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Abstract This paper discusses optimal reinsurance strategy by minimizing insurer’s risk under one
general risk measure: Distortion risk measure. The authors assume that the reinsurance premium is
determined by the expected value premium principle and the retained loss of the insurer is an increasing
function of the initial loss. An explicit solution of the insurer’s optimal reinsurance problem is obtained.
The optimal strategies for some special distortion risk measures, such as value-at-risk (VaR) and tail
value-at-risk (T'VaR), are also investigated.

Keywords Distortion risk measure, expected value premium principle, optimal reinsurance strategy,
TVaR, VaR.

1 Introduction

Recently, the discussion on optimal reinsurance strategy is an interesting topic. For a policy
of an insurer, the potential loss suffered by the insurer can be expressed as a non-negative
random variable X, and a reasonable assumption on X is that 0 < E[X] < oo. To control
risk, the insurer cedes a part of its risk, denoted as f(X) € [0, X], to a reinsurer. The insurer’s
retained loss can be expressed as Ir(X) = X — f(X). As a compensation for covering the

insurer’s loss, the reinsurer will receive a reinsurance premium from the insurer, denoted as

ZHENG Yanting

Department of Finance, Beijing Technology and Business University , Beijing 100037, China.

Email: zhengyanting@th.btbu.edu.cn.

CUI Wei

Department of Financial Mathematics, Peking University, Beijing 100871, China. Email: wcui@szse.cn.
YANG Jingping

Department of Financial Mathematics, School of Mathematical Sciences and Center of Statistical Science,
Peking University, Beijing 100871, China. Email: yangjp@math.pku.edu.cn.

*Zheng’s research was supported by the Program of National Natural Science Foundation of Youth of China
under Grant No. 11201012 and PHR201007125; Yang’s research was supported by the Key Program of National
Natural Science Foundation of China under Grant No. 11131002 and the National Natural Science Foundation
of China under Grant No. 11271033.

©This paper was recommended for publication by Editor WANG Shouyang.

@ Springer



REINSURANCE UNDER DISTOTION RISK MEASURES 123

u(f(X)). Under the reinsurance arrangement, the total payment T (X) of the insurer can be
expressed as a sum of the retained loss I;(X) and the paid reinsurance premium p(f (X)),

Tp(X) = 1;(X) + u(f (X))

To investigate optimal reinsurance strategy, one needs to discuss the optimization problem
under the insurer’s risk measure. As the widely used risk measures, value-at-risk (VaR) and
tail value-at-risk (TVaR) are applied for the discussion on optimal reinsurance (see [1] and [2]).
The VaR of a random variable X > 0 at a confidence level 1 — o, 0 < a < 1, is defined as

VaR,(X) = inf{y : P(X >y) < a}.
The TVaR of a random variable X > 0 at a confidence level 1 — o, 0 < a < 1, is defined as
1 (03
TVaRa(X) = | / VaR,(X)ds.
0

It is known that VaR and TVaR belong to one family of risk measures: Distortion risk measures.
A distortion function g(x) : [0,1] — [0, 1] is an increasing function satisfying that g(0) = 0 and

g(1) = 1. Associated with distortion function g(z), the distortion risk measure is defined as

plX] = [ o(Px > ) 1)

For a detailed introduction about distortion risk measure, see [3]. Note that VaR,(X) has
the associated distortion function g(x) = If;~qy, and TVaR4(X) has the associated distortion
function g(z) = min{?,1}. It is known that Wang’s transform (WT) risk measure also
belongs to the family of distortion risk measures. The distortion risk measure will be used in
this paper to measure the insurer’s risk.

As for the reinsurance premium principle, we assume that the reinsurance premium is cal-

culated by the expected value premium principle, that is,

p(f (X)) = A+ BEf(X)), (2)

where 3 > 0 is the safety loading factor. Note that the expected value premium principle is
widely used (see [1]).
For investigating the optimal reinsurance strategy, three widely used families of the ceded

loss function f(x) are summarized as follows:
F:={f(x):0< f(x) <z, f(x)is an increasing and convex function},
H:={f(z):0< f(z) <z, both f(x) and I;(x) are increasing functions},
L:={f(z):0< f(z) <z, If(z) is an increasing and left continuous function}.

Note that when f € H, both f(x) and Iy(x) are continuous. Thus it is easy to verify that
F S HG L, see [5] for details. Some papers found that the truncated stop-loss function, which
does not belong to families F and H, is optimal (see [6-9]). Thus it is interesting to consider

the optimal reinsurance strategy in the family L.
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124 ZHENG YANTING - CUI WEI - YANG JINGPING

Many papers on VaR-minimization and TVaR-minimization are focused on families F, H,
and L. In the family F, [1] and [2] concerned the VaR-minimization and TVaR-minimization
under the expected value premium principle. [2] revisited the VaR-minimization within the
family F under Wang’s premium principle. In the family H, [5] obtained closed-form solutions
for VaR and TVaR minimization problems under different premium principles, and [10] focused
on the distortion risk measure. In the family £, [11] considered a local reinsurance model and
derived that the stop-loss strategy is optimal. Under the expected value premium principle, [5]
considered the optimal reinsurance strategies in the three families F, H, and L, respectively,
and derived optimal reinsurance strategies for VaR-minimization.

This paper will focus on the optimal reinsurance in the family £. The optimization problem
can be expressed as follows:

min’ py 7(X)]}. ©

where p, is the distortion risk measure in Equation (1) and the reinsurance premium is calcu-
lated by the expected value premium principle in Equation (2).

The paper is organized as follows. Section 2 presents the explicit solution for our optimal
reinsurance model. The proofs of our main theorems are given in Section 3. The conclusions

are drawn in Section 4. Some proofs are put in appendix.

2 The Main Results

In this section, the optimization problem (3) will be discussed. Before giving the optimal

reinsurance treaty, some preparation work is needed.

