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Abstract In this article, a new descent memory gradient method without restarts is proposed for
solving large scale unconstrained optimization problems. The method has the following attractive
properties: 1) The search direction is always a sufficiently descent direction at every iteration without
the line search used; 2) The search direction always satisfies the angle property, which is independent
of the convexity of the objective function. Under mild conditions, the authors prove that the proposed
method has global convergence, and its convergence rate is also investigated. The numerical results
show that the new descent memory method is efficient for the given test problems.

Key words Global convergence, memory gradient method, sufficiently descent.

1 Introduction

The objective of this paper is to study the unconstrained minimization problem
min f(z), «€ R", (1)

where R" denotes an n-dimensional Euclidean space, and f : R" — R! is smooth whose gradient
is denoted by g. Line search methods are traditional iterative methods for solving (1). The
iterative process of the line search method is given by

Thy1 = T + odp, (2)

where dy, is the search direction of f(x) at xp and the steplength «ay is obtained by carrying
out some line search. For convenience, if xj is the current iterative point, we denote V f(xy)
by gk, f(zk) by fi, f(z*) by f*, where 2* is a solution of (1).

Generally, memory gradient methods and conjugate gradient methods are two powerful line
search methods for solving large scale problems because they avoid the computation and storage
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of some matrices associated with Newton type methods. The search direction dj in conjugate
gradient methods is recursively defined by

L

— 0k, k=
dp = 3
. { — gk + Brdi—1, k>2, 3)

where () is a parameter. The search direction dj in memory gradient method does not have a
uniform form. Compared with conjugate gradient method, memory gradient method can use
the information of the previous iterations more sufficiently and hence it is helpful to design
algorithms with quick convergence rate. In line search method, the search direction dj is
generally required to satisfy

gp di <0, (4)

which guarantees that dj, is a descent direction of f(z) at zx. In order to guarantee the global
convergence, we sometimes require dy to satisfy a sufficient descent condition

gn di < —cllgell?, (5)

where ¢ > 0 is a constant and ||-|| denotes the Euclidean norm of vectors. Then it is an interesting
task to design a conjugate gradient method which possesses this condition. Moreover, the angle
property is often used in proving the global convergence of related line search methods!, that
is,

-

— 9x dk > T, (6)
gl - [l
where 7 > 0 is a constant. (6) indicates that the angle of —gy and dj, needs to be less than /2.

Descent property (4) is very important for the global convergence of conjugate gradient
method. Whether conjugate gradient methods can generate descent directions depends on
some line searches, but for memory gradient method2—3!, it is easy to deduce that the search
direction satisfies (4) and (5) without the line search.

Recently, Zhang[*~®! proposed a descent conjugate gradient method. The search direction
in their method always satisfies

cos{—gg, d) =

gn di, = —||gxll?, (7)

which shows that dy, is a sufficiently descent direction unless xy, is a stationary point of (1), but
it cannot guarantee the angle property. Shil® proposed a descent conjugate gradient method
with a line search satisfying the sufficient descent condition in addition to the standard Wolfe
conditions. The search direction dj, in [6] satisfies the sufficient descent condition by the line
search, and it also satisfies the angle property by the Lipschitz continuous of g. Chengl]
proposed another descent method and pointed out that no matter Sy taking any form, if dj is
defined by
— 9k, k=1,

di = Td_
b —<1+ﬁkgk k 1>9k+ﬁkdk1, k>2,

(8)
g1

then dj always satisfies the sufficient descent condition (7). Moreover, some new theoretical
and numerical results on conjugate gradient method were addressed in [3-6]. But the question
whether we can find a line search method not only guarantees the sufficient descent condition
but also satisfies the angle property without utilizing any property of the underlying function
f and the line search. The answer is yes.

In this paper, based on [7], a new memory gradient method is proposed. The search direction
dy, generated by the new method satisfies sufficient descent condition and angle property, and we
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786 A NEW DESCENT MEMORY GRADIENT METHOD

give an appropriate initial step size at each iteration which can decrease the function evaluations
so as to improve the performance of the new method.

The rest of this paper is organized as follows. In Section 2, we introduce the new memory
gradient method. In Section 3, the global convergence and linear convergence rate are analyzed.
Numerical results and one conclusion are presented in Section 4 and Section 5, respectively.

