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Abstract The paper is concerned with the stabilization of a class of coupled PDE-ODE systems with
spatially varying coefficient, via state-feedback or output-feedback. The system is more general than
that of the related literature due to the presence of the spatially varying coefficient which makes the
problem more difficult to solve. By infinite-dimensional backstepping method, both state-feedback and
output-feedback stabilizing controllers are explicitly constructed, which guarantee that the closed-loop
system is exponentially stable in the sense of certain norm. It is worthwhile pointing out that, in the
case of output-feedback, by appropriately choosing the state observer gains, the severe restriction on
the ODE sub-system in the existing results is completely removed. A simulation example is presented
to illustrate the effectiveness of the proposed method.

Key words Coupled PDE-ODE systems, infinite-dimensional backstepping transformation, spatially
varying coefficient, stabilization.

1 Introduction

In this paper, the stabilization is considered for the following coupled systems consisting
of an ordinary differential equation (ODE) system and a parabolic partial differential equation
(PDE):

X(t) = AX(t) + Bu(0, 1),

y(t) = CX(t),

U (1) = Uz (x,t) + A2)y(t), (1)
uz(0,t) =0,

u(D,t) =U(t),

where X (t) € R™ and u(x,t) with the initial values X (0) = X and u(x,0) = uo(z) are the
vector state and scalar state of the ODE sub-system and the PDE sub-system, respectively;
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y(t) € R is the output of the ODE sub-system; U(¢) is the scale input to the entire system;
Uy = ‘glt‘, Ug = g;‘, and ug, = giﬁ‘; Ae R Be R and C € R™" are known constant
matrices and the pair (A, B) is stabilizable; A(z) is a continuous function defined on [0, D]; D
is an arbitrary positive constant which denotes the length of the PDE domain.

From coupled equations (1), we see that, the output of the PDE sub-system (i.e., u(0,1))
acts as the input of the ODE sub-system, and the output of the ODE sub-system (i.e., y(t)),
affects the PDE sub-system in [0, D] with a specified influence function A(z). Coupled equa-
tions (1) can also be viewed as a nontrivial extension of those in [1] and [2] where boundary
controller acts on the plant through a diffusion-dominated actuator and the plant does not
affect the diffusion equation (i.e., A(z) = 0). In fact, the action from the plant to the actua-
tor cannot be avoided or ignored sometimes in practice (i.e., interaction exists in the coupled
equations), and if no relevant treatment is offered, the performance of the closed-loop system
would become unexpected. Therefore, it is worthy of studying how to design control for the
coupled equations (1), and simultaneously to effectively eliminate the negative effect caused by
the interaction.

The controls of coupled PDE-ODE systems have attracted continuous attention (see e.g., [3—
18] and the references therein), and recently, the stabilization for a system of ODE coupled with
parabolic PDE has received investigation (see [3] and [4]). Quite different from System (1), in [3],
the input of the ODE sub-system is the Neumann boundary value (i.e., u,(0,t)) of the PDE
sub-system, rather than the Dirichlet boundary value (i.e., u(0,t)), and the action from the
ODE sub-system to the PDE one only takes effect at one end of the PDE domain, rather than
inside the domain. This shows that some steps should be taken to prevent PDE sub-system
from being affected by the ODE one inside the domain. Moreover, just as System (1), the ODE
sub-system affects the PDE one inside the domain in [4], but the action is identical in the whole
domain (i.e., A(z) = 1), which will exclude many cases from practice. More generally, in this
paper, the action from ODE sub-system to PDE one has a spatially varying coefficient A(z)
which clearly includes the studied case A(z) = 1 in the literature and causes more difficulties
in control design and performance analysis.

In this paper, both state-feedback and output-feedback stabilizing controllers are proposed
for the coupled System (1). First, by introducing an infinite-dimensional backstepping trans-
formation, the state-feedback controller is constructed explicitly and the original closed-loop
system is changed into a stable target system whose stability implies that of the original closed-
loop system in the same sense. Then, when only the PDE sub-system output (0, t) is available
for feedback, a state observer is designed by the infinite-dimensional backstepping method.
Based on the observation of system states and the state-feedback controller designed, the
output-feedback controller is constructed with the help of separation principle, which guar-
antees the desirable stability of the closed-loop system. It is worthwhile emphasizing that the
presence of the spatially varying coefficient A(xz) makes the controller parameters (i.e., kernel
functions of the infinite-dimensional backstepping transformations) can not be explicitly de-
rived by the method in [4], and hence makes the stabilization of System (1) more difficult to
solve. Moreover, the restriction on the system matrix A in [4] is completely removed for the
case of output-feedback by choosing appropriate observer gains.

The reminder of the paper is organized as follows. Sections 2 and 3 present the state-feedback
and output-feedback control design, respectively. Section 4 provides a numerical simulation to
illustrate the effectiveness of the proposed method. Section 5 gives the concluding remarks.
The paper ends with an appendix which collects useful inequalities and the proofs of important
propositions.
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2 State-Feedback Control Design

In this section, state-feedback control design for System (1) is presented. Motivated by [4],
an infinite-dimensional backstepping transformation is found to change System (1) into a new
stable target system whose stability implies the stability of the original closed-loop system in
the same sense. However, the presence of the spatially varying coefficient A(z) makes the kernel
equations can not be solved by the existing methods.

For System (1), we adopt the following infinite-dimensional backstepping transformation:

wlz,t) = ulz, 1) - / " ke, y)uly, Ody — 1(@)X (1), @)

where kernel functions k(x,y) and ~(z) will be determined later. With appropriate kernel
functions, System (1) can be changed into the following stable system (see Theorem 1 of [4])
under the above transformation:

X(t) = (A+ BK)X(t) + Bw(0,t),

Wi (2, t) = Wy (x, 1),

wy(0,t) =0,

w(D,t) =0,

(3)

with K € R™™ such that A + BK is Hurwitz, from which, it is more convenient to analyze
the stability of the original closed-loop system. Once the desirable transformation is obtained,
by (2) and the fourth equation of (3), we obtain the following controller:

D
_ /0 k(D, y)uly, )dy + (D)X (). (4)

To derive the desirable kernel functions k(z,y) and v(z), a sufficient condition will be found
to guarantee that original System (1) with control (4) in loop can be transformed to System (3)
under transformation (2), which is given by the following proposition.

Proposition 1 The sufficient condition, which guarantees that System (1) can be changed
into System (3) under transformation (2), is that kernel functions v(x) and k(z,y) should
respectively satisfy

(@) — y(2)A — / / (©)BAEA(y)Cdy + A(x)C = 0,

7(0) = K,

(the above equations are called kernel equations) and

k(z,y) = /0 C @B, (6)

’_ dv(a:) dV(I)/

where vy(x)' = o , v(z)" =
Proof See Section B of Appendlx in the paper.

