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Abstract To control continuous-time uncertain dynamical systems with sampled data-feedback is
prevalent today, but the sampling rate is usually not allowed to be arbitrarily fast due to various physical
and/or computational constrains. In this paper, the authors examine the limitations of sampled-data
feedback control for a class of uncertain systems in continuous-time, with sampling rate not necessary
fast enough and with the unknown system structure confined to a set of functions with both linear and
nonlinear growth. The limitations of the sampled-data feedback control for the uncertain systems are

established quantitatively, which extends the existing related results in the literature.

Key words Sampled-data feedback, stabilization, uncertain nonlinear systems.

1 Introduction

Feedback, a basic concept in automatic control, is used primarily for reducing the effects of
various uncertainties on the desired performance of dynamical control systems, see [1-4] and
references therein. The following fundamental questions arise naturally: How much uncertainty
can be dealt with by feedback? and what are the limitations of feedback?

There are at least two areas in control theory which address similar problems, namely
adaptive control and robust control. However, in spite of the extensive study over the past
several decades, there are very few results on what the feedback mechanism cannot do (i.e.,
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the limitations of the whole class of feedback laws, not only of a special class of feedbacks) for
uncertain nonlinear dynamical systems. The study on the problem was originated in 1997 by
Guol”! who showed that for a typical first order discrete-time stochastic nonlinear control system
with a scalar unknown parameter, the maximum nonlinear growth rate which can be dealt with
by the feedback mechanism is b = 4, where b denotes the growth rate of the nonlinear function
of the system. Afterwards, Xie and Guol® studied a basic class of nonparametric discrete-time
uncertain nonlinear systems, and found that the maximum uncertainty that can be dealt with
by the feedback mechanism is described by a ball with radius 3/2 + v/2 in a suitably defined
normed space. In 2011, Li and Guol” investigated the maximum capability and limitations
of the feedback mechanism in globally stabilizing a basic class of discrete-time nonlinearly
parameterized dynamical systems with multiple unknown parameters. Both “possibility” and
“impossibility” theorems together with a fairly complete characterization on the capability of
feedback would be presented. It would be seen that to characterize the feedback capability,
the growth rates of the sensitivity functions of the nonlinear dynamics with respect to the
uncertain parameters play a crucial role, and a suitable decomposition of the family of the
nonlinearly parameterized functions in question turns out to be necessary. Recently, Li and
Lam!®! concerned with the use of the least squares (LS) algorithm to design feedback control
law to stabilize a basic class of discrete-time nonlinear uncertain systems. The result shows that
if a certain polynomial criterion is satisfied, the system can be stabilized by feedback based on
LS algorithm for Gaussian distributed noise and unknown parameters. This result thus provides
an answer of the question of what are the fundamental limitations of the discrete-time adaptive
nonlinear control. Inspired by these results, there are some continuing works on the limitation
of feedback, see [9-12].

All the above mentioned results are obtained for discrete-time control systems. However, a
more prevalent and practical case seems to be sampled-data control systems where continuous-
time uncertain systems are controlled by feedback laws constructed based on measured sampled-
data with a prescribed sampling rate, due to various physical and/or communication constraints.
This will inevitably give rise to a hybrid dynamical systems where continuous- and discrete-
time signals are nonlinearly coupled, leading to some mathematical difficulties in theoretical
analyzes and investigations. In fact, up to now, there are only few related results available in
the literature.

To the best of our knowledge, the first paper in this direction seems to be Xue and Guol'3,
where the authors considered the limitation of sampled-data feedback control for the following

first order nonlinear system
x't:f(xt)—l—ut, tZO, xOGRl, (1)

the system signals are assumed to be sampled at a constant period h > 0, and the input is

assumed to be implemented via the familiar zero-order hold device (piecewise constant function):
uy = ugp, kh<t<(k+ 1)h, (2)

where uyy, is a sampled-data feedback control, that is to say, at each step k, ugp is a causal
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ON LIMITATIONS OF SAMPLED-DATA FEEDBACK 819

