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On the Geometry of the (1,1)-Tensor Bundle
with Sasaki Type Metric*
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Abstract Curvature properties are studied for the Sasaki metric on the (1, 1) tensor bun-
dle of a Riemannian manifold. As an application, examples of almost para-Nordenian and
para-Kéhler-Nordenian B-metrics are constructed on the (1, 1) tensor bundle by looking at
the Sasaki metric. Also, with respect to the para-Nordenian B-structure, paraholomorphic
conditions for the complete lifts of vector fields are analyzed.
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1 Introduction

Let M be an n-dimensional differentiable manifold of class C*°, T} (M) its tensor bundle of
type (1,1). We denote by 3% (M) the set of all tensor fields of type (r,s) on M. Similarly, we
denote by S7(TH(M)) the corresponding set on T} (M).

Fiber bundles play an important role in just about every aspect of modern geometry and
topology. Prime examples of fiber bundles are tensor bundles of different types (p,q) over
differentiable manifolds. The tangent bundle T'(M) and cotangent bundle T*(M) are the special
cases of a more general tensor bundle TP(M) of type (p,q) over M. The geometry of tangent
bundles goes back to the fundamental paper [22] of Sasaki published in 1958. He used a given
Riemannian metric g on a differentiable manifold M to construct a metric g on the tangent
bundle T (M) of M. Today this metric is called the Sasaki metric. The Levi-Civita connection v
of the Sasaki metric on T'(M) and its Riemann curvature tensor R are calculated by Kowalski in
[9] (see also [8]). Afterwards, Aso [1], Musso and Tricerri [16] investigated interesting relations
between the geometric properties of the base manifold (M, g) and its tangent bundle (7'(M), g)
with the Sasaki metric. The Sasaki metric on the cotangent bundle was studied by several
authors, including Mok [14], Salimov and Agca [21]. In [3, 11, 17, 18], the Sasaki metric was
studied on the tensor bundles of different types (p, ¢) over differentiable manifolds. In [13], Mok
studied the Sasaki metric on frame bundles and calculated its curvature tensor (for details, see
).

The work is organized as follows.
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In Section 2, some introductory materials concerning the tensor bundle T} (M) over the
differentiable manifold M are collected, like some particular types of vector fields on the tensor
bundle T} (M) and Lie bracket operation of vertical and horizontal vector fields.

In Section 3, the adapted frame which allows the tensor calculus to be efficiently done
is inserted in the tensor bundle T (M). The Sasaki metric on the tensor bundle T} (M) is
introduced and the components of the Levi-Civita connection of the Sasaki metric with respect
to the adapted frame are calculated.

In Section 4, we calculate the Riemann curvature of the Levi-Civita connection of the Sasaki
metric with respect to the adapted frame, and compare the geometries of the manifold M and
its tensor bundle 7' (M) with the Sasaki metric.

In Section 5, the similar problems in Section 4 are investigated for the metric connection of
the Sasaki metric on the tensor bundle T} (M).

Section 6 deals with the para-Nordenian property of the Sasaki metric.

Throughout this paper, we always suppose that all manifolds, functions and tensor fields
are differentiable and of class C'*°.

2 Prilimineries

Let M be a differentiable manifold of class C*° and finite dimension n. Then the set
THM) = PUM TL(P) is, by definition, the tensor bundle of type (1, 1) over M, where | J denotes
€

the disjoint union of the tensor spaces Ti(P) for all P € M. For any point P of T}(M), the
surjective correspondence P — P determines the natural projection 7 : TH(M) — M. The
projection 7 defines the natural differentiable manifold structure of T (M), that is, TH(M) is a
C*°-manifold of dimension n + n?. A local coordinate neighborhood {(U; 27, j =1,---,n)} in
M induces on T} (M) a local coordinate neighborhood {n~!(U); 27,27 = t}, j =1,--- ,n}, j:=
n+j(G=n+1-,n+n?), where 2/ = t; are the components of the (1,1) tensor field ¢ in
each (1,1) tensor space T} (P), P € U with respect to the natural base.

