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Abstract The bilevel programming is applied to solve hierarchical intelligence control problems in
such fields as industry, agriculture, transportation, military, and so on. This paper presents a quadratic
objective penalty function with two penalty parameters for inequality constrained bilevel programming.
Under some conditions, the optimal solution to the bilevel programming defined by the quadratic
objective penalty function is proved to be an optimal solution to the original bilevel programming.
Moreover, based on the quadratic objective penalty function, an algorithm is developed to find an
optimal solution to the original bilevel programming, and its convergence proved under some conditions.
Furthermore, under the assumption of convexity at lower level problems, a quadratic objective penalty
function without lower level problems is defined and is proved equal to the original bilevel programming.

Keywords Algorithm, bilevel programming, penalty function, quadratic objective.

1 Introduction

In this paper, we consider the following bilevel programming:

(BP) min  fi(z,y)

z,y
st. gi(z,y) <0, iel=1{1,2---,p},

y solves the following problem:

min  fa(z,y)
y

st hj(zy) <0, jeJ={1,2,--- ¢},

where f1, f2,9i,hj : R x R™ — R, i € I,j € J. Its feasible set is denoted by X = {(z,y) €
R" x R™ | gi(w,y) <0, i € I} and ¥ = {(z,y) € R x B™ | hy(w,y) 0, j € J}.
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328 JIANG MIN, et al.

In 1952, the bilevel programming came from the Stackelberg gamel'), which is applied to
solve hierarchical intelligence control problems. Because there are many such problems in such
fields as industry, agriculture, transportation, military, and so onl> 7, it is very important to
study the theory of the bilevel programming. Dempe and Colson, et al. reviewed of about
500 papers® 9 as to theories and algorithms of bilevel programming. A bilevel programming
may be transformed into mathematical program with equilibrium constraints. Luo, Pang, and
Ralph!'% gave a system of theories for mathematical programs with equilibrium constraints. In
2002, Dempe published Foundations of Bilevel Programming covering linear bilevel problems,
optimality conditions, solution algorithm, and discrete bilevel problems. In his book, Dempe
discussed a descent algorithm, a bundle algorithm, penalty methods, a trust region method,
and smoothing methods under the assumption of convexity at the lower level problem(!!.

It is well-known that it is difficult to solve a nonlinear bilevel programming, since a global
solution can hardly be obtained. In recent years, penalty methods become an efficient tool in
solving mathematical programming. Penalty function method provides an important approach
to solving constrained optimization problems!*?l. Its main idea is to transform the constrained
optimization problems into a sequence of unconstrained optimization problems by enlarging
penalty parameters. The unconstrained optimization problem is defined by a penalty parame-
ter with constrained functions, which is then added to the objective function. Penalty methods
were presented by researchers to study solution algorithms or optimal conditions for bilevel
programming. For example, Marcotte and Zhul'3! studied exact and inexact penalty methods
for the generalized bilevel programming problem. Ye, Zhu, and Zhu'¥ gave exact penalization
and necessary optimality conditions for generalized bilevel programming problems. Stefan and
Michaell*®! discussed exact penalization of mathematical programs with equilibrium constraints.
Liu, Han, and Zhang!'! studied exact penalty functions for convex bilevel programming prob-

(17] partial augmented Lagrangian

lems. Yang, et al. studied lower order penalty methods
method8!, and a sequential smooth penalization approach!™® to mathematical programs with
complementarity constraints. Lii, et al.l2% presented a penalty function method based on Kuhn-

(1] gave a penalty ap-

Tucker condition to solve linear bilevel programming. Calvete and Galé
proach to optimality, obtained an algorithm for bilevel multiplicative problems through cutting
plan. Ankhili and Mansouril?? introduced an exact penalty function for bilevel programs with
linear vector optimization at lower level. In above papers, i.e., [13-22], some researchers use the
convexity assumption or linear assumption for the lower level problem, while others use penalty
methods for the lower level problem which is replaced either by mathematical programs with
equilibrium constraints or mathematical programs with complementarity constraints. All in all,
the penalty function methods can ease the difficulties in solving bilevel programming.

The objective penalty function with an objective penalty parameter was discussed in [23]
with its numerical results showing that the objective penalty function algorithm has a better
convergence than those of the constrained penalty function algorithm. Hence, we studied an

(24 In this paper, based on the idea of

objective penalty function of bilevel programming
objective penalty function, we present another objective penalty function which differs from that

in [24]. The second item of objective penalty function in [24] does not include any parameter
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N and M.