function of the past and present sampled data {zg,zp, -+ ,2gn}t. The nonlinear function
f in (1) is assumed to be unknown but belongs to the following class of functions GZ =
{f|f is locally Lipschitz and satifies |f(x)| < L|z| + ¢,V € R'}, where ¢ > 0 and L > 0 are
constants. For the system, Xue and Guol'3! rigorously established an “impossibility theorem”
on the capability of sampled data feedback, by showing that the class of uncertain systems (1)
cannot be stabilized globally by any sampled-data feedback law whenever the sampling period h
exceeds the inverse of the “slope” of the uncertain nonlinear functions (say, 1/L) multiplied by
a constant (/7.53). It was also shown by Xue and Guol'3! that for a class of dynamical systems
where the system function has a nonlinear growth rate with random disturbances described
by the Brownian motion, the corresponding dynamical system will not be globally stabilizable
by sampled-data feedback, even if the nonlinear function is known and the sampling rate is
sufficiently fast. Afterwards, Ren and Guol'¥ improved the result for the linear growth case,
showing that actually once h is larger than L~! multiplied by a constant (x4.757), then there
is no sampled-data control which can globally stabilize the prescribed class of uncertain non-
linear systems. Recently, Jiang and Guol*® studied a class of uncertain systems that contains
additional uncertain parameter in the input channel, and showed that the sufficient condition
to globally stabilize the system by the sampled-data feedback is Lh < log4, giving the same
upper bound as in [13].

In this paper, we continue on examining the limitations of sampled-data control systems (1)
with sampled-data feedback control (2), and the nonlinear term f is assumed to be unknown
but belongs to the following class of functions

Grpe = {f|f is locally Lipschitz and satifies | f(x)| < L|z|P + ¢,Vx € R'}, (3)

where ¢ > 0 and L > 0 are constants, and p is an odd number. The limitations of sampled-
data feedback control for the uncertain systems are obtained, which depends on the parameters
(L, p, ¢) and subsumes the related results reported in [14].

Theorem 1 For any given positive constants h, b, ¢, p withb > 1,¢>1, p>1 and p is
odd, there exists a constant L* > b such that whenever Lh > L*, then the uncertain class of
systems described by Gppc is not stabilizable by sampled-data feedback control. To be specific,
for any sampled-data feedback {ugn,k > 0}, if Lh > L*, then there always exists a function
f* € Grpe, such that the state signal of (1)—(2) corresponding to f* with initial point xo = 0
satisfies (k > 1)

[kl > (ch)? - b1 — oo, (4)

k—oo

Remark 1 The value of L* can be any positive solution of the following equation

1 1. b(L-b+1) 1 1 b b1
1 In (2 —1
L—b L (L-bb-1) (L—b)b+b+Ln< o) Tar s 5)
if p=1; and
1 1 1 1 b

(L—b)' (L= +ber —L T (L—b)rer* 1 4br1 T L—p oL —p
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if p> 1.

Furthermore, in the case p = 1, the minimum value of L* is L* ~ 4.757 just for b ~ 1.578
by (5), see Figure 1. In the case p > 1, we take ¢ = 1 for (6) for the sake of convenience. Then
the equation (6) can be simplified by

1 1 1 1 b

L-b) " (L-ber-1) " T

(L—bp+b  L—b2m—p " Q

From Figures 2 we know that the minimum of L* tends to 3.4 along with the increase of p. It
shows that in this case if h is larger than L' multiplied by a constant (= 3.4), then there exists
no sampled-data control which can globally stabilize the prescribed class of uncertain nonlinear
systems.

1/(—x)+( 1) log(x (»—x+ DA(—x) (x~1)))+..— 1= 0

6 T T T
p=1
551 b
S i
X: 1.578
Y:4.757
-—
N 45 i
4 i
35 b
3 I I I I I I I I
1 1.2 1.4 1.6 1.8 22 24 2.6 2.8 3

S -

Figure 1 p=1

2 Some Lemmas

In order to prove our result, we give a definition and some lemmas which are similar to
those in [13].

@ Springer



ON LIMITATIONS OF SAMPLED-DATA FEEDBACK 821

22 24 2.6 2.8 3

S -

Figure 2 p=3,p=5,p=7,p=9,p=999
Definition 2.1 Consider the following two sampled-data control systems:

T = f(x) + u, t>0, () =a,
Efl f() t (O) (8)
Up = Ukh, kh <t < (k+1)h;

z=g(z) + ue, t>0, z(t)=a,
Xy (9)

Ut = Ukh, kh <t< (k—l—l)h.
Under the same sampled-data control sequence {u.;}, the above two systems Xy and X,
are called N-step equivalent starting from the same initial point ¢ € R' and denoted by

Xy %}Zg, s.t. {u}, if the sampled signals or observations of the two systems are equal,

ie., Tyg4kh = Ztg+kh, K =0,1,---N. If N =1, we will simply use the notation X < g s.t.
u.
Lemma 2.1 (see [13]) Consider the one dimensional autonomous system:

(10)
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where ¢(+) is local Lipschiz. Then
(i) the trajectory xz(t) is a monotonous function of t;
(i1) for any T > 0, and x1 # x0, the necessary and sufficient condition for x(T) = xp is
f;OT ¢0€§) =T together with ¢(x) # 0 on [min(xr, zo), max(zr, o))
Lemma 2.2 Let the function g € Grpe satisfy g(z) = L|z|P + ¢ for z > |zo| (or g(2)

