ > 0 such that
b(y1, 21,01) = b(y2, 22, v2)| + |0 (y1,v) — o (y2,v)|
< clyr — y2| + |21 — 22| + |v1 — v2]);

(ii) () is Fr-adapted, and for all (¢,w), there exists
(> 0 such that |y(t,w)| > B. Moreover, v(t)~! is

uniformly bounded with respect to (¢,w).

Remark 1 Equation (1) is a general BSDE whose diffusion coefficient contains y(¢) and
z(t), which is different from standard BSDEs whose diffusion terms only contain z(¢). When
oc=0and vy =1, (1) will regress to a standard BSDE.

The following theorem is the existence and uniqueness result, which comes from [2].

Theorem 1  We suppose (4) holds. Then for any & € L?>(Fr;R), there erists a unique
pair (y(+),z(-)) € L%(0,T;R) x L%(0,T;R) which solves Equation (1).
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3 Variational Equation and Variational Inequality

Suppose that (u(-),y(-), 2(-)) is the solution to our optimal control problem. We introduce
the spike variation as follows:

(t) v, if telrT+el,
u =
u(t), otherwise ,

where € > 0 is sufficiently small, v € U is an F,-measurable random variable such that
sup, e [0(w)] < +o.

Suppose that (y°(-), 2°(+)) is the trajectory of (1) corresponding to the control u®(-). We
introduce the following first-order and second-order variational equations

Aa(8) = by (1) + 221 0) + b (1) — o)
oy (0) +1(0)21 (1) + 0(u (1) — o (u(t)]aB). )
yi(T) =0,
B2(0) = [bal0) +b:220) + g (1 (0
by (21(0) + Gy, 2(0), w5 (0) b (1)
020,20, 00) ~ 021 (0) + Lbee - (10t

1 2

+ o) 420220 + o0 (1)

+ (oy(y(1),w" () — oy )91 () | dB(1),

y2(T) = 0.

For convenience, we use the notations g, = g, (y(t), 2(t), u(t)), g(u®(t)) = g(y(t), 2(t), u*(t)),
g(u(t)) = g(y(t), z(t), u(t), gyy = Gyy(y(t), 2(t),u(t)), where g = b,0,h,l. It is easy to know
that (5) and (6) admit unique adapted solutions (y1(t), 21(t)) and (y2(t), 22(t)), respectively.
We want to give the estimates of the variational state processes (y1(t), z1(t)) and (y2(t), 22(t)).

Lemma 1 Under Assumptions (3) and (4), we have

- " T
E| sup (y1(t))?| < Ce, E/ (z1(t))%dt < Ce, (7)
LO<t<T i 0
- . T 2
B| s (n(0)*] < 02 E( / <z1<t>>2dt) <02, s)
: : . \
B| sup ()] <O E( PR dt) < oet, 9)
E| sup (y2(t))*| <Ce?, E / T(zg(t))thSCs% (10)
LO<t<T | 0
- . T 2
B| sup (a(0)"] < C<" ]E( /0 (zg(t))th) <ot (11)
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A MAXIMUM PRINCIPLE 1509

Proof From the variational equation (5), we get

T
E(y: (1)) + B°E / (21(s))%ds
Tt
ﬁﬂw@D2+E[ (7(s)21(s))?ds
T
- {[ [byy1(5) + b1 () + b(u(5)) — blu(s))] s

2

T
+ [ () + 000 (9) ~ otulo)] aB(s) |
<aire [ (n())%ds + (T DE / T<z1<s>>2ds}

2

e ( [ b)) - bulslas) +5 [ " (ou(s)) — ou(s)) s,

where C is a constant. So for t € [T'—4,T], § = 25021, we have

2 T T
E(y (1))’ + ) B / (21(s))%ds < CoE / (y2(s))%ds + Ce,

where C5 is a constant depending on C7 and T, and C' is a constant depending on Lipschitz
constant. By the Gronwall inequality, we have

T
E(y1(1)? < Ce, ]E/ (21(s))2ds < Ce, te[T—6,T].

