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Abstract This paper mainly studies observability and detectability for continuous-time stochastic
Markov jump systems. Two concepts called W-observability and W-detectability for such systems are
introduced, which are shown to coincide with various notions of observability and detectability reported
recently in literature, such as exact observability, exact detectability and detectability. Besides, by
introducing an accumulated energy function, some efficient criteria and interesting properties for both
W-observability and W-detectability are obtained.
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1 Introduction

Since a lot of practical systems can be described by stochastic models, stochastic control
theory has attracted considerable interest and made great progress in a variety of the scientific
and engineering fields over the past several decades. The study for stochastic systems has
become an important research issue in the area of modern control theory and a great deal of

control problems that have been studied well in deterministic systems are extended to stochastic

[1—10] [2,3,10—14]
)

systems, which include detectability and observability , stability and stabilization

H,/H control problem!!! and LQ optimal control™®. In particular, as one of the most basic

4,5,8—12]

dynamics models, stochastic Markov jump systems! have intimate connection with some

practical systems which are vulnerable to component failures or repairs, abrupt changes in
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OBSERVABILITY AND DETECTABILITY OF MARKOV SYSTEMS 831

structure. Therefore, stochastic Markov jump systems can be used to represent some investment
portfolio models and random failure processes in manufacturing industry and some networked
control systems with packet dropout, which have been researched extensively.

On the other hand, observability and detectability are most essential and significant notions
in modern control theory which play an important role in study of Kalman filtering prob-
lem, LQ optimal control, Hy/Hs, optimal control and to some extent. In [2], Zhang, et al.
generalized the classic notion of complete observability of deterministic systems to stochastic
systems and gave the concept of exact observability, for which a necessary and sufficient con-
dition called stochastic Popov-Belevitch-Hautus (PBH) criterion was developed by employing
the spectrum technique. Moreover, it was shown that exact observability can be applied to
study the stochastic stability based on the generalized Lyapunov equations (GLEs). Similarly,
Damm!!, Zhang, et al.?] extended the notion of detectability for deterministic systems to
stochastic systems and gave the concepts of detectability and exact detectability, respectively.
Some stochastic PBH criteria for detectability and exact detectability were also derived. Re-
cently, a new mathematic approach, called the H-representation'”, was introduced to study
the GLEs arising in stochastic control. Based on this method, several equivalent conditions can
be obtained efficiently for stochastic stabilization, observability and detectability. Additionally,
it is need to emphasize that there are still many different notions of detectability for stochastic
systems reported in recently literature, such as MS-detectability, W-detectability and uniform
detectability*~718-20] " Tt is interesting that although many control problems for stochastic
systems can be treated analogously to that of deterministic systems, there are still some con-
cepts that are essentially different from each other. The notion of detectability is such case.
For instance, although MS-detectability and exact detectability are equivalent to the notion of
detectability in deterministic systems, exact detectability is weaker than MS-detectability in
stochastic systems. The latter is dual to the notion of mean square stabilization. It should be
pointed out that compared with other concepts of detectability, exact detectability seems to be
served as the usual detectability concept for deterministic systems.

In [6, 7], Li, et al. used the concepts of W-detectability and W-observability to de-
rive some unified treatments for various detectability and observability in both continuous-
and discrete-time stochastic systems, which motivated us to generalize these two concepts to
discrete-time!®! and continuous-time stochastic Markov jump systems and discuss the relation-
ships between exact observability!? and W-observability!¥; detectability[!], exact detectability®!
and W-detectability(¥, respectively, to find out a similar unified treatment in the framework of
stochastic Markov jump systems.

The objective of this paper is to study the notions of observability and detectability for
continuous-time stochastic Markov jump systems and give an unified treatment for various
notions of observability and detectability as done in [6, 7, 9]. In this paper, we extend the
notions of W-observability and W-detectability to continuous-time stochastic Markov jump
systems for the first time. These definitions adopt the following ideas:

(a) W-observability implies that both stable and unstable models could be reflected by the

measurement output;

@ Springer



832 TAN CHENG - ZHANG WEIHAI

(b) W-detectability implies that any unstable model could be reflected by the measurement
output.

The above ideas come from the standard concepts of observability and detectability for linear
systems['8]. Moreover, it will be shown that W-observability is equivalent to exact observabil-
ity. Likewise, W-detectability allows us to unify different concepts of detectability and exact
detectability in the same framework. Besides, by defining an accumulated energy function,
some efficient W-observability and W-detectability criteria and good properties for stochastic
Markov jump systems can be derived. It is expected that the results of this paper will be useful
in stochastic stability analysis, stochastic LQ optimal control problem and stochastic Ha/Hx
control problem.