2.1 Preparation Work
For f € L, IJZl(x) = inf{t : Iy(t) > z}. By the monotonicity and the left-continuity of
Iy(x), it is easy to verify

{(X:[(X) >t} ={X:X>I;'(t)}, Vrv.X>0.

Define Bx(t) = (1+ 8)Sx(t) — g(Sx(t)), where Sx(t) := P(X > t) is the survival function of
X.

Proposition 2.1 The distortion risk measure of the insurer’s total payment can be rep-

resented as
poTy (X)) = (L4 BEX] - [ Bdvy,
R

where the measure vy is defined by vy([a,b)) = I7(b) — It(a),[a,b) € Bp+.

Proof Given the distortion risk measure pg in (1), for any positive constant ¢ we have
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REINSURANCE UNDER DISTOTION RISK MEASURES 125

pglX + ¢] = pg[X] + ¢ (see [3]). Thus it yields that

pg T (X)) = p(f (X)) + pgL(X)]
= L+ BEF(X)] + pglL; (X)]
= (L4 B)E[X] + pg[L;(X)] = (1 + B)E[1;(X)]
)

— (BB = [ [0+ HPUX) > )~ g(PUCX) > o)t
— (BB - [ [0+ 8l () - g(Sx (15 )]
—(1+8)E / Bx(I71(t))dt
—(1+B)E / By o I:dy, (4)

where p denotes the Lebesgue measure. It is known that there exists a unique measure vy
defined by v¢(B) = p({z : If_l(x) € B}), B € B+, such that

/R+ Bx oIf—ldu = /R+ Bxdvy, (5)

see [12] for details. Using the fact that the two inequalities Iy(s) > ¢t and s > If_l(t) are
equivalent, we have

vi(la,0) = p({z s a < I (z) < b}) = u(lLs(a), 1£(b))) = Ir(b) — Iy(a), V[a,b) C [0, 00).

Then combining (4) and (5), the proposition is proved.

To simplify our discussion, we make the following assumption on the distortion function
g9(@).

Assumption A Assume that g(z),x € [0, 1] is left-continuous, and its domain has a finite
partition [0,1] = U], (s, 2i11] U {0}, such that for each i = 1,2,--- ,n, the function g(z) is
either concave or convex on (o, atjt1].

Some common distortion risk measures, such as VaR, TVaR, and Wang’s transform risk
measure, satisfy Assumption A. Figure 1 gives the corresponding distortion functions with
confidence level 1 — a = 0.1.

In the following, we will discuss the reinsurance optimization problem (3) under Assumption
A. The right-continuity of Sx(¢) and the left-continuity of g(z),z > 0 guarantee that the
function Bx (t),t > 0 is right-continuous. It is obvious that Bx (t—),t > 0 is left-continuous.

A point g € E C R is called a local maximum point if there exists a neighborhood Ug(z)
of zg in E, such that for any = € Ug(zo) we have f(z) < f(zo). And the value f(z¢) is called
the local maximum value (see [13, p214]).

For a real-valued function f, we denote the set of all its local maximum values on the set B
as loc(f(z),z € B). And for simplicity, sometimes we write (a,c0) as (a, c0].

@ Springer



126 ZHENG YANTING - CUI WEI - YANG JINGPING

1.5 1.5
o o
1 —_— 1 —
= %
) R
0.5 0.5
0 0
0 0.5 1 1.5 0 0.5 1 1.5
X X
1.5
—_WT
o
1
=
T
0.5
0
0 0.5 1 1.5

X
Figure 1 The associated distortion functions for VaR, TVaR, and Wang’s transform risk measure

Lemma 2.2 Suppose that the function g(x),x € [0, 1] satisfies Assumption A. Then there
exists a finite partition [0,00) = U?Zl[’}/i,'}/i_l,_l), such that for each 1 = 1,2,--- ,d, the function

Bx (t) is monotonic on [y;,Yit1) and the function Bx (t—) is monotonic on (Vi, Yit1)-

Proof For simplicity, we write B(z) = (1 + )z — g(z). Based on Assumption A, g(z)
is concave or convex on (ay,a;t+1], thus B(x) is convex or concave on («;,a;+1]. From the
properties of convex and concave functions, we know there exists one o; < f3; < ;41 such
that B(x) is monotonic on (ay, ;] and (8;, cy1] respectively. Therefore, there exists a finite
partition (0,1] = Ui, (o, 3] U (B;, ait1] such that the function B(z) is monotonic on each
subinterval.

Define S'(a) = inf{z > 0: Sx(z) < a}. Then Sx(t) < a if and only if t > Sy '(a) (Cui, et
al.'%) which means that Sx(t) € (a,b] if and only if t € [Sx'(b), Sx* (a)). Then we have

n

[0,00) = [J(Sx" (i), Sk (8:)) U [Sx (80): Sx ' (c))) U [Sx(0), 00).
i=1

Due to the facts that Sx(t),¢ > 0is decreasing and Bx (t) = B(Sx(¢)),t > 0, the function Bx (t)
is monotonic on the subintervals [Sx'(3;), Sx' () and [Sx'(cit1),Sx (i), and Bx(t) =
0,t € [Sx'(0),00). Thus there exists a finite partition, denoted as [0,00) = U?:1['Yi7%+1),
such that Bx (t) is monotonic on [v;,v;+1). Finally, Bx (t—) is monotonic on (v;,y;+1] for each
i=1,2,---.d.