From the above two equations, we see that once the desirable v(z) is specified from (5),
the desirable k(z,y) will be obtained from (6). However, Equation (5) can not be solved
explicitly by the methods in [4] due to the presence of the spatially varying coefficient A(z)
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which makes the equations being non-homogeneous integro-differential equations with spatially
varying coefficient. By the method of successive approximation, the explicit solution of (5) is
obtained in the form of the infinite series.

Proposition 2 The kernel Equation (5) has the following unique solution:

+oo
)= vl@), (7)
1=0
with yo(x) = K — [ [§ M€)Cdédn,

T pn 1 T pr—y ) .
@) = [ [C©aaem+ ) [ @-y— 0@ Bixmcd i1 ®)

Moreover, there exists a positive constant My such that v(x) and k(z,y) have the following
properties:

sup |[y(2)[| < Mu, sup |[y(2)'|| < M,
xz€[0, D] z€[0, D] (9)
sup [k(z,y)| < My, sup kg (2, y)| < My,
z€[0, D],y€0, D] z€(0, D],y€[0, D]
where || - || denotes the Euclidean norm for column vectors, or the corresponding induced norm

for row vectors or matrices.
Proof See Section C of Appendix in the paper.
It is necessary to point out that an inverse backstepping transformation exists for (2):

ule,t) = w(a, ) + / "l y)wly, )y + B() X (D), (10)

(which will be used in the stability analysis of the closed-loop system) where

B(x) = K[I o]equ?A+OBK]x> i o

xT

+/ 0 —A(T)C]e:xp([?é](x—r)) i o dr,

0

(a,y) = / B(¢)Bde.

0

From the above two equations, it can be verified that kernel functions (x) and I(z,y) have the
following properties:

sup |[|B(x)]| < M2, sup |[|B(x)']| < Mz,

z€[0, D] z€(0, D] (11)
sup |l(z,y)| < D||B|| Mx, sup |lo(z,y)| < || B|| Mz,

z€(0, D],y€l0, D] z€[0, D],y€0, D]

where My = exp (Dmax{1, ||[A+ BK|}) (| K|| + nD||C|| max,e[o, p |M2)])-

Remark 1 The inverse backstepping transformation (10) guarantees that target system (3)
can be changed into the original closed-loop System (1) and (4). This can be verified by substi-
tuting (10) into (1) and using (3). Then, kernel functions [(x,y) and ((x) should respectively
satisty

la:a:(xa y) - lyy(xa y) = 07
l(z,x) =0,
ly(z,0) = —p(z)B,
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and

B(z)" — B(x)(A+ BK) + Xz)C =0,
5(0)" =0,
50) = K.

In view of the proof of Theorem 1 in [4], target system (3) is exponentially stable in the

1
sense of norm (|| X (t)[|* + fOD w(z,t)?dz + fOD Wy (z,t)%dx) ?, from which, it can be concluded
the stability of the closed-loop system in the same sense. This is summarized in the following
theorem.

Theorem 1 For any initial condition Xy and ug(x) satisfying fOD up(z)?dr < +oo and
fOD (d";;x))de < 400, the closed-loop system consisting of (1) and (4) is exponentially stable

in the sense of norm (|| X ()||? + fOD u(w,t)?dx + fOD ug (2, )% dx) 2,
Proof From (10), we have

u(z,t)® < 3w(z,t)? + 3/096 l(z,y)*dy /Ox w(y, t)*dy + 3[18() 1?1 X (1)1,

x x

U (2, 1) < Bwy (2, )2 +3/ lx(w)?dy/ w(y, t)*dy + 3]|8(2)" |11 X (1)
0 0
Integrating both sides of the above inequalities over [0, D] and noting 0 < x < D, there hold

/OD u(z,t)?de < 3<1 + /OD /OI l(x,y)%ydm) /OD w(z, t)*dx

D
+3 é I6()|dz] X (1)
D Dz D
2 2 2 2
/0 Ug (2, t) da < 3/0 ;Ux(x,t) da:+3/0 /0 lo(x,y) dydx/o w(z, t) dx

3 / 18(x) 2] X (£)]2,

(12)

which, together with (11), yields

D D
||X(t)||2—|—/O u(m,t)de—i—/o um(x,t)de
D D D
2 2 2 2
< 3(1+/0 Jy (Uz,y)* + (2, y) )dydx)/o w(x,t) dx—l—S/O wg(x, ) dx
(143 [ Q@ + 1) as)1x )
< B, (13)

where § = 1/ max{3+3D?M2||B||*>(D?>+1), 1+6DM3} and E(t) = ||X(t)||2—|—fOD w(z,t)?dr +
fOD we (@, t)%d.
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From (2), by the similar way in deriving (12), we have

AZw@JF@:<3<tjADAxuaw%wm)ADMaw%x+;ADmmm%anm%

D T D
/ wy(z,t)?de < 3/ um(x,t)Zda:—l—Z’)/ / kx(x,y)zdydx/ u(z, t)?dx
0 o o Jo 0
43 [ Ity Pas|x 0],

which, together with (9), yields

E(t) < 3(1 + /OD /Om (k(z,y)* + ko (z,y)?) dydx> /OD u(z,t)>dx + 3/0D g (z,t)%de
+<1 + 3/0D Iy @12 + [lv()'11%) dfﬂ) 12X )]
< (5<||X(7f)||2 + /OD u(z,t)?dx + /OD ux(x,t)Qda:>,

where § = max {3 + 6D?MZ, 1+ 6DM¢}. This and (13) imply that

5<|X(t)||2 + /OD u(z,t)2de + /OD g (1, t)2dx>
< E()

< 5<|X(t)||2+/OD u(a:,t)zda:—i—/oD ux(a:,t)2dx). (14)

By the aforementioned exponential stability of the target system (3), there exists a positive
constant &1 such that E(t) < E(0)e °'*. Hence, by (14), there holds

D D
IM@Wﬁ/uMNM+/zM@Nm
0 0
5 Y ) Ddug(x)\2 , \ .,
< €1
—5<|X0| +/0 uo() dx+/0 ( P ) dz Je~=1t,

which implies the original System (1) with controller (4) in loop is exponentially stable in the
1
sense of norm (|| X (¢)[|* + fOD u(x,t)?dr + fOD ug(z,t)%dx) . This completes the proof.