—L|zp|P — ¢ for z < —|z0|), such that the state signal of the system

5, 2=g(z)+ug, t=>0, (11)
z(0) = zg
satisfies z(1) = z1 > |zo] > 0 (or 2(1) = 21 < —|20] < 0). Then there exists a function
g1 € Grpe satisfying g1(z1) = L2Y + ¢, and g1[z0, |20]] = 9, 91[|20], 21] = 0 (or g1(21) = Lz} — ¢
and g1[—zo, |20|] = g, q1[21, —|20]] < 0), such that the state signal of the following system:
5, T=gi(x)+uy, t>0, (12)
z(0) = 2o
satisfies ©(1) = z1, where by definition filo, 8] = fo means fi(x) = fa(z), Yo € [min(a, 5),
max(a, 3)].
Proof For convenience of presentation, we denote a:= L|zo|P + ¢ + ug, 8 := z1 — |20/, and
v := 7z} —|20|P in the sequel. Obviously, we have 8 > 0,7 > 0. Also, it is easy to see a > 0 by
Lemma 2.1 and |z1| > zp.
Denote
9(z) = Llzol” + ¢,

then by Lemma 2.1 we know

; B /Zl dz B /Zl dz B
|z0|—21 20| 9(z) + uo |20] L|zolP 4 ¢+ ug a’

where and hereafter ¢|.,|_.., denotes the time needed for z(t) to travel form |zo| to 2;.
By the assumption and Lemma 2.1, we see that if we can construct a locally Lipschitz
function ¢g* on [|zol, z1] to satisfy
a) |g"(@)] < Llz|” + ¢, w € [Jz0], 21);
b) g*(lz0l) = g(l20l), g7 (21) = Lz{ + ¢
¢) g*[lzol,z1] = 0;
D i) 5650 = a
then glzo, |20|] ® g*[|20], z1] is just the desired function g;.
Let s and [ be two small positive constants, and let > 0 satisfy a«—n > 0 and L|zg|P+c—n >

0. We define a function g,; on the interval [|zo|, z1]:

Lizol + ¢~ " @~ |zo]), 2 € [|20] 20l + s;

Lizof” + ¢ " (@ = |z0] - 5), @ € [Jz0] + 5, |20 + 2s];
gsu(z) = §

L|z|P + ¢, x € [|z0] + 25, 21 — {J;

L(z1 — |20/?)

] (x—z1+ )+ Lz’ +¢, x€z1—1,21).
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It is easy to verify that gs; is locally Lipschitz and satisfies a), b), and ¢) required above when
s and [ are small enough.

Next, it is easy to calculate that

/21 dl‘ - /|Zo|+s+/20+28+/21—l +/21 dl‘
|zo| gs,l(x) + ug |zo0] |zo|+s |z0|+2s z1—1 gSJ(x) + U

—2s—1 l L
Sy © +ﬁ s . n 7—1—04.
n a—n a Ly a

o —2s5—1 l Ly +
LBl 1 Iyta_ B
n a-—n Q@ L~y Q@ @

We have

So,

« n o Ly

—l (1= MY es == w1+

n Q@ L~y @
Since In(1 —z) < —z, V0 <z < 1, and In(1 + z) < z, ¥ = > 0, we know that both sides are
positive. So, we can select s > 0 and [ > 0 small enough to make the requirement d) hold.
Finally, the g, is just the desired function g*.

Lemma 2.3 (see [13]) If we explicitly denote the system (1)—(2) as Sys(f, xo, h, {ukn}), then

for any positive constant A, there is a “linear time-transforming” relationship between the state
signal z(t) of the system (1)—(2) and the state signal z(t) of the system Sys(Af, o, 3 h, {Aurn}),

z2(t) =xz(At), Yt>0. (13)

Lemma 2.4 For any given constants b, ¢, p with b > 1,¢ > 1 and p is odd, Equation (6)
(or (5), (7)) has a unique solution Ly such that Ly > b.
Proof Set

1 1 1 1 b
F(L) = .
D)= gy T (L —byer* 10— LT (L —bprer—1 b1 T Db T 20—

For any fixed b, ¢, pwith b > 1, ¢ > 1 and p is odd, it is obviously F'(L) is strictly decreasing
and continuous as L > b. Moreover, we have F(L) — 0 as L — +oo and F(L) — 400 as
L — bT. So, by intermediate value theorem, F(L) has a unique solution L* > b such that
F(Ly) =1.