Repeating this procedure, the above estimates hold for ¢ € [T —2§, T —¢]. After a finite number
of iterations, we obtain

T
E(y1(1)?2 < Ce, ]E/ (21(s))2ds < Ce, e [0,T). (12)

On the other hand, by (5), we get

T T T
sup (y1(t))? SC3{/O (yl(t))th+/0 (Zl(t))th+/0 [b(us(t))—b(u(t))]th}

0<t<T
T 2
+2 sup {/t [oyy1(s) +7(s)z1(s) + o (u(s)) — o(u(s))] dB(S)} :

0<t<T

Taking expectation on both sides and by the Davis-Burkholder-Gundy inequality, we have

T T
Bl sup ()7 <Cs [ B[ sup (1(s)?]at + CaE [ (a0

0<t<T 0<s<t

T
+ C4E/0 [(b(u()) = b(u(t)))* + (o(u () — o(u(t)))?]dt,
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where C3, Cy are constants. By the Gronwall inequality and (12), we obtain (7). And, by (5),

we have
T
|y1<s>|sn<:[ / |by<y1<s>+bzz1<s>+b<u6<s>>—b(u(s>>|ds|ft], seftT).

The Doob martingale inequality gives
4

[ s ()] < i [ () + b () + () - buls)las|

t<s<T

where C is a constant. Then by the Davis-Burkholder-Gundy inequality, we have

T

4

2

B (s)* + 0'E] T<z1<s>>2d8}

SE[ sup (yl(s))‘l} —l—CgE{ sup
t<s<T t<s<T

/t ()2 (r)dB(r)

T
<01E[ [ () + beza () + 80 (9) - b<u<s>>|ds]
T 2
n CQE[ [ lown(e) + ot (o)) - a<u<s>>|2ds]

2

<C3E /t T(yl(s))‘*ds + Cy(T - t)E[ /t T(zl(s))2ds}
|  (out(s)) - ou(s)?as] }

where C3,Cy4,C5 are constants. Using the same method as the proof of (7), we obtain (8).
Similarly to (7) and (8), we can obtain (9). Note that

E[ / : y1<t>z1<t>dt} < E[ / () / T(zl(twdt]

< e[ o] ) G coray

< Ce?,

T
E [ oy (u(0) 0(0) — o) (1)t
0

2

roanf| [ " (o (s)) — buls)) s

T
<E{ s () [ foy(u(0)0°(0) —a@]?dt}

0<t<T

<[E sup (@)’ (=(/ oy (1) — adet)Q) foce,

0<t<T

]E{/OT yl(t)zl(t)dtr < et

Using the same technique to deal with (6) as the proof of (5), we can get (10) and (11). We

omit the details.
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The following lemma plays an important role in deriving the variational inequality. It gives
the e-order estimations of the differences between the perturbed state process (y°(-), 2°(+)) and

the sum of the optimal state process and the variational processes (y(-) + y1(-) + y2(+), 2(-) +

z1(1) + 22(4))-
Lemma 2 Under Assumptions (3) and (4), we have
OiltlETEW(t) —y(t) =y (t) — y2(1)|* = o(?), (13)
T
IE/ |25(t) — 2(t) — 21(t) — z2(t)|?dt = o(e?). (14)
0

Proof Set y =y1 + y2,Z = 21 + 22. It follows from (1), (5) and (6) that (for simplification

we omit the time subscript s)
T T
/ b(y+§,z+5,u5)ds+/ oy +7y,u°) +v-(2+2)]dB(s)
t t

T T
——y)-G+e+ [ Co)ds+ [ D(s)aBCs)
t t
where
i 1
C(s) = 5 byy (v, z,u) (Y5 + 2y192)
1
+ 2bzz(y7 Z,U)(ZS + 2z129) + 2byz(y7 z,u)(y2ze + Y122 + y221)
+ (by(y»Z»UE) - by(y7 Z7U))y2 + (bz(yvzvug) - bz(y7 Z7U))22
1
b [ b M ) = b+ Nz MiE A
0 0
1
2 [ [ Nyl M+ M) = byl + N2 MiE )N
0 0
1 1
+ / / Alb=z(y + M, 2 + Az, u®) = boz(y + M, 2 + Az, w)|dAdpz?,
0 0
1
=_ oy (v, u) (U5 + 25192) + (0 (Y, u°) — 0y (y, 1))y2

2
1 1
+ / / Noyy (Y + Ay, u®) — oyy (y + Ay, u)]d)\duﬂz.
o Jo

D¥(s)