3 Output-Feedback Control Design

In this section, output-feedback control design is presented for System (1) when only the
output u(0,t) of the system is available for feedback. Specifically, a state observer is first con-
structed by infinite-dimensional backstepping method, based on which observation for the states
of the system are obtained. Then, an output-feedback controller for System (1) is constructed
by using the separation principle, which ensures the desirable stability of the closed-loop sys-
tem. It is necessary to point out that, by choosing appropriate observer gains, the restriction
on the system matrix A in [4] is completely removed.
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The state observer is constructed as follows:

X(t) = AX(t) + Bu(0,t) + L(u(0,t) — (0, t)),

j(t) = CX(t),

Ur(,t) = Uga (0, 1) + N2)G(t) + p(2) (u(0,t) — (0, 1)), (15)
uz(0,) =0,

u(D,t) = U(t),

where X (t) € R" and U(z,t) with their initial values Xo and g(x) are the vector state and
scalar state, respectively; 7(¢) is the output of the ODE sub-system; L € R"™ such that the
pair (A, L) is stabilizable and p(z) : [0, D] — R will be determined later. Once the desirable
p(x) is specified, we obtain the reconstruction of the unobservable states of System (1) with the
following observation errors:

X(1) =X () - X (1), 1) = ula,t) - Ulx,1),
which satisfy the following equations (called error system):

X(t) = AX(t) — La(0, 1),

Tl ) = T ) X JOX (1) - p()a(0,1), (16)

Next, we will search for the desirable p(x) which guarantees that the above error system is
stable in the sense of certain norm. For this, we introduce the following transformation:

w(x,t) = u(z,t) — q(x) X (1), (17)

where

o) =11 oo ([

+/OI [0 = A()C] exp <[? ﬂ (& — 7)) 7o "

with K; € R™" such that A — LK is Hurwitz. From the above equation, we can see that ¢(z)
satisfies:

a:) oo’

q(0)" =0, (19)
q(o) = Kla
and
SUpgepo, p) l9(@) | < Mz, sup,epo, py lla(z)'|| < Ms, (20)

where Ms = exp (D max{1, ||A[}) (][ K1| + nD||C|| max,eo, p |A(2)]), which will be useful in
the later stability analysis of the error system.

Under transformation (17) and by choosing appropriate p(x), error system (16) can be
changed into a new system which is given by the following proposition.
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Proposition 3 By choosing p(x) = q(z)L, System (16) can be changed into the following
target system under transformation (17):

(x,t) = Wy (z, 1),
0 (21)

Proof See Section D of Appendix in the paper.

It can be proven that System (21) is exponentially stable in the sense of certain norm, which
implies the stability of the original observer system (16) in the same sense (i.e., the states of
observer system (15) converge to the actual states of System (1) in certain sense). This is
summarized in the following theorem.

Theorem 2 For any initial condition X (0) and u(z,0) satisfying fOD u(z,0)?dxr < +o00 and
fOD Uz (z,0)%dz < +00, observer (15) with gains L chosen such that the pair (A, L) is stabilizable
and p(z) = q(x)L guarantees that error system (16) is exponentially stable in the sense of the
following norm:

(n)?(t)n? + / Ve 2 + / ’ ax@,th) g

Proof We will first prove the stability of target system (21), and then show that of original
error system (16). For this, we choose the following Lyapunov function:

D D
~ _ 1 _
V(t)=Xt)TPX(t) + ;/ w(x,t)?dx + 5 / Wy (2, 1) d, (22)
0 0
where v is a to-be-specified positive constant, P = PT > 0 satisfies the following Lyapunov
equation:
(A—LK,)"P+ P(A—- LK) = —Q,

for some to-be-specified Q@ = QT > 0. B
By computing the time derivative of V (¢) along the solutions of System (21) and using the
integration by parts, we have

_ _ - D D
V()= Xt)TPX(t)+ Xt)TPX(t) +7/0 W (2, )Wy (z, t)dx +/0 W (2, 1) Wt (2, t)da

= —X()TQX(t) — 2X(t)" PLw(0,t) + v (D, t)W, (D, t) — / Y Wy (z,t)2da
0

@, (D, )@, (D, t) — /O 7 W (1, £)2da. (23)

From (21), we see that w(D,t) = —q(D)X (t), and hence w(D,t) = —q(D)(A — LK) X (t) +
q(D)Lw(0,t). Then by (23) and Young’s Inequality, we get

. _ _ _ _ D
V() = ~X(O)"QX(t) - 2X () PL@(0, 1) — 7q(D) X (¢)is (D, 1) — 7 / e (2, 1)%da
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D

—g(D)(A — LED)X ()@ (D, ) + (D) L0, )a(D, t) — /O T (2, 1)2de
~ 2 ~
< A @IROI + oy 7y po a0.07+ " e R P
2(1+4D?)

Y ~ 2
¢
ts(1 4 apz) P00+
3

7 TaDIPIROIF + @D, + | la(D)A~ LK) FIE 0

D D
—'y/ @x(x,t)Zda:—/ Wy (z, 1) dx
0 0

((D)LP@(D,1)* + @D, 1)?
Y

2 3 ~
= (@ = e - a0 - a0y - LRI ) 1K )1
D
* 414 ape) TO0° —7/0 o )2 de
D
+2+2(1+4D2)|Q(D)L|2wx(p,t)2—/ o (2, 1) 2de, (24)
v 0

where Apin(Q) denotes the minimum eigenvalue of Q.
By Agmon’s Inequality (i.e., Lemma A.3 in Section A of Appendix in the paper) and com-
pleting the square, we obtain

D D
B0, 12 < @(D, 1) +2 / w(x,t)2dx/ @z, £)2dz
0 0
D D

§117(D,t)2—|—/ @(m,t)de—f—/ Wy (2, 1) d.

0 0

Then, by Poincaré’s Inequality (i.e., Lemma A.2 in section A of Appendix in the paper), there
holds

D
w(0,1)* < (1+2D)w(D,t)* + (1 + 4D2)/ Wy (, ) de. (25)
0
Moreover, noting that w,(0,¢) = 0, from Poincaré’s Inequality and Agmon’s Inequality, we have
D D
Wy (2, )% dx < 4D2/ Wea (7, t)%da, (26)
0 0
D D
@ (D, 1)? < 2 / s (2, t)Qda:/ T (1) da
0 0

D
<4D / W (, )% da. (27)
0

Substituting (25) and (27) into (24) yields

8(1+4D?)

- 3 ~
V(t) < - (Amm@) B IPLI? =" laD)]* = | la(D)(A - LK1>||2) IX®IP

7(1+2D)~ 2 3'7/D~ 2
D - x )
4(1+4D2)w( ,t) s ), Wy (x,t)*dx
2+ 2(1 +4D?)|q(D)L|? b
—(1— +201+ S Nla(D)L] ><4D>/ Wy (z,t) de.
0
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Choosing
v >8D(1+ (14 4D?)M;||L||*), (28)
and by (26) and Poincaré’s Inequality while noting @ (D, t) = —q(D)X (t), we have

8(1+4D?)