3 Proofs of Theorem 1

In this section, we will prove Theorem 1.
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Proof We first consider the case where h = 1.
Since the left-hand-side of (5) decreases with respect to L for any given b > 1,¢ > 1, we can
select a small constant § € (0,1) such that
1 1 b(L—b+1) 1456 1, 2L-b  b—-1

1 1 <1 14
L= L @-neo-1) T @—vrp T L= Tor—p = (14)

and

146 1. 2L-0b b—1
| <1 1
L-b M L-b o= (15)
for L > Ly > b, where Ly is the solution of (5).
Similarly, we can also select a small constant § € (0, 1) such that

! + ! + L+o + ! + b <1 (16)
(L —0b)cr~1 (L —b)bPcP® +bcP — L (L — b)bPcP*~L b~ L—b  2L—b —

and

1+9 1 b
<1 17
(L—tyert T - Tor—p " (17)
for L > L, > b, where Ly is the solution of (6).

Denote

fi(z), =€ o, B],

filon, 1] @ falaz, 2] = faz), € [ag, Bo);

where we assume [aq, (1] [[az2, B2] = ¢.

We will construct the function f* step by step in a spanning manner to deal with the possible
control effects of any given feedback sequences {ukp}. It is divided into three steps.

Step 1 t=0.

Given the initial input ug and xg = 0. We consider two cases separately.

Case (i) uo > 0.

Denote ai = ug + ¢ > ¢ and define f* on [—a",0] to be

(L +267Pc= PP + ¢, x € [—dc,0];

f*l=af,0] = (18)
! LaP — ¢, r € [—af, —dc).

Define gg [0,a]] = ¢, then the system T d= g¢ (¥) +uo, t >0, 9 = 0 satisfies x(1) = af .

By Lemma 2.2 with zp = 0 and 2; = a, we know that there exists a ¢8‘ € GE satisfying:
0
Ly = Le, st o, o (af) = L(a])P + c and ¢7 [0,a]] > 0.
Let G be the set consisting of only two functions defined on [~a1,a1], i.e.,

Gy ={f[-af.00®gd (0,af], fr[-ai,0]® ¢ (0,af]} C Grpe,

where and hereafter G C G, simply signifies that any function f in G is locally Lipschitz
and satisfies |f(x)| < L|z|P + ¢ on its defined interval. Then the state z(t) of the uncertain
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ON LIMITATIONS OF SAMPLED-DATA FEEDBACK 825

system (1)—(2) may be produced by a system corresponding to any function in Gf. But it is
easily seen that for whichever function in G¢, we will always get x1 = a] under uy.

Case (ii) wug < 0.

Denote a; = —ug + ¢ > ¢ and define f* on [0,a] ] to be

(L+257PcPthaP —c, 2 €10,dc];

f0,a1] = _ (19)

LaP + ¢, x € [dc,ay).
Define g, [—a;,0) = —c, then the system Ego_ &= gy (x) + uo,t > 0,20 = 0 satisfies
z(1) = —a;. By Lemma 2.2 with zop = 0 and 27 = —aj, there exists a ¢, € GL satisfying:

0 _ _ -
Ly = Lo, st w0, & (—ay) = —L(a;)? — ¢, and ¢, [—a;,0] < 0.

Similar to the previous case, let us denote
G(T = {95[—afa O) & f*[ov a;]v ¢5 [_a;a O) & f*[O, a;]} < GL:DC'

Then the state x(t) of the uncertain system (1)—(2) has the possibility to evolve as the state of
a system corresponding to any function in G, . But we can see that for whichever function in
Gq , we are bound to have 21 = —a] under uo.

Step 2 t=1

We are now given the control u; and obverse x1. The following discussion is divided into
four cases according to the values of (21, u1).

Case (i)

1 >0, wuy > —(Lal +¢) +b(|x1|P — |zo|P). (20)

In the case, define f*[0,71] = ¢, where ¢ is defined in Case (i) of Step 1. And consequently,
we have f*(xq1) = Lz} + c.

Next, denote

ag T i=x1 + (w1 + Lt +¢), (21)
and extend the function f* already defined on [—z1, 1] to [—aj T, —z1) as
L(z1 + 6c)? + f*(—x1) + ¢ P L el
L (5¢)P (@ +21)P + f*(—21),
frlmag™, =) = T € [~71 — dc, —m1); (22)

LaP —¢, z€[—ag™,—z1 — dc).

On the interval [z1, a3 7], we define a function g *[z1,ad 7] = L} +c. Then it is easy to verify
that the system X1+ : & = g T (x) +u1,t > 1 travels from x(1) = z1 to #(2) = aj .

By Lemma 2.2 with zp = z1 and z; = a;Jr, there exists a ¢f+ € Grp. satisfying E¢T+ PEN
Loty st u, o7 (at) = L(ad )P +cand ¢f T [x1,a 1] > 0.

