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Abstract This paper studies the optimal investment problem for an insurer and a reinsurer. The
basic claim process is assumed to follow a Brownian motion with drift and the insurer can purchase
proportional reinsurance from the reinsurer. The insurer and the reinsurer are allowed to invest in
a risk-free asset and a risky asset. Moreover, the authors consider the correlation between the claim
process and the price process of the risky asset. The authors first study the optimization problem of
maximizing the expected exponential utility of terminal wealth for the insurer. Then with the optimal
reinsurance strategy chosen by the insurer, the authors consider two optimization problems for the
reinsurer: The problem of maximizing the expected exponential utility of terminal wealth and the
problem of minimizing the ruin probability. By solving the corresponding Hamilton-Jacobi-Bellman
equations, the authors derive the optimal reinsurance and investment strategies, explicitly. Finally, the

authors illustrate the equality of the reinsurer’s optimal investment strategies under the two cases.

Keywords Hamilton-Jacobi-Bellman equation, optimal reinsurance and investment strategies, pro-

portional reinsurance, ruin probability, utility maximization.

1 Introduction

Since insurance companies are allowed to invest in the financial market, lots of researches
study the investment problem for an insurer. Among these researches, the main investment
objectives are ruin probability minimization and expected utility maximization. For example,
Hipp and Plum! considered the optimal investment problem for an insurer whose risk pro-
cess modelled as a compound Poisson process in the sense of minimizing the ruin probability.
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INVESTMENT PROBLEM FOR INSURER AND REINSURER 1327

Schmidlil? used a claim process that followed a Brownian motion with drift and obtained the
optimal reinsurance strategy to minimize the ruin probability. Promislow and Young®! dis-
cussed the problem of ruin probability minimization subject to both proportional reinsurance
and investment strategies. Li and Wul* investigated the upper bound for finite-time ruin prob-
ability of an insurer in a Markov-modulated market. Liang and Guol® focused on the optimal
proportional reinsurance and investment problem in the Sparre Andersen model and derived
the explicit expression of the ruin probability or its lower bound when the claim sizes were ex-
ponentially. Yang and Zhang!® studied an insurer’s investment problem of exponential utility
maximization with jump-diffusion risk process. Wang!” obtained the optimal investment strat-
egy for an insurer who was allowed to invest in multiple risky assets in the sense of maximizing
the exponential utility of his/her reserve at a future time. Cao and Wan(®! considered the opti-
mal reinsurance and investment problem of maximizing the expected utility of terminal wealth
and gave the results for exponential and power utility functions. Bai and Guol® discussed the
optimal excess-of-loss reinsurance and multidimensional portfolio selection problem. Liang, et
al.['% derived the optimal proportional reinsurance and investment strategies in a stock market
with Ornstein-Uhlenbeck process. Liang and Bayraktar!*!l investigated the optimal reinsurance
and investment problem in an unobservable Markov-modulated compound Poisson risk model,
where the intensity and jump size distribution were not known but had to be inferred from
the observations of claim arrivals. Besides the objectives of ruin probability minimization and
expected utility maximization, Bai and Zhang!'?, Bi, et al.l'3l, Zeng and Lil*¥, Li and Lil*%]
studied the optimal reinsurance and investment problem for an insurer under the mean-variance
criterion. Moreover, some researchers introduced stochastic volatility models into the optimal
reinsurance and investment problem, see, Gu, et al.'®) Lin and Lil'”, Liang, et al.'®!, Gu, et
al.19 Li, et al.29, Zhao, et al.2Y and the references therein.

However, large numbers of articles only consider the optimization problem for an insurer.
Actually, the management of the reinsurer is also meaningful. Thus, we focus on the optimal
investment problem for an insurer and a reinsurer. In our model, the basic claim process is
assumed to follow a Brownian motion with drift. The insurer can purchase proportional reinsur-
ance from the reinsurer and both the insurer and the reinsurer are allowed to invest in a risk-free
asset and a risky asset. Moreover, we consider the correlation between the claim process and the
price process of the risky asset. The effect of the net profit on proportional reinsurance is also
taken into account. Firstly, we consider the optimization problem of maximizing the insurer’s
expected exponential utility of terminal wealth. By solving the corresponding Hamilton-Jacobi-
Bellman (HJB) equation, we derive the optimal reinsurance and investment strategies of the
insurer, explicitly. Then according to the insurer’s optimal reinsurance strategy, the reinsurer
chooses the optimal investment strategy, i.e., the reinsurer increases his/her wealth via invest-
ment. Here, we consider two optimal investment problems for the reinsurer: The problem of
maximizing the expected exponential utility of terminal wealth and the problem of minimizing
the ruin probability. Furthermore, we obtain the optimal investment strategies of the reinsurer.
Finally, since Brownel?2l, Bai and Guo[?3! both found that maximizing the expected exponen-

tial utility of terminal wealth and minimizing the ruin probability produced strategies with the
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1328 LI DANPING - RONG XIMIN - ZHAO HUI

same type for zero interest rate. We examine the equality of the reinsurer’s optimal investment
strategies under the two cases. The model we study in this paper has some practical meaning.
In reality, the insurer usually plays a leading role. If the optimal reinsurance strategy of the
insurer is smaller than that of the reinsurer, the reinsurer will accept the optimal reinsurance
strategy chosen by the insurer, while in the opposite case, the reinsurer may not have enough
economic strength to undertake the optimal reinsurance strategy chosen by the insurer, then
the reinsurer will try to make more profits from investment, all of which can be described by
our model.