The outline of this paper is organized as follows. Section 2 introduces some notations and
makes some important preliminaries which will be used throughout this paper. Additionally,
we introduce the notions of asymptotical mean square stability and give some necessary and
sufficient conditions for the stability of continuous-time stochastic Markov jump systems di-
rectly. In Section 3, the definition of W-observability of continuous-time stochastic Markov
jump systems is presented, for which one efficient criterion is given. Then, an equivalent the-
orem among W-observability and exact observability is derived. In Section 4, W-detectability
is defined, which is shown to coincide with detectability and exact detectability, and one cri-
terion for W-detectability is also presented. Section 5 presents a simple numerical example to
illustrate the main results of this paper and Section 6 concludes this paper with some remarks.

2 Notations and Preliminaries
In this paper, let AT, Tr(A) and rank(A) denote the transpose, the trace and the rank of

the matrix A, respectively. [ is the identity matrix and Zp is the indicator function of the set
B. As usual, A > 0(> 0) means that A is a positive semidefinite (positive definite) matrix
and A > B (> B) means that A— B > 0 (> 0). Let ® be the Kronecker product and o(L)
represents the spectrum set of the linear operator or the matrix L. Let N denote the set of
nonnegative integers, i.e., N = {0,1,---} and C~ the open left hand side complex plane. We
set RT0 to denote the interval [0,00) in real plane and R™ refer to the linear space of all n-
dimensional real vectors with usual 2-norm || - ||. Let R, x, be the space formed by all m x n
real matrices and S,, the space of all n x n symmetric matrices. We use S, to denote the

space of all positive semidefinite matrices. Let RN, represent the linear space of all matrix

mxXn
groups A = (A, Ag, -, Ay) with A; € Ry, xp. In the meanwhile, S,ZY and SnNJr can also be
defined similarly. We can derive that S = {X = (X1, X2, , XN), X; €Sp,i =1,2,--- N}

is a Hilbert space with the inner product

N
U, vy=> mUlv), vU,vesy.
=1
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Without loss of generality, consider the following continuous-time stochastic Markov jump
system

{ dz(t) = A(O()x(t)dt + C(O())z(t)dw(t), z(0) = o, "

y(t) = QO(t))x(t), t € R

where z(t) € R™ and y(t) € R? are the system state and the measurement output, respectively.
2(0) = x is the given initial condition. Furthermore, we present the following assumptions.

(a) W = {w(t),t € RT%} is an one-dimensional, standard Wiener process defined on the
complete filtered probability space (£2, F,{F:}i>0, P) with F; = o{0(s), w(s)|0 < s < t}.

(b) © = {0(t),t € R™} is a homogeneous continuous-time Markov process with right
continuous trajectories and its state space is a finite set defined by N = {1,2,--- ,N}. In
addition, 6(0) = 6y is the initial distribution. We also assume that

)\ijAt + O(At), ) 75 j,

o (2)
1+ XAt + o(Al), i =4,

POt + At) = 410(t) =) = {
where A = [\;j],4,j € N is the stationary transition rate matrix with A;; > 0 (i # j) and
0< \i=—N\i = Z#j Aij < 00, 0(At) refers to an infinitesimal of higher order w.r.t At.

(c) Wiener process W = {w(t),t € RT°} is independent with Markov process © = {0(t),t €
R} and the initial distribution 6(0) = 6,.
Define the following matrix groups A, C € RY, =~ and Q € RY,

nxn pXN

A:(A17A27"'7AN)7 02(015027"'701\/)) Q:(QlaQQa"'vQN)7 (3)

where A; = A(0(t) = i), C; = C(6(t) = i) and Q; = Q(O(t) = i) (i € N). For convenience,
System (1) will be described as [A, C; Q|A] hereinafter.

Besides, define matrices X;(t), Y;(t) (t € R™°,i € N) and their corresponding matrix groups
X(t), Y(t) as follows

Xi(t) = Elz(t)z" () Tio=y),  Yi(t) = Ely(®)y" (H)Zr0=i}), (4)

X(t) = (Xl(t)aXQ(t)a T aXN(t)) € Srjy; Y(t) = (Yl(t)vy2(t)a t aYN(t)) € Sé)v (5)
At first, we introduce the following differential equations X;(t) and Y;(t) satisfying, which can
be used to investigates the notions of detectability and observability below.

Lemma 2.1 (see [8]) For system [A, C; Q|A], X;(t) and Y;(t) (i € N) satisfy the following

differential equations
i N
Xilt) = X)) + Xi(AT + CX(OCT + 3 AjiX; (), Xi(0) = oz Lyag=sy, (6)
j=1
Yi(t) = QiXi(t)Q;, t e R

Definition 2.2 For system [A, C; Q| 4], Lyapunov operator £L(-) = (L1, L2, -+, Ln) from
SN to SV is defined as follows

N
j=1
@Springer



834 TAN CHENG - ZHANG WEIHAI

The spectrum set of operator £(-) is defined by o(£) = {A € C: L(X) = X, X € SN, X +0}.