2 New Memory Gradient Method

We need to impose the following assumptions on f, which is weaker than assumptions used
in [2-8].

H1) The objective function f has lower bound on the level set Ly = {x € R"|f(z) < f(x1)}.

H2) In some neighborhood N of Ly, g is uniformly continuous on an open convex set B
that contains Lg.

Let {Qx} be a sequence of positive definite matrices. We define ||di||q, = \/dekdk.

Now, we begin to describe the new memory gradient method.

Algorithm 1 (A new memory gradient method)

Step 0 Given an initial point ;7 € R™, ¢t > 1, v € (0,1), p € (0,1), a positive definite
matrix @, and set dy = —¢1, k:= 1.

Step 1 If ||gx|| = 0 then stop; otherwise go to Step 2.

Step 2 Compute di, by (8), where § is defined by

T _ lgxll
ﬁ}f\’ _ 9k (gk llgr—1ll gkfl) ' ()
|94 di—1] + tll gkl - [Idr—1]]
Set s = —gjl di./||di ||, - Let ax be the largest a in {sk, psk, p?sk, - -} such that
[z + ady) — fr. < yag, dy. (10)

Step 3 Update Qj to obtain Q41 by some technique. Set xx41 =z + ardy, k =k + 1;
go to Step 1.

Remark 2.1 From (9), it is obvious that: 1) The scalar 3 keeps nonnegative, and this
property is independent of the line search used; 2) ﬂ,ﬁv = 01if gy = gx—1- Thus, the new direction
tends to the steepest direction —gy, if a very little progress is obtained, that is, the new method
can restart automatically.

We always choose the initial step size as the one-dimensional minimizer of a quadratic
model &(z) := fi + ag'di + ja’d] Qrdy, where Qi can be set to the Hessian matrix or its
approximation. This may make the step size aj more easily be accepted and decrease the
function evaluations at each iteration.

3 Global Convergence and Linear Convergence Rate
Throughout this section, we assume that gi # 0, for all £ > 1 (otherwise a stationary point
has been found). The following lemma implies that dy provides a sufficient descent direction of
f at xp.
Lemma 3.1 For all k > 1, we have
gx di. = —|gkll*-
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Proof The conclusion is obvious from (8), (9). This completes the proof.
Since dj, is a descent direction of f at xj, Algorithm 1 is well defined.

Remark 3.1 The parameter 31 is inspired by the following analysis. In order to guarantee
that dj, satisfies the angle property (6) with some constant 7 > 0, from Lemma 3.1 and (6), we

only need to guarantee

:
T Y
lgell-Idell el

that is, ||di|| < |lgk||/7- On the other hand, from (8), we have

cos(—gk, d) =

|95, dk—1] + tllgkll - |1l

k]l < llgkll + Bk
gl

Thus, we only need to guarantee

198 di—1| + tllgell - k-]l _ llgxl

lgrll + Br <
ll 9|l T

Let 7 = 1/3, and from the above inequality, we have

2gx1?

ﬂk S )
|93 dio—1| + tllgnl - Il dr—1]l

which motivates us to design the scalar ﬁ,ﬁv .
Lemma 3.2 For all k > 1, we have
1
cos{—gg,di) > 17 = 3
Proof If k=1 then
cos(—gg, dr) = cos{—gk, —gr) =1 > 7.
If k > 2, then, by (8), (9), and t > 1, we have
|gg di—1] - [l gl
Jaul < ol -+ 5 (19 St 10

lgn di—1] + llgwll - [|dr—1]|

< lgxll + ¢

; ll g

lgell
< gl o 1Mo =y Zy ool gl dims |+ tanll - s
B |93 di—1] + tl|gll - [|de—1]| gl
llgxl

< 2||gxll + lgr—1ll

llgk—1ll
= 3llgxll-

By Lemma 3.1, we get
1
cos{—gg, d) = g >

il T3
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This completes the proof.
Remark 3.2 In a similar way, we can get some other scalars which also satisfy the sufficient
descent property and the angle property, such as

.
T _ 9% Gk—1
I (% ||gk71||29k*1>

ﬂk - )
lgn di—1| + tllgwll - lde—1]
o ol
) gkl — Hgg:H |91;|—9k71|

|9 div—1| + tllgnll - k-1l

Remark 3.3 From the proofs of Lemmas 3.1 and 3.2, we can get that both the sufficient
descent property and the angle property are independent of the line search.