The paper proceeds as follows. In Section 2, we introduce the formulation of the model.
Section 3 provides the optimal proportional reinsurance and investment problem of maximizing
expected exponential utility of terminal wealth for an insurer. In Section 4, with the optimal
proportional reinsurance which has been obtained in Section 3, we derive the optimal investment
strategies for a reinsurer in the sense of maximizing the expected exponential utility of terminal
wealth and minimizing the ruin probability. Then we illustrate the equality between the two

results. Section 5 concludes the paper.

2 Model Formulation

Consider a filtered complete probability space (£2,F,{F;}iepo0,1), P) satisfying the usual
condition, where {F;}icjo,r] is a filtration with 7 = Fr, and T is a fixed and finite time
horizon. All stochastic processes introduced below are supposed to be adapted processes in this
space.

In this paper, we model the claim process C(t) according to a Brownian motion with drift

dC/(t) = adt — bdWy(t), (1)

where a and b are positive constants. Wy(t) is a standard Brownian motion defined on
(2, F,{Fi}epo,m), P). Suppose that the premium is paid continuously at a constant rate
¢ = (1 4+ 0)a with the safety loading of the insurer § > 0. According to Equation (1), the

surplus process of an insurer is given by
dR(t) = cdt — dC(t) = afdt + bdWy(t).

We assume that the insurer can purchase proportional reinsurance to reduce the underlying
insurance risk and p(t) represents the proportion reinsured at time ¢. Considering the propor-

tional reinsurance, the surplus processes of the insurer and the reinsurer are

dRy(t) = (6 — np(t))adt + b(1 — p(t))dWo(t),
dRy(t) = np(t)adt + bp(t)dWo(t),
where 1 > 6 represents the safety loading of the reinsurer. The net profit of the insurer is

(1+6)a— (1+n)p(t)a— (1 —p(t))a and that of the reinsurer is (1 + n)p(t)a — p(t)a. Since the
net profits of the insurer and the reinsurer are positive, p(t) satisfies 0 < p(t) < ?7 < 1.
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INVESTMENT PROBLEM FOR INSURER AND REINSURER 1329

We consider a financial market consisting of a risk-free asset with the price process So(t)
given by
dS(](t) = ’I“So(t)dt, So(O) =1

and a risky asset with the price process S(t) described by
dS(t) = S(t) (pdt + cdW (t)),

where r is the interest rate, u, o denote the appreciation rate and volatility of the risky asset’s
price process. W (t) is another standard Brownian motion defined on (£2, F, { ¥ }1ep0,17, P) and
cov[Wy(t), W(t)] = pot. As usual, we assume that p > r.

Suppose that the insurer and the reinsurer are allowed to invest their surplus in the financial
market. Let m1(¢), m2(t) represent the amounts invested in the risky asset by the insurer and
the reinsurer at time ¢, respectively. Corresponding to the reinsurance and investment, the

surplus processes of the insurer and the reinsurer X (¢) and Y (¢) are

AX(8) = [PX(1) + ma(O)( — ) + (6 — np(®))aldt + w1 (Do dW (1) + b(L — p(t))dWo (1), (2)
dY (t) = [rY (t) + m2(t) (. — ) + np(t)aldt + w2 (t)odW (t) + bp(t)dWo(t). (3)
(p(t),m1(t)) and ma(t) are said to be admissible if they are {F;};e[o,rj-progressively mea-

surable and satisfy (p(t),m(¢t)) € IIy, 71'2() € I, where I = {(p(t),m1(t)) : 0 < p(t) <
fo m1(t))%dt] < oo} and Il = {m(t) fo ma(t))%dt] < oo}.

3 Maximizing the Utility Function for the Insurer
Suppose that the insurer has a utility function U;(x) which is strictly concave and contin-
uously differentiable on (—o0,00). In this section, we try to find a strategy (p(t),71(t)) that

maximizes the expected utility of the insurer’s terminal wealth, i.e.,

52, B XD

The corresponding HJB equation associated with the optimization problem is

Vi+ sup {[m +mi(p—r)+al@—np)|Vs
(p,m1)€Il

+; [J 7r1 + b2( )2 + 20mb(1l — p)po} Vm} =0 (4)

with V(T,z) = Uy (x) and V;,V,, V., denote partial derivatives of the first and second orders
with respect to (w.r.t.) ¢ and x.