Remark 2.3 From Lemma 2.1 and Definition 2.2, for any ¢t € R™Y we have X(t) =

L(X(t)). Besides, it is easy to check that the following linear operator £*(-) = (L3, L5, , LY)
N

j=1
is the adjoint operator of £(-) with the inner product (U, V) = Z;\;l Tr(UV;) for any U,V €
SN, As discussed in [1], it follows o(L) = o(L*).

Definition 2.4 (see [1]) A linear operator 7 (-) : H — H is called to be resolvent positive
if there exists a scalar oy € R such that for any o > aq, the resolvent operator (a& — 7)™ ! is
positive, i.e.,

(e —T)"'(H4) C Hy,

where & is the identity operator and H is a finite-dimensional space, ordered by the closed

solid, pointed convex cone H.

Remark 2.5 According to [1], linear operator L(+) is resolvent positive. Denote p(L) =
max{Re()\) : A € 0(£)}. Then, there exists a nonzero Z € S, such that £(Z) = p(L)Z.

For the sake of discussion, we introduce another linear operator vec(-) as follows

vec(Aq) Ag-l)
vec(Asz) A§2)

vec(A) = . , vec(A;)=1| ~ |, JEN,
vec(An) A§")

where A = (A1, Ao, -+, Ay) € RY

mXxXn’

Ay = (AN, AP - Ay and AP € R™ s the k-th

column vector of A;. Using the operator vec(-), for any U,V € SN we have
N
(U, V)= Te(UVi) = vec" (U)vec(V). (9)
i=1

Moreover, let ¢ = n2N and define vector x(t) = vec(X(t)). Taking operator vec(-) on both
sides of X () = L(X (t)) with vec(AX B) = (BT @ A)vec(X), we have

x(t) = (1), (10)

where &/ = diag(A1®In+In®A1+Cl ®Cl,A2®In+In®A2+CQ®CQ"' ,AN®In+In®
AN+CON®CN)+(AT®1,2) € Rexe. Therefore, System (1) is reduced to a simple linear system
(10), which will be used to investigate the concepts of stability, observability, detectability for
system [A, C; Q|A].
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OBSERVABILITY AND DETECTABILITY OF MARKOV SYSTEMS 835

Definition 2.6 System [A, C; Q|4] is said to be asymptotically mean square stable, if for
any zo € R™ and the initial distribution g, lim;_o, E||x(t)||* = 0.

According to [2], we can get that system [A, C; Q|A] is asymptotically mean square stable,
iff one of the following statements holds.

(a) 0(£) €5 (b) o(#) ST (c) p(L) < 0.
Generally speaking, for system [A, C; Q|A], we can compute the matrix &/ and its spectrum set
o(&/) firstly. Then judge its asymptotical mean square stability based on the item (c) as above.

In order to derive the criteria for W-observability and W-detectability, we define the norm

| X ()|l = E|lz(t)]|?> and introduce the following accumulated energy function
h
W) = [ (X(0).QTQdr, h =0, )
0

where X (0) = (X1(0), X2(0), -+, Xn(0)) € S]]} and QTQ = (QTQ1, Q3 Q2+, QR Q)

Remark 2.7 Notice that the function (11) has the physical interpretation of the accu-
mulated energy of the output process y(t). Indeed, for any h > 0, we have

Wh(X(O))=/h<X(T),QTQ>dT=/ ZTI" X (T)Q7 Qi)dr
0

- / me))dr

/ [Z’H 7)) To(r)=i | dT

/ Elly(r)|dr
- / 1Y () pdr,

where X (1) = (X1(7), Xa2(7),--+ , Xn(7)) € Sﬁ:ﬁr, Xi(r) = E[J?(T)J?T(T)I{g(.,—):i}] and Y;(1) =
Ely(m)y" (1)Zio(ry=iy) (1€ N,0 <7 <T).

Define a series of matrix group S(t) = (S1(t), S2(t), -+, Sn(t)) € S, (t € RT9) satisfying
the following coupled-Riccati equations

N
Si(t) = QT Qi+ L1 (S(t) = QT Qi+ AT Si(t)+ Si(t) Ai + CT Si(H) Ai+ Y X;iS;(t), i€ N (12)
j=1

with the initial condition S(0) = 0. Together with the linear operator £*(-), we have S(t) =
QTQ + L£(S(t)). In what follows, we give some good properties for matrix group S(¢) which
will be used in the proof of the main results.
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836 TAN CHENG - ZHANG WEIHAI