2 Objective Penalty Function for (BP)
In this section, an objective penalty optimization problem of (BP) is defined as
Fy(z,y; M) = Q(fi(w,y) = M) + M* Y Q(gi(x,y))
icl
and
Fy(w,y; N) = Q(fa(w,y) = N) + N> > Q(h(x,y)),
jed
where the objective parameter M, N € R, and Q(t) = max{t,0}2. Consider the following

bilevel programming problem:

BP(M,N) min Fi(z,y; M)
T,y

st. (z,y) € R" x R™,
y solves the following problem:
min  Fy(x,y; N)
Y
s.t. (z,y) € R" x R™.
Now, a theorem is proved as follows.

Theorem 2.1 Suppose that M, N are two constants and (z%;,y%) is an optimal solution
to BP(M, N) for M < fi(zh;,yn) and N < fo(ah, i)t If (23, yh) € XNY, then (23, yxN)
is an optimal solution to (BP).

Proof First, we prove that yj is an optimal solution as follows.

min  fa(}y, y)

Under the given conditions, for any (z%,,y) € Y, we have
0 < Q(f2(2hr,yn) — N) = Fa(xhs, yni N) < Fa(2hy, 43 N) = Q(f2(2hy,y) — N).

Hence, fa(zh;,yn) — N < fa(z3,,y) — N, that is, fo(xh,,yn) < fa(z3,y) and (x5, y%) is a
feasible solution to (BP).
Then, let (x,y) be a feasible solution to (BP). We have

0 < QUA(Eh yn) — M) = Fa(zhy,yns M) < Fi(z,y; M) = Q(f1(z,y) — M).

Hence, fi(ah,yn) — M < fi(z,y) — M, that is, fi(z},,vyy) < fi(z,y) and (a3, y%) is an
optimal solution to (BP).

Based on Theorem 2.1, an algorithm differing from the penalty algorithm in [11] is proposed
to compute an optimal solution to (BP), which solves a sequential problem BP(M, N) and is

called as quadratic objective penalty function algorithm (QOPFA for short).
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QOPFA Algorithm
Step 1 Choose (z!,y'), M1, N; < 0,a> 1, and k = 1.
Step 2 Solve the following problem:

BP(Mj,, Ny) {m% Fi(z,y; My,)
x,Y

st. (z,y) € R" x R™,
y solves the following problem:

min  Fy(z,y; Ni)
Y

st. (x,y) € R" x R™.

Let (xF+1, y**+1) be an optimal solution to BP(Mj, Ni).

Step 3 If (z¥1,y**) € X NY and My, < fi(zFT y* ) Ny < fo(zFHL, y*HL), stop,
then (zF1 y**+1) is an optimal solution to (BP). Otherwise, let My,1 = aM}, Nyi1 = alNy,
k:=k+ 1 and go to Step 2.

Theorem 2.2  Suppose that fi, f2,9:(i € I) and h;(j € J) are continuous on R*xR™, and
lim ;) oo f1(2,y) = +00. Let {(z*,9%)} be the sequence generated by the QOPFA algorithm.

(1) If {(z*, 4"}k = 1,2,--- , k) is a finite sequence (i.e., the QOPFA algorithm stops at
the k-th iteration), then z* is an optimal solution to (BP).

(ii) If {(z*,y*)} is an infinite sequence and there is some k' > 1 such that My, < f(a*+1 yk+1)]
Ni. < fo(a® Ly for all k > k', then {(2*,y*)} is bounded and any limit point of it is an
optimal solution to (BP). Otherwise, f1(z*,y*) — —oco or fa(a*,y*) — —c0 as k — +oco.

Proof (i) If the QOPFA algorithm terminates at the k-th iteration with the first condition
in Step 3 occuring, (z¥,4*) is an optimal solution to (BP) by Theorem 1.

(ii) Suppose that {(z*,4*)} is an infinite sequence and there is some k' > 1 such that
My < fi(aF1 g%+ and Ny, < fo(aF+1 y**1) for all k > k’. Let (2',9') be a feasible solution
to (BP). The bounded sequence {(z*,4*)} is checked as follows. Since (z¥*! y**1) is an optimal
solution to BP(My, Ni),