- 3 ~
V() < —(Amm@) B IPLI2 =" laD)]? = | la(D)(A - LK1)||2> IX P

(1 +2D) 2 | 37 ~ 2 3y /D~ 2
D D,t)? —
4(1+4D2)w( )7+ 8Dw( ) 1602 |, w(z, t)*dz
1 2+ 2(1 4 4D?)|q(D)L|? p
4D? v 0
8(1+4D?) s (v ~y(1+2D) 3y 9
< . — —
< (dmn(@ IPLIE = (") + 1 ape) + s ) 1D
D
7 _ 2\ w2 Y ~ 2
4 Na(D)(A = LK) >||X(t)|| 16D2/0 w(z,t)"dx
1 2+ 2(1 4 4D?)|q(D)L|? p
- g 2420+ 4DDILE / @z, t)2dz.
4D? v 0

To make V non-positive, we choose Amin(Q) > n = 8(H';lDz)HPLHQ + (743 + Z((lffDDz)) +

3% )M + J1I(A — LK1)|2M3. Then, by (28) and noting X ()T PX(t) < Amax(P)| X (1)2, we

have

Vi) < —A“;:f()m "X OTPX(t) - 1(‘:’1772 /0 @(w,t)2dz
1 2+ 2(1 + 4D?)|q(D)L|? b )
_4D~2 (1 _ 4t (1+ N Jla(D)L| X 4D> /0 Wy (x, ) dx
< -V (1), (29)

where ey = min{’\‘/\““‘(%g", ng, Qéz (1 — 2+2(1+4Dj)|q(D)L|2 X 4D)}, Amax(P) denotes the

maximum eigenvalue of P. Then, we have
V(t) < V(0)e =2, (30)

We are now ready to prove the stability of error system (16). First, from transformation (17)
and by completing the square, we have

D D D _
/ B 0)?de <2 / i, )?dr + 2 / ()| Pdz] X (1)1,
0 0 0
/ 7 ()2 < 2 / 7 o )2 + 2 / 7 la(e) P RO
0

0 0

/ W )2z < 2/ w(x,t)de+2/ la(@)|2dz]| X @12,
0 OD 0 D

/ (2, )2da < 2/ @x(x,t)de+2/ la(@) |2dz]| X @)]12.
0 0 0

Then, we conclude that

e(||)?(t)||2 + /OD i £)2da + /OD o (z, t)%la:)
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<V(@®)
D D
9<||X( )||2+/0 a(x,t)2dx+/o ﬁx(x,t)Qda:) (31)
where
o 'V‘min(P) _
0= max {7 (14 4DM2), Dnin (P), Ay dan(P)} 0~ 0% {Amax(P) +DM5(1+7),7, 1}'

This, together with (30), yields

IX @2 + /OD i, £)2da + /OD o (x, £)2da
< z(|)?(o)||2+/0Da(x,o)2dx+/oD ﬂx(x,O)Qda:>e_52t, (32)

which implies the desirable stability of System (16). This completes the proof.

It is worthwhile emphasizing that, by choosing appropriate observer gains and backstepping
transformation, the original error system is changed into a stable target system which is different
from that of [4], and hence the restriction on matrix A in the literature is completely removed. In
fact, the state observer designed in [4] is applicable under certain restriction on the eigenvalues
of matrix A (see Theorems 2 and 3 in [4]). This implies that the output-feedback controller in
the literature is effective only for specified system.

We are now in a position to design the output-feedback controller for System (1). In state-
feedback controller (4), by respectively replacing X (¢) and u(z,t) with their observations X (t)
and u(z,t), the output-feedback controller is described as follows:

D
U(t) = / K(D, y)a(y, O)dy + (D)X (2). (33)

To prove the stability of System (1) with the above controller in the loop, we introduce the
following infinite-dimensional backstepping transformation:

oe.0) = ) - | " ke, )y, Ody — v(@)X (1), (34)

where k(z,y) and y(z) are the same as (6) and (7). Under the above transformation, System (15)
can be changed into the other target system, from which, it is more convenient to prove the
stability of the closed-loop System (1), (15), and (33).

Proposition 4 Under infinite-dimensional backstepping transformation (34), System (15)
with controller (33) in loop can be changed into the following target system:

X(t) = (A+ BE)X(t) + Bo(0, ) + (B + L)(@(0, 1) + K1 X(2)),
Bl ) = B (0.) + M (@) (0(0.0) + K1 K (1), -
'l/U\ac(Oat) =0,
&(D, 1) = 0,
where M (x) — Jo K y)dy — y(z)(B + L).

Proof See Sectlon E of Appendlx in the paper.
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We next show that the above target system is exponentially stable in the sense of certain
norm, which implies the stability of the closed-loop system in the same sense.
Theorem 3 For any initial condition Xo, uo(z), X (0) and u(x,0) satisfying fOD (uo(z)?+

ﬂo(x)Q)dx < 400 and fOD (du(g;x)f + (dugix)fdx < +o00, the closed-loop system consisting of

(1), (15), and (33) is exponentially stable in the sense of the following norm:

1
2

N D
(||X(t)||2 + | X (1)]12 + /0 (u(z,t)? + uy(z,t)? + U2, 1) + Uy (2, 1)?) dx>

Proof In order to prove the desired stability of system ()? , U, X , ), we will first show that
of the system (X, w, X, w). For this, we choose the following Lyapunov function:

A~ A~

~ ~ 1 [P 1 [P -
V()= Xt)TPX(t) + N / W(z,t)%dx + N / Wy (2, )2 dx + EV (1),
0 0
where € is a to-be-specified positive constant, P = PT > 0 satisfies the following Lyapunov
equation:
(A+ BK)"P+ P(A+ BK) = —Q, (36)

for some to-be-specified @ = @T >0
By computing the time derivative of V (¢) along the solutions of (21), (35), and using inte-
gration by parts, we have

~ A~

V(t) = X(O)TPR(t) + X(O)TPX(t) + /O ’ @z, )@, (z, t)de

D ~
+ / D (2, )Wt (2, t)d + €V (£)
0
= —)A((Z)T@)A((t) + 2X(t);133@(0, t) 4+ 2X ()T P(B + L)(w(0,t) + K1 X (t))
— | @p(x,t)2de + /O @(x, t)M (2)dx(@(0, 1) + K1 X (t))