Now, denote

Gt ={ flraa " m] @ g (21,037, fl-a3™ 2] @ ¢ F (21,037} C Gipe.
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It is clear that the state x(t) of the uncertain system (1)—(2) may be produced by a system
corresponding to any function in G{*. Obviously, for fi, f» € G{, we have f %fg, s.t.

{ug,u1}. In particular, for whichever function in G{ ™, we will always have from (20)—(21) that
To = a§r+ > b|z1|P under u;.

Case (ii)
1 >0, up <—(Laf +¢) +b(|z1|P — |xo|P). (23)
In the case, define f*[0,z;] = g, hence we have f*[0,z;] = ¢ = La} + c.
Let g~ (=00, —z1) = f*(—z1) and f;' (=00, 21] := g ~ (00, —21) ® f*[—x1,21]. By the
construction of f;F(—o0,x1], it follows that
¢, x € [0, 21];
L +267PcP)xP 4 ¢, x € [~dc,0];
ORT ! e o1
Lz? —c, x € [—x1, —0c];
—Lat — ¢, < —x.

We claim that the system: 2z = f;'(2) +u1,t > 1,2(1) = ; satisfies
z(2) < —bal. (25)

In fact, from (23) it is easy to see u; < —[(L —b)z} +c] and f; (z) +u1 < 0,Vz < 21, s0 we
can apply Lemma 2.1 here. By Lemma 2.1, it is clear that to verify the desired result (25) we

—ba? dr
t:= / n <1
T1 fl (.23) +ug

For simplicity, we will continually use ¢, to denote the time that the trajectory needs to

need only to show that

travel from « to § in the sequel.
By (24), we know that f;" () < ¢ on [~dc,21]. Recalling that z; > ¢, if p = 1, we have

1 ——0c - C_[(L—b)$1+0] - (L—b)

; < /ﬂ”1 dx
“oemmm = | Lo — (L —b)ay — 2¢

Also, we have

1 I (2L — b)x1 + 2¢ 1 In 2L -0
L (L-=bx+(Lé+2)c” L L-b’
and

br, — 1 < b—1

2L—b)x1+2c 2L — b’

(
In view of (15), we have t4,_pgz, < i '+ L In2Fb 4 Pl <1 and then (25) holds.

t—$1—>—b2?1
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Ifp>1,
¢ </5° dz < LHo
amme= e [(L-b)at +d T (L —b)ert

Also, we have

e dx
tsem—ay <
bemma = /—6c Lar — (L — b)z} — 2¢

</*ﬂ”1 e _ 1
" Jose —(L=b)at T (L—b)

and

; e bl — a4 b
—m—bel = (of, b)zt +2¢ ~— 2L —b’

In view of (17), we have

1+6 1 b <1

t p <
e (A S A T

and then (25) holds.

Next, denote aé"_ := —2(2) > z1. By Lemma 2.2 with zp = z1 and z; = —a;_, there
exists a ¢~ € Gp,. satisfying: E¢f‘ PN Zﬁ(_wxl], st. ur; ¢ [~x1, 1] = f[-21, 1],
67 (~ad™) = ~L{af ™) - c, and ¢F [~ ™, ~1] < 0.

Let

L(J)l +6C)p — f*(xl) +C(Z‘ - xl)p + f*(ml); x € (3317.131 + 60],

f(x1,af7] = (dc)P (26)
LaP + ¢, x € (z1 +dc,af 7],
and denote
Gi’__ = { gi_[_a;_v —1‘1) & f*[_xlv a+_]a (b-li__[_a;__v —1‘1) D f*[—l‘h a;_]} c GL:DC'

Then the state z(t) of the uncertain system (1)—(2) may be produced by a system corre-

sponding to any function in G7 ~. But it can be easily seen that, for whichever function in G,

we will bound to get o = —aj ~ under u;. Obviously, we get from (25) that |za| > b|zy|P.

Case (iii)
1 <0, wuy >—(Lal —c)—b(Jx1|P — |zo|P). (27)

The conditions in this case are “symmetric” to those in Case (ii), so the proof ideas are similar.
Define f*[x1,0] = gg . Let

g;+(_m15 OO) = f*(_xl)a ff[mla ) OO) = f*[xla —.131] D g;+(_mla OO)
Similarly, we can show that Z = f] (2) + u1, t > 1, 2(1) = x; satisfies
z(2) > —bal. (28)
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828 REN JINGLI - CHENG ZHIBO - GUO LEI

Now denote a; ¥ := 2(2) > 0. By Lemma 2.2, there exists a ¢; + € Grp. satisfying:
Lyt & 2 oy S UL o1 T, —a] = frla,—anl, 67 (a3 ) = L{a;T)P 4 ¢, and
¢1 [-x1,a5 ] > 0.