From Lemma 2.2, the two functions Bx (t),t > 0 and Bx (t—),t > 0 have finitely many local
maximum values. Thus the function max{Bx(t), Bx(t—)},t > 0 also has finitely many local
maximum values. We define

Mo =max{y : y € loc(max{Bx(t), Bx(t—)},t € (0,00))}
@ Springer
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and
M =max{Bx(0), M1}
Write
. { sup{t : max{Bx(t), Bx (t—)} = M1}, if My = M, ©)
0, otherwise.
Then we define
—_— { inf{0 <t <r;:max{Bx(s), Bx(s—)} = My, Vs € [t,r1]}, if My = M, o
, otherwise.
Note that max{Bx(t), Bx(t—)} = M1,t € (m1,71), and m; =0 if r; = 0.
Similarly, for i > 2 we write
M; = max{y : y € loc(max{Bx(t), Bx(t—)},t € (ri—1,0))},
r; = sup{t : max{Bx (t), Bx (t—)} = M},
and
m; = inf{t <r; : max{Bx(s), Bx(s—)} = M, for each s € [t,r;]}. (8)

Repeat the above procedure until there exists no positive local maximum point. The number
of the M; is denoted as s. From Lemma 2.2, the number s is finite. For simplicity, we define

mo = 0,mg41 = co. Then
mo=0<m; <+ <mg<mMmgpp =00, M >--->M;>0.
Lemma 2.3 Ifm; > 0, we have
max{Bx(r1), Bx(r1i—)} = My, max{Bx(mi),Bx(mi—)} = M;;
Otherwise, Bx(0) = My follows. Moreover, fori=2,3,--- s,
max{Bx(r;), Bx(ri—)} = M;, max{Bx(m;), Bx(m;—)} = M,.

The proof of the lemma will be given in appendix.
In the next, we define
Bx(t—), ift=m; for somei=1,2--- s,
Bx(t) = where m; > 0 and Bx(m;—) > Bx(m;), (9)
Bx(t), otherwise.
It is obvious that Bx(t) > Bx(t) and Bx(t) = Bx(t) for t # m;,i < s. By Lemma 2.3,
Bx(m;) = M;,i=1,2,--- s, are local maximum values of Bx(t).

Based on m;,i = 1,2,---,s + 1, and the function B, a sequence m},¢ = 0,1,---,s, can
be defined. Let m§ =0, and for 1 <i <,

m; =inf{t: ¢t > m; and Bx(t) < Bx(miy1)}. (10)

Here we define inf ) = oo.
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Remark 2.4 1) When m,; > 0, from the definitions of m; and m;_,, there exists a § > 0
such that Bx(t) < Bx(m;),t € (m; —d,m;]. Then m} ; <m; —§ <m; and m; —m;_; >0

follows. Note that m,; > 0 for ¢ > 2, then we have m;_; < m,; for each i =2,3,---,s. And
mo=mi=0<m; <mj <mg < -+ <mg_1 <mi_; <mg <mi <mgy1 = o0.

2) When m,; > 0, the point m; is one local maximum point of max{Bx (t), Bx(t—)}. Note
that we define M7 = Bx(0) instead of max{Bx(0), Bx(0—)} when Bx(0) > M. Thus, if
Bx(0—) > Bx(0), we obtain that M; = Bx(0) is not the local maximum value. In this case,
m1 equals to 0.

Each subinterval (m;, m;;1] can be partitioned into (m;, m}) and [m}, m;11], and the prop-
erties of Bx(t) on each subinterval will be given in the following lemma. The proof of the
lemma will be given in appendix.

Lemma 2.5 For each 0 < i < s, Bx(t) > Bx(my1),t € (m;,m}) and Bx(t) <
Bx(mit1),t € [mf, miq1], and the function Bx(t) is decreasing on (m;, m}).

Example 2.6 (VaR) For VaR,(X), we have the associated distortion function g(x) =
I~ 0y- Thus

Bylt) = { (1+6)Sx(t) —1, if t < VaRn(X), a1

(1+8)Sx(t), otherwise.

It is obvious that Bx (t) is decreasing on the intervals [0, VaR, (X)) and [VaR(X), c0) respec-
tively. Suppose that X > 0 has a continuous and strictly increasing distribution on (0, co) with
a possible jump at 0.

(a) If o < Sx(0) — 1J1rﬁ, we have s =2, My = (14 5)Sx(0) — 1, m; =0,

My = Bx(VaRo (X)) = (1 + f)a and mg = VaR,(X).
By Equation (10), we have

m] =inf{t >my: (1+5)Sx(t) —1 < (1+ fB)a} = VaR,(X),

where ¢ = a + liﬁ' Similarly, we obtain m3 = oo.

(b) If & > Sx(0) — we have s = 1. Thus M; = Bx(VaR4(X)) = (1 + Ba, my =
VaRq (X), and m} = oo.
Example 2.7 (TVaR) For TVaR,(X), we have the associated distortion function g(x) =

min{ 7,1}, and

1
148

Bx(t) = 1 (12)
(1+8)Sx(t) — aSX (t), otherwise.
(a) If o < 1_|1r5, the function Bx(t) is decreasing on [0,VaR,(X)) and increasing on

[VaRq (X)), 00). By the definitions of M;, m;, and m}, we obtain s = 1, M; = Bx(0), m; =0,
mo = 00, and mj = VaRHlﬁ (X).
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(b) If a > 1J1rﬁ, Bx(t) is decreasing on [0, 00). Moreover, we can get s = 1, My = Bx(0),
my = 0, mg = 00, and mj = oo.

2.2 The Solution of the Reinsurance Optimization Problem (3)

For the given non-negative random variable X, the corresponding m;, m},¢ = 0,1,--- ,s,
have been defined in the subsection above. Write
[H(r) = zs:(x - m:)+I(77l;777li+1](l’) + (- m:)Jr (13)
i=0
And the associated retained loss function can be expressed as
Ij-(x me{x 10 (s 1) (2)- (14)

i=1

According to vy« ([a, b)) = I+ (b) — I+ (a), we have
Vf*([m:—lvmi)) =0, vp- ({m’t}) =m; — m:—h i1=1,2,--- 5,

vp(B) = u(B), VBC U<mi,m:>,
vy-([m?, 00)) = 0.