Q(fl(xk+17yk+1) - Mk) < Fl(xk+1ayk+1;Mk) < Q(fl(xlvy/) - Mk?)’ k= 172a t

So,
(fl(xk+1axk+1) - Mk)Z < (fl(x/ayl) - Mk)Qa k= kl + ]-a kl + 27 Tt
We have f(zF+1 g%+ < fi(2',y'),k = k' + 1,k' +2,--- . Hence, the sequence {xF*+1 yk+1}
is bounded, since lim(, ). f1(z,y) = +00. Without loss of generality, we assume (2, yF) —
(z,y). And, for any given feasible solution (x,y) to (BP), we have
0< (fl(karl?ykJrl) - Mk)Q + Ml? ZQ(gi(karlvykJrl)) < (fl(xvy) - Mk)27 vk > klv
il

that is,

1
Z Q(gi(karla ykJrl)) < M2 (fl (1[,’, y)_fl (karlv ykJrl))(fl (karla yk+1)+f1 (iC, y)_2Mk)7Vk > K.
i€l k
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It is clear that M} — —o0 as k — +oo. By letting £ — 400 in the above equation, we obtain
> ic1 Qgi(z,y)) = 0. Hence, (z,y) € X and fi(x,y) < fi(x,y). On the other hand, for any
(z,y) € Y, we have

0< (fQ(karlaykJrl) + Nk ZQ k+1 kJrl)) < (fQ(xvy) - Nk)Qa vk > k/a
jeJ

that is,

> QU (e, k+1))éJ\ig(fz(ar,y)—fz(ar’““,y’““))(fz(x’““,y’“+1)+fz(w,y>—2Nk)aV’f>’f'-

JjeJ

It is clear that N — —o0 as k — +o0. By letting £k — +o0 in the above equation, we obtain
ZjeJ Q(hj(z,y)) = 0. Hence, (z,y) € Y and fo(z,y) < fa(z,y). Therefore, (z,y) is an optimal
solution to (BP).

Example 1 Consider the problem:

(MP1) min  fi(z,y) = (v = 2)" + (y - 2)°
st. —2<0,-y<0,
y solves the following problem:
min fo(e,y) =%+
st. —x<0,—y<0.

It is clear that (2,0) is an optimal solution to (MP1). Let an objective penalty function problem
of (MP1) as follows.

MP1(M,N) min Fj(z,y; M) = max{(z — 2)® + (y — 2)*> — M,0}?
+M?({max{—=,0}? + max{—y,0}?)
st.  (x,y) € R' x RY,
y solves the following problem:
min  Fy(z,y; N) = max{z? + y* — N,0}?
+N%({max{—z,0}* + max{—y, 0}?)
st. (z,y) € R" x R™.

So when M, N < 0, (2,0) is obviously an optimal solution to MP1(M, N).

3 Objective Penalty Function with the Convexity to the Lower Level
Problem

In the section, suppose that fo(z,y) and hj(z,y)(j € J) with respect to y € R™ are convex,
f2 and h;j(j € J) are continuous differentiable on R™ x R™. Because Q(t) = max{t,0}? is
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convex and monotone increasing on R, Fy(z,y; N) with respect to y € R™ is convex and
differentiable[25!.
Consider the following nonlinear optimization problem:

BP1(M,N) min F(z,y; M)
T,y

st. VyFy(z,y;N) =0,
where

VyFQ(xa y; N) = max{fa(z,y) — N, O}Vyfg(a?, y) + N? Z maX{hj(xa Y) O}VZIhj(xa Y).
jed
Theorem 3.1  Suppose that M and N are given constants and fa(z,y) and h;(z,y)(j € J)
with respect toy € R™ are convex. Then, (x3,yx) is an optimal solution to BP1(M, N) if and
only if (x4, yxn) s an optimal solution to BP(M, N).

Proof Suppose that (z3;,yx) is an optimal solution to BP1(M,N). According to the

assumption, we have that Fy(x,y; N) with respect to y € R™ is convex. From
VyFa(xhy,yn; N) =0,

we know that y}; is an optimal solution to minyepm Fa(z},,y; V). Hence, (23,,yy) is a fea-
sible solution to BP(M, N). Let (z,y) be a feasible solution to BP(M, N). It is clear that
VyFao(x,y; N) = 0. Then, (z,y) is a feasible solution to BP1(M, N). So, Fi(z};,yn; M) <
Fi(x,y; M), which means that (z%,,y%) is an optimal solution to BP(M, N).

Now, suppose that (x%,, v ) is an optimal solution to BP(M, N). According to the assump-

tion, we have that Fy(x,y; N) with respect to y € R™ is convex. From
VyFa(xy,yn; N) =0,

(%, yn) is a feasible solution to BP1(M, N). Let (z,y) be a feasible solution to BP1(M, N).
We know that y is an optimal solution to minyecgm Fa(x,y; N). Then, (z,y) is a feasible
solution to BP(M, N). From Fy(x%,,yn; M) < Fi(z,y; M), (3, y%) is an optimal solution to
BP1(M, N).
Define penalty function
BP2(M,N) min F(x,y; M,N) = Fy(x,y; M)+ M? Zmax{hj(a:,y),O}Q
Y jeJ
+M?||Vy Py, y; N)|?
st. (z,y) € R" x R™.

