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Abstract

We develop a model of monetary policy implementation in which banks bid for liquid-
ity provided by the central bank in fixed rate auctions, considering liquidity injections
and extractions as well as the impact of a subsequent interbank market. We derive the
equilibrium demands of banks. We also investigate the impact the central bank auction
has on the subsequent interbank market and find that while lending in the interbank
market is reduced, the interest rates are moving in the desired direction. In the context
of the interbank network, the impact of monetary policy on banks depends on their
network locations, which may give rise to the prospects of distributional effects of
monetary policy.

Keywords Central bank operation - Bid shading - Multi-unit auction - Fixed rate
auction - Variable rate auction - Interbank network - Core—periphery network
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1 Introduction

In the aftermath of the global financial crisis 2007/8, central banks around the world
provided banks with significant amounts of liquidity to counter the freeze in the
interbank market, but also in order to maintain low interest rates. There has been
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considerable effort to assess the impact this liquidity injection had on the lending
behaviour of banks and the wider economy through the monetary policy transmis-
sion channel, see e.g. Bernanke and Blinder (1992), Sims (1992), Kashyap and Stein
(2000), Ehrmann et al. (2001), Rudebusch and Wu (2008), Petrevski and Bogoev
(2012), Andries and Billon (2016) and Carpenter et al. (2014). What has received
very little attention, however, is the impact this monetary policy had on the interbank
market structure and how banks with different properties are affected. As the interbank
market is the first to feel the effect of monetary policy implementation and spreads it
through the economy, understanding this link between monetary policy and interbank
markets is paramount to monetary policy implementation. Specifically, it is crucial to
not only assess the impact of such monetary policy on systemic risk but also how the
reversal of the very loose monetary policy of recent years might affect banks.

This paper seeks to address the question of how banks’ demand for central bank lig-
uidity impacts the interbank market. We will consider the strategic behaviour of banks
when bidding for central bank liquidity and also include the impact of an interbank
market for liquidity on this behaviour. In our paper, we consider monetary policy in
the form of the auction of short-term central bank funds, similar that used by the Euro-
pean Central Bank, before the interbank market commences. The central bank may
choose to implement either liquidity injection or liquidity extraction via auctions to
conduct their monetary policy, the extent of which is determined exogenously. Banks
face an idiosyncratic liquidity shock leading to different valuations of liquidity and
subsequently different bid schedules for central bank funds. Any demand for liquidity
that is not met by the central bank through their auction facility can in a second step
be offset in the interbank market. Thus, our model combines in a new way the demand
for liquidity in central bank operations with that of the interbank market and shows the
interactions between these two facilities. We can use our model to investigate mone-
tary policy implementation, as banks’ demand for liquidity is explicitly described and
interest rates are obtained endogenously.

The interbank market is modelled by an agent-based approach, which is also applied
by Biondi and Zhou (2019) to explore interbank credit coordination in money genera-
tion, and by Shimizu (2017) to offer a microfoundation of interbank liquidity hoarding.
We also stress the fact that the impact of monetary policy on banks is heterogenous, as
also pointed out by Gambacorta and Marques-Ibanez (2011), Horvath and Podpiera
(2012). In terms of interest rates, monetary policy has the strongest effect on the rates
of core banks lending to those in the periphery. In the interbank market, core banks
are borrowing at a lower rate than they are lending, while for periphery banks this is
reversed; thus, core banks show a higher profitability.

Our model is not only useful for the analysis of monetary policy transmission, but
also relevant to systemic risk. The importance of the interbank market for systemic
risk has been explored in Freixas et al. (2000), Allen and Gale (2000), Furfine (2003),
Battiston et al. (2012), Krause and Giansante (2012), Georg (2013), Acemoglu et al.
(2015), Krause and Giansante (2018), and Teply and Klinger (2019) amongst others. In
these contributions, it has become clear that the structure of the interbank market affects
the level of systemic risk. Most notably Craig and Von Peter (2014), Langfield et al.
(2014), and Fricke and Lux (2015) have established that the interbank market exhibits
a core—periphery structure, i.e. a small number of banks are highly interconnected and
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form the core, while the vast majority of banks only connect to this core but not other
banks in this periphery. Such network structures and bank heterogeneity are found to
be important determinants of systemic risk in the presence of financial contagion. This
paper will explore how monetary policy affects the network structure of the interbank
market in addition to interest rates in interbank markets. Thus, our model shows
how monetary policy implication can have side effects on systemic risk through its
heterogenous impact on banks in different network positions in the interbank market.

One important feature of our model is that banks have preference for both liquidity
and returns. The motivation of introducing preference for liquidity into banks’ utility
function is that banks would like to have a liquidity buffer in response to unexpected
cash outflows and funding risks as observed during the global financial crisis. In
other words, we assume just as banks seek to maximize profitability, liquidity is also
desirable. Consequently, banks in our model face an internal trade off between these
two objectives when maximizing utility. This is unlike other comparable studies where
banks only optimize returns but are essentially indifferent about their liquidity level,
which has important and interesting implications for the modelling of the demand for
central bank funds and the resulting equilibrium.

Our main findings show that central bank tenders affect the structural features of
interbank markets that operate subsequently to such tenders. In particular, we show
that the core—periphery structure of the market is weakened when liquidity is injected
by the central bank, having implications for the systemic risk of the banking system.
Furthermore, we see that bank interbank lending from core banks to periphery banks of
the interbank network will typically be more affected by liquidity injections or extrac-
tions of the central bank than lending between core banks. With banks in the periphery
typically being smaller banks, lending to smaller companies, this will consequently
affect the impact of monetary policy for these firms.

We continue as follows: the following section provides a brief overview of the
relevant literature, while Sect. 3 details the model for the demand of central bank
funds and Sect. 4 assesses the results of our model in the interbank market. Finally,
Sect. 5 compares results with other studies and discusses policy implications, while
Sect. 6 concludes our findings. All proofs are provided in Appendix.

2 Literature review

The focus of our model is on the short-term funding provided by the central bank to
commercial banks. While a wide range of mechanisms are employed around the world,
most notably open-market purchases by the US Federal Reserve, the mechanism that
provides the basis of our model is most closely resembling that of the European Central
Bank (ECB). The ECB uses a system of repurchase agreements with a maturity of
one week. To allocate the funding in these repurchase agreements, the ECB conducts
them either in fixed rate or variable rate tenders, where in fixed rate tenders the ECB
specifies the interest applicable and banks bid for the volume they want to obtain at
these conditions with the bank allocating the amounts subject to a global limit on the
provision of liquidity. In contrast to that, in variable rate tenders the ECB specifies the
total quantity of liquidity to be supplied and banks submit a bid schedule specifying
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the amount and interest rate they are requesting, subject to a minimum interest rate and
a maximum number of ten different bids. In all cases, banks have to provide collateral
and be financially stable.

Until June 2000, the ECB used only fixed rate tenders and subsequently changed
to variable rate tenders until October 2008. After this date in response to the financial
crisis the ECB reversed to fixed rate tenders and allowed banks to bid for and be allo-
cated unlimited amounts, provided they have sufficient collateral and are financially
stable. The ECB also operates a more long-term provision of liquidity to banks for the
duration of three months, also by variable or fixed rate tenders. For more details on
the operation of the ECB’s operation of monetary policy, see European Central Bank
(2011).

2.1 Central bank operation using auctions

Despite the importance of auctions to provide liquidity to banks, the literature investi-
gating these mechanisms either theoretically or empirically is relatively limited. Nautz
and Oechssler (2003) introduce a model of banks strategically bidding in a fixed rate
tender where banks minimise the deviations between the liquidity acquired in the
auction and the liquidity they desire. Although they find the resulting game does not
have an equilibrium, they also demonstrate that banks increasingly exaggerate their
demand with an adaptive bidding rule. Ayuso and Repullo (2003) extend this model by
including an expectation of interbank market rates, assuming the interbank market to
be efficient. Furthermore, they assume that the central bank minimises a loss function
of the difference between the interbank rate and a target policy rate and find that if
the loss function punishes more heavily when interbank rate moves below rather than
above the target (which has a similar effect as rationing), fixed rate tenders have a
unique equilibrium with high overbidding.