Lemma 2.8 For any h >0, S(t) and X (0) satisfy the following equation
W"(X(0)) = (X(0), S(h)). (13)
Proof Let a(t) = vec(S(t)) and 8 = vec(QTQ). Using x(t) = &/x(t) and x(0) = xo =
vec(X (0)), we have x(t) = e“*xo. It is easily straightforward to check that for any h > 0,
h h
W) = [ (X(0).Q"Qudr = [ x"(r)ar
0 0
h
= / (€T x0) " Bdr
0
h T
= XOT/ e 7 Bdr. (14)
0
On the other hand, by taking operator vec(-) on both sides of (12), we can get
a(t) = vec(S(t)) = vec(QTQ + L*(S(1))) = B+ 7T a(t), (15)

where /T = diag(AT @ I, + [,@ AT+ CT @ CL, AT @I, + I, AT+ Cy 0 Cy - AL @1, +
I, @ AN, + CL @ CF) + (A® I,2) € Rexe. Then, since a(0) = vec(S(0)) = 0, for any h > 0, it
follows that

h 0 h
B L PN L
a(h) /O o Bdr /h " Bd(h — 1) /0 "Ll (16)

Combining (10) with (16), we can derive

h T
<Mmam:%Mm:ﬁAeﬂ%u (17)

Compared (14) with (17), we can derive W"(X(0)) = (X(0), S(h)) = x& a(h) conclusively.
Lemma 2.9 Let S(t) = (S1(t),S2(t), -+ ,Sn(t)) € SN, be the solution of the matriz
differential equations (12). Then, for any hy > ha >0, S(hy) > S(hg) holds.

Proof From Lemma 2.8, for any X (0) € S, it follows that for any hy > hy > 0,
WX (0)) = (X(0), S(h1)) = (X(0), S(h2)) = W"*(X(0)) >0, (18)
from which we have (X (0),S(h1) — S(h2)) > 0. Thus, S(h1) > S(h2) due to the arbitrariness
of X(0).

3 Observability

In this section, the notion of W-observability is defined, which is shown to be equivalent
with exact observability of stochastic systems. Besides, an efficient W-observability criterion is

also derived. To this end, we give the following definition firstly.
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OBSERVABILITY AND DETECTABILITY OF MARKOV SYSTEMS 837

Definition 3.1 System [A, C;Q|4] is said to be W-observable, if for each zp € R™ and
the initial distribution 6(0) = 6y, there exist scalars Ng > 0 and > 0 such that W"¢(X (0)) >
VX0 -

Lemma 3.2 For system [A, C; Q|A], the following statements are equivalent:

(a) Wh(X(0)) = (X(0),S(h)) = XOTa(h) =0 for some h > 0;

(b) X0 [dtka( )= 0] =0 fork=1,2,---,(;

(¢) xa (T 1B =0 for k=1,2,--- ,(;

(d) xda(t) =0 for any t € RTY.

Proof (a) =(b). From Lemma 2.8, we have that W!(X(0)) = (X(0),S(t)) = xga(t) >
0 (vt € R™0). If there exists a h > 0 such that W" (X (0) = 0, it follows from Lemma 2.9 that

0 < xg alt) = (X(0),5(1)) < (X(0),5(h)) = xga(h) =0, t€[0,h]. (19)

Therefore, we have that W*(X(0)) = (X(0),S(¢)) = xda(t) = 0 for all ¢ € [0, h], which leads

to .
d
T
| eatt

(b)= (a). This result is trivial.
(b)< (c). Using the equation (15) and «(0) = 0 recursively, we can get

dk—l d dk—l
t=0 dtk [dta(t)]

= dtk—1
Then, for each integer 1 < k < (,

}:o, keN. (20)
t=0

== (@M @)

t=0

[ﬁ + dTa(t)}

t=0

dr _
[dtk (t t_(j — 0 I (@)1= 0.
(c)=(d). Assume that x3(«T)¥~18 = 0 holds for k¥ = 1,2,---,¢. Using the Caylay-
Hamilton theorem and the equation (16), for any ¢t € RT9,
t ¢
aft) = / e 7 Bdr = / > k() (™) pdr
0 k=1
¢
=3 (@N1B | Si(r)dr
k=1 0
C ~
=Y o)) B, (22)
k=1
where d;(¢) and 5k fo 0k (7)dr are some bounded scalar functions. Then, from item (c),
for any t € R0,
¢
xoa(t) =Y or(t)xg (") 18] = 0. (23)

(d)=-(a). This result is trivial.
Based on Lemma 3.2, we can get the following criterion for W-observability.
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838 TAN CHENG - ZHANG WEIHAI

Theorem 3.3 System [A, C; Q|A] is W-observable iff there exists a scalar h > 0 such that
S(h) >0, i.e. Si(h) >0, (i € N).