Then for any Borel set A C [0, 00), the measure v¢«(A) can be expressed as

(Aﬁ U mi,m ) Z m;_1) I fm,cay- (15)

It can be directly verified that 0 < f*(z) < z,x > 0, and I« (z) is an increasing and left-
continuous function. Thus f*(x) belongs to the family £. As stated, f*(z) and I«(z) can
be determined by the points m; and m},i = 0,1,---,s. To make the definitions of f*(x) and
It-(x) clearer, we give Figure 2 to show the relationships between the points m;, m} and the
two functions f*(z), I+ (x).

Theorem 2.8 Suppose that the distortion function g(x) satisfies Assumption A. Then
the infimum of the optimization problem (3) can be stated as

[T (X)] = 1+ ALY - [ By

If Bx(m;) = Bx(m;) for all i =1,2,--- s, then f* defined in Equation (13) is one solution
of the optimization problem (3), and

01 =3 [ 10 B0 — SxOm)) -+ g(Sx(mo)

+3 [ ot (16)

i=1 " mi
Otherwise, the optimization problem (3) has no solution.
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Figure 2 The relationships between the points m;,m; and the two functions f*(z), I+ (x)

In case Bx(m;) = Bx(m;) foralli = 1,2, - s, we can explain the equation (16) as follows.
On the layer (m}_,,m;], the ceded loss part is greater than zero and Bx () < Bx(m;), thus

(1+B)(Sx(t) = Sx(mi)) + g(Sx(mi)) < g(Sx(t)); (17)

On the layer (m;, m}], from the definition of f*(x), we know that there is no ceding on such
a layer, and ¢g(Sx(t)) is used to measure the risk of the insurer’s total payment. Thus the
existence of reinsurance will reduce the insurer’s risk measured by the distortion risk measure

Pg-
According to Theorem 2.8, when Bx(m;) > Bx(m;) for some i < s, we have that for each

fecL,
plT (X)) > (L+ HEX) = [ By

The difference between pg [T+ (X)] and inf ;e z pg[Tr(X)] can be expressed as follows:

Pl (0] = ot ol (X0 = [ By = [ By,

= Z(Bx(mi) — Bx(m;))(m; —m]_4)

=1

> 0.
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Remark 2.9 In [10], under the expected value premium principle, the insurer’s minimum
risk measure can be expressed as [~ min{(1 + 8)Sx (t), g(Sx (t))}dt. In the next, we compare
our minimum risk measure in Equation (16) with the above risk measure.

For fixed i € {1,2,---, s}, consider the interval [m}_;,m;] and the interval (m;,m}) sepa-

rately. First we focus on the interval [m}_;,m;]. Since Bx(m;) > 0, we have
(14 B)(Sx (t) = Sx(ma)) + g(Sx (mi)) < (14 5)Sx(?). (18)
Meanwhile, using the fact that Bx () < Bx(m;),t € [mf_;, m;], we get that

(1+B)(Sx (t) — Sx(mi)) + g(Sx(mi)) < g(Sx (1)) (19)

Combining Equations (18) with (19), we have
(14 8)(Sx(t) = Sx(ms)) + g(Sx (mi)) < min{(1+ B)Sx (), 9(Sx(t))}, t € [mi_y,mi].

In the following, we consider the interval (m;, m}). Since Bx(t) > Bx(m;+1) > 0, we have
(1+8)Sx(t) —g(Sx(t)) > 0 and

min{(1 + 8)Sx(t),9(Sx(¥))} = g(Sx(¢))

follows.

Based on the above consideration, we conclude that

/ "4 B)(Sx(t) — Sx(mi)) + g(Sx (my)dt

m
s V¥
i

<Z/ min{(1+ B)Sx (1), 9(Sx (1))}t

S my

+Z/ mln{ 14 8)Sx(t), g(Sx(1))}tdt

- / min{(1 + 8)Sx (£), g(Sx (1))} dt. (20)

The equation (20) states that the minimum risk of the insurer’s risk measure according to
Theorem 2.8 is smaller than or equal to the one according to Cui, et al.['?). The reason is that

the family H considered in [10] is smaller than our family L.

The next two examples give the optimal reinsurance strategies for VaR-optimization and
TVaR-optimization.

Example 2.10 (VaR optimization) Consider the optimal problem in Example 2.6.
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1) If o < Sx(0) — 1J1r 5> the optimal ceded loss function and the optimal retained function
can be expressed as

f (x) = (z — VaRy(X))+ L{z<vara (X))
and
Ip(x) = min{z, VaRy(X) H iz <var, (x)} + (o> VaRa (X)) -

Here g = a + liﬁ'

2) If @ > Sx(0) — {4,
function I« (z) can be expressed as

the optimal ceded loss function f*(z) and the optimal retained

[H(z) = Tl <vaR. (X))} and  Ip(z) = Ty vaRa, (X))} -

Example 2.11 (TVaR optimization) Consider the optimal problem in Example 2.7.
HIfa<

expressed as

Hl_ 57 the optimal ceded loss function and the optimal retained function can be

f () =(z— VaRliﬁ (X)+ and Ip(z)= min{a:,VaRliﬁ (X)}.

2) If a > 1Jlrﬁ’
function is Iy« (z) = .

the optimal ceded loss function is f*(x) = 0, and the optimal retained

3 Proofs

This section will give the proof of Theorem 2.8. First we need to give some lemmas.

Lemma 3.1 Givenx1 > 20> >x, >0 and 0< 1 < ¢y < --- < ¢, we have

n J
max { E WiZi twy < Cp,c 75 Wi<cjawj>0,j:1,2,"',n}
Wiy, Wn
i=1 im1

n
=c1x + Z(Cz — Ci—1)T;.
i=2

The above lemma is easy to verify and we omit its proof here.