Nyborg and Strebulaev (2003) take a different approach that allows for a brief
squeeze in the interbank market commencing after the auction. They also differ from
the above model as they assume banks to maximize interest earnings. They find that
pre-auction positions can affect a bidder’s behaviour in equilibrium. Specifically,
bidders with short positions tend to bid more aggressively due to the concern of
experiencing a loss of access to sufficient liquidity in the interbank market. Ewerhart
et al. (2010) take an alternative approach, assuming collateral to be heterogeneous
and central bank funds supply to be uncertain. Banks with a goal to maximize interest
earnings can either get the liquidity in the auction or alternatively in the interbank
market at a cost of putting up more expensive collateral. In equilibrium, their model
also predicts bid shading, i.e. the submission of bids that do not reflect their true pref-
erences. This model is close to ours as it uses a private value for liquidity; however, our
model differs substantially in that they assume a bank’s valuation for funds is based
on the cost of using collateral, while our model will be driven by the desire of a high
profitability and high liquidity.

Empirically, a number of properties have been found that a model of such auctions
should capture: overbidding, bid shading and flat bids. Overbidding, i.e. requesting
more funds than required in anticipation of rationing, is observed empirically in fixed
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rate tenders with (possible) rationing, as shown in Ayuso and Repullo (2003) and
Nautz and Oechssler (2003). They also found the switch by the ECB from fixed rate
to variable tenders mitigated overbidding without losing much control over interbank
rates.

Bid shading is when banks submit bids for liquidity that do not fully reflect their
true preferences. They will submit bids that show a lower willingness to pay for a
given quantity than their preferences would imply in order to improve their utility
from this auction. Empirically bid shading is usually measured by the differences
between the auction rate and subsequent interbank market rate. The evidence on bid
shading is mixed and depends on the sample period and the index of interbank market
rates used. For instance, Ayuso and Repullo (2003) use the 1-week Euribor and Eonia
on the day of settlement of the central bank operation. For both fixed and variable rate
tenders, the interbank rate is 3 (Eonia) or 4 (Euribor) basis points above the average
tender rate and the latter is significant. Bindseil et al. (2009) use swap rates 15 minutes
before auctions and find them 3.33 bp higher than the weighted average bid and 1.64
bp higher than the weighted average winning bid. In contrast, Nautz and Oechssler
(2003) use Eonia on the day of announcement of the central bank operation and find
it to be very close to the marginal rate of the ECB’s variable rate tender. Therefore,
they argue the difference is not empirically relevant and the small difference could be
due to differences in collateral requirements. Cassola et al. (2013) cover the height of
the financial crisis in 2007 and find that the spread between bank bids and Eonia is 4
bp on average. Moreover, they find that after the financial crisis this spread increases
to 10 basis points and argue that the central bank operation resembles an auction of
a common value good where bidders have private information. The interbank market
rate is viewed as this “common value” of liquidity. Bidders strategically shade their
bids to avoid the "winner’s curse” in this auction and thus bid shading would increase
with uncertainty about the common value. However, Bindseil et al. (2009) find no
support for this in empirical evidence, suggesting this framework may not fit central
bank operations.

In the ECB’s variable rate tender, a bank can submit a bid schedule of up to 10
bids, but banks seldom utilize all of them. The average number of bids is 2 to 3 and
the bid schedule is quite flat as reported in Bindseil et al. (2009) and Cassola et al.
(2013). The average winning tender rate is only 1.7 bp above the marginal tender rate
according to Ayuso and Repullo (2003).

There have also been a small number of investigations into the relationship between
central bank auctions for liquidity and the interbank market. Brunetti et al. (2010) and
Linzert and Schmidt (2011) have shown that in the Euro zone area, prior to the crisis
period of 2007/8, central bank interventions are usually reducing interbank spreads.
For the USA, where the Federal Reserve used a term auction facility for maturities
of one to three months in response to the financial crisis 2007/8, Wu (2008) and
McAndrews et al. (2017) find that liquidity injections reduce the interbank spread, even
if excluding the credit risk associated with interbank markets. Taylor and Williams
(2009) find the opposite effect, but McAndrews et al. (2017) suggest their model is
incorrectly specified.
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2.2 Multi-unit auction theory

The theoretical framework for the demand for central bank funds through auctions
is auction theory. As banks can request different amounts of liquidity, the auctions
are for multiple units. Hence, theories of auctions of a perfectly divisible good are the
appropriate theoretical framework. Such a multi-unit auction problem was first studied
by Wilson (1979), where a known number of symmetric bidders bid for shares of an
item of common value. He first considers uniform pricing and discusses cases where
the item value is certain and where it is not. He also discusses cases where bidders have
proprietary information and where they have not. In all these cases, he finds that there
is some equilibrium where the sale price of the item is a lot lower than if the auction
is a single-unit auction. In other words, in such an equilibrium a bidder’s strategy is
not to reveal their true value of the item (bid shading). On the contrary, bidders can
“collusively” shade their true demand and be better off. It is worth mentioning that in a
single-unit auction of a good of common value there is also an incentive for bidders to
shade their bids when bidders have a noisy signals of the good’s value. This is because
the bidder who wins the auction must have a signal that is the highest value and can
still win by paying a bit less (the ”winner’s curse”) and thus it is not optimal to bid
according to one’s signal.

The results from Wilson (1979) have been generalized in Back and Zender (1993)
and alternative information settings been applied in Back and Zender (2001). A frame-
work of private value goods instead of common value goods has also been investigated.
For instance, the split award procurement auction is studied in both a complete infor-
mation setting in Anton and Yao (1989) and an incomplete information setting by
Anton and Yao (1992). There are also a number of studies that consider endogenous
supply and find it helps to reduce bid shading, e.g. Klemperer and Meyer (1989) and
Back and Zender (2001).

A major topic in this area is the comparison between uniform and discriminatory
pricing mechanisms (comparable to fixed and variable rate tenders in our model) in
terms of which is optimal, e.g. Tenorio (1997), Back and Zender (2001), or Ausubel
etal. (2014). Studies on treasury auctions in Binmore and Swierzbinski (2000), Abbink
et al. (2006), Goldreich (2007), Hortagcsu and McAdams (2010), and Kang and Puller
(2008) as well as electricity markets by Federico and Rahman (2003) and Fabra et al.
(2006) also continue the debate from auction theory. However, the general finding is
inconclusive as the results depend on the detailed assumptions about bidders and the
auction mechanism itself as pointed out in Ausubel et al. (2014).

3 A model of central bank borrowing
We consider a banking system with N > 2 banks where each bank i seeks to maxi-

mize its utility, which consists of two elements. Firstly banks seek to maximize their
profitability measured by the return on equity. Using the stylized balance sheet of a
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Bank ¢
Cash reserves R, | Deposits D;
Interbank lending L; | Interbank borrowing B,
Central bank deposit max{0,—Q;} | Central bank funds  max {0, Q;
Loans C; | Equity E;
Total assets A; A;

Fig.1 Bank i’s stylized balance sheet with central bank operation

bank from Fig. 1, we can define the return on equity as

E_ ®R; + 0 r/ +Lirt — 0irfB 4+ CirE —DirP — Bir®
1 9
E;

ey

where r/ is the risk free rate, riL is the weighted average rate on interbank lending,
rl.CB is the average rate on central bank funds, ric is the average rate on external
asset, riD is the average rate paid on external deposit, riB is the weighted average rate
on interbank borrowing, and Q; is the amount of central bank funds with positive
numbers indicating a loan from the central bank a negative number a deposit at the
central bank.

Secondly, banks will seek to hold large cash reserves as that allows them to withstand
any large withdrawals of deposits without having to resort to costly asset liquidation
or declare themselves illiquid. We define the cash reserve ratio as

~ D; +B; + max {0, Q;}"

pi 2

Obviously, large cash reserves reduce profitability as the interest paid on these will be
smaller than on other investment opportunities. To balance these two aspects, we use
the following utility function:

) 1-6;
Ui (pirf) = wiel (141F) 3

where 0 < 6; < 1 denotes the relative importance of concerns of liquidity relative to
profitability, y; > 0 is simply a scaling factor. These banks face non-optimal liquidity
holdings, e.g. due to a liquidity shock. We assume that the size and sign of this liquidity
shock are common knowledge for all banks.