The next result shows that Algorithm 1 is globally convergent for general functions.

Theorem 3.1 If H1), H2) hold and Algorithm 1 generates an infinite sequence {xy}, then
any cluster point of {xy} is a stationary point of f.

Proof From (10), Lemma 3.1 and H1), we have

Jimaxlge])* = 0. (12)

Suppose that z is a cluster point of {z}, then there exists an infinite subset Ky C {2,3,---}
such that

lim zp =x.
k—oo,ke Ko
We will divide our proof into two cases: inf «ar > 0 and inf ap = 0. In the first case, we
keKo keKo
obviously have
= 1' = O
lg@)lf =, _ lim__llgx|
If kinlg ap = 0, then there exists an infinite subset K7 C K such that
€Ko
li =0. 13
k—»ool}//rcleKl k ( )

If there exists g > 0 and an infinite subset K5 C K7 such that

lonll* S 0 vk ek (14)
lde]l =% >

so conditions (12) and (14) show that

dim ] = o, (15)

By (10)7 fOf Sufﬁcienlly large k c KQ, we have
[0 d (6] g d
f (xk k k) > f(xk) ’}/ k k k .

Using the mean value theorem in the above inequality, we obtain 6;, € (0, 1), such that
Oruid T
[9(% + pk k) —gk] dy, > (v = 1)g)l di.
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By Lemma 3.1 again, we obtain

xi + Opoud - -||d
lg(x + Bronde/p) — el = lg(zx + Orardy/p) — gill - lldxl

[l
l9(ak + Oxandi/p) — gr] " di
- 1]
T 2
9r dk llgxl
> (v—=1) == :
lldi | [ld |l
From H2), (15), and the above inequality, we have
llgxl®
=0, 16
k—oo,keK3 Hdk” ( )
which contradicts (14), then we can obtain
lgkl®
=0. 17
k—o00,k€ Ko Hdk” ( )
By Lemma 3.1, Lemma 3.2, and (17), we have
2 . Td
0= lgell® _ lgll -gicdi o gell _ llg(@)ll
k—oo,ke Ko ||dk|| k—o00,k€ Ko HdkH . ||gk|| k—o00,k€ Ko 2 2

The proof is completed.

If H2) is replaced by the following stronger assumption, we can get a stronger global con-
vergence result.

H2') In some neighborhood N of Ly, g is Lipschitz continuous on an open convex set {2
that contains Ly, namely, there exists a constant L > 0 such that for all z,y € 2,

lg(z) — g(w)ll < Lljz — yl|. (18)
We assume that there exist Apnin > 0 and Apnax > 0 such that for all x € R"™,
)\mionHQ S xTQkx S AmaxHa:||2~

The condition of the following lemma, often called Zoutendijk condition, is used to prove
the global convergence of nonlinear conjugate gradient method.
Lemma 3.3 If H1), H2') hold and Algorithm 1 generates an infinite sequence {xy}, then

oo 4
3 lowll™ -, o (19)
2 gy

Proof First, we consider the following two cases: ap = s and ap < sg. In the first case,
we obviously have
—gndr _ lgxl®
/\maXHdkH2 /\maXHdkHQ.

If au, < s, this implies that «y/p violates (10). As deduced in Theorem 3.1, we have

a2 (20)

[9(xk + Oxardy/p) — gr] " di > (1 —7)l|gkl*.
@Springer
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By H2'), we have
Log|ldi|I*/p > (1 = 7)llgell*.

Therefore,
o P =)llgl®

21
SR 2y
Letting N = min{1/Amax, p(1 —7)/L}, from (20) and (21), we obtain
2
o > NI (22)

]|

From (10) and (22), we have

2,2
9k
vN('h dk””) < fi = firn,

which, together with H1), we get (19). The proof is completed.
Theorem 3.2 IfH1), H2') hold and Algorithm 1 generates an infinite sequence {xy}, then

I =0.
i {lgll

Proof By Lemma 3.3, we have

gl
lim =0. (23)
koo ||dy||
In the proof of Lemma 3.2, we have
lldill < 2[lgkll-
Therefore,
llg%1I> > ||gk||7
ld | 2

which, together with (23), we get the desired result. This completes the proof.