Proof Sufficiency. If there exists a scalar h > 0 such that S(h) = (S1(h), S2(h), -+, Sn(h)) >
0, by the accumulated energy equation (11) with (12), we have

N
WH(X(0) = (X(0), (k) = Y Te(X[(0)Si(h))
=1

N
> Amin(Si(R)) > Tr(X;(0))
i=1

N
= Amin(Si (1) Y Tr(wowg ) L=}

i=1

= Amin(5i(h)) | X (0)| &, (24)

which indicates that system [A, C; Q|A] is W-observable with Ng = h and v = Apin(Si(R)).
Necessity. By Definition 3.1, if system [A, C; Q| 4] is W-observable, there exist scalars Ny > 0
and v > 0 such that W4(X(0)) > /| X (0)|| . In view of Lemma 2.8, we can write

Tr(X;F(0)S:(Ng))

-

@
I
-

VX0l < W (X(0)) = (X(0), S(Na)) =

I
M) =

(9 Si(Na)z0)L{gy—i)- (25)

<.
Il
-

Owing to the arbitrariness of zp € R™ and the initial distribution 6y, we have S(N4) > 0.

Due to the difficulty of determining the appropriate scalar h > 0, it is not convenient to use
Theorem 3.2 in practical applications. To overcome this difficulty, we construct the following
observable matrix ¢; and give a rank criterion for W-observability. Define the matrix group
O(k) = (01(k), Oz(k),--- ,On(k)) € SY, (k € N) and the observable matrix 0; € Rp¢xn

;= [0F (0):0f (1):---:0f (¢~ 1)*, i€N, (26)

where O(k) satisfying the difference equation O(k + 1) = L*(O(k)) with O(0) = QTQ. There-
fore, O;(k) satisfies the following equation

N
Oi(k +1) = L(O(k)) = AT O;s(k) + Oi(k) A; + CFOi(k)Ci + > A\ijO; (k). (27)
j=1
Lemma 3.4 Define the matriz group O(k) (k € N) and S(t) (t € R™0) as above. Then
dk+1

Ok) = pypr S| . (28)
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Proof We derive this result by induction. When &k = 0, for each i € N, from (12), we have
Si(t)] =07 Qi+ Li(S®))]le=o = Q Qi + L3 (5(0)) = Q7 Qi = 0 (0).

Assume the equation (28) is true for k = n, i.e.,

dn+1

Ol(n) = dtn+1

S)| , VieN,
t=0

we show that the equation (28) is also true for k = n + 1. It follows from (27) that
Oi(n+1) = Li(O(n))

N
= AT0i(n) + 0i(n)A; + CTOi(n)Ci + > Xi;04(n)

7j=1
dn+1 dn+1 dn+1
_ AT ) ) ) T )
— A] ( a1 50| 0) + ( O tzo) Ai +C; ( g 50|
N
dn+1
+ Z )\” (dtn-{—l t) t=0)

j=1
qnt1 T T N
= 1 [Ai Si(t) + Si(t)Ai + CTSi()Ci + Y Ais S, (t)} .
j=1 =
a1 7 d
i [dtSi(t)} t=0
dn+2
= LS| (29)
dgnt2 7

This proof is completed by inductive hypothesis.

Below, based on the observable matrix &; we give the rank criterion for W-detectability of
system [A, C; Q|A] as follows, which is easy to verify.

Proposition 3.5 For system [A, C; Q|A], assume the matriz group S(t) and the observ-
ability matriz O; (i € N) are defined as above. The following statements are equivalent:

(a) S(h) > 0 for some h > 0;

(b) S(t) > 0 for any t > 0;

(¢) The observable matriz O; has full column rank for each i € N.

Proof (b)=-(a). This result is trivial.

(a)=(b). We show this result by contradiction. Assume there exists a scalar t* > 0 such that
the matrix group S(t*) = (S1(t*), S2(t*), -+, Sn(t*)) € SI, is not strictly positive definite.
Without loss of generality, we assume that S;(t*) (j € N) is not strictly positive definite.

Thus, there exists a nonzero zo € R"™ such that x] S;(t*)zo = 0. Define the matrix group
X* = (X}, X5, , X}) €S, with

T - . .
X = {xoxo Tigz=iy =0, i # J,

o (30)
xoxOTI{gszj} = xoxOT, i=7.
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840 TAN CHENG - ZHANG WEIHAI

By Lemmas 2.8 and 3.2, we can derive
N
W (X7) = (X7, 8()) = > Te((X))"Si(t7)) = Te((X;)";(t)) = g 85(t")wo = 0,

which is equivalent to W*(X*) = 0 for any ¢ > 0. Therefore, there does not exist a scalar b > 0
such that S(h) > 0, which is contradictory to the item (a).

(b)=(c). We show this by contradiction. Without loss of generality, we assume the matrix
O; (j € N) is not of full column rank. Then there exists a nonzero o € R™ such that

0,;(¢—-1)

Define the matrix group X* = (X7, X3,---,X%) € SI, as (30) and let x{; = vec(X*). Em-
ploying the inner product (9) and Lemma 3.2, for k = 1,2,---,(, we have

dF T . dF
600" | ot | = vee ey )|
= vecT (X*)vec[O(k — 1)]
= (X*,0(k— 1))

N
= (XD Ou(k - 1)

Z — D)ao]Zyos—iy = 0 Oj(k — 1)z = 0. (31)

Thus, for any t > 0,
WHX®) = () Talt) = ZTr (X78:(1) = 228, (a0 = 0. (32)

This equation indicates that S(¢) is not strictly positive definite which is a contradiction.