The main motivation to add a preference for liquidity in the utility function arises
from the understanding of bank behaviour during the financial crisis. A bank may fail
not only because of accumulated losses but also a lack of liquidity. In other words,
even if a bank whose assets are sufficient to cover liabilities, it also can be in distress
because its assets are in illiquid form. Meanwhile, funding risk as a result of a loss
of confidence among depositors and other funders may also further deteriorate the
bank’s position. Thus, a liquidity buffer in the form of highly liquid asset, cash in our
model, is vital to protect a bank from the consequences unexpected cash outflows and
funding risk.
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In addition to commercial banks, we introduce a central bank into the banking
system. The purpose of this central bank is to conduct its monetary policy by increasing
or reducing the amount of liquidity in the banking system. How the central bank makes
this decision is beyond our scope, and we take this decision as exogenously given.
Using this approach allows us to focus on how banks react to the decision of the central
bank and how it affects interbank markets.

In order to assess the commercial banks’ behaviour, we will investigate the injection
and extraction of liquidity by central banks through fixed rate and variable rate tenders
and will also compare models in which banks neglect the existence of the interbank
market that opens after the central bank intervention and a model where they consider
the opportunities in this market.

3.1 Fixed rate tenders

In a fixed rate tender, the central bank determines an interest rate at which it will lend
(borrow) to (from) commercial banks and anyone willing to pay (receive) this interest
rate will be able to do so, i.e. we do not view the global limit on the amount the central
bank is willing to borrow or lend to be binding. Banks do not know the interest rate
the central bank applies and will thus submit a bid schedule for each possible interest
rate, i.e. specify the quantity they demand.

If we use Q; > 0 to denote borrowing from the central bank and Q; < 0 for
depositing additional funds, we know from Xiao and Krause (2017) that for an amount
of Q; the reservation price of banks is given by the following expression:

9.
R; oF = \ E; (1 +r'E)
a0y =l _ — 17
Qi =ri ] (Ri+Q,~ (1+Di+B,~>> 0; @

for Q; > 0 and

(&)

6;
R; )191 E; (1 + rlE)
R+ 0; 0;

7@ =rl+ <1

for Q; < 0.Itis shown in Xiao and Krause (2017) that r/ < rf < rib, i. e. the bid-ask
spread is always positive. We can easily see this still holds even when Q; approaches
0 as shown in the following lemma:

Lemma 1 limg, o r? (Q;) — r{ (Qi) > 0.

Obviously banks would not bid at their reservation prices, as this would not allow the
banks to increase their utility level. Hence, we would require banks to maximize their
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utility by submitting their bids optimally.

max U; (/Oi, riE)

1

s.t. (l + rfo) E; + 0O; (rf - r) >0

0 <0;ifQ; >0
-0 <Rjif 0; <0
(6)

The first constraint ensures that the bank remains solvent, i.e. any losses it might make
do not exceed its equity, while the second constraint ensures that any borrowing does
not exceed any limit set by the central bank on borrowing, Q;, e.g. resulting from
absolute limits, limits on leverage, or collateral requirements. The final constraint
ensures that the bank does not seek to deposit more funds within the central bank than
it has cash reserves available.

Conducting this optimization, we obtain the demand for central bank money as
detailed in the following proposition:

Proposition 1 Let y; — %(# (D; + B;) + ‘;TzeffR,-) and ¢ = ¥ — (D; +B;)

r&8—rf(0) e . .
R; - The equilibrium bid schedule is then given by
min {0 —vi + 92} i <€ <10
o/ (V;:B) —Jo if r{ () < r$% < rP(0)

1 -EEi .
0; (r;,;’;:f —(1—6)R; ifrP(0) <rC®

an/(,CB
aQ; (r
with % <0.
(9rf

Here, note that Q;.f contains both demand for central bank funds (Q; > 0) as well
as deposits with the central bank (Q; < 0). If the central bank is conducting liquidity
injection, i.e. Q€2 > 0, only demand for liquidity is accepted as a bid; hence, bank

i should submit max {0, Qif } If the central bank is conducting liquidity extraction,

i.e. Q€8 < 0, banks can only deposit funds and should submit min {0, Qif }

The equilibrium is then trivially determined at the interest rate such that
ZlNzl Qlf (r?B ) = Q¢B; due to the monotonicity of the bid schedule this equi-
librium will be unique.

By inverting the demand function for central bank funds, we can easily see that the
demand for a given interest rate is lower than the reservation price. Equivalently, the
interest rate that can be charged by the central bank for banks borrowing (lending)
must be smaller (higher) if they want to increase (decrease) the liquidity by a given
amount. This result is detailed in Lemma 2.
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A CB .a b
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i

= Bid schedule

— Reservation price

Tib (0)

ria 0)

o
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Fig.2 Reservation and equilibrium bid schedules in fixed rate tenders. The vertical axis depicts the interest
rate of central bank tenders(rJgB ) and the reservation prices by banks for borrowing (rl.“) and lending (rib)

from the central bank. The horizontal axis is bank i’s demand for central bank funds Qif ‘, where positive
values represent bank i borrowing from the central bank and negative values indicate bank i lending to the
central bank

Lemma 2 The inverse bid schedule in equilibrium is given by

—1

-1
f . E f O; D;+B;—R; : f - 7.
CB (Q;_f> _]7 +E (1+rf) | 0 + (1—9" (Ri+Q{)(Df+B;+Q[f)) F0=0i =0 )

6 Ei(1+rF)
=0 R;+0/

. irol <o

(N

Figure 2 illustrates this so-called bid shading, where banks submit their bid sched-
ules optimally in order to maximize their utility and do not submit their reservation
prices. As we do not consider the objective function of the central bank in our model,
we cannot analyse the welfare implication of this behaviour as any losses suffered by
the central bank cannot be quantified.

We also note from Fig. 2 that the reservation prices, as well as the optimal prices,
exhibitajump at Q; = 0. This jump is the equivalent of the bid-ask spread as explained
in Lemma 1. The reason for this discontinuity is that the liquidity ratio p; has different
properties either side of Qif = 0. If bank 7 is deposits money with the central bank

(0 lf < 0) only cash changes affect p;. On the other hand, if bank i is borrowing from
the central bank, both cash and the total assets change, each affecting p;. Because of
this, the derivative of p; with respect to Q 'if is not continuous at Q; = 0, which results
in a jump observed in both bank i’s reservation price and optimal bid schedule. This
result is summarized in the following lemma:
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Lemma 3 The equilibrium rates have the following properties:
1 dimgyr ré? (Q,f) = 1ile_fﬁ0r,-b (Qlf)

2 timpys_ .57 (0f) =timys_ e (0f).

3. timyy o 6 (/) > limyr o rf® (of).

4.v0/ <0:r? (Q,f) <GB (Q,f)

s.vol =00 (0f) =62 (0]).

While these considerations are based on the inverse bid schedule, it is easy to revert
back to the actual bid schedule. We thus have established that in fixed rate tenders bid
shading exists in that banks submit bids for lower quantities at a given tender rate in
the case of depositing with the central banks as well as borrowing from the central
bank. We could also establish that moving from depositing with the central bank to
borrowing from it will involve a discontinuity on the bid schedule in that banks are
requiring a significantly higher interest rate to deposit a small amount with the central
bank than to borrow a small amount.

We conduct the same analysis for variable rate tenders, the details of which are given
in Appendix B. We find that provided banks know each other’s liquidity position, the
equilibrium is identical to that derived here for fixed rate tenders, i.e. amounts and
interest rates are identical.

Thus far we implicitly assumed that banks ignore the fact that after the bidding for
central bank funds an interbank market opens that allows banks to adjust their liquidity
holdings. In the following section, we will now relax this assumption and allow banks
to anticipate this market fully.