The first order maximizing condition for the optimal investment strategy is

_ . 1—
Tq:—’u T' Vi _pr( p) (5)

o2 Vi o

Putting Equation (5) into HJB equation (4), after simplification, we have
bpo(1l — - b2 (1 —p)*(1 — p3 —r)? V2
VitraVi+adVy—apyv,— P00 P =)y, 0 p)2( )y (u2 27“) Ve
g g Tx
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1330 LI DANPING - RONG XIMIN - ZHAO HUI

with V(T,z) = Ui (z).
Differentiating w.r.t. p(¢) in Equation (6) gives

aon —bpo(p —1) Vi )

0
=1 . .
p + b2o(1 — p2) Viea

If0 < p°(t) < f’, the optimal reinsurance proportion p*(¢) coincides with p®(¢). If p°(¢) < 0,

we simply let p*(¢) be 0. And if p°(t) > 797’ we set p*(t) = 797'

Assume that the insurer has an exponential utility function U;(x)
1 —mi1x
Ul(il,'):— e M my > 0, (8)
mia

which has a constant absolute risk aversion parameter m; and plays an important role in
insurance mathematics and actuarial practice.

By applying stochastic control theory, we can derive the optimal reinsurance and invest-
ment strategies and the corresponding value function when maximizing the insurer’s expected
exponential utility of terminal wealth, which are given in the following theorem. Details are

shown in Appendix.

Theorem 3.1 When mazimizing the expected exponential utility of terminal wealth, the
optimal reinsurance and investment strategies and the corresponding value function of the in-

surer are as follows:

aon—bpo(u—r) T lacn—bpo (p—1)]n
1) If b2m10(017pg) >1 ande™ > bgmlo'(lfopg)(nfe)’

strategies are

the optimal reinsurance and investment

0
) 0<t<ty,
n
)y =4 1 0n- bpo(p — ) eTT=0 o<t <t
b2mio(1 — p?) ’ - ’
0, t1<t<T,
- b -0
KT e po(n ), 0<t<to,
g m an
—r(T—t) _ —bo2(y —
sy ) e p—r  apoon —bpg(p —1)
Tt = . . to <t <t
1(t) o2 my mab(1 — p2) 0= 1
b Tgmrrmn 0, h<t<T,
g mq g

and the value function is given by Equation (34).

aon—bpo(p—r) aon—bpo(p—r) T [aon—bpo (p—7)]n
2) If i1 ipg) > L and T 0T SO S o0 ) )

and tnvestment strategies are

the optimal reinsurance

_ a0 =bpo(p —7) _y(ry)

0<t<ty,
b2mio(1 - p3) '

pi(t) =
07 tl S t S Ta
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—r(T—t) _ _ 2 o
e p—r _apoon bPo(MZ r) L 0<t<t,
. o2 m ma1b(1 — p3)
i (t) = b
= refr(Tft) _ va th <t< T,

o2my o
and the value function is given in Equation (38).

3) If ab‘;’;l;”(ol(f p_[%g) > 1 and " < ab‘;’;l;”(ol(f p_[%g), the optimal reinsurance and investment

strategies are

p(t)=0, 0<t<T,

- b
wi(t) =, e o

9 0<t<T
g mq g

? 3

and the value function is given by Equation (39).

-0 —bpo(u— —bpo(p— , ,
4) If "7 < ab[;%lﬁol(fpgg) <1andeT > bgjg?a(ﬁ,g’g)(;ﬂg), the optimal reinsurance and

mvestment strategies are

0
) 0 <t< tl;
P = aon — bpo(p — 1)
1 TP (=t << T,
b*myo(1 = pg)
— b -0
1T - bPoln = 6), 0<t<t,
o2my on
m (t) - —r(T—t) b 2( )
¢ frer_aped Po/é " , 1 <t <T,
o2 my m1b(1 — p§)

and the value function is given in Equation (40).
-0 —bpo(pu— —bpo(p— . ,
5) If "7 < ab[;%lﬁol(fpgg) <1andeT < bgjg?a(ﬁ,g’g)(;ﬂg), the optimal reinsurance and
investment strategies are

aon =bpo(n =) -0
b*myo(1 - pj) 7

e T T —r apoon —bpg(p— 1)
o2 m mib(1 — p3) ’

pr(t)=1- 0<t<T,

mi(t) = 0<t<T,

and the value function is given by Equation (43).
6) If agn—bpo(u=r) < 10 4pe optimal reinsurance and investment strategies are

b?mio(1-p3) — n
. 0
prt)= _, 0<t<T,
n
(1) = MQ— T or(@—t) _ bpo(n — 9), 0<t<T
g“mq an

and the value function is given in Equation (44).