Then, using Young’s Inequality, we obtain

~

V(1) € =duin( @)X @)+ o @(0,1)* + 16D| PB|*| X (0)[|* + | P(B + L)1 X (1)

16D b b
~ 1
H(@(0,8) + Ky X (1))? —/ B, £)2dz + / #(x, )2 dz

D _ D
+4D2/ M(x)de(@(o,t)JrKlX(t))?—/ Wy (2, )2 da
0 0
VY awtar s [ aa 5(0,) + K1 X (1)) + eV (t
by | BealetPdn s, [ M@Pa@0.0 + K EOF +2V0)
= = (Ausal(@) = 16D PBI? ~ | (B + L)) IX(®)]* +
1
+16D2

~ 2
16p%(0,1)

/OD B, t)2dz + (@(0,1) + K1 X (1)) (1 + (107 + ;) /OD M(x)de)
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D 1 D N
—/ B, )2d — 2/ Bow (. 1)2d + SV (1),
0 0

Noting @w(D,t) = 0, by Poincaré’s Inequality and Agmon’s Inequality, there hold
D D D
/ w(x,t)*de < 4D2/ Wy (0, t)%dx, w(0,t)% < 4D/ Wy (, t)%da.
0 0 0

Substituting this into (37) and by (39) and completing the square, we have

D
/ Wy (z,t)2dx
0

V() < — (Aain(@) — 16D PBI? — BB + L)) X0

1

b 2 ~ T2 o T
_2/0 Baw (2, 0)2da + M(@0(0, 1) + K1 X (£))? — eeaV (1)

D
< = (Auin(@) ~ 16DIPBI = |PB+ DIF) IR - | [ @l s
0

2

1 [P -
— / Wy (0, 1)2da 4+ 2Mw(0, )% + 2M || K1 ||| X (1) ||?
0

~ v D 1 (D
—ees ()\min(P)||X(t)||2 + ) / w(x, t)?dx + 2/ fﬁm(x,t)?dx>,
0 0

where M = 1+ D (4D? + }) (Ms]|L||(1 + DMy) + M| B + L|)>.
Noting that @,.(0,¢) = 0, by Poincare’s Inequality, we have

D D
/ Wy (2, )% dx < 4D2/ Wya (2, 1) dx.
0 0

Then, by (25) and (38), we have

- . - ~ - 1 [P
Vi(t) < - (Amm(Q) — 16D||PBJ|* — IIP(B+L)|I2) 1X(®)|* - 8D2/0 W(z,t)dx

1
8D?

D
+2M (1 + 4D?) / Wy (2, t)2dx + 2M || K1 ||| X (1)]]
B ~ [P 1 [P
—eeg ()\min(P)||X(t)||2 + ) / w(z,t)?dx + 2/ wm(x,tydx)
0 0
~ ~ ~ ~ 1 b
= = (M@ ~ 16DIPBIE ~ [P+ D) 1RO = oy [ Blat2de

8D?2
I é b
/ Wy (2, )% de — 6527/ w(x,t)%dx
0 2 Jo

D ~
/O Wo () dz + 2M (1 + 2D)|lo(D)|*| X (1)

- 8D2
/6\62 D
-(%5 —2M(1+4D2))/ T (0, ) da
0

— (22 hmin(P) = 2M(1 +2D) (D) — 2M | K 2) | K 0) .
By choosing

Amin(Q) > 16D|| PB|* + | P(B + L)|*,
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2 2
1 max{2M(||K1| + (14 2D)M3)

Auin(P) 4M(1+4D 2)}’

€2

it is concluded that

1 . PN

V(t) < = (Auin(@) — 16DIPBJ? — | P(B + L)) - ﬁ)x<t>TPX<t>
1 D R ) 1 D R ) max
_8D2/0 w(x,t)*dx — 8D2/0 Wy (z, ) dx
N 1 -
— (€22 Amin(P) — 2M (1 + 2D)||q(D)|* — 2M || K1 ||?) \ (P)X(t)TPX(t)
~ D ~ D
_6627/ (ot - (2 —2M(1+4D2))/ @z, £)2da
2 0 2 0
< —EgV(t),
with
c — min Amin(Q) — 16D||PB|? — |P(B+ L)|* 1
3 )\max(ﬁ) 74D27
eeaAmin(P) — 2M((1 +2D)||g(D)||*> + [ K1) L AM( 4D?)
EAmax(P) =2 e ’

which yields

V(t) < V(0)e .

This implies that ()? , W, X , W) is exponentially stable in the sense of the following norm:

1
2

_ N D
(||X(t>||2 HIROP+ [ (@007 + Tt + 0la.02 + 0 (o) dx)

By the similar way in deriving (32), we obtain that system ()? .U, X,70) is exponentially

~

norm defined by (36). This completes the proof.

4 Simulation Results

stable in the same sense. Therefore, by noting the fact u(z,t) = @(z,t) + u(z,t) and X (t) =
X(t) + X (t), we conclude that system (X,u, X, u) is exponentially stable in the sense of the

In this section, an example is given to verify the effectiveness of theoretical results for the

following simple system:

y(t) = X (),
ut(xvt) = Umw(l’,t) + {EX(t),
ug(0,7) =0

where X (t) € R, the initial conditions are X = 0.5 and ug(z) = 2.
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From (4) and (33), we see that, to design controllers for (39), the controller parameters, i.e.
~(-) and k(-) should be determined. However, the sum of the infinite series defined in (7) is
difficult to calculate even for simple nonconstant function A(z). On the other hand, appropriate
truncation of the series is sufficient for the practical implementation. Therefore, we replace y(x)
by its approximation v(x) = Z?:o vi(z) in the controllers. Choosing K = —2 and by (8), we
have
3

T
70(33) =-2- 317
3z5 28
nle) ==t =T =y
2zt BxT 4210 13

2E == T T e T s
226 729 912 5gld 18
6! 9! 12! 15! 18!’
2x8 9zl 16z™ 1427 6220 223
SE I A
8! 11! 14! 17! 20! 23!

Then by (4) and (7), we obtain the state-feedback controller:

U(t) = /O /0 L (©)deuly, Hydy — 3.2789X (1), (40)

Moreover, by (18) and choosing K; = 1, we conclude ¢(z) = x + e *. Then, by choosing
L =3, p(x) = 3(z + e ") follows directly. Hence, by (15), we obtain the following observer for
System (39) when only «(0,¢) is available for measurement:

) = X(t),
Ue(,) = Uga (2, ) + 2G() + 3(z + e %) (u(0, 1) — (0, 1)), (41)
u.(0,t) =0,

with initial estimates )?(0) = 0.2 and u(z,0) = e¢*. Then, by (33), we obtain the following
output-feedback controller:

U(t) = /O /0 () deti(y, t)dy — 3.2789K(8). (42)

By using the explicit forward Euler method (see, e.g., Page 406 of [19]) with 20-step dis-
cretization in space, four simulation figures are obtained for the closed-loop system signals.
Specifically, Figures 1 and 2 show that states u(z,t) and X (¢) of (39) with state-feedback con-
troller (40) in the loop converge to zero, and meanwhile, Figures 3 and 4 show that both the
states u(x,t) and X (t) of closed-loop system (39), (41), and (42) converge to zero.