(¢)=(b). We prove this by contradiction. Similar to the proof above, we assume there exists
a scalar t* > 0 such that the matrix group S(t*) = (S1(¢*), S2(t*),- -+ , Sn(t*)) is not strictly
positive definite. Assume S;(t*) (j € N) is not positive definite, and there exists a nonzero
To € R™ such that z§S;(t*)zo = 0. Then, by Lemma 3.2 and the equations (30)—(31), we can
get that for each k =1,2,--- ¢

. dF
W) = () alt) = 0 = ()7 G

}_%0( 1)ao =0, (33)

t=0
where X* = (X7,X3,---,Xk) € SI, and x{ = vec(X*) are defined as above. Thus, the
matrix &; is not of full column rank, which is a contradiction.
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OBSERVABILITY AND DETECTABILITY OF MARKOV SYSTEMS 841

In [2], Zhang, et al. introduced the notion of exact observability and extended PBH criterion
of deterministic systems to stochastic systems. Below, we generalize this notion to continuous-

time stochastic Markov jump systems and derive the main result of this section.

Definition 3.6 System [A, C;Q|/] is said to be exactly observable, if
yt)=0 as., 0<t<T, VT >0=x29=0. (34)

Theorem 3.7 For system [A, C; Q|A], the following statements are equivalent:

(a) System [A, C;Q|A] is W-observable in the sense of Definition 3.1.

(b) System [A,C;Q|A] is exactly observable in the sense of Definition 3.6.

(¢c) There exists some h > 0 such that S(h) is positive definite.

(d) S(t) > 0 for any t > 0.

(e) The matriz O; has full column rank for each i € N.

(f) (Stochastic PBH Criterion) There does not exist nonzero Z = (Z1,Zs,-++ ,Zn) € SY,
t

such that

L(Z)=)NZ, (Q121,Q2Z2,--- ,QnZN) =0, AeC. (35)

Proof Clearly, (a) < (c) follows from Theorem 3.3 and (¢) < (d) < (e) follows from
Proposition 3.5. (b) < (f) is Theorem 3.1 in [8]. Below, we will show (a) < (b).

(b) = (a). Since y(t) =0 a.s.,0 <t < T, VT > 0 = x¢ = 0 is equivalent to that for any
xo # 0 there exists a t* € [0, T] such that y(t*) # 0. It follows from the continuity of y(¢) that
there exists a sufficient small scalar € > 0 such that y(¢) # 0, V¢ € (t* —¢,t* +¢) C [0,T]. By
Remark 2.7, we have

t* te

Wﬂanzzlm«ﬂmmrz/’ 1Y (7) dr > 0. (36)

t*—e
If we set e
e 1Y (D)l mdr
IXOlle
then the equation (36) indicates that there exist scalars Ng = T > 0 and 79 > 0 such that
WHNa(X(0)) > ]| X(0)|| g, i-e., system [A, C; Q| 4] is W-observable.
(a) = (b). Assume that y(t) =0 a.s.,0 < ¢ <T, VI' > 0. Then, by Remark 2.7, we have

Yo =

T
WWX@»=A 1Y ()| = 0. (37)

We conclude from Definition 3.1 that X (0) = 0, which is equivalent to 2o = 0. This proof is
completed.

Remark 3.8 From Theorem 3.7, the notions of W-observability and exact observability
are equivalent in the framework of continuous-time stochastic Markov jump systems. For sim-
plicity, system [A, C; Q|A] is said to be observable if it satisfies one of these definitions above.
On the other hand, the item (e) of Theorem 3.7 provides an efficient rank criterion to check
the observability of [A, C; @|A4] by the column rank of the matrix &;, which is analogous to the
rank criterion for observability in linear system theory.
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4 Detectability
In this section, we will study the properties of W-detectability, exact detectability and

detectability and unify those different notions in the framework of continuous-time stochastic
Markov jump systems. Moreover, we derive an efficient W-detectability criterion for such
systems. First of all, we introduce the following definition.

Definition 4.1 System [A4, C; Q|A] is said to be W-detectable, if there exist scalars Ng,
tg >0,0 <3 <1,y > 0 such that WN¢(X(0)) > ~||X(0)||g whenever || X (ts)||z > 6] X (0)]z-

Remark 4.2 This definition of W-detectability is based on the standard concept of de-
tectability in linear time-varying systems that any unstable model could be reflected by the
output process!'®. Whereas, by Definition 3.1, W-observability requires that both stable and
unstable models could be reflected by the output process. Thus, W-observability is a special
case of W-detectability with § = 0 in the sense of Definition 4.1.