3.2 Banks anticipating the interbank market

Until now, we have assumed that banks ignore the existence of an interbank market
after the central bank intervention in their considerations. If, however, they anticipate
that such an interbank market exists, banks would form expectations about the future
interbank rate and include this in their utility maximization, thus affecting their bidding
for central bank money. In interbank markets, the total demand and supply of funds
must balance given the bilateral nature of these transactions. Banks, however, have
to consider the impact of the central bank contribution Q€# such that they would
anticipate a rate of
FB e {r

where Q; = Q; + Qll B is the total amount of liquidity bank i gets from the central
bank and it anticipates to get from interbank market. Having anticipated this rate,
banks will now engage in variable rate tender bidding. Banks are not willing to bid at
arate higher (lower) to borrow from (deposit with) the central bank as waiting for the

N A
> 0i=0°" } ®)
i=1
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interbank market would be more profitable. Similarly, banks would not bid at a lower
(higher) rate as the additional profits would entice other banks to submit a marginally
higher bid, such that competition would ensure the rate submitted to converge towards
P1B.

Thus banks’ bid schedules would be flat at #/8, the amount being such that any
rationing in the allocation is fully anticipated. We summarize this outcome in the
following proposition.

Proposition 2 Let7'8 e {r| >N Qif = QCB}andA = %, then the equilibrium
i=1 i

demand for central bank funds with banks anticipating the interbank market is given
by (?IB, )»Q{ (?IB) AU AQ{ (?IB)), where

min{Qi,max{O, o! (7'8) } if  0<0Q%<(N-1)0;

I
0 i = -
; f (1B ; : N CB

mm{O, 0; (r )} if —min; (Zi#jR,-) <0 <0

Having established the properties of the equilibrium if banks anticipate the interbank
market, we can now continue in the following section to conduct computer experiments
of the interbank market itself and see how the existence of the central bank affects this
market.

4 The interbank market

We have thus far only assessed the bidding behaviour of banks for central bank funds.
In this section, we will introduce the mechanism of the subsequent interbank market
and then evaluate the impact of the central bank on the properties of this market.
The interbank market is set up identically to Xiao and Krause (2017), and we give a
brief description of the interbank market simulation incorporated with a central bank
auction. For further details of the interbank model, please refer to Xiao and Krause
(2017).

The interbank market considered is a decentralized one where all transactions are
bilaterally determined and of fixed size Q'Z. Before the interbank market begins,
all banks complete updating their balance sheets from central bank auctions. Banks
quote interest rates according to their reservation valuation given by equations (4) and
(5), based on balance sheet information after central bank tenders. Each randomly
selected bank entering the market will approach all banks in a random order and
enquire their quotes. One of the following three decisions is made after an enquiry
by comparing the quoting bank i’s rates with the enquirer j’s reservation valuation,
given by equations (4) and (5): (i) to borrow if rib < r;?, (i) to lend if r{" > rj? , or
(iii) to do nothing if rl.h > r% and rl.” < r?. The transaction (if any) is conducted at the
relevant quoted rate. After each transaction, the banks involved update their balance
sheets and consequently their reservation prices. All quotes previously obtained will
be memorized by the bank approaching other banks to ensure the most favourable
quote available is used in future transactions. This process continues until all banks
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have been approached and involved in a transaction whenever it is possible. After this,
the next bank enters the market and the process restarts until no further transactions
are possible.

In Xiao and Krause (2017), it is shown that the network of interbank lending nor-
mally exhibits a core—periphery structure, i.e. a small number of banks are highly
connected with each other (the core) and all other banks (the periphery) connect to
these core banks while having very few connections with each other. Meanwhile, as
core banks engage in more interbank trading, they grow larger in size as a result. In
other words, heterogeneity in network positions and in size emerge simultaneously.
We will investigate whether this structure is maintained in the presence of a central
bank and will also evaluate other characteristics of the interbank lending network, like
the size of the core, the density, but also properties of the interest rates between banks,
how much they are lending and borrowing in the interbank market, or the return on
equity achieved.

The only difference to the model in Xiao and Krause (2017) is the introduction of
a central bank. As in their paper, we assume that banks face an idiosyncratic liquidity

shock, using a uniform distribution U (B , 5), which they then seek to offset via the

central bank and the interbank market. In contrast to Xiao and Krause (2017), this
liquidity shock does not have to be balanced on aggregate but will have aggregate pos-
itive shock to allow enough room for central bank liquidity extraction. The interbank
market cannot be analysed analytically; hence, we use computer experiments in our
assessment. We run 8000 such experiments with a wide range of parameter constella-
tions chosen within ranges as detailed in Table 1. For the parameter ranges used, we
choose reasonable values based on historical data of major economies in non-crises
time periods and covering a wide range of scenarios. For the preference parameter,
we choose the range where the model is not too sensitive to single inputs.

In order to focus on the effect monetary policy has on the interbank market, we
assume that all banks are homogeneous, e.g. have the same size or leverage; they will
only differ ex ante in the idiosyncratic liquidity shock they receive. We assess the
impact of the central bank in the cases of liquidity injection and liquidity extraction,
both anticipating the existence of a interbank market and not anticipating its existence,
as well as assessing the interbank market only, that is without the presence of a central
bank for comparison purposes.

Looking at the characteristics of the interbank market in Table 2, we can see that
while the main properties still remain valid in the presence of a central bank conducting
its monetary policy, there are some distinct properties that deserve closer attention.
Firstly, we notice that the injection of liquidity by the central bank reduces the interbank
rate, while the extraction increases it. This validates the empirical observation that
central bank operations affect interbank lending rates. We also note that this effect
is stronger for liquidity injections than liquidity extractions. While we observe this
effect across lending between all groups of banks, core and periphery, we have the
strongest effect on banks in the core lending to those in the periphery. Finally, in the
case of liquidity injection the differences in interest rates between core and periphery
banks overall reduce; thus, the advantages core banks have over periphery banks in
terms of profitability from engaging in the interbank market will also be smaller.
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Table 1 Parameter selection for simulations

Parameter Symbol Distribution
Assets A fixed at 100
Preferences 6 U(0;0.1)
Leverage? 1 U(0.01;0.51)
Number of banks N U (10; 1000)
Risk free rate rf U (0.025; 0.125)
Deposit rate rP U(0; rf)
Loan rate € U(rf; 4+ 0.2)
Interbank loan size QI B U(0;2)
Distribution of liquidity 14 U(0,0.05)

0 U(p, p+0.25)
Collateral constraint 0 U(0.1;0.8)
Central bank rate? rCB U (rf; % ZzN=1 rl.“ (O))

U (a; b) denotes a uniform distribution with a lower limit of @ and upper limit of b.
@ The leverage parameter A denotes the total assets over the equity of a bank. In our computer simulation,
the reciprocal of A is used as an input to experiments with a range indicated in this table.

Please note that we include a fixed interest rate €& rather than the amount Q€% into our computer
experiments. Given the demand schedules, there is a clear relationship between these two variables and
they can be set interchangeably. It was computationally more convenient to exogenously fix the interest rate
over the quantity

The amount of interbank lending reduces in the presence of a central bank, partic-
ularly when injecting liquidity, suggesting that those banks facing a liquidity shortfall
can meet a sizeable fraction of their demand from the central bank. This reduced inter-
bank lending then manifests itself in a weaker core—periphery structure. However,
the density of the interbank lending network is not affected significantly as, on the
one hand, less interbank lending occurs overall but, on the other hand, less banks are
active in the interbank market. Given that inactive banks are not included in our net-
work analysis, the density remains approximately stable. Overall, differences between
the case of banks anticipating the subsequent interbank market and not anticipating it
are minimal, thus suggesting that such an anticipation is not important to the interbank
structure.