Lemma 3.2 For Bx(t) defined in Equation (9), we have

I;lgg{/l%+xl/f} /R+XVf (21)

Proof Based on the definition of v+ in Equation (15), we can conclude

/R+ Bxdvy. = Z {BX(mi)(mi C ) +/

i=1 mi

*
m;

Bx (t)dt}. (22)
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On the other hand, for each ceded loss function f € L, from the definition of L — S integral,
we have

n2
k k k1
Bydvy = lim 3" znuf({t: on < Bx() < ;; })
2 k k k+1
— i : < By
am kz_: 2m”f<{t gm = Bx(®) <"y, }) (23)

where B;(t) :=max{Bx (t),0} and By (t) := max{—Bx(t),0}.
Denote |z| to be the largest integer less than or equal to . Based on Lemma 2.5, for each
1 <i < s, we have

_ Bx(mi-)

0 < o LBX(mZ)2"J + 1

2n
V< By < AR

t € (m;, mj). (24)
Since Bx(t) is positive and decreasing on (m;, m?}), then for each k = 0,1,--- ,n2", there exists
an interval (a; x, a; g+1) such that

k k+1

+ *
i) = {t: g < 850 <" b0 i), (29

where “(” denotes “(” or “[” according to that the left-end point of the above interval is close

7

or open, similarly for *)

Based on Equations (24) and (25), we can partition the interval (m;, m}) as

[Bx (m:)2"]
(mg, m7) = U (@i Qikt1)- (26)
k=1 Bx (m; —)2"]

For the right-hand side of Equation (23) and any positive integer n > Bx(m1), we have
Ly R ok R
> znuf<{t: o < Bx(t) <7, }) - kzo 2muf<{t: om SBx(H) <, })
< nf: Zliuf<{t: 2"; < BL() < ’“;1}>

(X k ko4 k41 .
3 {Z 2nyf({t: o <BL <" }m [mi_l,mi]>

o
k | k41 §
+> 2nuf<{t: o < Bx(t) <7, }ﬂ(mi,mi))}

= Z{Im + Lo} + Is. (27)
i=1
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Consider I; 1, I; 2, and I3, respectively. Since Bx(t) < Bx(m;),t € [m}_;,m;], we can derive
that
i < Bx(mi)vy([mi_y, mi). (28)
For the second term I; 2, Equation (26) leads to
LBx(m)2")
lip = > on V1 ({@ik, Gir1)). (29)
k=[Bx (m}—)2"]
For the last term I3 of Equation (27), since Bx () < 0 on [m}, 00), we have

I = 0. (30)

Then Equations (27), (28), (29), and (30) yield that

n2" mam
k koo k41 k k - k41
> gr({te g s ko< ) -3 o ({r g s x0 <)
k=0 k=0
s | Bx (m;)2™] L
<> {Bxmivs(m_mh+ Y vi(laisa) }
i=1 k=B x (m; -)2n]
s [Bx (mi)2"] k
< Y {Bxtmivs(miymd+ X vk ae)
i=1 k=B x (m;-)2n|+1
+Bx (m; =)vs((a; | gy (ms—yan)» “z',LBx<m:*—>2"J+1>)}
- . | Bx (m;)2"]
= Z {BX (mi)vy([mi_1,mi) + on ve((mg, ai,LBX(mi)2"j+1>)
=1
[Bx(m;)2"] —1
+ 217, Vf(<a’i,|_BX(mi)2"j+17 az‘,LBX(m,;)QHJ+2>) L
LBX(m*—)Z”J + 1
+ on V({8 B (mi —y2m -1 B, | B (my —)2n )
+Bx (m; =)vs((a; | gy (ms—yan > ai,LBx<m:f—>2nJ+1>)}

Based on Lemma 2.5, we obtain

[Bx(m1)2"] _ [Bx(m1)2"] =1 _ |Bx(m1)2"| -2

Bx(mi) > on > on > on >
L Bxlmio)+2  Bx(mio)+1 oo
2"7, 271
> Bx(my) » DX [Bx(m2)2") =1
2"7, 271
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Since v¢([a,b]) = If(b+) — If(a) < If(b+) < b for any a < b, we have the following inequalities

v¢([0,m1]) < my,

X

£([0,ma]) + Vf((m17al,LBx(ml)Qﬂ'J+1>) < A1 By (my)2n 410
ve([0,ma]) + v ((ma, a1,LBx(m1)2nJ+1>) + Vf(<a1,LBx(m1)2"J+17 al,LBx(m1)2"J+2>)

IN

a1, | Bx (m1)2n | +2>

Then it follows from Lemma 3.1 and Equation (31) that

s [Bx(m2")
L<)y {BX(mi)(mi —mi_y)+ > on (@i, k41 — aik)
=1 k=|Bx (m}—)2m]+1
HBx (i =)(a5, B (my—)2n 41 = Bi, [ B (m—)2n) )}~ (32)

On the other hand, from Equation (22), we can get

S

Bydvy. =3 {BX(mi)(mi Cmi )+ / BX(t)dt}

Ry i=1 m;

> Z {BX(mi)(mi —m;_q)

[Bx (m:)2"]
k R )
+ > 2nu<{t:2n§BX(t)< on }ﬂ(mi,mi))
k=|Bx(m}—)2m]+1

FBx (M5 =)y B (ms—)2n 41~ i, (B (my—)2n )}

s I_Bx(Tn,;)QnJ k
=y {Bx(mi)(mi —m;_q)+ > on (@i k1 — @ik)
i=1

k=|[Bx(mj—)2n|+1
+Bx(mi =)0 | By (mry2n 11~ G, [ By (mr—)2n) )}- (33)
Combining Equations (23), (31), (32), and (33), we obtain

Bxdvy < Bxdvy-.
Ry Ry
Note that f* € £ and f is any ceded loss function belonging to the family £, then Equation (21)
holds and Lemma 3.2 is proved.
Similar to Lemma 3.2, we can obtain a general corollary. Its proof will be given in the
appendix.
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Corollary 3.3 For a function h(t) defined on the interval [0,d],0 < d < 0o, assume that
there exists a finite partition [0,d) = ;"o [mn i, mn,it1) satisfying that
O=mpo<mp1<mp2<- < Mps,,, =d

and
h(mp1) > h(mp2) > - > h(mps,) > h(mnps,,,) > 0.