In order to prove the linear convergence rate of the new method, we need the following
assumption.

H3) f is uniformly convex and twice continuously differentiable.

In fact, Assumption H3) implies H1), H2), and H2').

Lemma 3.421 If H3) holds, then f has the following properties:

1) f has a unique minimizer on R™, say x*.

2) There exist m >0, M > 0 and € > 0 such that

1
mllz —a*|* < f(z) - f(a*) < 2MH$—$*II2, Vz € N(z%,¢),

mllz — 2" <lg@)|| < Mz —2*[|, Ve N(z",e).

The following theorem is inspired by Theorem 4.1 in [6].

Theorem 3.3 If H3) holds, then {x} converges to x* at least R-linearly.

Proof If H3) holds then there exists &’ such that z, € N(z*,2¢), Vk > k. Without loss of
generality, we assume that z; € N(x*,&g). From (10) and (22), we have

YN gx|?

e = fre1 > 4

(24)
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By Lemma 3.1, we have
lgull - lldll > —gx di = llgxll*,

which yields
k]l = lgll- (25)

According to Lemma 3.4 2), we have
m < L. (26)

By Lemma 3.4 2) and (24), we obtain

YNNgl® o ANm?|zp — 2| yNm?

— > > — ).
e 4 2 oy =17
By setting
YN
9 P
m\/2M’
we have
fr = fr1 = 0°(fr = [7). (27)
Now, we prove that 6 < 1. In fact, by the definition of N, (26), and noting m < M, we have
YNm?> _ yp(l—~y)m* _ v(1 —7)pm
6% = < 1.
oM = oML L @ =PF

By setting
w=+1- 62,
obviously w < 1, we obtain from (27) that
frer = TS (=0 (fi = ) =P (f = f) < - < OPEF) (frog = ).
By Lemma 3.4 and the above inequality, we have

. (i) 2011 — %)
e o

)

2
es1 — %12 < 7 (frgr —
m

thus,
o~ a7 < oty 2B )

mw2(k'+1)

and )
lim ||z —2*||* <w < 1.
k—o0

which shows that {x)} converges to z* at least R-linearly. This completes the proof.
4 Numerical Results

In this section, we provide the implementation details of the new algorithm to verify the
theoretical results.

For convenience, we restrict the Q = I for all £ > 1, and New Method stands for our new
descent memory method with this special choice.
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792 A NEW DESCENT MEMORY GRADIENT METHOD

The conjugate gradient method takes the form (3) and

T 2
s 9k (9k — gr-1) FR ll gl
— , (see [9]); = , (see [10]);
k g];r_ldkfl ( [ ]) k Hgk71”2 ( [ ])
T 2
PRP gr (gr — gr—1) ( DY ll gl
= , (see [11—12]); 0y = , (see [13]);
g di_1(9k — gr—1) ¥ di_1(gk — gr—1)
T — lgxll
ZVYL _ 9k (gk Hgk—ﬂlgk*l) (See [14])'
llgr—11 ’

Its corresponding method is called HS, FR, PRP, DY and WYL conjugate gradient method,
respectively. The codes were written in Matlab 7.1 and run on a portable computer. For each
problem, the limiting number of function evaluations is set to 10000. ‘F’ means the method
failed. The stopping criterion is

llgxll < 107°.

Our numerical results are listed in the form NI/NF/NG, where the symbols NI, NF and NG
mean the number of iterations, the number of function evaluations and the gradient evaluations,

respectively.
Problem 1
f(z) = x% + JS% + 23::2), + a:i —5(x1 +29) — 21w + Txg, x1 = (1,1,1, l)T.
Problem 2
9
f(x) = (1 — x1)2 + (1 - x10)2 + Z({E? — x¢+1)2, T = (—27 N —Q)T.
i=1
Problem 3
f(z) = e 422 + 2x120 + 422, 1= (1,1)7.
Problem 4
"\ . n n n o\
f(m)—;(e —m)m (n—l’n—l’. ’n—l)
Problem 5

n n 2
Fl@) =107 (x; —1)* + (Zx2 — 0.25) , oz =(1,2,---,n)".
=1 i=1

Problem 6
n/2
f(x) = Z((x2i - xgi—1)2 + (1 - x2i*1)2)7 T = (_]—7 27 ]-7 Ty _]-7 27 1)T
=1

Problem 7 f(z) is defined in Problem 5, with another initial point z; = (1,1,---,1)T.