Lemma 4.3 For the matriz group S(k) and X (0) defined as above, the following state-
ments are equivalent:

(a) WH(X(0)) =0 for some h > 0;

(b) WH(X(0)) =0 for any t > 0;
(c) WYX (1)) =0 for any t,l > 0.

(
Proof (a) = (c) Noticing that
WX (0)) = (X(0),8(t)) = xpalt) =0, V¥t >0, (38)

which is the item (d) in Lemma 3.2, thus we have that (a) < (c).

(¢) = (a). This result is obvious.

(b) = (c). Since W'(X(0)) = 0 for any ¢ > 0, it is easy to get that for any ¢,[ > 0,
WX (0)) = 0 holds. Notice that the accumulated energy function W¥(X(0)) is a strictly
increasing function. Then, we can derive that

I+t

0 < WHX(1) = / (X(r +1),QTQ)dr = /l (X(7), QTQ)dr < WX (0) =0.  (39)

Therefore, W(X (1)) = 0 for any t,] > 0 which ends this proof.
Below, with the help of the accumulated energy function W"(X) and the above Lemma 4.3,

we can get the following W-detectability criterion.
Theorem 4.4 System [A, C;Q|A] is W-detectable iff for each xzog € R™ and the initial
distribution 6(0) = 6y, there exists some h > 0 such that
WhX(0)=0 = Jim | X (#)] £ = 0. (40)

Proof Necessity. If system [A, C;Q|A] is W-detectable and there exists some h > 0 such
that W"(X(0)) = 0 for each 2o € R™ and 6(0) = 6y, by Lemma 4.3, we can get that for all
t,1 >0, W{(X(l)) = 0 holds. Then, from Definition 4.1, it is easy to get that there exists a
scalar 0 < ¢ < 1 such that for some scalar t; > 0 and each ¢t > 0, the inequality

X (¢ +ta)lle <o)X (1) = (41)
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holds. Otherwise, without loss of generality, if there exist scalars t; > 0 and 0 < § < 1 such that
| X (ta)|le > 0]|X(0)| &, it follows from the definition of W-detectability that there exist scalars
Ny > 0 and v > 0 such that W4 (X (0)) > || X (0)||g > 0 which contradicts W"¢(X(0)) = 0.
Therefore, the inequality (41) is true. For arbitrary t = t* + mty € RT0 (0 < t* < t4,m € N),

we can derive the following inequality recursively
[X®)lle = [IXE +mta)|e <X+ (m—Dta)|p <--- <"[X(E) 6. (42)
Taking limit on both sides of the above inequality (42), we have

. o . R N
Jim X))l < i max X+ mig)|p < lim 67 ( max [ X()]p) =0, (43)

which yields
lim E|z(t)||* = lim | X(t)||z = 0. (44)
t—oo t—oo

Sufficiency. Denote Z = {X(0) : X(0) € SY,, [|X(0)||z = 1, W"(X(0)) = 0}, where X(0)

is defined as above. Due to the statement
wWhX(0)=0 = Jim [ X(8)] 5 =0, (45)
—00

it follows that lim; o || X (¢)||z = 0 for all X(0) € Z. Thus, for each X(0) € Z, there exist
some scalars 0 < 6 < 1 and t4 > 0 such that || X (tq)||g < 0| X (0)||g = §. Denote another set
M = {X(0): X(0) € SY,, | X(0)][g =1, || X(ta)|| <} and the corresponding complement set
is M={X(0): X(0)eSk,, [|[X(0)|g=1, |X(ta)| > 0}. Since X(0) € Z = || X (ta)|| < 6, we
have Z C M.

Below, we will show that system [A, C;Q|A] is W-detectable by contradiction. Assume
system [A, C; Q|4] is not W-detectable, i.e., for each Ny > 0 and v > 0,

X(0) e M = WNe(X(0)) < 7. (46)

Let Ng = h and choose a sequence X () (0) € M (i = 1,2, ---) such that W"(X©)(0)) < ~; with
lim; o 7; = 0. From the compactness of M, there exists some X*(0) € M and a subsequence
of X®(0) such that limy .., X*)(0) = X*(0) € M. Since the accumulated energy function
W"(X) is continuous, we conclude

Wh(X*(0)) = Jim wh(x ) (0)) = 0. (47)

Therefore, X* € Z C M, which is contradictory to X* € M. In conclusion, system [A, C; Q|A]
is W-detectable.