Furthermore, for each 0 < i < s, there exists one my, ; satisfying my o =0 and mp; < mj, ; <

mp,i+1 for 1 <i < sp, such that
h(t) > h(mp,iv1), t € (Mnismy ),  h(t) < h(mpigr), tE€ [my, ;M i)

and h(t) is decreasing on [mp, i, mj ;). Then

Sh my,

max{ h(t)duf(t)} = Z {h(mhﬂv)(mhﬂv —my 1) —I—/ h(t)dt}

feL [0,d] i=1 i Mh
+h(mh7$h+1)(mh7$h+l - mZ,sh)- (34)

Remark 3.4 For the function h(t) defined on the interval [0,d],0 < d < oo with h(d) = 0,
if it satisfies the conditions of Corollary 3.3, we have

«
my

o { Mh(t)dvf(t)}=i[h<mh,¢><mh,i—mz,i_l>+ [ o] )

i=1 Mh,i
Before giving the proof of Theorem 2.8, we discuss two examples for h(t) which will be used
in the proof of Theorem 2.8.
Example 3.5 For given 1 < i < s+ 1, define a function on [0,d] = [0,m]_,] by

h(t) = Bx () Ij0,m>_)(t) + Bx(m;_1—)L{m=_ 3 (1) (36)

Then

y— *
i—1 mi

h(t)dl/l} = z_: Bx(mg)(mg —mj_q) + Z Bx(t)dt. (37)
k=1

k=1"""k

max
leL [0,m*

Proof We will check that h(t) satisfies all the conditions in Corollary 3.3.

From the definition of h(t), we know h(t) = Bx(t) on [0, m}_), and h(m}_;) = Bx(m}_;—).
Thus sp, = i — 1,mp 5,41 = m;_q, and for each 0 < k < sp, mp i = mk,m;‘“k = mj, then
[0,m7 1) = [0,mn s, 41) = Upolmn i, Ma k1)

Based on the properties of my, my, k =0,1,---,i—1, and the facts that my, x = mg, m}, , =

1l

my,0 <k < sp,, we have
* * *
0=mpo <mp1 <mpq <Mmp2 <My o< <Mps, <Mp g =Mps,+1=0d

and
h(mh@) > h(mhg) > > h(m;“sh) > h(mh,sh+1) = Bx(m:_l—) > 0.
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Moreover, for each 0 < k < s, from Lemma 2.5 we know h(t),t € [mpx,mj, ;) is de-
creasing and greater than h(mp x+1), and h(t) < h(mp k1)t € [m}, o mpk41]. Thus A(t) in
Equation (36) satisfies all the conditions in Corollary 3.3. Then Equation (37) follows from
Corollary 3.3.

Example 3.6 For the given 1 < i < s, define
h(t) = max{Bx (m:), Bx (mit1) Mit=m,} + Bx (1)L t>m,} (38)

on [0,00). Then we have

max { /[0700) h(t)dz/l} = max {Bx (m;), Bx (mis1)} x mi

leL
s—1 s mj,
+3 Bx(musn)(mies — mi) + / Bx(D)dt.  (39)
k=1 k=i Y Mk

Proof We will check that h(t) satisfies all the conditions in Remark 3.4. We know that
h(t) = 0,t € [0,m;), h(m;) = max{Bx(m;),Bx(m+1)}, h(t) = Bx(t),t € (m;,00), and
h(o0) = Bx(00) = 0.

From the definitions of m; and m}, we have s, = s —i+1, mp . = Myyp—1,1 <k <sp+1,

and mj, , = mj ;4,1 <k < s, Thus we can get

* * *
0=mno <mp1 <My, <Mp <My o <o <Mps, <My, o < Mg, 41 = 00

and
h(mp,1) > h(mp2) > -+ > h(mps,) > h(mp,s,+1) = Bx(00) = 0.

In the next, we consider the intervals [0, m;) and [m;, c0) separately. On the interval [0, m;),
it is easy to check that h(t) = 0 < h(m;). On the interval [m;, 00), for each i < k < s, the
function h(t),t € [mg,m}) is decreasing and greater than h(mg41), and h(t) < h(mg41),t €
[m}, miy1]. Then applying Remark 3.4, we conclude that Equation (39) holds.

Proof of Theorem 2.8 1) Suppose that Bx(m;) = Bx(m;) for all i = 1,2,---,s. Then
Bx(t) = Bx(t),t > 0, and hence Equation (21) can be rewritten as

max{ BXde}:/ Bxdvg-.
rec | Jr, R,

Thus from Proposition 2.1, we have

5}16121 pg[Ts(X)] = pg[T- (X)].

We can get Equation (16) by direct verification.

2) Suppose that Bx(m;) > Bx(m;) for some 1 < ¢ < s. Based on the definition of
Bx(t), for those m;,i = 1,2,--- s satisfying Bx(m;) > Bx(m;), we have that m; > 0 and
Bx(m;) = Bx(m;—). In the following, we will prove

it 2750 = 1+ BELX) - [ By (10)
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Its proof will be finished by proving that there exists a sequence {f, € L} such that

n—oo

lim Bxdl/fn :/ BXdl/]w7 (41)
and for f € L,

/ Bx(t)dvy < / B (t)dv;-. (42)
[0,00) [0,00)

(a) We will prove Equation (41) in this part.