The proof can be seen in the appendix.
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1332 LI DANPING - RONG XIMIN - ZHAO HUI

4 Optimal Investment Problems for the Reinsurer Under Two Cases

In reality, the insurer usually plays a leading role. Through the similar method, we can also
derive the optimal reinsurance strategy of the reinsurer. If the optimal reinsurance strategy of
the insurer is smaller than that of the reinsurer, the reinsurer will accept the optimal reinsurance
strategy chosen by the insurer, while in the opposite case, the reinsurer may not have enough
economic strength to undertake the optimal reinsurance strategy chosen by the insurer, then
the reinsurer will try to make more profits from investment. In this section, with the optimal
reinsurance strategy of the insurer, we consider two optimization problems for the reinsurer:
The problem of maximizing the expected exponential utility of terminal wealth and the problem

of minimizing the ruin probability.
4.1 Maximizing the Expected Exponential Utility of Terminal Wealth

In this subsection, we will find the optimal investment strategy in the case of maximizing
the reinsurer’s expected exponential utility of terminal wealth. Suppose that the reinsurer has
a utility function Us(y) which is strictly concave and continuously differentiable on (—o0, 00).
The objective of this problem is to find the optimal value function

max E[Us(Y (T))].

T €1l

The corresponding HJB equation is

1
H;+ sup {[ry + mo(p —r) + ap™n]|Hy + 5 [0272 + b%(p*)* + ZUwap*pO]Hyy} =0 (9
mo €12
with H(T,y) = Us(y), where H;, H,, H,, denote partial derivatives of the first and second
orders w.r.t. ¢t and y.
The first order maximizing condition for the optimal investment strategy of the reinsurer is
«_ W=7 Hy bp*po

_ 10
7T2 0_2 Hyy o ( )

Plugging Equation (10) into HJB equation (9) yields

Y vy -

H H *H, — -
¢ Yty anp Hy o 2 202 Hy,

with H(T,y) = Ua(y).

Suppose that the reinsurer also has an exponential utility function Us(y)

1
Us(y) = T e MY mgy > 0. (12)

Following the exponential utility function described by Equation (12), we assume that the

solution to Equation (11) has the following form

1 T —t
Hity) =~ e 0o (13)
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with the boundary condition given by g(T") = 0.
Then

Hy = (marye™ ™= 4 g)H, H,=-—mee"TYH, H,, =m3e*>T-VH,

where g; denotes the derivative of g(t) w.r.t. t.
Now we try to find the solution to Equation (11) and recover mj(t) from derivatives of
H(t,y) for different reinsurance proportion.
If p*(t) = p°(t), Equation (11) is simplified into
Hy + ryH, + [1 _aon —bpo(p—r1) er(Tt):| anH,
Bmao (1L )

_ g bpo(p — 1) o T(T=t) | . bpo(p — ) Hy
b2myo(1 — p3) o

2
Lo aen=beolu =) o)) UL = p0)Hyy _ (n=1)* Hy (14)
b2myo(1 — p3) 2 202 Hy,, ’
it p*(t) = 0, Equation (11) becomes
(p—mr)* Hj
H H, - . =0 15
t + Ty Yy 202 Hyy 9 ( )
and if p*(t) = z, Equation (11) is transformed into
bpof(i— ) b260%(1 - p) (w—mr)? Hj
H; +ryH, + a0H, — on H, + 202 Hy, — 0 H " 0. (16)

The procedures of solving Equations (14)-(16) are similar to those for an insurer in Section 3,
so we omit them here.

From the above analysis, we propose the optimal investment strategies of the reinsurer
who aims to maximize the expected exponential utility of terminal wealth with the optimal
reinsurance strategy of the insurer in the following theorem.

Theorem 4.1 According to the optimal reinsurance strategy chosen by the insurer, the
optimal investment strategy of the reinsurer in the sense of maximizing the expected exponential
utility of terminal wealth is given as follows:

1) If the optimal reinsurance proportion of the insurer is p*(t) = p°(t), then

eI Ty —rapoon —bpi(n—7)]  bpo

f(t) = -
m3(t) o2 mo + mib(1 — p2) o

2) If p*(t) = 0, we have

m(t) = e,

3) If p*(t) = ?7’ the reinsurer’s optimal investment strateqy is

m3(t) =

@ Springer



1334 LI DANPING - RONG XIMIN - ZHAO HUI

Proof 1) If p*(t) = p°(t), from Equations (10) and (13), we obtain

o M Heo bpTpo
2 o2 Hg, o

p—r e "(T—1) _bpo [ _aon —bpo(p —) o= (T—1)

o2 —ma o b2m10(1 - p(2))
e—T(T—1) H—r apoon — bP%(M —) _ bpo
o2 mo m1b(1 - p7) o

2) If p*(t) = 0, according to Equations (10) and (13), we derive

3= _p=r He  bptpo . p—7 e (=0 _ BT Tty

o2  Hg, o o2 —ma o2mey

3) If p*(t) = f], from Equations (10) and (13), we have

. m—r Hy bp'po  p—r e T bpd  p—r —r(r—t) _ bpof
T = — : — = - — = e - :
o2 Hg, o o2 —ma on o2mey on