The following equivalent notions of detectability and exact detectability for stochastic system
were introduced in [1, 3], respectively. Here, we generalize these definitions to system [A, C; Q| 4]

and get the main result of this part.
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Definition 4.5 System [A4, C;Q|4] is said to be detectable, if for each ¢ € R™ and the
initial distribution 6(0) = 6y,

Ely(0)y(®)] =0, Ve R = lim E2"(t)z(t)] = 0. (48)

Definition 4.6 System [4, C;Q|A] is said to be exactly detectable, if for each zp € R™
and the initial distribution 6(0) = 6y,

y(t) =0 as, 0<t<T, VI'>0= lim E|lz(t)||* = 0. (49)
—00

Remark 4.7 It is worthwhile to point out that E[y™ (t)y(t)] = 0, Vt > 0 is equivalent to
y(t) =0as. 0<t<T, VI > 0. Thus, for system [A, C; Q|A], detectability in Definition 4.5 is

equivalent to exact detectability in Definition 4.6.

Theorem 4.8 For system [A, C; Q|A], the following statements are equivalent.

a) System [A, C; Q|A] is W-detectable in the sense of Definition 4.1.

b) System [A, C; Q|A] is detectable in the sense of Definition 4.5.

c) System [A,C;Q|A] is exactly detectable in the sense of Definition 4.6.

d) For each xo € R™ and the initial distribution 6(0) = 6y, there exists some h > 0 such

WX (0)) =0 = lim || X(t)]z = 0.

(e) (Stochastic PBH Criterion) There does not exist nonzero Z = (Z1,Z2,++ ,Zn) € SN,
such that

L(Z)=NZ, (Q1Z1,Q2Z2,--- ,QNnZN) =0, Re(\)>0. (50)

Proof It is obvious that (a) < (d) follows from Theorem 4.4 and (b) < (c) follows from
Remark 4.7. (c) < (e) is Theorem 3.2 in [8]. According to Remark 2.7 and Lemma 4.3, we
have that

WhX(0)) = 0, (Fh > 0) & WX / Elly(7)|2dr = 0
e YO = Ely®)|* =0, Vt=0. (51)
Comparing (40) with (48), we have (b) < (d).
Remark 4.9 Compared with some results reported recently in literature, we have the
following remarks.
(a) If the matrix group C' = 0, system [A, C'; Q|4] comes down to continuous-time Markov
jump linear system described in [5], i.e.,
dx(t) = A(0(t))z(t)dt,  x(0) = o,

y(t) = Q(O(t))x(t), te RO (52)

W-observability and W-detectability criteria in this paper still hold for System (52).
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(b) If the state space of Markov process be N = {1}, system [A, C;Q|4] is equivalent to
continuous-time stochastic system described in [7] and the main results of this paper still hold.

5 An Illustrative Numerical Example

In this section, we consider one simple continuous-time stochastic Markov jump system to
illustrate the some results above.

Example 5.1 Consider the following discrete-time stochastic Markov jump system [4, C;
Q|A] with n = 2, the finite state space N = {1,2}, ( = n?N = 8 and

-1 1 -1 0 -1 0
A= 2 5| Al_ ) AQ_ )

2 2 1 -2 2 —1

1-1 1-2 10 10
Cl_ - ’ - ’ -

0 2 01 10 00

-2-1-11 % 0 0 0
1 -20-20 2 0 0
1 0-2-20 0 2 0
%:011—10003
1 00 0-f-2-24
0100 270 -2
0010 2 0-]-2
00010 2 2 -]

It is not hard to get the spectrum set o(«?) = {0.5, -1, —2.4, —1.521, —2.312 £ 4.033i, —1.783 +
2.628} ¢ C~. Thus system [A, C; Q|4] is unstable in mean square sense.

On the other hand, consider the matrix group O(k) = (O1(k), O2(k)) and the observable
matrix 0; (i = 1,2). According to O(k + 1) = £*(O(k)) with O(0) = QT Q. Therefore, O; (k)
satisfies the following equation

O1(k + 1) = ATO1(k) + O1(k)A1 + CLO1(k)C1 + M101(k) + M202(k),
Og(k‘ + 1) = AgOg(k) + OQ(k)AQ + CQ OQ(k)Cl + )\2101( ) + )\QQOQ(k)

Then, we can get a series of matrix group O(k) = O3(k)) as follows recursively,
20 -3 -2 1.4 10
O1 (0) = ) 01(1) = )
00 -2 3 10 4.6
10 —-0.6 0 —0.36 5.6
02(0) = ;o 02(1) = , 02(2) =
01 0 2.6 5.6 —4.84
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Since rank[OT (0):07 (1)]T = 2 and rank[O;(0)] = 2, it is obvious that the observable matrix
O; (i = 1,2) has full column rank. Thus, system [A4, C;Q|A] is observable based on Proposi-
tion 3.5, which indicates that [A, C; Q|A] is also detectable by Remark 4.2.

6 Conclusion

In this paper, the notions of observability and detectability for continuous-time stochastic
Markov jump systems have been introduced, which unify various observability and detectability
in the same framework such as W-observability and exact observability[?l; W-detectability,
detectability!!] and exact detectability!3). Moreover, some efficient criteria for observability and

detectability and interesting properties have also been proposed.
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