Our observations suggest that monetary policy decisions to inject or extract liquidity
affects most strongly banks in the periphery, i.e. mostly smaller banks that engage less
in interbank lending and borrowing. This stronger effect arises from the fact that
for these banks borrowing rates from core banks are changing more than those of
core banks borrowing from each other or periphery banks. Hence, while central bank
operations have the desired effect on the interbank market as a whole, its effect varies
between banks, depending on their position in the interbank network. This has potential
implications for central banks as differences in the change of costs for funds can have
distributional effects and might well affect the lending these banks do, with clients of
periphery banks more affected than those of core banks.
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654 D. Xiao, A. Krause

Furthermore, the amount of interbank lending and borrowing reduces, potentially
affecting the liquidity of the interbank market. By looking in more detail at the borrow-
ing and lending in interbank markets in Table 3, we are able to shed some further light
on this aspect. We see clearly that interbank borrowing and lending reduces mainly for
core banks, with periphery banks actually experiencing an increase in interbank bor-
rowing for liquidity injections and interbank lending for liquidity extractions. Hence,
with central bank interventions the borrowing and lending of core banks reduces while
periphery banks will increase their exposure to the interbank market to meet their lig-
uidity needs.

Interestingly, core banks will see a reduced return on equity with liquidity injection.
With liquidity extraction, their returns remain more or less the same when not antic-
ipating interbank market and are slightly increased when anticipating the interbank
market. However, periphery banks increase their return on equity in all cases. Both par-
ticipation in the central bank operation and the interbank market affect banks’ return
on equity. For the former, we see that periphery banks are more engaged compared
to core banks, especially when anticipating the existence of the subsequent interbank
market. This is still the case, although not as evident, when they are not anticipat-
ing the interbank market, because auction allocations are then concentrated among a
much smaller group of banks and this is not reflected in medians. Even though the
amounts involved are small, it can actually increase returns of some periphery banks
compared to the case in which no central bank is present. The core banks are much less
reliant on central bank funds, their change in returns can be explained by interbank
lending/borrowing rates as discussed below.

We see that core banks are borrowing at a lower rate than they are lending with
or without the presence of a central bank, while for periphery banks this is reversed.
The difference between the borrowing and lending rates is reduced for both core and
periphery banks in liquidity injection and remain roughly the same in liquidity extrac-
tion. This means the profits core banks can get from borrowing at lower rates is reduced
in liquidity injection and therefore they have lower returns. Similarly, periphery banks
also benefit from lending (borrowing) at a lower (higher) rates for liquidity injection
and see an increase in returns. And although such benefits are not as pronounced in
liquidity extraction, lending to the central bank still increases their returns.

From these statistics, we can clearly see that central bank interventions through the
injection or extraction of liquidity affects banks differently, depending on their position
in the network. With funding costs and liquidity affecting the lending behaviour of
banks, such an asymmetry can have a profound impact on the type of companies that
are able to receive loans. It is reasonable to say that periphery banks will normally be
smaller, regionally focused banks that will have a different client base to the usually
larger and often globally acting core banks.

While these results suggest the importance of the position of a bank in the network
to assess how it is affected by any policies of the central bank, we have also seen that
the network structure itself is affected by the conduct of the central bank. In order to
assess how the network structure is affected by the significant number of independent
variables in our model, we have conducted a number of regressions in Tables 4, 5, 6,
and 7 that use the log changes in the network from the situation in which only the
interbank market existed as the dependent variable. Firstly, we note that the results
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are highly consistent across the four different market types (liquidity extraction and
injection with and without anticipating the interbank market) and thus can be analysed
jointly.

How much the network structure is affected by the fact that a central bank injects or
extracts liquidity is mainly determined by the amount of liquidity the central bank seeks
to inject or extract (Q€B), the preferences for liquidity (), the size of an interbank
transaction (Q'?), the bank leverage (1), and, in some instances, also the size of the
liquidity shock (#) and its variability (o — p). In the case of liquidity injection, a
larger central bank intervention weakens the core—periphery structure of the interbank
network and also reduces the number of banks participating in the interbank network
itself. This arises from the fact that with the additional liquidity banks have less need
to seek such funds in the interbank market, thus reducing their participation and any
borrowing and lending gets more equally spread out between banks often trading
excess liquidity. The same effect can be observed if banks have a stronger preference
for liquidity over returns.

Interestingly, for liquidity extractions this effect is reversed, although the effect
here is much smaller. Due to banks’ preference for liquidity the lower liquidity in the
banking system after the central bank operation will see banks attempting to secure
additional funds in the interbank market. Banks in the core are best placed to offer terms
that are favourable to other banks due to their increased leverage and this reinforces
the core—periphery structure by having banks link to them.

A larger amount of interbank loans in each transaction (Q'?) strengthens the core—
periphery structure as larger interbank loans will result in less transactions for the
same total amount of borrowing and lending. These fewer transactions will then be
more concentrated with the larger banks in the core and thus lead to less transactions
between banks in the periphery. Banks with a higher leverage will have a stronger
emphasis on profitability due to the impact on return on equity and thus encourage
borrowing and lending from them, resulting in a core—periphery structure.

With more banks, it is easier to sustain a core—periphery structure and a larger core as
generally more trading will occur, allowing for this property to emerge. More diversity
in the liquidity shocks banks face (o — p) strengthens the core—periphery structure
while ensuring more banks participate. This arises as more diversity of liquidity needs
increases the need and the ability to offset any imbalances banks have in their liquidity
positions. If the mean of the liquidity shock increases this seems to have very limited
effect on the structure of the network, mainly increasing the size of the core and due
to the excess liquidity more transactions are required to offset them between banks.

It is noteworthy that the overall fit of the regressions reported in Tables 4, 5, 6, and
7, as measured by R?, is significantly lower for liquidity extraction. The origin of this
observation can be found in the fact that for large liquidity extractions the preferences
of the banks for liquidity become overwhelming, which leads to nonlinearities which
these regressions do not allow to incorporate.

Finally, we have also considered the determinants of the rate the central bank
applies to their lending or deposits, comprising the final column in Tables 4, 5, 6, and
7. Not surprisingly a larger amount of central bank intervention reduces (increases) the
interest rate for liquidity injection (extraction). Also, intuitively understandable is that
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664 D. Xiao, A. Krause

banks having a stronger preference for liquidity increases the interest rate. While this
result is not surprising, it is worth mentioning explicitly as it shows how preferences of
banks, as they vary in light of adverse conditions, might affect funding costs directly
and thus at least partially offset the policy decisions of central banks. A larger number
of banks competing for a given amount of central bank funds will obviously increase
(decrease) the interest rate in the case of liquidity injection (extraction).

If the liquidity shock is on average more positive, this means more liquidity is in the
banking system, thus reducing the interest rates due to the lower demand for liquidity.
A larger variability of liquidity will, however, increase the interest rates. Here, the
variability means that more banks face large imbalances and thus are keen to offset
these. Those facing a liquidity shortage will demand larger funds from the central bank
in the case of a liquidity injection, while those facing larger excess liquidity will stay
out of this market, thus increasing this interest rate. In the case of liquidity extraction,
the missing demand for central bank deposits by banks with liquidity shortages will
similarly drive up interest rates.

Banking systems exhibiting a high leverage are increasingly unwilling to bid at high
rates in the central bank auction. Due to the higher leverage the impact of central bank
funds on the liquidity ratio is smaller, thus making them less important to the bank and
they are demanding less central bank funds, reducing the interest rate. Also, a higher
leverage tends to be associated with a lower return prior to the commencement of the
central bank operation, which makes a bank value liquidity less. The observation that
higher deposit rates reduce interest rates and higher lending rates increase it arises
from their respective effects on the returns of the banks. A higher deposit rate reduces
returns to banks and thus banks are more concerned about this aspect. Consequently,
they are less willing to pay high interest rates, while the exact opposite is the case for
high lending rates.

Thus, the effect of monetary policy on the interbank market in terms of interest
rates applied is as anticipated and that the overall quantity of interbank lending and
borrowing reduces is also expected. However, the effect will differ between banks,
depending on their position in the network of interbank lending. This has the potential
for significant distributional effects in an economy.