5 Concluding Remarks

In this paper, the stabilization of a class of coupled PDE-ODE systems with spatially varying
coefficient has been investigated. By infinite-dimensional backstepping method, both state-
feedback and output-feedback controllers have been successfully constructed, which ensure the
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desirable stability of the closed-loop systems. It is worthy pointing out that, the control design

is more difficult to solve since the presence of the spatially varying coefficient makes controllers
parameters can not be derived by the method in the related literature. Moreover, restriction

on the ODE sub-system parameter in the related literature is completely removed in the paper.

Since spatially varying coefficients arise frequently in PDEs, extension of the methods and ideas
in the paper to more complicated coupled systems, such as coupled PDE-PDE systems with

spatially varying coefficients, will be meaningful and deserve investigation.

0.7

10

Figure 2 Trajectory of X(t) with state-

Figure 1 Trajectory of u(z,t) with state-

feedback controller (40)

)

feedback controller (40

Figure 4 Trajectory of X (t) with output-

with

Figure 3 Trajectory of u(z,t)

feedback controller (42)

output-feedback controller (42)

References

, Compensating actuator and sensor dynamics governed by diffusion PDEs, Systems and

Control Letters, 2009, 58(5): 372-377.

Krstié

(1]

pringer

NS



STABILIZATION OF COUPLED PDE-ODE SYSTEMS 167

[2] LiJ and Liu Y G, Adaptive control of the ODE systems with uncertain diffusion-dominated
actuator dynamics, International Journal of Control, 2012, 85(7): 868-879.

[3] Tang S X and Xie C K, State and output feedback boundary control for a coupled PDE-ODE
system, Systems and Control Letters, 2011, 60(8): 540-545.

[4] Tang S X and Xie C K, Stabilization for a coupled PDE-ODE control system, Journal of the
Franklin Institute, 2011, 348(8): 2142-2155.

[6] Zhou Z C and Tang S X, Boundary stabilization of a coupled wave-ODE system, Proceedings of
the Chinese Control Conference, Yantai, China, 2011.

[6] Lynch A F and Wang D, Flatness-based control of a flexible beam in a gravitational field, Pro-
ceedings of American Control Conference, Boston, Massachusetts, USA, 2004.

[7] Rawlings J B, Witkowski W R, and Eaton J W, Modelling and control of crystallizers, Powder
Technology, 1992, 69(1): 3-9.

[8] Masoud A A and Masoud S A, A self-organizing, hybrid PDE-ODE structure for motion control in
informationally-deprived situations, Proceedings of the IEEE Conference on Decision and Control,
Tampa, Florida, USA, 1998.

[9] Baicu C F, Rahn C D, and Dawson D M, Backstepping boundary control of flexible-link electri-
cally driven gantry robots, IEEE/ASME Transactions on Mechatronics, 1998, 3(1): 60-66.

[10] Morgiil O, Orientation and stabilization of a flexible beam attached to a rigid body: Planar
motion, IEEE Transactions on Automatic Control, 1991, 36(8): 953-962.

[11] Dawson D M, Carroll J J, and Schneider M, Integrator backstepping control of a brush DC motor
turning a robotic load, IEEE Transactions on Control Systems Technology, 1994, 2(3): 233-244.

[12] Chentouf D B, A note on stabilization of a hybrid PDE-ODE system, Proceedings of the IEEE
Conference on Decision and Control, Orlando, Florida, USA, 2011.

[13] d’Andrea-Novel B and Coron J M, Exponential stabilization of an overhead crane with flexible
cable via a back-stepping approach, Automatica, 2000, 36(4): 587-593.

[14] d’Andrea-Novel B, Boustany F, Conrad F, and Rao B P, Feedback stabilization of a hybrid PDE-
ODE systems: Application to an overhead crane, Mathematics of Control, Signals, and Systems,
1994, 7(1): 1-22.

[15] d’Andrea-Novel B, Boustany F, and Conrad F, Control of an overhead crane: Stabilization of
flexibles, Lecture Notes in Control and Information Sciences, 1992, 178: 1-26.

[16] Moghadam A A, Aksikas I, Dubljevic S, and Forbes J F, LQ control of coupled hyperbolic
PDEs and ODEs: Application to a CSTR-PFR system, Proceedings of the Ninth International
Symposium on Dynamics and Control of Process Systems, Leuven, Belgium, 2010, 713-718.

[17] Panjapornpon C, Limpanachaipornkul P, and Charinpanitkul T, Control of coupled PDEs-ODEs
using input-output linearization: Application to cracking furnace, Chemical Engineering Science,
2012, 75(16): 144-151.

[18] Miletic M and Arnold A, Euler-Bernoulli beam with boundary control: Stability and FEM,
Proceedings in Applied Mathematics and Mechanics, 2011, 11(1): 681-682.

[19] Yang W Y, Cao W, Chung T S, and Morris J, Applied Numerical Methods Using Matlab, New
Jersey, John Wiley & Sons, Inc., Hoboken, 2005.

[20] Do K D and Pan J, Boundary control of three-dimensional inextensible marine risers, Journal of
Sound and Vibration, 2009, 327(3): 299-321.

Appendix

A Useful Inequalities

Lemma A.1 For any matriz function A(z) = (a;;(x)) : [0, D] — R™ ™ which is continuous
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and integrable on [0, D], the following inequality holds:

D D
/0 A(z)dz §\/mn/0 |A(z)||da.
Pmof Let |[A(z)||lr = /Tr(A A(x)). Then noting that \;(A(z)TA(z)) > 0,i =
1,2,---,n, we have
[A@ = | Anax(A@)TA@) < |3~ MA@ TA@)) = 3/ TH(A@)TAR)) = [A(@)r- (A1)
Moreover,
[A@)]F = Z/\ z)) < \/n Amax(A(2) T A(z)) = V[ A(2)]| (A.2)

Therefore, by (A.1), we have

/OD A(z)dx i /OD A(z)dx i /OD a;j(z)dx

by which, and noting that ‘ fOD a;j (x)dx‘ < fOD |a;;(z)|dz, after some direct calculations, we
obtain

m n 2

= 2.2

i=1 j=1

Y

’ 2<gi(/D|a”( )|dm>2
< (1 2 1/ la;j(x |dx> :< Diila” |d$>2
Smn(/ iilaw |2dx) —mn</0D|A(x)||Fdx>2.