As stated, for those m;,i = 1,2,--- s satisfying Bx(m;) > Bx(m;), we have m; > 0
and Bx(m;) = Bx(m;—). Then there exists a sequence 0 < 61(”) < m; —m;_; satisfy-
ing lim, s 6§") = 0, such that lim,,_ ., Bx(m; — 51@)) = Bx(m;—) = Bx(m;). For those
ms, i = 1,2, | s satisfying Bx(m;) = Bx(m;), we define 6§") = 0. Thus lim,,_,, Bx(m; —
51(”)) = Bx(m;) = Bx(m;). Therefore, lim, . Bx(m; — 55")) = Bx(m;) holds for all
mi,t=1,2,---,s.

Based on the sequence {51(”)}, we define a function as follows,

1
ful) = 2%{@ =) Lo (@) @ =m0V (@)
1=
+(z—m!)y €L (43)

'
|

The function f,, deduces a measure vy, satisfying that
vi, (mi}) = 01", vy, (ms = 60"} = my —mi_y = 6",

and vy, (B) = vy+(B) for any B € Ry /{m;,m; — 5§n); i=1,2,---,s}. Thus,

Ry Ry
= Z{Bx(mz)(mz_m:_l)'f'/ ' BXdM}
=1 m;
- Z {BX(mi)él(n) + Bx(m; — 5§n))(mi —mi_y — 51@)) + / i BXdM}
i=1 -
- Z{(Bx(ml) — Bx(mi — 5§n)))(mi —miy = o)+ 51@) (Bx(mi) — Bx(mi))}
=1

as n — oo. Equation (41) is proved.
(b) We will prove Equation (42) in this part.
Choosing ¢ such that Bx(m;) < Bx(m;), we define

Bx(t) = Bx () Iim,y + Bx (1=,
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It is obvious that By (t) > Bx(t),t € [0, 00), therefore

/ Bx(t)dvy < / B (t)dv; (44)
[0,00) [0,00)

holds for each f € L. Thus, if we can prove the following inequality

/ Ex(ﬁ)de < / Bx(t)dl/f*7 (45)
[0,00) [0,00)

Equation (42) can be obtained. In the following we will prove Equation (45).
On the interval [0, m}_,], we define

vy, (B) = v¢(B) + I{mz‘,IEB}(m:—l —vpl0,m;_4]), B¢ BR+

It is easy to prove that the associated f; belongs to £. Thus, for h(t) defined in Example 3.5,

we have
[ pwd = [ B+ Bt —vr0mil)(46)

From Equations (37) and (46), we have

/[O’mf—l] Bx (t)dvy < S {BX(mk)(mk —my_q) + /mZ BX(t)dt}

k=1
—Bx(mi_y=)(mi_y — vs([0,m;_4])). (47)

Next consider the interval (m;,00). For h(t) defined in Example 3.6, we have

/[O vy = s (B (o), B Omi ) (0. ) + [ Bxtay. )

(my,00)

Based on Equations (39) and (48), we can obtain

/( )Bx(t)de < max {Bx(mi), Bx (mit1) }(mi — vg([0,mi]))

s—1 s my
+3 Bx(msn)(miss —mi) + 3 / B (t)dt. (49)
k=i k=i Y ™Mk

Then combining Equations (47) and (49), we have
/ Bx (t)dvy
[0,00)

:/ Bx(t)de+/
[0,m}

(mj_ uml-]
i—1

<" B (my)(my —mj_, +Z / By (mi_y—)(miy — vy (0, m}_y])

=1 mp

/ (t)dvy + max {Bx(m;), Bx(mit1)}(mi — v¢([0,m;]))

3 Bxtme o —mi)+ 3 [ Bxloyie (50
k=1 k=i Yk
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Using Bx(m;) > Bx(mj_,—), Equations (22) and (50) imply that

/ Bx (t)dvy — / Bx (t)dvy-
[0,00) [0,00)

< =Bx(mi)(mi —mi_y) — Bx(mi_y—)(mi_y —v;([0,mi_4]))

+/< Ly Bx®dvy tmax {Bx(ma), Bx (i) Homs = vy (0, mi]))

< —Bx(mi)(mi — vp(0,mi_) + / B (t)dv,

(mj_y,mi]
+ max {Bx (mi), Bx (mit1)}(mi — v¢([0,ma])). (51)
From Lemma 2.5, we have Bx(m;) > Bx(mit+1) and Bx(m;) > Bx(t) for any t € [m}_;, m;].
Meanwhile, from the definition of m;, we know there exists a 0 < § < m; — mj_; such that
Bx(m;) > Bx(t) holds for any ¢ € (m; — §, m;]. Therefore, from Equation (51), we obtain

~Bux(mi)mi —vy(oomi )+ [ Bty
(my_,,mq]
+max {Bx (m;), Bx (mit1)}(m; — v¢([0,m;]))
= —Bx(m;)(m; —vs([0,m; — d])) + / Bx (t)dvy
(mi—6,m;]

+max {Bx (m;), Bx (mit1)}(m; — vs([0,m;]))

o = Bxmnim-a) s [ i)
< ~Bx(mi)(mi — vy (Om; = 8)) + [ Bty
(mi—68,m;]

+max {Bx (m;), Bx (mit1)}(mi — vg([0,m]))
= [ (Bxl) - Bxtm)iv,
(m;—6,m;
+(max {Bx (m), Bx (mit1)} — Bx (ms))(mi — v([0,m]))
=1I. (52)
Note that one of v;((m; —d, m;]) and m; — (][0, m;]) must be greater than 0, otherwise we will
have v;([0,m; —d]) = m; and f(m; —d—) = m; — 6 —vs([0,m; —0]) = —0 < 0, contradictory to

the fact f € £. Moreover, Bx(t) < Bx(m;),t € (m; — 6, m;] and max {Bx (m;), Bx(mi+1)} <
Bx(m;). Thus IT < 0 follows. Then from Equations (51) and (52), we can obtain

/ gx(t)dl/f —/ Bx(t)dyf* <II<O.
[0,00) [0,00)

Thus the inequality equation (45) is proved.