The proof is completed.
4.2 Minimizing the Ruin Probability

In this subsection, we want to find the reinsurer’s optimal investment strategy in the sense
of minimizing the ruin probability with the optimal reinsurance strategy of the insurer. Let
77 = inf{t : Y(¢) < 0} be the first time when the surplus process of the reinsurer becomes
negative. Since the underlying risk model is a Brownian motion with drift, it is known that
7™ = inf{¢ : Y'(t) = 0} with probability 1. Denote the ruin probability, given the initial reserve
y, by

9™ (y) = P(7™ < ool¥p = y),

and the minimum ruin probability by
¢y) = inf §™2(y).

¢(y) is convex and decreasing on y € (0,00). Our goal is to find the minimum ruin probability
#(y) and the optimal investment strategy 5 (t) such that ¢(y) = ¢ (y).
To solve the above problem, we consider the following HJB equation

. 1
min {[ry + ma(p — ) + ap*nle, + 5 (0272 + b?(p*)? + 2a7r2bp*p0]¢yy} =0 (17
T2 2

with the boundary conditions ¢(0) = 1 and ¢(co0) = 0.
Assume that there exists a solution ¢ satisfying ¢, < 0, ¢, > 0 on the interval y € (0, co)
and ¢(0) =1, ¢(o0) = 0. Differentiating w.r.t. m2(¢) in Equation (17), we obtain

p—r ¢y bpop”

2 gy - (18)

Ty = —
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Introducing Equation (18) into HJB equation (17), after simplification, we have

bpop*(au—r)d) bg(p*)Zél —pg)%y (a2 ey 0 (19)

rYdy + ap*ne, — +
Y Yy Yy 20_2 ¢yy

with ¢(0) = 1, ¢(c0) = 0.
From the surplus process of the reinsurer (3), we find that when p*(t) = 0, m2(¢) = 0 and
y > 0, the ruin of the reinsurer will not occur, that is ¢(y) = 0. So in the following part, we
derive the explicit expressions for ¢(y) in the cases that p*(t) = p°(¢) and p*(t) = f’.
If p*(t) = p°(t), Equation (19) is simplified into

bpo(p — 1) (aon = bpo(p —1))* _, 1
Ty(by + C”7¢y - o (bll - m1b20_2(1 o p(Q)) e (T t)¢y
2
L[y aon=beolu=1) )] A=)y (=1 Gy (20)
b2mio(1 — p3) 2 202 dyy

with the boundary conditions ¢(0) = 1 and ¢(c0) = 0. Set hi(y) = f}i, from Equation (20)

we derive

(n—r)?
202 h

2
. [1 _aon — bpo (1 — T)e—r(T—t):| b*(1 = pf) —0.

bpo(pe — 7 aon —bpo(p —r 277, _
1(y)* - [ryﬂm— (U - m1b202(1(—p(2)))) e 01 hy(y)

b2myo(1 — p3) 2
o bpolys — 1) _ (aom — bpo(yt — 1))?
_ polp — 7 aon — opolp — T —r(T—t)
Ny — _ _
L=Tyan o mib202(1 — p3) ¢
and due to ¢, < 0, ¢y, > 0, we obtain
2N, — 2\/N2 b2 (p—7)2(1-p3)(p°)?
m =" VT e (21)
(b —r)?

and then we derive

Ply) =c1+e /Oy exp (/0 hll(s) ds) dz.

In terms of the boundary conditions ¢(0) = 1, ¢(c0) = 0, we have ¢; = 1 and

1
[ exp (f(z) hll(s) ds) dz

If p*(t) = 797’ Equation (19) is transformed into

Cy = —

bpof(n—r) ,  b*6*(1—pd) (n—r)? ¢
b — _ . = 22
rYdy + abo, o by + 2 byy 22 ¢y, 0 (22)

?v and we obtain

with the boundary conditions ¢(0) = 1 and ¢(c0) = 0. Similarly, set ha(y) = s

bpob(p — 1) ha(y) — b?6*(1 — pg)

=0.
on 2n?

2
(i ;) ha(y)? — |ry + af —

20
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1336 LI DANPING - RONG XIMIN - ZHAO HUI

Let
bpod(p — 1)

an

No=ry+ab —

and due to ¢, <0, ¢yy > 0, we derive

ha(y)

0'2N2 _ 0'2\/N22 + b292(l‘_r)2(1_l~7%)
- (e (23)

o2n?2
— 7“)2

P(y) =c3+ca /0?/ exp (/Oz h21(8) ds) dz.