Let

_L($1—5C)p+f*(x1)+c Y ‘(s e o — o o)
f*[—a5+7$1)= (8¢)P (z P + f*(z1), € [x1 — dc,21); (20)

LaP — ¢, x € [—ay T, 11 — dc),
and denote
Gt i={f eyt —ml @ gy (=m0 ] frmayt —an] @ ¢ T (=105 M} C Grpe

Then the state z(t) of the uncertain system (1)—(2) may be produced by a system corre-
sponding to any function in Gy . But it can be easily seen that, for whichever function in
Gy, we will get 2(2) = a; T under u;. Obviously, it follows from (28) that |xa| > b|21|P.

Case (iv)

71 <0, wuy <—(Lazl —c)—b(Jx1]P — |zo|P). (30)

This time we define f*[z1,0] = ¢y, and get f*(x1) = La¥ —c.
Denote

ay = —(x1 + (u1 + Lal — ¢)) > —xq, (31)

and extend the definition of f* to (—x1,a, | as
L(—z1 + )P — f*(—z1) + ¢
(0c)P
Frlrane )= x € (—x1, —x1 + dcl; (32)

(.73 + ml)p + f*(_l'l),

La? +¢, x€ (—x1 +dc,ay ).

Define g; ~[—ay —,21] = La¥ — ¢, then L= 97 () +wui,t > 1 travels from z(1) = z; to
z(2) = —ay .

By Lemma, 2.2, there exists a ¢; ~ € Gy satisfying: X - LN ngf, st ur, ¢ (—ay ) =
—L(ag " )P — ¢, and ¢~ [—ay ,x1] <0.

Now, denote
Gy ={ gy [~ay @) @ file,ay ]dr T [—ay @) @ f¥ w0 7]} C Grpes

Then the state x(t) of the uncertain system (1)—(2) may be produced by a system corre-
sponding to any function in G; ~ and for whichever function in G7 ~, we will get o = —a5 ~
under u;. Moreover, we get from (30)—(31) that |za| > b|z1|P.

To proceed further, we denote

gt = gfrJra in Case (i); g = gfr*, in Case (ii);
1 - 1 =
g1 ", in Case (iii). g7, in Case (iv).
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o 7t in Case (i); o7 #7, in Case (ii);
1= 1=
#7 ", in Case (iii). ¢, in Case (iv).

Step 3 t =k.

We now use the induction argument. Suppose that at some time k, for the given feed-
back sequence {ug, u1,- - ,ux} we have found a trajectory {x1, 1, -, zry1} together with the
corresponding nonlinear system or function f*, which have the following properties:

a) [Tpqa| = blawlP, [21] = c.

b) If xk41 > 0, then f* is defined on the interval [—|zyy1|, |zx|], together with g;” and ¢
defined on (|xk|, k+1], such that

5 0

Plawleclest (edlern] S 20 weler)s (o)
st. {ug,t=0,1,---  k}.

c) If ;41 < 0, then f* is defined on the interval [—|xy|, |xr41]], together with g, and ¢,
defined on [xj41, —|zk|), such that

b) &5
g [t —lex D@ [~lanlen] 7 TOf [ensr,—|ee)®F* [~ |ok] 2]

st {u,t=0,1,--- k}.

Given the control u,4+1 and the observation xj41, we need to show that a)—c) still hold with
k replaced by k + 1. Similar to Step 2, we consider four cases separately.
Case (i)

T > 0, wr > —(Laly, +0) 4 bllzkal? — awl). (33)

In the case define f*[|zk|, zpt+1] = gbg, and consequently we have f*(xp41) = L:Ci_H +c.

Next, denote
ag_:'Q = w1 + (upy1 + Lx,’;H +¢) > Tpta, (34)
and extend the definition of f* already defined on [~z 41, Txt1] to [—a;l, —@r41) by

L(zp41 + 6c)P + f*(—x t+c
(Tht1 )P A [ (=hs1) (@ + zp1)? + f*(—2h11),

N (dc)p
oy —wnt) = T € [—Tpy1 — 0C, —Tiy1); (35)
La? — ¢, x € [—aZj‘Q, —Tpy1 — 0C).