4 Conclusions

This paper discussed the optimal reinsurance treaty for the insurer when the insurer’s risk

is measured by distortion risk measure and the reinsurance premium is calculated by the ex-
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pected premium principle. Under the assumption that the retained loss is increasing with the
initial loss, explicit solutions for the optimal reinsurance problems were obtained. The optimal
reinsurance strategies for the two special risk measures, VaR and TVaR, were also presented as
special cases of the distortion risk measures.
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5 Appendix
Proof of Lemma 2.3 First we consider the case that ¢ = 1 with my; = 0. When r; = 0, it

is easily to get Bx(0) = M;. Thus, in the following we will focus on the case r1 > 0. From
the definitions of m; and r;, we know max{Bx (t), Bx (t—)} = Mi,t € (mq,71). Then we can
find a sequence m; < x, < r1,n = 1,2,--- ;00 of the continuity points of Bx(t), such that
ZTn \, M1 as n — oo and max{Bx(z,), Bx(z,—)} = M;. By the continuity of the function
Bx(t) at t = 2, we have Bx(x,) = M;. Then based on the right continuity of Bx (t), we have
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Bx(O) = Bx(ml) = hmm"\ml Bx(il,'n) = Ml.
Next we will discuss the case i = 1 with m; >0 and i =2,3,---,s.
1) First, we will prove that max{Bx (r;), Bx(r;—)} = M.
From the definition of M;, we know that

Bx(ri) S _]\4z and Bx(ri—) S Mi. (53)

If max{Bx(t), Bx(t—)} = M, has finitely many solutions, r; can be rewritten as r; = max{t :
max{Bx (t), Bx(t—)} = M;}, then max{Bx(r;), Bx(r;—)} = M, is obvious. In the follow-
ing, we assume that the equation max{Bx(t), Bx(t—)} = M; has infinitely many solutions.
In this case, we can find a sequence {t, < 7;}52,, such that ¢, , r; as n — oo and
max{Bx (tn), Bx(t,—)} = M;. We will prove max{Bx (r;), Bx(r;—)} = M,; by considering
the following two cases:

(i) Case 1: There exists an infinite subsequence {tgll)};’f:l of {tn}52 4, such that t
and Bx( 511)) = M;. Thus Bx(r;—) = limtu)/r Bx( $})) = M;. Then we can conclude that
max{Bx(r;), Bx(r;—)} = M; by Equation (53) 7,

(ii) Case 2: There exists an infinite subsequence {tﬁ? )};ff’:l of {t,}52 1, which satisfies 2
r; and Bx (tgf)—) = M;. Similar to the proofin (i), we can derive that max{Bx (r;), Bx (ri—)} =
M;.

2) Second, we will prove that max{Bx(m;), Bx(m;—)} = M.

When m; = r;, the equation max{Bx (m;), Bx(m;—)} = M; is trivial. In the following, we
consider the case m; < r;. By the definitions of m; and M;, we have max{Bx (m;), Bx(m;—)} <
M;. From the definition of m;, max{Bx(t), Bx(t—)} = M;,t € (m;,r;] follows. Similar to the
proof for the case m; = 0, we can find a sequence {m; < y, < r;}22; of the continuity points of
Bx(t), such that y,, \, m; when n — oo and Bx (y,) = M;. Then, based on the right continuity
of Bx(t), we have Bx(m;) = limy, \ m; Bx(yn) = M;. Therefore max{Bx(m;), Bx(m;—)} =
M; follows.

Proof of Lemma 2.5 Let 0 < i < s. Based on the definitions of m;, m; and the right-
continuity of Bx(t), we can verify that Bx(t) > Bx(mit1),t € (m;,m}) and Bx(t) <
Bx(mit1),t € [mf, m;41]. In the following, we will prove that Bx (¢) is decreasing on (m;, m}).

Based on Lemma 2.2, we know there exists a finite partition of (m;, m}) such that Bx(t) is
monotonic on each subinterval. If Bx(¢) is not decreasing on (m;, m}), there exists an interval
(m,01) € (m;, m}) such that Bx(t) is increasing on (11, 61) and Bx (t) is not a constant on the
interval. Define

12 = sup{s < m;] : Bx(t) is increasing on (11, s)}.

1) For the case that ny = m}, the function Bx (t—) is increasing on (11, m}

] and
Bx(mi=)= lim Bx(s)2 Bx(t), t (m,m).

Therefore, for any ¢t € (9, m?

*) we have

max{Bx(m}), Bx(m;—)} > Bx(m;—) > max{Bx(t), Bx(t—)}.
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Meanwhile,

max{Bx (m;), Bx(m;—)} = Bx(m;—)
> Bx(mit1)
= max{Bx (mit1), Bx(mi+1-)}
> max{Bx(t), Bx(t—)}

for any t € (m},mi+1). Then max{Bx(m}), Bx(m}—)} is a local maximum value bigger than
max{Bx (mi+1), Bx(m;11—)}, contradictory to the definition of m;41.

2) For the case 12 < m}, we define n3 = sup{s < m} : Bx(t) is decreasing on [n2,s)}.
Based on Lemma 2.2, we have 13 > 1. Note that Bx(t),t € (n1,72) is increasing and
Bx(t),t € [n2,7n3) is decreasing, then max{Bx(n2), Bx(n2—)} is a local maximum value of
max{Bx(t), Bx(t—)}. Based on the fact that Bx(t) > max{Bx(m;t1), Bx(mit1—)},t €

(mg, m}), we know
max{Bx (12), Bx (n2—)} > max{Bx (mi+1), Bx(mi+1—)},

contradictory to the definition of m; 4.
From the consideration above, the function Bx (¢) is decreasing on (m;, m}). The proof of

Lemma 2.5 is completed.
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