Considering the boundary conditions ¢(0) = 1, ¢(c0) = 0, we have ¢z = 1 and
1

Jo exp (f(z) hzl(s) ds) dz

Finally, the following theorem summarizes the above analysis.

and

Cqy = —

Theorem 4.2 According to the optimal reinsurance strategy chosen by the insurer, the
optimal investment strategy of the reinsurer in the sense of minimizing the ruin probability is
as follows:

1) If the optimal reinsurance proportion of the insurer is p*(t) = p°(t), then

T

) — b [1 = 970 00 ) ).
g

where hy(y) is given in Equation (21).
2) If p*(t) = 0, we have w3(y) = 0.
3) If pr(t) = f], the reinsurer’s optimal investment strategy is

. p—r bpot
7T2(y) = o2 hQ(y) - on )

where ha(y) is given by Equation (23).

Proof 1) If p*(t) = p%(t), according to Equations (18) and (21), we obtain

w6y bom
2 o2 Oy o
= aon —bpo(p —7) .-
=— h —b 1-— n(T=0
o2 1(y) PoO b2m10(1 o p(Q)) €

2) From Equation (3), we find that if p*(¢) = 0, m2(y) = 0 and y > 0, the ruin of the
reinsurer will not occur, so 73 (y) = 0.

3) If p*(t) = ?7’ according to Equations (18) and (23), we derive

 n—r 6, bp'po

Ty =

02 oy o
_ p=r _ bpot
= 0_2 hg(y) 0'77 .

The proof is completed.
@ Springer



INVESTMENT PROBLEM FOR INSURER AND REINSURER 1337

4.3 The Equality of the Reinsurer’s Optimal Investment Strategies Under the
Two Cases

22l Bai and Guol®® both found that with zero interest rate, the insurer’s opti-

Brownel
mal investment strategy that maximized the expected exponential utility of terminal wealth
also minimized the ruin probability. We now examine the equality of the reinsurer’s optimal
investment strategies under these two cases when there is no risk-free asset.

For the reason that when reinsurance proportion p*(t) = 0, m5(y) = 0 for y > 0 and the

minimum ruin probability is ¢(y) = 0. Thus, this subsection only shows the equality of the
0
e
If r = 0, for p*(t) = p°(¢), the optimal investment strategy of the reinsurer in the sense of

reinsurer’s optimal investment strategies when p*(t) = p°(¢) and p*(¢) =

maximizing the expected exponential utility of terminal wealth is

*(t) _ 0_2/:'L7l o bpoi_()(t) (24)

and that of minimizing the ruin probability is

= 25
T2 o2 o ) ( )
where
aon — bpop bpop  (aon — bpop)?
po(t): 9 2\ 7 Nl:an_ - ( 2 92 )25
b2>myo(1 — pg) o m1b?202(1 — pg)
\ 02N, — 02\/N12 + bzuz(lggﬁ)(po)z
1= 9 .
7
Let mg = — hll, we see that Equations (24) and (25) are equivalent.

For p*(t) = ?7’ the optimal investment strategy of the reinsurer in the sense of maximizing

the expected exponential utility of terminal wealth and minimizing the ruin probability are

t) = — 26
7T2( ) 02m2 on ) ( )
* 1% bP09
t)y=—"_hs— 27
T == Lyha =, (21)
where
2
bood 52N, — o2 \/ N2+ b202(u;§7);(1*/)o)
N2 =af — y hQ = 2 .
on (n—=7)
Let mg = — hlz, we find that Equations (26) and (27) are equivalent.

For r # 0, there is no equality between the reinsurer’s optimal investment strategies under
the two cases. Because if r # 0, the optimal investment strategy which considers maximizing
the expected exponential utility of terminal wealth is related to the time ¢, on the other hand,
the optimal investment strategy that minimizes the ruin probability is related to the wealth of

the reinsurer.
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5 Conclusion

In this paper, we focus on the optimal reinsurance and investment problem for an insurer
and a reinsurer. In our model, the basic claim process is assumed to follow a Brownian motion
with drift. The insurer can purchase proportional reinsurance from the reinsurer and both the
insurer and the reinsurer are allowed to invest in a risk-free asset and a risky asset. Moreover,
we consider the correlation between the claim process and the price process of the risky asset.
The effect of the net profit on proportional reinsurance is also taken into account. Firstly, we
consider the optimization problem of maximizing the insurer’s expected exponential utility of
terminal wealth. By solving the corresponding HJB equation, we derive the optimal reinsurance
and investment strategies of the insurer, explicitly. Then according to the insurer’s optimal
reinsurance strategy, the reinsurer chooses the optimal investment strategy, i.e., the reinsurer
increases his/her wealth via investment. We consider two optimal investment problems for the
reinsurer: the problem of maximizing the expected exponential utility of terminal wealth and
the problem of minimizing the ruin probability. Furthermore, we obtain the optimal investment
strategies of the reinsurer. Finally, we find that, with zero interest rate, the optimal strategies

of the reinsurer under two cases are equivalent.
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Appendix