5 Comparison of results and implications

Our results are consistent with other studies on central bank auctions, despite different
model settings. The downward sloping shape of bid schedules is similar to Ewerhart
etal. (2010), although for different reasons; in our case it is the result of banks balancing
liquidity and profitability needs, while Ewerhart et al. (2010) rely on heterogenous
collateral. Also similar with Ewerhart et al. (2010), but differing from Ayuso and
Repullo (2003), we have no overbidding in auctions as banks’ bid schedules terminate
when they reach their limit on collateral requirements. In our model, the central bank’s
policy is exogenously given and not maximizing its revenue as in Ayuso and Repullo
(2003). As we do not seek to model the rationale for the central bank’s decision on
injecting or extracting liquidity, this is of no consequence for our model. Our results
about interbank market responses to central bank tenders are consistent with findings

@ Springer
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during non-crisis periods, as presented in Brunetti et al. (2010) and Linzert and Schmidt
(2011). The interbank market commonly has narrower spreads arising from central
bank interventions. For crisis periods, the empirical evidence on interbank markets is
mixed in the literature, such that there exists evidence that contradicts our findings,
e.g. in Taylor and Williams (2009). It is worth noting that our model is not designed for
crisis periods as we assume a market in which there is no general liquidity shortage,
interbank market freeze, and the banks are not considering the risk of interbank lending.
Thus, we find that, neglecting crisis periods, our results are broadly consistent with
other models and empirical evidence, and allows a more detailed analysis of the impact
on the interbank markets, specifically on banks with different positions in this market.
The different impact of monetary policy on core and periphery banks is not explored yet
in the literature and our paper provides a first theoretical contribution in this direction.

There are mainly two implications from our model for policy makers in central
banks. Firstly, central bank tenders not only affect the quantity of liquidity in the
banking system, but also the structure of the interbank market. As has been well
established that the topology of the interbank market affects the vulnerability of the
banking system for systemic risk, see e.g. Acemoglu et al. (2015), Georg (2013);
Krause and Giansante (2012), the weakening of the core—periphery structure in the
case of liquidity injections should be taken into account for its implications on systemic
risk. By considering this consequence of their monetary policy, central banks will be
able to more fully understand the implications of their decisions.

Secondly, as lending and borrowing between core and periphery banks are asym-
metrically affected by monetary policy decisions, and in general core banks obtain
more favourable conditions, conducting monetary policy has potentially distributional
implications in the economy. Central banks may want to consider levelling the playing
field between larger (core) and smaller (periphery) banks, e.g. through discriminatory
pricing in auctions and standing facilities, depending on the network status of the
banks, which could lead to a ’fairer’ dissemination of liquidity and more equal costs
for banks in obtaining liquidity. Alternatively, central banks may well consider tenders
targeted at a subgroup of banks only.

Apart from levelling the field between banks, as our model shows that changes in
the cost of funds due to central bank operations can differ between core and periphery
banks, the central bank should also be aware of the different effect their monetary
policy has on the borrowing and savings rates of banks. The pass-through of monetary
policy will not be equal and thus might well affect customers differently. A homoge-
nous or ’one-size-fits-all’ monetary policy might not be suitable as periphery banks
would benefit more from liquidity injections, and assuming they rely to some extent on
interbank borrowing from core banks, their funding costs would reduce more than for
core banks. Similarly, they would be more affected by liquidity extractions. Periphery
banks are often smaller or more specialized banks and the limited transmission of
monetary policy onto their customers, such as SME companies, could limit the effec-
tiveness of the central bank’s monetary policy as the effect is felt stronger in some
parts of the economy than others. A tender targeted to these specialized periphery
banks, in addition or on its own, may be helpful to ensure that monetary policy is
most effective and has no undesired side-effects, such as not reaching all parts of the
economy equally.
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6 Conclusions

We have developed a model of the demand by banks for central bank funds. Banks
have a preference for liquidity as well as profitability and as such balance those two
needs; this is in contrast to most models developed previously that assume banks are
only optimizing profitability. Our model considered fixed rate tenders and included
the anticipation of a subsequent interbank market. We derived the equilibrium bid
schedules and allocations of central bank funds in these tenders.

We then assessed the structure of the interbank market and how it changes in the
presence of a central bank. While we found that while overall the core—periphery
structure is maintained, its significance is reduced with liquidity injections. We were
also able to establish that the position in the interbank network is relevant to how banks
are affected. It was found that the greatest impact of monetary policy on interest rate
is for banks in the core lending to those in the periphery, which corresponds roughly
to larger banks lending to smaller banks. In the presence of a central bank, banks in
the periphery tend to participate more in the interbank market. This asymmetry in
the effect on banks arising from the presence of a central bank might have significant
policy implications as it could well affect the lending policies of banks differently
and subsequently the supply of loans to the economy. This aspect is left for further
investigation in future research.

In this paper, we only considered auctions, but open market operations are a signif-
icant and often the only way central banks manage the liquidity in the banking system.
While many aspects of open market operations will be similar to auctions, it would be
worth in future research to investigate such a setting. Furthermore, we do not consider
what banks actually do with the liquidity they obtain as in many cases banks will
re-invest them into loans, in particular if liquidity is provided for longer terms. Such
re-investments will naturally affect the rate of return and might alter the incentives for
banks. However, such extensions are beyond the scope of this paper and therefore left
for future research.

We have assumed that central bank tenders are preceding the interbank market.
In reality, of course, the interbank market is open at any time and the banks could
act strategically in the interbank market in the full knowledge of having access to
central bank tenders afterwards. As our focus has been on the impact of monetary
policy, specifically tenders, on the interbank market, we leave this interesting aspect
for future research.

A Appendix: Proofs

A.1 Proof of Lemma 1

Based on reservation prices in equations (4) and (5), we easily getlimg o r{ (Q;) =

. (14+rF)E; (D; +B; —R; .
ra) = rf 4 gl CEEOEBR) 4ng timg o (0) = ) = rf +

R;(D;+B;)
(14+rE)E; . : : b a _ 6 (+PE R
—0 R, ° From thlS, we easﬂy obtain that r; (0) -7 (O) =16 R D+B) >

i
: >
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A.2 Proof of Proposition 1

Let us first consider the case of liquidity injection, i. e. Q; > 0. The optimization
problem (6) has a unique solution as U; is a concave function of Q; whose second
derivative is

dzUi D; +B; — R; ( D; +B; — R; )2
U 11

d0? D+ B+ Q) D: + B: + 0,
2

N D; +B; — R; rf—rCB(U U )+<rf—rCB) U =0
12+ Uz — ) Un <0,
D; +B; + 0)* Ei E;

AU; 92U; 92U;
where Uy = 5L > 0, U1 = =% < 0, Upp = Uy = —% > 0, Uy =
1 0 11 apiz 12 21 d,o,drE 22
92U;
ar,.E2

Therefore, the solution to the problem in equation (6) is either at the boundary if one
of the constraints is binding or at the local maximum of U;. Solving for % = 0 gives
the local maximum. The first constraint cannot be binding as insolvency gives zero
utility. Also note the last constraint is binding when bank i’s valuation for borrowing
is already lower than r]gB at Q; = 0, thatis rl.” 0) < r]gB. Therefore, we can write the
solution to problem in equation (6) as,

)

. (= 1 .
Qf( CB)_ mln{Qi,—I//i+(p2] 1frf<rl}§B <rl.“(0)
' 0 if rf (0) < r§®

where ¢ = Y2 — (D; + B) R; rCB’r(fO).

Secondly, consider liquidity extraction, i. e. Q; < 0. Similarly, this problem has a
unique solution because U; is a concave function of Q; whose second derivative is

d*U; U Ui+ Uy rf —rC€8 (rf —rCB

= Uy < 0.
do? (D;+B)?> Di+B E E; )

The second constraint is binding when bank i’s valuation for lending is already higher

than r?B at Q; = 0, or r}:B > rib (0). Solving for the local maximum by letting
jg' = 0 completes the solution.
of (1) = {} vt 1 <o <0
' = + . .
P\ Ol — (1= 0)R; if rP(0) < r€P

Combining these two results gives us the result shown in the proposition.
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Dropping the constraint that Q; < Q; as it does not affect the sign of the derivative
of O ;f (r), we obtain that

f f a
300:; 1 r/ —r?0
QCIB = §§0_% (D; +B1)Ri—l()2 <0
ory (r]gB - rf)
in the case of liquidity injection and
3o/ (1+rF)E;
C’B = —0; L 5 < 0 )

8rf (r]gB — rf>

in the case of liquidity extraction.