We denote by % (M) the module over F(M) of all C* tensor fields of type (r,s) on M,
where F(M) is the ring of real-valued C* functions on M. If o € 31 (M), it is regarded, by
contraction, as a function on T} (M), which we denote by 2. If a has the local expression
a = old; ® dz’ in a coordinate neighborhood U(z7) C M, then 1 = a(t) has the local
expression 1 = o t% with respect to the coordinates (7,27) in 7= *(U).

Suppose that A € $1(M). Then there is a unique vector field VA € S} (T} (M), such that
for o € SH(M) (see [12])

Y Aua) = a(A) o =V (a(4)), (2.1)

where V' (a(A)) is the vertical lift of the function «(A) € F(M). We note that the vertical
lift Vf = f o of the arbitrary function f € F(M) is constant along each fibre 7= 1(P). If
VA=VAkY, +V A*9,, from (2.1) we have

VAR Opad +V AR af = o A}

Since a’fL and 8kaz can take any preassigned values at each point, we have from the above
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equation
V Akt V pk _ pAh
ARt =0, Vak = Al
Hence
VAk =0

at all points of T} (M) except possibly those at which all the components 27 = t; are zero, that
is, at points of the base space. Thus we see that the components ¥ A* are zero at a point such
that o7 # 0, that is, in T{(M) — M. But the vector field V' A is continuous at every point of
TLH(M). So, we have V' A¥ = 0 at all points of T}(M). Consequently, the vertical lift V' A of A

to T (M) has the components
Vs _
= (v )= () &

with respect to the coordinates (27,27) in T{H(M) (see [2]).
Let Ly be the Lie derivation with respect to V € S3(M). We define the complete lift
CV =Ly of V to TH(M) by

V() = 1(Lya) (2.3)
for a € SH(M) (see [12]). If CV = CVkG, + CVF9, | from (2.3), we have
CVELORal + CVEaf = (VFORal — (0,V)al + (0:VF)ad). (2.4)

Discussing in the same way as in the case of the vertical lift, from (2.4), we see that the complete
lift ©V has the components

V= < 25 ) = < t;”(&‘mVi)‘ijtﬁn(aij) > (25)

with respect to the coordinates (z7,27) in T{H(M) (see [2, 15]).
Let V be a symmetric affine connection on M. We define the horizontal lift 7V = Vy €
SYTE(M)) of V € S(M) to TH(M) by

HY (1) = o(Vya), «ac 31(M)

(see [12]). The horizontal lift 7V of V' € 3}(M) to T} (M) has the components

= < gx‘;j > - ( VS(l“m.tivi i ™) ) (2:6)

sj'm smYj

with respect to the coordinates (z7,2%) in T} (M), where I‘fj are the local components of V on
M (see [2, 15, 23]).
Let ¢ € 31(M), which are locally represented by ¢ = <p§» a(Z» ® dz?. The vector fields y¢
and ¢ on T (M) are defined by
ve = ()

Y

oI
0

o = (tt o™
Yo = (t¥]) B
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with respect to the coordinates (x7,27) in T} (M). From (2.2) we easily see that the vector
fields ¢ and J¢p determine respectively global vector fields on T} (M) (see [2]).

Explicit expressions for the Lie bracket [, ] of the tensor bundle T} (M) are given in [2,
12] (for tangent and cotangent bundles, see [5, 25]). The bracket operation of vertical and
horizontal vector fields is given by the formulas

[VA7 VB] =0,
[HX,VA] = V(VXA)v (27)
[HXv HY] = H[Xa Y] + (ﬁ - W)R(va)a

where R denotes the curvature tensor field of the connection V, and 5 — v : p — S§(T1H(M)) is
the operator defined by

== (i L, )
VTR thep — el

for any ¢ € 31 (M).