Proof of Theorem 3.1 According to the exponential utility function described by Equation
(8), we try to obtain the solution to Equation (6) in the following way

1 r(T—t
V(t,x) _ _ml e~ mze T=4 1 (t) (28)

with the boundary condition given by f(T") = 0.
Then

V;f = (mlrxer(Tit) + ft)va Va: = _mler(Tit)Vvv Vzw = m%QQT(Tit)Va
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where f; denotes the derivative of f(t) w.r.t. t.
From Equations (7) and (28), the corresponding p°(t) is given by

0 aon — bpo(p — ) —r(T—t)
pPt) =1— ) 29
®) b2myo(1 — p3) ¢ (29)

If 29n—bro(k=r) - 0 Equation (29) shows that p°(t) € [0, z] is equivalent to

b2myo(1—p3)

1 — bpol(p —
p<ty = — L1y @ beoln QT),

T b2mio(1 — p§)

1 — bpolp —
tsto=T- 'm gcwn Po(/; iU

r b?Pmio(l—pg)(n—0)

Now we find the solution to Equation (6) and recover p*(t), 75 (¢) from derivatives of V (¢, x).

aon—bpo(pn—r)
Case 1 b2myo(1—p2) > 1.

1) Ifer? > béﬁ?;ﬁ@égi;ﬂg) and t; <t < T, we have p°(t) < 0. So p*(t) = 0 and Equation
0

(6) is transformed into

_ 201 2 )2 2
o 2 202 Vg;g;
When to < t < t, p°(t) € [0, f’], then p*(t) = p°(t). Equation (6) becomes
_ )2 2 b _ 2 2

202 Ve 202b2(1 — p2) Ve
And when 0 < t < ty, we obtain p°(t) > ?7' Let p*(t) = 797’ Equation (6) is simplified into

bpo(n —O) (=), . b?(n —60)*(1 — pj)
on * 2n?

Equations (30)—(32) can be solved by the same procedure and we demonstrate the procedure

(w—r)? V2

. =0. 2
202 Via 0 (32)

Vi+raVy, — Vaz —

with Equation (30) only. Introducing V;, V,, V,, into Equation (30), we obtain
2,2 2 2
ft _ |:am19 _ bPOml (/14 - 7”):| er(Tit) 4 b ml(; - Po)e2t(T7t) _ (/1’2_ ;) —0. (33)
o o

Considering the boundary condition f(T") = 1, the solution to Equation (33) is

am10  bpomy(p —r) _ b?>m3(1 — p3) _ (n—r1)?
—_ _ 1— r(T—t)\ _ 0 1— 2r(T—t)\ _ T —t).
ft) [ . o (1—e ) dr (1—e )= e (T
Similarly, we can derive the solutions to Equations (33) and (32), explicitly. Therefore, the

optimal reinsurance and investment strategies of the insurer are

0

)

n

0<t<ty,

*(4) = —bpo(p —1)
prt) =4 1" —r(T=0) o <t <t
b2myo(1 — p3) ¢ r0= b

07 tlStSTa
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I (s _ bPo(n =) 0<t<t
o?my on - ’
—r(T—t) _ —b 2 _
sy ) e p—r  apoon —bpg(p—1)
mi(t) = - , o to <t <ty
! o2 my myb(1 — p3) 0 !
uz— T o (T—t) _ bpo, f<t<T
o2my o
Noting that V (¢, x) is continuous at t =ty and ¢ = 1, we obtain
_ 1 eimlmeT(T—t)+f3(t) 0<t< tO
ml ) —_ )
1 (T—t
Vit,a) =4 —  emmae’ TR R0 gy <t <ty (34)
mi
_ 1 efmla:eT(T_t)‘Ffl(t) tl <t<T
my ) >t x4,
where
fl(t) _ |:a’m19 _ bp()ml(ﬂ, - 7A):| (1 _ eT’(Tft))
r ro
v*mi(1 — pj) (n—r)?
_ 1 _ 27’(T7t) _ T —t
LTy Wy, (39)
ami(0 =n)  or )y e@ry | (@0 =bpo(p—1))*  (n—1)?
t) = T 1) _ ol — t1 —t
f2( ) r (e € ) 202b2(1 _ pg) + 252 ( 1 )
n {amﬁ  bpoma (p — 7“)] (1 — er(T=t))
r ro
v*mi(1 - pj) (n—1)?
_ 1— 2r(T—t1)) _ T — ¢
LT ey T ) (36)
fa(t) = bmpo(n —0)(n —1) (er(T=1) _ r(T—to))
ron
me%(G - 77)2(1 - Pg) 20 (T— 27 (T—
+ 47,772 (e ( t) —e ( tO))
(n—r)? amy(0 =n) , - _
— to —t r(T—t1) _ or(T—to)
o) -ty T (710
(aon = bpo(p —1))* | (n—1)?
— t1 —1t
{ 2020%(1 — p3) * 202 (t —to)
n {amﬂ  bpoma (p — 7“)] (1 — (1)
r ro
v*mi(1 - pj) (n—1)?
_ 1— 2r(T—t1)) _ T — ).
LT ey W (37)

aon—b, —r r aon—b, —r
2) If b2:’n16f(°1(fp%)) <eT < bgm?a(l@;g)(nﬂg) and t; <t < T, we find p°(t) < 0. Therefore,

we let p*(t) = 0. When 0 < t < t1, we have p°(¢) € [0, z], so p*(t) = p°(t), i.e., the optimal
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reinsurance and investment strategies of the insurer are