A.3 Proof of Lemma 2

The proof is trivial from inverting the equilibrium bid schedule in Proposition 1.

A.4 Proof of Lemma 3

We prove the individual parts in turn:

1. By inserting Ql.f = 0 into the inverse bid schedule given in Lemma 2 we instantly
see that these are identical to the reservation prices defined in Lemma 1.

2. By inserting Qif = 0 into the inverse bid schedule given in Lemma 2 we instantly
see that these are identical to the reservation prices defined in Lemma 1.

3190 - r2(0) = 12 U QE ~ 0 which in combination with claims 1 and 2 of
this lemma completes this proof.

4. Suppose there is a Qif < 0 such that 7€ (Qlf) < rl.b (Qf). As the reservation

i
prices are determined such that upon making a deposit of Q lf , the utility level does
not change from the situation of not making a deposit. Receiving an amount less

than rl.h (Qlf ) will reduce the utility level of bank i, contradicting the requirement
that r¢58 (Qlf ) maximizes the utility.
5. Suppose there is a Qif > 0 such that »¢8 (Qf) > rf (Q;.f). As the reservation

prices are determined such that upon taking a loan from the central bank of Qi.f ',

the utility level does not change from the situation of not taking a loan. Paying an
f

amount more than r{ (Ql. ) will reduce the utility level of bank i, contradicting

the requirement that €58 (Qlf ) maximizes the utility.
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A.5 Proof of Lemma 4

The marginal prices here are bank i’s marginal valuation for liquidity Thus, for Q; >

0, 'Fi“ = adQé while for Q; < 0,77 = ddQé’

prices given determlned in equatlons (4) and (5).

where r and r are the reservation

A.6 Proof of Proposition 3

We prove both claims in this proposition in turn, commencing with the case of liquidity
injection. Let us consider an arbitrary bank i and denote the equilibrium demand
schedule of any bank by QY (r). If all banks, apart from bank i submit their optimal
demand schedules and the total supply of liquidity by the central bank is Q€2 the
residual demand schedule this bank faces, considering the constraint on the amount it
can bid for, is given by

05(r) =min{ 0;, 0% =" 0Y%(r) ¢ .
J#i

where we require that 7 > /. Assume now that Q¢ is on the optimal demand curve for
bank i at an interest rate . This rate r¢ would be the lowest possible rate at which the
bank can submit its bid and still obtain the requested amount. Due to discriminatory
pricing in variable rate auctions, any bid higher than r¢ would result in a utility loss
as the bank pays more than it has to. Thus, for any rate » > r¢ the submitted demand
is zero. On the other hand, at a rate r < r¢ a bid would not be successful as it is too
low; hence, what price or amount is submitted becomes irrelevant. Hence, the only
possible equilibrium would be for a bank to submit a bid at exactly r¢ for the quantity
it requires at that rate.

In the following, we show that in equilibrium a bank will submit a bid schedule as
indicated in the proposition.

If 7 (0) < 7 the reservation price of not submitting a bid, or equivalently a bid of
zero, is optimal as exceeding your reservation price will result in a loss of utility.

In all other cases, we now show that alternative points on the residual demand
schedule give the bank a lower utility and can thus not be an equilibrium. Let us now
consider another equilibrium 7 3 7. If we have that r{'(0) > 7 > 7, we find that
Qf = 0, as can be easily seen by inserting the expressions for Q? into Qf above.

In the case of 7 < 7 we compare 0; (7) and Qs (). By construction 0; gives
the same utility level at 7 as Qif () at 7, i.e. it lies on the same indifference curve as
the optimal demand schedule. If Q; (7) > Qf (r) then Qf would give the bank less
cash than @,- at the same price; given that banks prefer more cash, this would lead to
a lower utility level and would thus not be optimal.

We now show that O; (7) > Qs () as follows:

0:( = Qi) = 0;() — min IQI-, 0"~ 0™
i#]
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- max{éi(ﬂ — 0i, 0:() — 0 +ZQ§®]
i

= max{éi(?) ~ 0i, 0:(7) — 0
. A S f N
+me{Q,,Qj(?3+k_nllaxN(Qk(r‘) ka)}}
= —lo
= maX{Qi@ —0i, 0:(» — 0
+ ZQ{GH—Zmin{Qj - of (7)., + max (Q;{@ - @k('f))}}
J# J#i oo
= max{éi(?) ~ 01,0, -0/ ®
. _,_ f f _ ~
+me{Q1 Qj(f),k_r?axN(Qk(?) Qk(ﬂ)}}
= 1o
=0m-0/® +Zmin{Qj -0/ ®. max (o ®- ékm)},
J# o

where the last step is obtained as Qif ) < Q; and Q i Q'jf () and Q,{ 7) —
ék(ﬂ are always non-negative. If there exists one j # i, such that O ji— Q{ 7) >

maxg=1,...N (Q,{ " - @k(ﬂ) we have,

,,,,,

Otherwise we have

éiW—Qf(77=éi(ﬁ—Q,-fm‘*‘Z(Qj_ij'(F))

J#i
= éi@-FZQj - Q¢8
J#i
=0+ (N-1)0; — 0B
> 0.

In the case of liquidity extraction the same steps are followed as above. The possible
demand by bank i given the demand by all other banks is determined as

Q¢ (r) = max {—Ri, 0 -3 Q;(r)= :
J#i
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where we take into account that banks cannot deposit more than their cash reserves
and require that » > r/. With the same arguments made before, for any r < r¢, the
optimal interest rate, the bank does not receive sufficient interest on their deposits with
the central bank and thus will bid an amount of zero. Furthermore, if r;’ (0) > 7, the
reservation price is too high for the bank to bid for depositing cash with the central
bank, and thus will also bid an amount of zero.

For the case of r?(0) < 7 < 7, we can easily show that Q¢(r) = max (—R;, Q%)
by inserting for Qlj). (r). In the case that 7 > 7 we follow the same arguments as in the

case of liquidity injection and need to show that Q; () < Q¢ (7). We obtain

0;(M) — 0§ () = Qi(7) — max [—Rg, 0 - ZQ;m}
J#

=min{ 0, +R;, 0;7) — QCB"‘ZQ.I;@}
J#i

= min ) 0:() + R, 0,7~ 0 + 3 (Q:? - max (- 0f m))]
Z

k=1,...N

— min E,~®+Ri,§,-(rv—g{<7>—<zv—1)( max (@(rv—Q,{(?)))}

<0

The penultimate step arises as Ql.f () > —R; and Q; () > Q,{ .

A.7 Proof of Lemma 5

This lemma follows from the definition of the inverse bid schedule, r/(Q;) =
inf {r > r/1Q¥(r) < Q;}. It is also obvious that 7} (Q;) is a non-increasing func-
tion of Q;. To show this, we only need to show that R~!(Q;) is a non-increasing

,,,,,

(Q{ 7 — éj (r)) }and Qif G)—maszl ,,,,, N (5] (r) — Q]f (7)) are non-increasing

as can easily be seen.
A.8 Proof of Proposition 4

We need to show the tuple (rfCB , Q{ e, Q{,) also clears the market when bid sched-

ules are as described in Proposition 3. First consider the case of Qif > 0, when the
amount of operation is Q€% = ZlNzl Qif = ZlNzl max (0, Qif (r?B)), obviously
r?B € {r > rf| Z,N max (0, Qlf(r)) = QCB}. Note that Qif(r) is strictly decreas-
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ing before reaching limit Q;. Therefore, Z,N max (O, 0 lf (r)) is strictly decreasing as

0< QCB < (N — I)Qi and has thus a unique solution. Therefore, 7 defined in Propo-

sition 3 equals r]gB, since Qf (r*) = Qif (r*) (if 7 > r{*(0) this also holds as both are

zero), what remains to be shown is rC® = 7. This is obvious as Y 1" | Q! (F) = Q°P
clears the market while any r < 7 cannot.