3 Sasaki Metric on T} (M)

In each local chart U(z") of M, we put

0 0
X(j) = Oxd = 6Jhaxh € g(l)(M)v

A = (A = 9, @ da? = 6880 @ dah € SH(M), j=n+1,--- ,n+n

From (2.2) and (2.6), we have
"X (j) = 070n + (=Tl ity + T5,th)d,, (3.1)
VAW = sksl 0, (3.2)

with respect to the natural frame {ag?H} = {aih’ aih} in TH(M), where " = § and &7 is

the Kronecker’s. These n 4+ n? vector fields are linearly independent and generate, respec-
tively, the horizontal distribution of V and the vertical distribution of T} (M). We call the set

{#X ),V AU} the frame adapted to the affine connection V on 7~ (U) C T{(M). Putting
H VoA
ey =Xy, ey ="AY,

we write the adapted frame as {eg} = {e(j), e(j)}. The indices a, 3,7, -+ run over the range
{1,---,n,n+1,--- ,n+n?} and indicate the indices with respect to the adapted frame {eg}.
Using (3.1) and (3.2), we have

XIgh > , ( 5h > }

H

X = ; s 7 s =X’ s = X'e(s,
< —XJ (Fﬁsth - F]htf) _(F§sth - F;ht]g) @

0 0 , 0 ,
VA:( ):( -.>:A?< -):A’»e-,
Ak r o) Al I\ ok 770)
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i.e., the lifts 7 X and vV A have, respectively, the components
Hxi X7
v V48 VA 0
A:( A ): Vi Ad = A; (3'4)

with respect to the adapted frame {eg}, X7 and A; are the local components of X and A on

~—

M, respectively (see [11]). For tensor bundles of type (p, q), see [18].
For each P € M, the extension of scalar product g (denoted by ) is defined on the tensor
space 7 1(P) = T} (P) by
G(A, B) = gug” AL B]
for all A, B € $1(P). The Sasaki metric ©g (or diagonal lift of g) is defined on T} (M) by the

following three equations

9( A,V B) = "(G(A, B)), (3-5)
S9("ATY) =0,
Sg("X, 1Y) = V(g(X,Y)) (3.7)

for any X,Y € S(M) and A, B € 31(M). Since any tensor field of type (0,2) on T} (M) is
completely determined by its action on vector fields of type # X and V' A (see [25, p. 280)), it
follows that °g is completely determined by the equations (3.5)(3.7).

From (3.5)—(3.7), we see that the Sasaki metric g has the components

s s
s _ git 95 ) ( gji 0 ) I gt
= = . r =t 3.8
9py ( ngl ngl 0 gitg]l ) 1> ( )

S gl Sl jl . .
S By _ g g _ 9’ 0 ) 3.9
’ < Sgit Sgit ) ( 0 g"q; )’ J (3.9)

with respect to the adapted frame {eg}, where g;; and g% are the local covariant and con-
travariant components of g on M (see [11]). For tensor bundles of type (p,q), see [18].
We now consider local 1-forms w® in 7~ 1(U) defined by

w® = A® 5 daP,

where
- Aho oAl sh 0
A=A p=| -’ 7 |= J ) 3.10
S <Amlﬁj> (rey 2yt oty ) (310
The matrix (3.10) is the inverse of the matrix
A AT sh 0
Ae(a. A= j . j : 3.11
e ( v ) (o ag) o

of the transformation eg = A4 4 94. We easily see that the set {w®} is the coframe dual to
the adapted frame {eg}, i.e., w¥(eg) = A% AP = 5.
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For various types of indices, we have

ej=A; A 0a=0;+ (-Tht; +T3,t0)9,, (3.12)
ej:AjAaAzaj, '
W= A dat = e, (3.13)
wli=A" 5 daB = 6t§»,

where 0t} = dt, + (T}, t7" — I‘Z}-tin)dxk.

Since the adapted frame field {eg} is non-holonomic, we put
[ea; 65] - Qaﬁv €y

from which we have ;% = (e, Ag A—eg A, Ao

According to (3.10), (3.11) and (3.12), the components of non-holonomic object 2 5