=1 j=1

Substituting (A.2) into the above inequality yields

/OD A(z)dx i < mn2</0D ||A(x)||dx>2,

which directly implies the desirable inequality.
Lemma A.21%0 (Poincaré’s Inequality) For any w € C*[0, D]%, there hold

D D
/ w(z)?dr < 2Dw(0)? + 4D2/ w, ()% dz,
0 0

D D
/ w(z)?dr < 2Dw(D)* + 4D2/ w, ()2 d.
0 0

8C1[0, D] denotes the set of all continuously differentiable functions defined on [0, D].
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Lemma A.31%1 (Agmon’s Inequality) For any w € C*|0, D], there hold

w(z)® < w(0 +2\// 2dx wx(x)gda
w(z)? < w(D +2\// Qda: wx(a:)Qda:.

B Proof of Proposition 1
Letting = 0 in (2), we obtain u(0,) = w(0,t) + v(0)X (). Substituting this into the first
equation of (1), we have

X(t) = (A+ By(0)X(t) + Bw(0,t).

Hence, to obtain the first equation of (3), there must hold v(0) = K.
To obtain the other three equations of (3), we first compute wy(z,t), wey(z,t), and wy(z, t)

from (2), that is,

wx(xvt) = ux(a:, t) - k(l‘, x)u(m,t) - /Ox k‘x(l‘, y)u(yvt)dy - 7($)1X(t)7 (Bl)
Waa (T, 1) = Uge(z,t) — d ( u(x,t) — k(x, v)uy(x,t)
—ky(x,x u(xt / koo (T y, t)dy — v(z)" X (t) (B.2)
wi(z,t) = wi(z,t) — k(ﬂ?,y)ut(y, t)dy — y(z) X (t)

(=}

—wle.0)~ [ Koy~ [ e ADCX Wy - 1) X (0
= Uge (T, ) + /\(x)CX(i) — k(z,x)u,(x,t) + k‘ygx, x)u(z,t)
—ky(z,0)u(0,t) — [ kyy(@, y)uly, t)dy — /0 k(z,y)A(y)C X (t)dy

(@) (AX () + Bu(0,1)). (B.3)

[}

Then, letting © = 0 in (B.1) and noting u,(0,t) = 0, we have
w(0,t) = k(0,0)u(0,t) +v(0)' X (t) = 0.
Hence, the sufficient condition to guarantee the trueness of the third equation of (3) is
k(0,0) =0,  ~(0) =0. (B.4)

Moreover, subtracting the two sides of (B.2) from the two sides of (B.3) separately, there holds
wi(2,1) — Wae(w,t) = < ()" —y(x)A — / (z,y)\(y)Cdy + A= )C) X(t)
— (ky(x,0) +v(x)B) u(0,t) —|—2d k(x,x)u(x,t)
[ o) = Ky ) )
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by which and noting (B.4) and v(0) = K, the sufficient condition for the trueness of the second
equation of (3) is that v(x) and k(x,y) must satisfy the following equations (called kernel
equations):

y(z)"” x)A — / (z,y)A\(y)Cdy + A(z)C =0,
+(0) =0, (B5)
7(0) = K,

and

kzw(x; y) - kyy(x,y) = 07
k(xz,xz) =0, (B.6)
ky(z,0) = —y(x)B.

It is easily to verify that (6) is the solution of Equation (B.6). Then, substituting this into the
first equation of (B.5) directly concludes (5).

C Proof of Proposition 2
By the first equation of (5), we have

() 2)A+ / / (€)BdEN(y)Cdy — A(z)C.

Integrating both sides of the above equation on [0, x] twice and noting v(0) = K, v(0) = 0,
after some simple managements, we conclude

)=o)+ [ [Ca©@adean, [ [ - y-o@BiwC. €1

Thus, to prove the proposition, it suffices to show that (7) is the unique solution of the above
equation, and the absolute and uniform convergence of the series defined by (7) must be ensured.
For this, we will estimate v;(x) by induction. First, for vo(x), using Lemma A.1 and noting

0 <x < D, we have
Iho@ll < 1K+ H / / CdfdnH

< K|+ n? / /| (©)] - 1|\ dedn
< K|+ n2D?|C) max |A(z)| = M. (C2)
z€[0, D]

Then, suppose that for all « € [0, D], there holds
g2

; < MyM:
||’y7/($)|| — 4 J(2Z)!7

where M; = n? (HAH + 3 D?||B|| - ||C|| max,epo, py |\(2)]), by which and (8), we have,

(C.3)

||%+1

<[ / sw@adgan|+ 3| [ [ @ =y - 9P BagrGiCan |
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T n 1 x  pr—y
n? / / I€) Aldgdn + n?D? / / (&) BIAEA()] - |Cldy
0 0

) 27 T—Y ¢21
gn2||A||M4Mg/ 5 dgdn+ n2D2||B|| ||C|| max |z( |M4M1/ / ¢ dfdy
0 0

2|| A| My M xw“) Lep By o s
=AM ot DB () e @) MM
2(1Al + 1p?|B|| - |IC ) Y 2
w2 (Al + o DB 11 s 1) ) Madti e
v M'H—l £L'2<i+1) cu
T 341 (C4)
Therefore, (C.3) is proven. Then, noting 0 < z < D, we have
400 +oo 2
(Dv/Ms)*
sup ~vi(z)]] < My ) . (C.5)
z€l0, D ;H (@)l ; (29)!

It is not hard to verify that the series on the right-hand side of (C.5) converges. Hence, by the
well known Weierstrass M-test, the series defined by (7) converges absolutely and uniformly on
[0, D]. By substituting (7) into (C.1) and noting (8), it is not hard to verify that (7) is the
solution of (C.1). Then, the existence of the solution to Equation (5) is concluded.