Define g;" [z41,a;55] = Laf | + ¢, so the system Lo, &= Iran (@) Fuppr, t > k41,
travels from z(k + 1) = 241 to z(k +2) = a-{rz-

; ++ s i g Lhtd ++ () —
By Lemma 2.2 there exists a ¢, "] satisfying: E(b:rl <= Eg;’fl’ s.t. ugy1 and ¢k+1(ak+2) =

L(GZ_L)]) +¢ ‘ﬁ:& [Tht1, agiz] > 0.
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Now, denote

G:-L = {f*[—a;r_f_;, Tht1] ® glj-:rl (Th1, a;rj-rQ]v f*[—a;r_f_;, Tht1] ® (b;r-‘: (Tht1, a:_fg]}
g Gch-

Then the state z(t) of the uncertain system (1)—(2) may be produced by a system corre-
sponding to any function in GkJr1 (obviously Vfi, fa € Gk+1,we have Xy, é Xy, st {ug, t =

0,1,---,k + 1}). But it is easily seen that, for whichever function in Gk+1v we will get
Thyo = aZj_FQ under wg41.
In view of (33), (34), and above induction, we have

2| = afy > T + Ol [P — bley|P > bl P
Case (ii)
Tpp1 >0, uppr < —(Lafy + ) + b(|wpga [P — [zx]P). (36)

In the case, we define f*[|zk|,zrt1] = i, i.e., f*[|@k], zrt1] = Llaxl? +c.
Let g7 (=00, —@p11) = f*(=ap41) (==L}, — ¢), and let

fii (=00, 2p] = g (=00, =2k 1) © f[=Tpt1, Topa]-
Now we prove that the system: 2z = f,;:l(z) +ugt1, t > k41, 2(k+ 1) = xp4q satisfies
2(k+2) < —bat, . (37)
By the construction of f,:jrl, we see that
() < M(2), V2 < e,

where M (-) is defined by

Llzg|P + ¢, € [lzel wrta;
LzP + ¢, € [0, |zx|];

M(z)=4 © € [oe. 0%
0, € [=dc — |xg|, —dc];
LzP — ¢, € [—Tkt1, —0c — |xk];
—(szﬂ +¢), 2 < —Tpy1-

Also, by induction we have
|2kl = ¢, @pgr = blawl” >0, (38)
and by (36)

upy1 < —[(L = b)xf 4 + blag|’ + ¢]. (39)
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Now, we define y(t) to satisfy

y=M(y) = [(L— by, +blaxlP +;
y(k +1) = 241

(40)

Since M (y(k + 1)) — [(L — b)xh, | + blax|? + ¢] < 0, by Lemma 2.1, we know that y(t)
is monotonically decreasing. By the comparison principle for differential equations, we have
z(t) < y(t), t > k+ 1. So, to prove the desired result we need only to show that y(k + 2) <
—ba .

Now, by the definition of M(z) and Lemma 2.1, and with the help of (38) and (39), it is
clear that the time needed for the system (40) to travel from xyy1 to —baj_; via |zx, 0, —dc,
—|xk| — dc, and —xp41 can be calculated as follows.

If p=1, we have

; </I’“| dz 1
rplenl = o (L= 0)(|lzk] —2p1) L0

0 dz 1. bL—b+1)
x| —0 = < In ,
e Lz e [(L—b)zpgr +blag| +¢] = L (L—b)(b—1)

t </_éc dz < e < ’
0——dc < o —[(L=b)zpgr +blzkl] = (L —b)bP|g| + blzx| = (L—b)b+b

—dc—|zk| dz |xk|
tse——de—|zy] < Crr < .
se (L —b)xps1 +blag +¢] = (L —b)blag| + blak| + ¢

1
S (L—bb+b
Tkt dz
Elanl—dem—zipn S /_m_éc Le—c—[(L = b)apsr + blak| +
1 In (2L — b)xg41 + blak| + 2¢
L (L—=b)zxpe1 + (L+0)|zg| + (LI +2)c
120
St oy

~bTht1 dz
tow e <
1= / —(Lagtr +¢) = [(L = b)zks1 + blag| + ]

—Tp41
bTry1 — Tt
(2L — b)xk4+1 + blak] + 2¢
b—1
< .
—2L-b
Therefore, by (14), we know t, , ——ta;, <1 and y(k +2) < —brpi1.
Ifp>1,

EN dz
o slan] < ’
erpr—lek] S /ml (L= b)(|lzwlP — 2] )

. _/0 dz
o207 ) L e — [(L— b)al,, + bla [P + ]

Tk
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- /1 dz /0 dz
| Lzp —[(L — b)karl + blwg|?] 1 LzP —[(L - b)wiﬂ + b|$k|p]'

T

Let L
dz
t —1 :/ ;
|z wel L2P = [(L = 0)2b, | + blag|?]