“ are

given by

r 5 40 v slT " (314)
Qlj :ler t _les Ly

S

{er——m =TI},00 —T,0¢
J Jl sor

with all the others being zero, where R, . are the local components of the curvature tensor R
of the metric g on M.
Let °V be the Levi-Civita connection of the Sasaki metric ®g. Putting V. ez = Sflﬁev,

from the equation SV;(Y/ - SV;)? = [X,Y], VX,Y € S(T}(M)), we have
ST - 1%, = Q5" (3.15)

with respect to the adapted frame {eg}, where SI‘% are the components of the Levi-Civita

connection V.
The equation (*V %¢)(Y,Z) =0, VX,Y,Z € S§(T1(M)), has the form

es %gvys = °T5, Sgep = “T55 91 = 0 (3.16)

with respect to the adapted frame {eg}. Thus, we have from (3.15) and (3.16)
Sa 1S ae S S S 1 o « «
IS, = o 9 (€a "gep + €8 " Gye — €c " gyB) + 2(Qw +Q% 5 +Q% 5,), (3.17)
where Q% _ 5 = g9 Sgsp QEV‘S.
Taking account of (3.9), (3.14) and (3.17), for various types of indices, we find
‘s T ‘s 1 S 4v 1 vV 48
SFlj = Flj7 SFlj = 2le7" ts — 2les tT’
°r7o=0, °I7. =0, °Iy =0,
J Ly lj
1

1
Srlrj = thaRflojT ty — zgletsjr iy, (3.18)
g . .
I = Ipol — 1,07,
S1r 1 sj T a 1 jb r 48
I‘lj = 2giaRo o ts - 29 Risl tb
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with respect to the adapted frame {eg} (see [11]). For tensor bundles of type (p,q), see [18].

Let X,Y € SY(TH(M)) and X = X%,, Y = }7565. Then the covariant derivative ¥V X
along Y has the components

SV X% =Y e, (X*) + 5T, XY (3.19)
with respect to the adapted frame {eg}.
Using (3.3), (3.4), (3.18) and (3.19), we have the following theorem.

Theorem 3.1 Let M be a Riemannian manifold with the metric g, and T{(M) be its
(1,1) tensor bundle equipped with the Sasaki metric °g. Then the corresponding Levi-Civita
connection satisfies the following relations:

o (7~ DRX,Y),

. 1 o —
(1) SVva™Y = )M (5" Rlts, A)Y + gur(t" (74 0 R(-,Y)AY),

(i) SVux"Yy =H(VxY)+

1 : -
(i) *Vux"B="(VxB)+ gH(gbj R(ty, Bj)X + gai (97" 0 R(-. X)B"))),
(iv) Vv, VB =0

Jor all X,Y € S4(M) and A, B € SL(M), where A; = (A}}), At = (g% A, ) = (A%, t; = (),
= (1), R(, X)Y € S}(M) and g~ o R( , X)¥ € S(M).

4 Curvature Tensor of SV
The curvature tensor R of the connection V is obtained from the well-known formula
R()(7 Y)Z =VxVyZ -VyVxZ2— V[X’y]Z

for all X, Y € 3¢(M). With respect to the adapted frame {es}, we write SV, _es = szﬁev,
where ¥ ry 5 denotes the Levi-Civita connection constructed by Sg. Then the curvature tensor
SR has the components

SR,p," = €T, — €5°TY, + °T.°T5, — °T3.5T%, — Q4 °TZ,.

By using (3.14) and (3.18), we find that the components of the curvature tensor R of *V are

as follows:
SR T =0,
mlj
SR T =0,
mlj
1
S l l Il h l h b
lejr = gin Ry o jr -9 mijr + 4(9naR8.n.l i g R, o gtaRyar” g Y, Tj )tgtp
1
+ 4 (gtaRsolohr gmbRnpjh - gnaRsonoL hr gletpj h)tgté)
1
+ 4(gletphrgna 5.77.7,1 g _gmbRnphrgtaRSolojh )t;;))tg
1
+ (gmaRnshr gletSj o glaRtshr gmbRnpjh)tZt€7