To show the uniqueness, we assume that v(x) and F(x) are two different solutions of (5)
with error Ay(z) = v(x) —5(x). Substituting these two solutions into (C.1) and after some
direct calculation, we have

x n 1 x =Y 9
@) = [ [ av@aasan+, [ [ @-y-erav@parwcd.  (co)

From (C.3) and (C.5), there holds sup,co pjllv(z)| < Maexp(Dyv/Ms), and then

SUpgeo, p) |1AY(@)[| < 2M4 exp(D+/Ms). Next, we will estimate Avy(x) by induction. Suppose
that for all z € [0, D], there holds

2
|Ay(@)|| < 2My exp(D+/ M) M; (2001
Substituting this into (C.6) and along the similar process to obtain the estimate (C.4), for all
x € [0, D], we have

(C.7)

z n 1 x r—y
A A —y—&)2A
@i < | [ [ av@adan|+ 3| [ [ -y 9rar@pacrwca|
2 [T " Lo [P [ )
<w [ ] i + 50 / | 1@ miaew -ICldy
g2n2||A|\M4exp(D\/M5)Mz/ / gi'dgdn
212 o 9521
402 DB - [CI| o |A@)|Ma exp(Dy/ M) e

2(z+1)
_ 2 . YL
n <|A|+ DB - [[C]] rr[l%]lk(w)l)?wap D\/M M52( +1)!
2(i+1)
5) i+1 L
= 2Mj exp(D+/Ms) M 2i + 1)1 (C.8)
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Therefore, (C.7) is proven. Noting that 0 < x < D, by (C.8), we have

D2(i+1)
sup ||Ay(x)| < 2Myexp(Dy/Ms) M+t

_ , C9
z€[0, D] 2(i + 1)! (C.9)

which implies Ay(z) = 0 since lim;_, o, 2My exp(Dv/Ms) M+ g(zl(j:l;) = 0. Then (7) is the
unique solution of (C.1).
Next, we turn to showing the estimates in (9). Noting that 0 < z < D and sup,¢(o, p; [|7(2)[| <

My exp(D+/M3), we have

T—y
swp |kl < sup / (€)BldE < DM, | B|| exp(Dy/Ms) (C.10)

z€[0, D],y€[0, D] z€(0, D],y€[0, D] JO
and
sup |kz (2, y)| = sup [V(x — y) B| < My||B|| exp(D+/ M)
z€[0, D],y€[0, D] z€[0, D],y€[0, D]

Moreover, integrating the first equation of (B.5) over [0, z], we obtain

vy = [ Gwaaworas [ [ ke mrwoa
0
which together with (C.10) yields

sup lv(@)|| <nD max |i(z)|-|C|| + nDM,ePVMs
z€[0, D],y€[0, D] z€[0, D]

[ I|A] + nD? I(z)|-|B|-lc] ) =
(1414 00 s 160 - 151 e

Then, choosing M; = max{Mj exp(D+/Ms), DMy||B|| exp(D+/Ms), My||B| exp(D+/Ms), M},
we directly conclude (11).

D Proof of Proposition 3

We will first show the first, third, and fourth equations of (21), and then prove the second
one.

Letting = 0 in (17) yields @(0,t) = @(0,t) 4+ ¢(0)X(t), substituting this into the first
equation of (16) and noting ¢(0) = K directly yield the first equation of (21).

Computing W, (z,t) from (17) and letting 2 = 0, we have

W4 (0,1) = 1y (0,1) — q(0) X (¢).

Noting 4(0,t) = ¢(0)' = 0, w;(0,¢) = 0 follows from the above equation.

Moreover, letting x = D in (17) and noting u(D,t) = 0, the fourth equation of (21) can be
directly concluded.

To show the second equation of (21), we first compute w(z,t) and Wy, (z,t), respectively,

(1) = (s 1) — q(0) X (1) B
= Tpa(7,1) + MN2)CX () — p(2)(0,1) — q(2) AX (t) + q(x) Lu(0, 1),
T (2, 1) = (@, 1) — q(z)" X (1)
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Thus, we have
@i, t) = Wy (,1) = (qx)” — q(@) A+ A(2)C) X () = (p(x) — q()L)a(0, t).

Then, by (19) and noting p(x) = q(x)L, W¢(x,t) = Wyy(x,t) can be obtained, which is the
second equation of (21).

E Proof of Proposition 4

We first show the first, third, and fourth equations of (35), and then prove the second one.
Letting « = 0 in (34), we have u(0,t) = w(0,¢) + KX (t). Then, there holds

w(0,t) = (0, t) + @(0,t) = u(0, ) + @(0, ) + KX ().
Substituting this into the first equation of (15) yields

X(t) = (A + BE)X(t) + Bo(0, ) + (B + L)i(0, t).

Letting = 0 in (17), we have @(0,t) = w(0,¢) + K1 X (¢t). Substituting this into the above
equation directly yields the first equation of (35).
Computing @, (z,t) from (34) and letting 2 = 0 concludes

@20, 1) = (0, 1) — k(0,0)a(0, 1) — 4(0) X (1),
By (B.5), (B.6), and noting u,(0,t) = 0, w,(0,¢) = 0 can be directly obtained.
Letting = D in (34) and by (33) directly yield the fourth equation of (35).

To derive the second equation of (35), we first compute w;(x,t) along the solutions of
System (15),

Bulet) =i(ot)~ [ K)oy — 20X 1)
- am(i:, t) + Mz)CX (t) + p(z)a(0,t) — y(x) (AX (t) + Bu(0,t) + Lu(0,t))
— [ $w9) @)+ A@CE (O + p(0)70.0)) .
Using integration by parts twice yields

We(,t) = Tga(, 1) + A2)CX (t) + p(2)7(0, 1) — v(z) (AX (t) + Bg(o, t) + Lu(0,1))
—k(z, 2)uz(x,t) + ky(z, 2)U(x, t) — ky(x,0)u(0,t) — /0 kyy (2, y)u(y, t)dy

~ [ kMA@~ [ K)o,
0 0

Noting ky, (z,0) = —y(z)B and u(0,t) = u(0,t) —@(0,t), after some simple managements, there
holds

fi,t) = a0 + (M@)C =901~ [ oA G)Cay ) (0
#(v0) =~ [ ks - 1@ + 1) 0.

—k(z, x)uy(x, t) + ky(z, 2)u(z, t) — /Oﬂﬂ kyy (z, y)u(y, t)dy.
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Moreover, by computing W, (z,t) from (34), there holds

d
dx

by, ), 1) — jﬁ b (2, )y, D)y — ()" X (2).

Wy (T, 8) = Uga(x,t) — | k(z,2)u(z,t) — k(z, 2)u,(x,t)

Using the above equations, we obtain

Bla,0) = Basl,0) = 2 1 W, )i, ) (/(%A%w—km@wﬂmwww

(oo = [ Koty - ot xB+LQ 7(0,1)
(o 200 = 2@a - [ Kermcd)Ze.

By (B.5), (B.6), and noting u(0,t) = @(0,t) + K, X (t), we yield
ant) = aale) = (vlo) = [ Koy 2B+ ) ) @00 + KX (0),

which is the second equation of (35).
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