Then we have

T
y(t) + 5 =€ - / y+y,z+zu>ds—/[<y+'g,u6>+v-<z+2>1d3<s>

/C’5 ds—|—/ D#(s)dB(s

T T
(1) =5_/t b(y"(5)), 2°(s)), u"(s))ds _/t [0(y"(5), u"(s)) + - 2°(s)|dB(s),

@ Springer
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it follows that
T
W —y— D)) =/t A5 () (4 — — )(5) + AS(s)(=° — 2 — 3)(s)]ds
T
+ / BE(s) (" — y— §)(s) + Bi()(=* — 2 — 2)(s)|dB(s)

- " C%(eyds - / " D (s)an(s)

[AL(s)] + [A5(s)| + [Bi(s)| + [B3(s)| < O, V(s,w) €[0,T] x £2.

where

From Lemma 1, we can easily find

sl [ o - [ ) 2} = o).

Using the method once more as the proof of Lemma 1, we can obtain (13) and (14). The proof
is completed.
Now we can present the following variational inequality.

Lemma 3 (variational inequality) Under Assumptions (3) and (4), we have
T
B [ 106 w001 6) 4 106D + 001D (00 s
T
+E [ o). () = 0. )l
|y 00 0) +1200) + s (KO 07 ] > o) (15)

Proof Since (y(+), z(-),u(-)) is optimal, we have

T T
E / Uy(5), u%(5))ds + Ehy (y7(0)) — E / y(s), u(s))ds — BA(y(0)) > 0.
0 0

It follows from Lemma 2 that
/ I(y ))ds + Eh,( / I(y s))ds — Eh(y(0))
—E/O 1y + 1 +y2,u") — Uy, w)]ds + E[h(y + y1 + y2)(0) — h(y(0))] + o(e)

T T
=E/0 Uy + 1 + v, ) — z(y,u>1ds+E/O Uy + 1 + v, w°)
Uy 4y 4+ v w)lds + Bl + v+ y2) (0) — h(y(0))] + ofe)

=& [ [0 1)+ Yt on + ]
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A MAXIMUM PRINCIPLE 1513

T T
+E / 1(y,u) — Uy, w)lds + E / ly (5% — Ly (9, 0)) (91 + g2)ds

1

T
+ 2]1*3/0 [y (g, u%) = Ly (y, )] (51)*]ds + Elhy ((0)) (52(0) + y2(0))]

4 Elhyy (4(0) (1 (0))%] + ofe) > 0.

Then by Lemma 1, the desired variational inequality (15) can be obtained.

4 Adjoint Equation and Maximum Principle

In this section, we introduce the first-order and second-order adjoint equations, then we
use the duality method to obtain the necessary condition of optimality. Let us consider the
following forward SDEs (for simplification we omit the time subscript ¢ in some places)

(16)
p(0) = —hy (y(0)),
. dP(t) = {<—U§—2by+20y<1+ Jb:v) + (: —0y>)P(t)
n ( _ Qbi’; + byy — Ii:ayy)p(f) + lyy] dt (17)

i K_ (1 " Jl:ﬂ> - 2(17y (: - Uy))P(t) + sz;p(t)]dB(t),

P(0) = Ty (y(0))-

Because the solution of BSDE (5) contains process z1(-), which will bring us more difficulties

to deal with, especially when we use the duality technique to derive the maximum principle for
backward stochastic systems, it is essentially necessary to look for more explicit estimates of
z1(+). We have the following lemma.

Lemma 4 Let p(-) and P(-) are solutions of (16) and (17), respectively. Then we have

T T
T T
E/o Przafo(ut) —o(u)dt = - /0 P(o(uf) — o(u)?dt + o(e), (19)

T T
E/ p(b=(u®) = bz(u))z1dt = —E/ Py (b(w®) = b(w)(o(u®) = o(u))dt +o(e).  (20)
0 0

Proof In what follows, we take several steps to prove the lemma (for simplification we omit

the time subscript ¢ in some places). Firstly, we introduce a process ¢(t) such that

t
o(t) = / Py Pra1dB(s),
0

@ Springer
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where Py(-) satisfies