Ty

; _/0 dz
O Lar = (D= bl + blaklr)

So, we have

togi1—1 = top -z T Hail—1
£ dz L dz
J..u “f ;
Thi1 b)(|lzk | — xk+1) 2| L2P — (L — b)xk-i-l + blzy |P]
E9Y dz 1 dz
~/$k+1 - b |J,‘k|p — J,‘kJrl) * /$k| L|J$k|p — [(L — b)szrl + b|l‘k|p]

- / dz

_ Th+1 — 1
(L =b)(af 4y — lznlP)
< Th+1 — 1
(L =b)(zh gy — Tet1)
< 1 :
= (L = b)er—1’
0 dz
ti-o :/ D
< 1
= (L—b)ab,, +blalr — L
1
< 2
(L —b)bPcP” + beP — L
t < /—56 dZ
0——dc >
o —UL—=b)xp, +blzylr]
< oc
= (L = b)bPlak|P® + blk [P
6

<
= (L — b)bpcP®~1 4 pep—17

t < /—éc—xk dZ
—Sc——bc—|z| = se —[(L _ b)xiﬂ + b|xk|p + c]
< ||
= (L = b)bP|zg|P* + blzg|P + ¢
< : ,
(L —b)bpcP*—1 4 per—1
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TPkt dz
tf\zk\fécﬂfwk_*_l S/ L2P L b D b p
—jay|—sc LzP — e = [(L — b)xyyy + blzk[P + ¢

< /_”c’“+1 dz
- —|zK|—dc _(L - b)xz-ﬂ

1 = (|2x] + 6¢)

<
(L— b)xz-i-l
1
< )
)
/bﬂ”iﬂ dz
i ——ba?, <
b = e+ O = (- Dy + el +

B bac,’;+1 — Tha1
(2L — b)z}, ; + blak|P + 2¢
bak i b

~ (2L—b)l,, 2L-b

Therefore, by (15), we know tu——bat,, <1 and y(k +2) < —bx}, ;.

+— . +— . . . Th+1
Next, denote a;, := —2(k +2) > 0, and there exists a ¢, | € G, satisfying: Z(b:;l =
Tht (covanaa) 56 et S =Tkt T = frl=mes menl 600 () = — L) —c
and d)z.::l [_aZ_Fga _karl] <0.
Now, let
L(zgy1 +0c)P — f*(wp41) +c
(5C)p (x_karl)p—’_f*(karl)a
* +—7 _
I (@1, ] = T € (Tpt1, Trt1 + 0cl; (41)

LaP +¢, x € (xp41 + de, a;:z],
and denote
G;:—:l = {9:-;1[_612:27 —Tht1) D f*[_karh a;:;z]v
- 4= wr +- }C Ie
¢k+1[ QAp4-25 Tp+1) @ 7 JUk-&-laak+2] = ULpe-

Then the state z(t) of the uncertain system (1)—(2) may be produced by a system corresponding

to any function in G,‘C’:l and for whichever function in GI_FQ, we have g0 = —a,;’:Q > blzg41]|P.
Case (iii)
Trp1 <0, uppr > —(Laj,y —c¢) = b(|zgsa|P — |zxlP). (42)
Case (iv)
The1 <0, ur1 < —(Lagyy — ¢) = b(|wpga [P — |2l”). (43)

The case (iii) and (iv) are “symmetric” to the Case (ii) and (i), respectively, so similarly we
can also get that a)—c) still hold in the cases with k replaced by k + 1.
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Therefore, according to the induction principle, for any given feedback sequence {u;,i > 0}
we can define a nonlinear function f* € GZ such that the corresponding closed-loop system
with initial point zg = 0 is unstable in the sense that |zj| > P - bF 1.

Moreover, by Lemma 2.3, the stabilization of Sys(f,zo = 0,h,{ursr}) is equivalent to
that of Sys(hf,zo = 0,1,{hukp}). If hL > [ where [ is defined by (10), then according to
the results established above, there exists a function hf* in Gﬁf which makes the state of
Sys(hf*,0,1, {htky}) to satisfy

|Z(k)|2(6h)p'bk_l7 k:1527

Thus by Lemma 2.3, f* is the desired function such that the state of Sys(f,zo = 0, h, {Trn})
satisfies
|J3(kh)| Z (Ch)p'bk_la k:1527 ’

and hence the proof is completed.

4 Concluding Remarks

We have in this paper investigated the limitations of sampled-data feedback in globally
stabilizing a class of (unstable) dynamical systems with structural uncertainty described by a set
of functions with both linear and nonlinear growth. Some impossibility results are established
which show that as long as the sampling period is larger than a certain value, the corresponding
uncertain class of systems cannot be globally stabilized by any sampled-data feedback. Of
course, due to the hybrid and nonlinear nature of the closed-loop control systems, where both
continuous-time and discrete-time signals are mixed, it is quite challenging to obtain a critical
value for the sampling period. This belongs to further investigation.
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