—b —
p*(t) = ’
0, t1 <t<T,
efr(T*t) w—=r B appon — bp(%(l‘" - 7") 0<t<t
* o2 m1 mlb(l - p(2)) ’ )
i (t) = b
K re*T(T*t) — P07 h=t=T
o2my g

Similar to the above-mentioned derivations, we obtain the value function as follows

1 e—mize"TTILL() g <t < ty
mi 7 - ,
V(t,z) = .
B 1 e_mlxe'y»(Tft)J,_fl(t)’ t <t<T,
mi

where fi(t) and fa(t) are given by Equations (35) and (36).
3) If e < ab‘;?r;b”(ol(“p_zg), we have p’(t) < 0 for 0 <t < T. Thus the optimal reinsurance
o1=pp
and investment strategies of the insurer are

p(t)=0, 0<t<T,

— b
iy =", TerT0 O g<i<T,

o2mq o
and the value function is
1 (T—t
Vit,z)=— e me’ A0 o< < (39)
my

where f1(t) is given in Equation (35).
Case 2 "9 < agn—bron=r) <
" <

b2mao(1-p3)
1) If er? > and tg < t < T, we derive p°(t) € [0, f]] So p*(t) = p°(¢).

l[aon—bpo (p—7)]n
b2mio(1—p§)(n—0)
When 0 < t < tg, p(t) > 797' We have p*(t) = f},

i.e., the optimal reinsurance and investment

strategies of the insurer are

0
) 0 <t < t17
. n
P = aon — bpo(pn — 1)
1= TP o=ty <t < T,
bmao(l - p3)
- b -6
u2 " or(r—t) _ bpo(n )7 0<t<t,
g°“m1 an
i (t) - —r(T—t) b 2( )
T o _aporn = bos(e =]y g g
o my m1b(1 — pg)
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By similar derivations, we have

B efmla:er(Tit)+f5(t)7 O é t < tl;
Vit ) = ”;1 (40)
_ efmla:eT(T_t)‘Ff‘l(t), t <t< T,
mi
where
amy (6 —n) r(r—tyy | (aon —bpo(u—1))* | (u—r)?
t) = 1-— — T—1t 41
f4( ) r ( e ) 2J2b2(1 o P(2)) + 202 ( )7 ( )
(1) = bmpo(n —0)(n —1) (en(T=) — or(T—t))
ron
v*mi(n —0)*(1 —pp) , 5 (n—1)?
r(T—t) _  2r(T—t1)\ _ _
+ 4rn? (e ¢ ) 202 (i —1)
ami (6 —n) - (aon —bpo(p —1))* | (n—7)*
1 —er(T=t)y T —t). (42
T T (1-e ) 202b2(1 — p3) T g ( D (42)

2) If 1 < bL‘j;’Z;(’;”j;’;)‘(;Hg), we derive pY(t) € [0, f]] for 0 < t < T, then the optimal
0

reinsurance and investment strategies of the insurer are

—q1_ = bpo(p — 1) (Tt

() = 0<t<T,
e =t
—r(T—t) _ —bo2(u —
o) = © ) p—7 _ apoon po(u2 r) C0<t<T
o my m1b(1 — p§)
and the value function is
1 (T—t
Vit,e)=— e mee™ A0 o<t <, (43)
my

where f4(t) is given by Equation (41).

aon—bpo(p=r)  n—0
Case 3 b2ma (1o p3) <7

For 0 <t < T, we obtain po(t) > f]. Therefore, the optimal reinsurance and investment
strategies of the insurer are
0
p*(t):nv 0<t<T,
— b -0
’/Tr(t) _ N’Q refr(Tft) o PO(U )’ 0<t<T.
o’mq on

Meanwhile, we can derive the optimal value function in the following form

V(t’ x) _ 1 e_Tnlgcer(Tft)_l,_fﬁ(t)7 0 S t é T, (44)
my
where . 0
folt) = — mipo(n — ) (1 —r) (1 — er(T=1)
ron
b*mi(n — 0)*(1 - p3) (n—r1)?
— 1 —exr(T=1)y T —t). 4
e @y T ) (45)

The proof of Theorem 3.1 is completed.
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