APy(t) = — (by _ :ay) Po(t)di — b;Po(t)dB(t),
Py(0) =1,

and it is obvious that Py '(-) exists and Py(-), Py '(-) € L%(0,T;R). Note that ¢(0) = 0 and
y1(T) = 0. Using It6 formula to ¢(t)y1(t), we have

deyr =[pbyyr + pbzz1 + @(b(u”) — b(u))
+ 0y Py Pyyizy 4 Py P22 4+ Pyt Pyzi(o(uf) — o(u))]dt
+lpoyyn + ova+ (o (u) — o(u)) + By ' Pyyiz1dB(t). (21)

Set Y (t) = ¢(t)y1(t) and Z(t) = p(t)z1(¢t). Then (21) can be rewritten as

dY =[b,Y +b.Z + p(b(u) — b(w)) + oy Py ' Pyy121
+ Py Pz 4+ Pyt Pz (o(uf) — o(u))]dt
T [0yY 77 + pl0(u) — o(u)) + Py Prynaa)dB().

Using It6 formula to Py(¢)Y (t) and taking expectation, we get
T
E / [Pob,Y + Pob. Z + Pop(b(us) — blu))]dt
0

T
+E / [Poyyyrz1 + Py2zi + Pyzi(o(u®) — o(u))]dt
0

T b
+E/ —(by— ;ay>P0Ydt

T
b, b,
+E/ { P,y + " "Rz + " Poplo(u) = ofw) | di
0
b
+ E/ * Pyy1z1dt = 0. (22)
0 Y
Note that
Ty
E ZPoga ©) —o(u))dt

E

o—

i 7po(/ Pl Pyz1dB(s ))( (uF) — o(u))dt

t T
<E| sup /Po_lpvzldB(s)/o bZPo(a(us)—a(u))dt

0<t<T

[ —

/ Pyp(d —b(u))dt = o(e).

@ Springer
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Then by (22), we can obtain (18). Secondly, we introduce the following process

o) = [ P P(ou) - a()dBs).
0
Using It6 formula to ¢(t)yi(t), we have

doyr =[pbyyr + ¢b.z1 + ¢(b(u®) — b(u))
T P Poyy(o(u®) — o(u) + By Pya(o(ud) — ofu)
+ Py P(o(uf) — a(u))?]dt + [poyyr + ¢yzr + d(o(uf) — o(u))
+ Py ' Pyi(o(u®) — o(w))]dB(t). (23)
Set Y (t) = ¢(t)y1(t) and Z(t) = ¢(t)z1(t). Then (23) can be rewritten as
dYy :[by}N/ +b,7 + d(b(u®) — b(w)) + o, Py  Pyr (o(u®) — o(u))
+ Pglpvzl(a(us) —o(u)) + PJIP(U(uE) —o(u))?]dt
+loyY +7Z + ¢(o(u) — o(w) + Py ' Pyr(o(uf) — o(u))]dB(2).

Using It6 formula to Py(¢)Y (t) and taking expectation, we have
T ~ ~
E / [PobyV + Pob.Z + Poo(b(u®) — b(u))]dt
0

T
+ E/ [Poyyi(o(u®) — o(u)) + Pyzi(o(u”) — o(u))
0
T

+ P(o(uf) — o(u)2dt + ]E/O _ (by _ b;ay>P01~/dt

T
b < b = b
+E / - { Poo,V + 2 Py 7 + U Pl (uf) U(u))] it
0 v aé aé

r bZ —1 5 _
+ IE/O =By Panlo(u?) - otu))d = 0. (24)
Note that
T . Ty, .
E/O Pyp(b(u®) — b(u))dt = o(e), E/O - Pyp(o(u®) — o(u))dt = o(e),
T

T
E/O —I:Po_lpyl (o(u®) — o(u))dt = o(e), ]E/O Poyyi(o(u®) — o(u))dt = oe).

From (24), we obtain (19). Finally, we introduce the process

b(t) = / By (b(u®) — b(u))dB(s).

Then using the same method as the proof of (18) and (19), we get

T T
E/O pb=(u®) = bz(u))z1dt = —]E/O Py~ H(b(u®) = b(w)) (o (u) = o(u))dt + ofe),
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1516 WU SHUANG - SHU LAN

which is (20). We omit the details.
Now we define the Hamilton function as

H(y, 2 0,p) = U(y.v) +p(b<y, 2v) - bz(y’j’”)a(y, v>)

and state the main result of this paper.
Theorem 2 (stochastic mazimum principle) Let (3) and (4) hold. Suppose that (y(-), z(-), u(-))

is a solution of the optimal control problem, then we have

x[o(y(r),v) —a(y(r), u(r))]
+;P(T)(U(y(T),U) —o(y(t),u(r))? >0, YoeU ae., as.,
where p(-) and P(-) are solutions of (16) and (17), respectively.