The proof for Qif < 0 follows exactly the same process.

A.9 Proof of Proposition 2

Itis easy to verify that (75, AQ1 (71B) , ..., 10} (¥'®)) clears the market. We show
here that a bank i cannot gain higher expected utility after the interbank market by
deviating from the bid schedule proposed here. As shown in Proposition 3, it is optimal
for any bank i to pay no more than the clearing rate of the primary market, so in the
following we only consider bid schedules where a bank demands zero if the interest
rate charged is larger than expected clearing rate in the interbank market. We show the
case for liquidity injection here as for liquidity extraction the argument can be made
in exactly the same way.

Let us consider bank i having any alternative bid schedule where it bids Q; > 0
at a rate rl.CB and Q; = 0 at some rate r > rl.CB. Firstly, if rl.CB < 718 bank i
does not participate in the primary market but only the interbank market. This does
not change the clearing rate as the reduced allocation to bank i is compensated by
increased allocation to other banks. Consequently, in the interbank market, bank i
demands more funds, while other banks are expected to demand less due to their
increased allocation by the central bank; hence, the aggregate amount is unchanged
and so is the expected interbank rate. Here, bank i only shifts part of its demand from
central bank funds to the interbank market and its expected overall utility increase is
the same; hence, it is not better off.

Secondly, if rC8 = 7B but @/ (F18) > Q; # Q! (7'B), this results in bank
i borrowing less from the central bank as the rate is less favourable and this has a
similar effect as in the case where rl.CB <7IB 1f riCB =718 pbut Qif (?IB) < Q; #

Qif (778), bank i could be worse off. Its allocation could exceed Qif (7'8) which is
the optimal amount that maximize i’s utility or by over-reporting its demand bank i
also makes the demand for liquidity to be greater in subsequent interbank markets and
thus raises the expected interbank rate for all banks, including itself.

Thirdly, if 7*® > 718 and if Q; > Q! (/%) bank i would be strictly worse off
because it pays more for liquidity from the central bank as well as the interbank market.
The former is obvious, and the latter is because over-reporting bank i’s demand raises
expected interbank rates as discussed above. On the other hand, if Q; < Ql.l (?I B ),
bank i would still be worse off. Suppose in this case, bank i gets an allocation of Ql.CB
from the central bank and demands Qi’ B in the interbank market. Obviously, for Ql.CB,
bank i pays more than 7/ 8 which reduces its utility. For Ql.l B there is a chance bank i
pays less than 772 even so, this is not enough to compensate for i’s utility loss from
central bank funds. Suppose the opposite is true, that bank i pays in the interbank mar-
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ketr/® <718 keeping its utility the same as before. Consider all combinations of rate
and quantity (r, Q) in the interbank market that gives the same utility as originally, i. e.

{(r, ONU; (pi (D). rf(r. @) = Ui (pi (0] (7'7)) . rf (717, 0] (7F17))) .78 > r
>rf } If the collateral constraint is not binding for bank i, it has to demand Ql.l B in

order to maximize its utility, corresponding to the maximum of r, but » < 778 implies
Q!B 4+ Q¢8> QI (¥1B).1f the collateral is binding, equality holds here.

Overall, this implies interbank markets cannot clear as banks’ aggregate demand
must be more than the supply due to a drop in interbank market rate and the fact bank
i is also demanding more than or equal as before. Therefore, bank i cannot reach the
same level of utility as originally.

B Appendix: Variable rate tenders

In variable rate tenders, the central bank exogenously fixes the total amount of liquidity
extracted or injected at Q€Z. The interest rate is set such that only those banks can
participate that have submitted the highest (lowest) demand schedules for borrowing
(depositing) until the total amount is reached. The interest rate is thus set such that
Z,Nzl 0; < QCB . Each bank pays the interest rate at which it has submitted its bids,
i.e. pricing is discriminatory and banks will not pay the same price, but according to
their bid schedule. Therefore, the reservation price of a bank will be the marginal value
of any amount obtained. The following lemma determines these marginal prices:

Lemma 4 [n variable rate tenders, the marginal prices are given by

b
~ bi Ri Di+Bi+ 0\ Di +B; —Ry)
a0 = pf E\ .
)=l 4 (14 ) By (Ri+Qf D 1B ) R+ Q) (D; +B; + Q)
for Q; > 0 and
0 R \T7 1
. . —0;
~b N f E X 1 1 !
T =r —{—(l—i—r»)E < )
i (Q0) ! "1—6; \R; + Q; R; + 0;

for Q; <O.

As before for fixed rate tenders, in order to maximize utility, banks will not submit
their marginal prices, but act strategically. Proposition 3 shows the characterization
of one such equilibrium, where we assume that banks know each other’s liquidity
positions.

Proposition3 Let ¥ € {r > rf| ZzNzl max (O, Ql.f(r)) = QCB}, 7 e {r > rf‘
S min 0.0/ ) = 0%}, Gi0) € {0i = 0f | Ui (pi(2n. i, 0)
=Ui (0 (0] @) .rE (70l @)).r =07} and 0,00 € {0i= 0 @)

Ui (i@, rEr, 00) = Ui (pi (@] @) . rE (7. 0 ®)).r > r7).
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One Nash equilibrium bid schedule is then determined as follows:

e If0 < QB < (N — 1)Q; the demand schedule is given by

min {0y, 0/ @ +maxj-..v (0] 7= 0;0)} if /< <F
0

if r>7orrf(0) <7

o /f —min; (Zf\;] Ri> < Q€B <0, the demand schedule is given by

0 if rf <r <Forr?©=F%
0/ = Qtf@ - . ifr="r
Qi'f("?)_maxj=l,...,N (QJ(V)—Q; (7’1)) ifr>7

The equilibrium is then trivially determined such that Zf\’: 107 (r) = Q€B . Due
to the full information banks have of each other’s liquidity position, they can fully
anticipate the respective demands and submit bids that ensure this equilibrium to be
reached.

This demand schedule is not easily interpreted and comparable to the result obtained
in the fixed rate tender. Hence, we illustrate the equilibrium in Fig. 3. We see that the
bids submitted by the banks are entirely flat at Fand7, respectively, until the quantity
bid reaches Q f . For larger quantities beyond this threshold the rate acceptable would
be lower for liquidity injections and higher for liquidity extractions, the exact shape
depending on the liquidity shocks and preferences of the banks. This area of the
demand schedule has no unique solution for the same allocations and interest rates.
Proposition 3 provides one such bid schedule explicitly.

This inverse bid schedule is given more formally in the following lemma.

Lemma5 The inverse bid schedule in variable rate tenders is given by

R0 if 0/ () = 0

if 0> 0; > 0! (7)
if0<0i <0/ ®
R0 if o] < 0:i <0

&8 Q) =

SR

where R=1(Q;) denotes the inverse function of Q7 (r) as defines in Proposition 3.

As in the case of fixed rate tenders we observe bid shading by banks, which can
easily be verified by comparing the equilibrium in Proposition 4 with the marginal
prices in Lemma 4.

Even though the bid schedules in the two considered tender mechanisms are very
different, we can show that the allocation the central bank achieves can be identical
in both cases, i.e. each bank obtains the same amount and the same interest rate.

Proposition 4 An equilibrium exists with Qif = Q; and r]gB = erB.
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Fig.3 Equilibrium bid schedules in variable rate tenders

From a central bank perspective, the two tender formats generate the same revenue.
Similar results have been found in single unit auctions with risk neutral participants
and a private value framework such as in Vickrey (1961), Holt Jr (1980), or Harris
and Raviv (1981). For multi-unit auctions, as in our case, such a result is not generally
valid. Which auction mechanism gives the higher revenue can be ambiguous and is
also quite sensitive to assumptions about the auction as shown in Ausubel et al. (2014).
In our model, using the assumption that information of other banks’ reservation prices
is known leads to not only a tractable equilibrium but also the revenue equivalence of
the two auction mechanisms.
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