From Theorems 2.1 and 3.1, it is easily known that the following results holds.

Theorem 3.2  Suppose that M and N are constants. Suppose that fa(x,y) and hj(z,y)(j €
J) with respect to y € R™ are convex, and ('}, yn) is an optimal solution to BP2(M, N) with
M < fi(zy,yn) and N < fa(xy,yn)- If (@3, yn) € X NY and VyFa(zh,,yy: N) = 0, then
(x5, yN) is an optimal solution to BP1(M, N), BP(M,N), and (BP), respectively.
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Example 2 Consider the problem:

(MP2) min  fi(w,y) = (v = 2)* +(y - 2)°
st. —x<0,—y <0,
y solves the following problem:

min  fo(z,y) = 2% +y°
Yy

st. —z<0,-y<0.
Let objective penalty function problem of (MP2) as follows.

MP2 — 1(M,N) min F(z,y; M) = max{(z — 2)* + (y — 2)? — M, 0}?

T,y
+M?({max{—x,0}* + max{—y, 0}?)
st. (z,y) € R' x RY,
VyFo(z,y; N) = 4ymax{z? + y* — N,0} — 2N? max{—y,0} = 0.

When M, N < 0, (2,0) is an optimal solution to MP2—1(M, N). Let objective penalty function
problem of (MP2) as follows.
MP2 —2(M,N) min F(z,y; M, N) = max{(z — 2)® + (y — 2)® — M,0}?

I’y
+M?({max{—z,0}? + max{—y, 0}?)
+M?(4ymax{z?® + y* — N,0} — 2N? max{—y,0})?
st (z,y) € R' x R.

When M, N <0, (2,0) is an optimal solution to MP2 — 2(M, N).
Let
Z(N)={(z,y) € XNY|V,Fy(x,y; M) =0}

and
By N) = Y Qi) + 3 Qb)) + 19 oo V)
iel jeJ
We have F(x,y; M, N) = Q(f1(z,y) — M) + M2E(x,y; N).
Lemma 3.3 Suppose that fo(z,y) and hj(z,y)(j € J) with respect to y € R™ are convex
for every x € R™. For any given N < fa(x,y), E(z,y; N) =0 or (z,y) € Z(N), if and only if
(z,y) is a feasible solution to (BP).

Proof It is obvious that E(x,y; N) = 0 is equal to (z,y) € Z(N). If for any given N <
fo(z,y), (x,y) € Z(N), then V,F5(z,y; N) = 0. According to the assumption, it is easy for us
to know that Fy(xz,y; N) with respect to y € R™ is convex for every € R™. Hence, y is an

optimal solution to minyepm Fo(z,y; N). From (x,y) € Y, we have

0 < Q(f2(x,y) — N) = Fy(z,y; N) < Fa(x,2;N) = Q(fa(x,2) = N), V(x,z) €Y.
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So,
fQ(JJ,y) < fg(ﬂ?,z), V(Z‘,Z) ey.

Therefore, y is an optimal solution to min, fo(x,y) s.t. (z,y) € Y, and (z,y) is a feasible
solution to (BP).

We prove when (z,y) is a feasible solution to (BP), E(z,y; N) = 0. Since y is an opti-
mal solution to minyepm Fa(x,y; N), we have V,Fo(z,y; N) = 0 and (z,y) € X NY. So,
E(xz,y; N) =0.

From Lemma 3.1 we have the following result.

Theorem 3.4 Suppose that fo(x,y) and hj(z,y)(j € J) with respect to y € R™ are
convex for every x € R™. Let (x*,y*) be an optimal solution to min g ) gnxgm E(x,y; N) with
N < fo(x*,y*). If E(z*,y*; N) > 0, then any (x,y) € R™ X R™ is not a feasible solution to
(BP).

Based on Theorems 3.2 and 3.4, we propose an algorithm to solves the sequential problem
BP2(M, N), which is called as quadratic convex objective function penalty algorithm (QCOPFA
for short).

QCOPFA Algorithm

Step 0 Let M; <0,a>1,k=1and N <ming y)cpnxrm f2(2,9).

Step 1 Solve min, ,)epnxpm E(x,y; N), then get an optimal solution (2!, y'). If E(z!, y*;
N) > 0, stop and there is no feasible solution to (BP). Otherwise, go to Step 2.

Step 2 Solve the following problem:

BP2(My,N) min F(z,y; My, N) = Q(fi(z,y) — My) + MZE(z,y; N)

T,y
st.  (z,y) € R x R™.

Let (21, y**1) be an optimal solution to BP2(My, N).