From Tables 1-2, New Method is superior to HS method and comparable to PRP method,
and it can solve all problems, while DY and FR method cannot solve Problem 2. It can be
seen from Table 3 that New Method is comparable to PRP method. PRP method, HS method,
WYL method and New Method are all superior to FR method. For Problem 7, the numerical
results of all methods are the same.
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Table 1 Numerical results of Problems 14, t = 1.1

P n PRP FR HS DY New Method
Pl 4 13/34/14  20/55/21  17/1068/18  20/55/21  10/30/11
P2 10 305/651/306 F 334/592/335 F 229/407/230
P32 8/25/9 26/86/27  13/41/14  13/42/14  19/49/20
P4 10 4/6/5 5/6/6 4/6/5 4/6/5 4/6/5
100 4/6/5 4/6/5 4/6/5 4/6/5 4/6/5
500 4/6/5 4/6/5 4/6/5 4/6/5 4/6/5
1000 4/6/5 4/6/5 4/6/5 4/6/5 4/6/5
10000 4/6/5 4/6/5 4/6/5 4/6/5 4/6/5
20000 4/6/5 4/6/5 4/6/5 4/6/5 4/6/5

Table 2 Numerical results of Problem 5, t = 1.46

n FR PRP DY HS New Method
200  8863/9036/8864  8882/9055/8883  73/1245/74  9696/9912/9697  8883/9056,/8884
500  6186/6415/6187 6140/6369/6141  44/1307/45 F 6140/6369,/6141

1000  4617/4895/4618  4622/4900/4123  43/1318/44  8308/8676/8309  4623,/4901 /4624

Table 3 Numerical results of Problem 6, t = 1.1

n FR PRP HS WYL New Method
120 340/1439/341  56/136/57  47/111/48  60/142/61 48/103/49
240 347/1467/348  59/147/60  55/137/56  62/147/63 48/103 /49
480 354/1495/355  56/132/57  52/129/53  62/142/63 48/103 /49
1000 361/1523/362  48/104/49  48/126/49  66/164/67 60/135/61
2000  367/1548/368  55/132/56  71/190/72  64/156/65 53/118/54
3000  373/1571/374  64/155/65  53/125/54  66/153/67 51/109/52
4000 376/1583/377  66/162/67  61/159/62  73/186/74 58/132/59
5000  379/1595/380  62/143/63  53/139/54  66/162/67 65/154,/66

Table 4 Numerical results of Problem 7, t = 1.46

n FR PRP HS New Method
80 8/42/9 8/42/9 8/42/9 8/42/9
160 9/50/10 9/50/10 9/50/10 9/50/10
320 10/59/11 10/59/11 10/59/11 10/59/11
1000 10/64/11 10/64/11 10/64/11 10/64/11
2000 9/68/10 9/68/10 9/68/10 9/68/10
4000 11/80/12 11/80/12 11/80/12 11/80/12
8000 10/85/11 10/85/11 10/85/11 10/85/11
16000 12/98/13 12/98/13 12/98/13 12/98/13

Hence, New Method appears to generate the best direction, on average. The explanation of
this behavior is that the choice of ﬁ,ﬁv always keeps nonnegative and independent of line search
used, and the generated direction always satisfies the sufficient descent condition, which the
direction generated by other conjugate gradient methods does not always satisfy.

5 Conclusions

In this paper, we propose a new descent memory gradient method which possesses the suf-
ficient descent condition without carrying out any line search and satisfies the angle property,
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794 A NEW DESCENT MEMORY GRADIENT METHOD

and this property is independent of the convexity of the objective function. The computa-
tional evidence shows that the performance of our method is comparable to conjugate gradient
methods.

It is clear that if exact line search is used, then g,jdk_l = 0. In this case, we get another

parameter
gR k-1

_”%”_Mhm

= t>1.

tldp—all 7~ 7

Under inexact line search, whether the conjugate gradient method with this parameter has
global convergence? It will be our further research. Moreover, more numerical experiments for
large practical problems and for the choice of the constant ¢ should done in the future.
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