Proof Applying It6 formula to p(t)y1(t) and p(t)y2(t), taking expectation and by Lemma 1,
we have

T
Ehy (5(0))y1 (0) + E / Lyt

bz

.
—_E / p|(b(u) ~ b(w) -

(o(uf) - a<u>>] i, (25)

T
Ehy (y(0))y2(0) + E / 1 yadt

T -
:E/O p _;byy(yl(t))z + byzyl(t)zl(t)

Tp
+ (by(u®) = b.(u))z1 (t)] dt — E/O 2;payy (v (t))zdt + o(e). (26)
Note that

dyt =[(op 4 2by)yi + 7727 + (207 + 2b)y1 21
+ 20y (b(u®) = b(w))yr + 2y(0(u®) — o(w))21 + (0(u®) — o(u))?]dt
+ 20,91 + 20,vy121 + 2(0(u®) — o (u))y1]dB(t).

Applying It6 formula to P(¢)(y;1(t))? and taking expectation, we get
T
Bhu (O} +E [ [Py%32 + 2Pa(o(u) - ofu))a1)ds
0
T b T
_IE)/ ( — 0oy + z)P’yylzldt + IE/ 2pbyy1z1dt
0 v 0

T T
b
—HE/ (pbyy —-p y Oyy + lyy)yfdt + E/ P(o(uf) — o(u))?dt = 0. (27)
0 0

@ Springer



A MAXIMUM PRINCIPLE 1517

By (25), (26), (27) and Lemma 4, the variational inequality (15) can be rewritten as

5 [ Tp[w(zf) b)) -

(o) - a(u»} i

T
g / Py (b(u?) — b)) (o (u®) — o (u))dt

2 Jo
1 T < 2 T ey _
—|—2E/0 Plo(u®) — o(u)) dt—I—IE/O (I(u®) = I(w))dt > o(e).

This gives the maximum principle immediately.
We discuss a special case: ¢ = 0, v = 1. Now (1) is reduced to the following standard
BSDE
dy(t) = b(y(t),z(t),v(t)) dt + z(t)dB(t),
y(T) = ¢,

and the cost functional is given by (2). In this special case, In this special case, the second-order

(28)

adjoint equation (17) is not necessary. By virtue of first-order adjoint equation (16), we can
easily obtain the following result.

Proposition 1  Suppose u(-) is an optimal control subject to (28) and (2), then we have
H(y(r),2(7),v,p(7)) — H(y(7),2(7),u(7),p(1)) 20, Yo €U, ae., as,

where
H(y, z,v,p) = l(y,v) + pb(y, 2,v)
and p(-) satisfies
{ dp(t) = (=byp(t) — ly)dt — b.p(t)dB(t),
p(0) = —hy(y(0)).

5 Conclusions

In this paper, we have discussed the stochastic control problem for a kind of general BSDE. A
necessary condition for optimality called maximum principle is obtained based on the variation
and duality method. Compared with the forward maximum principle, the backward maxi-
mum principle contains a covariant term —1/2p(7)y(7) " [b(y(7), 2(7),v) — b(y (1), 2(7), u(7))] -
[o(y(7),v) —o(y(T),u(r))] that cannot be found in the forward maximum principle. Moreover,
if we replace the diffusion coefficient o (y(t),v(t)) + v(¢)z(t) of (1) with a more general term
o(y(t), z(t),v(t)), we will meet some trouble because the second-order adjoint equation (6) in
this case will contain 1/20,,22dB(t), and we are not sure whether 1/20,,22dB(t) is well-defined
because we only know z1(-) € L%(0,T;R) other than L%(0,7;R). This is the main reason that
we only consider the case that diffusion coefficient is linear with respect to z(t). It is remarkable
that Lemma 4 plays an important role on our maximum principle, and we can extend this result
to multidimensional systems whenever we impose some heavy assumptions on the derivatives of
the coefficients. We hope this paper will serve as a stimulus to the study of backward stochastic

control systems.
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