Step 3 If (zFt1 yFt1l) € Z(N) and My < fi(aF+1 y**h), stop and (2F+1, y**1) is an
optimal solution to (BP). Otherwise, let My = aMy, k :=k + 1 and go to Step 2.

In the QCOPFA algorithm, it is assumed that we can always get N <min, ,yernx gm f2(7,Y).

Theorem 3.5 Suppose that f1, f,g:(i € I), and h;(j € J) are continuous on R™ x R™,
and lim(, ) oo f1(2,y) = +o00. Let {(z*, %)} be the sequence gemerated by the QCOPFA
algorithm.

(1) If {(2*, y")} (k= 1,2, k) is a finite sequence (i.e., the QCOPFA algorithm stops at
the k-th iteration), then z* is an optimal solution to (BP).

(ii) If {(=*,y*)} is an infinite sequence and there is some k' >1 such that My < fy(x*+1 yF+1)
for all k > k', then {(x*,y*)} is bounded and any limit point of it is an optimal solution to
(BP). Otherwise, fi(z*,y*) — —00 as k — +oo.

Proof (i) If the QCOPFA algorithm terminates at the k-th iteration with the first condition
in Step 3 occuring, z* is an optimal solution to (BP) by Theorem 3.1.

(ii) Suppose that {(z*,4*)} is an infinite sequence and there is some k' > 1 such that
My < fi(z*+1 g%+ and N < fo(aFHL yF*+1) for all k > k', Let (2/,9') be a feasible solution
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to (BP). The bounded sequence {(z*,y*)} is checked as follows. Since (z*,y*) is an optimal
solution to BP2(Mj, N),

Q™M) — M) < F(aF /" My, N) < Q(fr(2sy') — M), k=1,2,---.
So,
(fl(karlakarl) - Mk)2 S (fl(x,ay/) - Mk)2a k= k/ + ]-ak/ + 27 Tt

We have fi(zFH1, y*1) < fi(2',y'),k = k' + 1,k +2,--- . Hence, the sequence {x*+1 yk+1}
is bounded, since lim, .o f1(x,y) = +00. Without loss of generality, we assume (2%, y*) —
(z,y). And, for any given feasible solution (x,y) to (BP), we have

0< (fl(xk+1ayk+l) - Mk)Q + M%E(xk—i_lvyk—i_l;N) < (fl(xay) - Mk)Za vk > kl'

That is,
1

E(karlaykJrl;N) < M? (fl(xvy) - fl(karlaykJrl))(fl(karlvykJrl) + fl(xvy) - 2Mk)7 Vk > k.
k

It is clear that M — —o0 as k — +oo. By letting £ — 400 in the above equation, we obtain
E(z,y) = 0. Hence, (z,y) € X and fi(z,y) < fi(z,y). Therefore, from Theorem 3.2, (x,y) is
an optimal solution to (BP).

Example 326 Consider the problem:

(MP3) ngrcliyn fi(z,y) = (x1 — 30)2 + (x5 — 20) — 20y; + 20y
st. 14215 <30,21 +22>20,0< 21 <15,0< 25 <15,
y solves the following problem:

myin fa(z,y) = (x1 — y1)* + (22 — y2)°

st. 0<y; <15,0<yy <15.
Let objective penalty function problem of (MP3) as follows.

MP3(M,N) min F(z,y; M, N) = max{(x; — 30)% + (z2 — 20)® — 20y; + 20y, — M,0}?

T,y
+M?({max{z; + 222—30,0}? + max{20 —x1 —z9,0}?)
+M?(max{—z1,0}* + M? max{z; — 15,0}?)
+M?(max{—zy,0}* + M? max{zs — 15,0}?)
+M2[4(y1 — x1) max{(z1 — y1)* + (22 — y2)* = N,0}
—2N?max{—y1,0} + 2N% max{y; — 15,0}]?
+M2[4(ys — 2) max{(z1 — y1)? + (22 — y2)* — N, 0}
—2N?max{—ys,0} + 2N? max{y, — 15,0}]?

st.  (x,y) € R x R%
where M, N < 0. According to the QCOPFA algorithm, we obtain that (z,y) = (15.000026,
7.499954, 15.000007, 7.499954) is an approximate solution to MP3(M, N) at fourth iteration by
€\ Springer
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Matlab, which it is the same as the smoothing SQP algorithm in [26]. But, since F'(z,y; M, N) is
always not convex, it is very difficult to find out a global solution to the subproblem BP2(My, N)
in the QCOPFA algorithm.

The objective penalty function algorithm presented in this paper has some interesting per-
spectives in solving objective and constrained functions which are not convex, and is worthy of

further study.
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