4
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SR T — O,
mlj
SR T — O,
mlj
SR, "= — L guR ”"+1le r (R RAY, Myt
mlj 291t eem g itm 4gta oo h gzb eem s'p
1 1 .
+ + (gaRY TP R ] + A (" Rypn" giaR3%, L
1
4( laRtsh g szpm )t tzga
1 1
R, = y9a(Vim Ril,j Nt = 0" (VR Nt
1 1 l
sRmUr =-, R, ;67 + ngt“ 5L+ 4( by Jvalle'y ; ")t ute (4.1)
1 1
- 4(Rmhﬁ letpj ) s ;g (Rmhp gt(lRo °j )tpta
1
+ 4(Rmh;) letpj )tit€7
1 1 . _
Slej "= 2(g“’v Rsojol T — gmles. em )tg + 92 (g]bleismr - gjbvaisl T)tiv

r v S | Sv 1 via
R ) = R 0] = Ry 07 + ) (Ryny 9ia RV, = Bupe ™ gia R 1)L,

mlj
1 )
+ 4 (thrs gjlepmh - Rmhr jbR'Lpl )t:ti)

1 .
R 9ia RV = Ry 910 R, LS

1 jb h jb h

+ 4(Rmh: gj Ripl - thsv gj Ripm )t;t;;))v

1 1

SlejT =5 (Vi Ry ® = ViR, .0t + 9 (ViR,, ;s — ViR “)t7,
1
Slej "= lejr 4(gkaRgo orrTL.lehp - gkaRi}: lTRth 2gkaRo}ij leh )tatk

1 sh r sh sh ayp

+ 4 (gk(lRo ol ijp gkaR. . lejp + ZQkGRo ¥ lep )t t
1 hb : hb : hb E k

+ 4 (9" Rypt " Rojis — 9" Rigpum By * + 29" Ry R it s
1 hb k hb hb

+ 4 (g RksnIlep -9 Rksl rijp 29 RkG] lep )tbtp

with respect to the adapted frame {eg}. Thus we have the following result.

Theorem 4.1 Let M be a Riemannian manifold with the metric g, and T} (M) be its (1,1)
tensor bundle with the Sasaki metric ®g. Then T} (M) is flat if and only if M is flat.

Proof It is a direct consequence of (4.1) that R = 0 implies *R = 0. If we assume that
SR =0, then from the last equation at the point (z°,#) = (z¢,0) € T} (M), we get

1
(Roi; i) = |Bouj + 4(9kaR8. .WTLRWL — gra RS IRt — 20k R34 Rl 0L
1
+ 4(91@(1 o}: lTRYn]p gkaR. . le_]p + 2ngRo}z J lep )tath
+ 4(gthkpermjh g Rk‘meljh +2g bRkpj lehs)tgt.]:
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1
+ 4 (gthksw:lep - gthksl TfimjgﬁC - 29thijrlepk)tit€L

= lejr(xi) =0.

(z%,0)

We now turn our attention to the Ricci tensor and scalar curvature of the Sasaki metric
Sg. Let SRop = SRmﬁ" and r = Sg*# SR, 5 denote the Ricci tensor and scalar curvature of
the Sasaki metric “g, respectively. From (4.1), the components of the Ricci tensor ¥ R.p are

characterized by

SRy =y R g0 YL, — (0 Re” 9 Ry,
+ i(gletph”"ngf 3+ i(ngf o’ 9 Ry, Mt
SRyy = (VRS = g (Vo Ry,
SRyy = o 0ia(VeB )~ Lo Riy I (12)
Sle =Ry — i(gkaRf }.Lz " Rrjhp)tgt]; - ;(gkaRf fj " erh”)té‘tﬁ
B 0B LS — (" R R, Pt
- ;(gthksjr R, " )tith — i(thsv 9""R,,; "t
B Ry 4 (0 Ry Ry )i

with respect to the adapted frame {eg}. From (3.9) and (4.2), the scalar curvature of the Sasaki
metric %¢ is given by
1 S
“r=r— 9"9" 9" " Rano Ryjirtt]

1 ) 1
- 4gcdgljghkgTUerhs Ryjkp tgtz + 2chthht I: ’ tgt;z

Thus, we have the next theorem.

Theorem 4.2 Let M be a Riemannian manifold with the metric g, and T} (M) be its (1,1)
tensor bundle equipped with the Sasaki metric °g. Let r be the scalar curvature of g, and °r be
the scalar curvature of °g. Then the following equation holds:

1 1 1
Sr=r— IeRI? = [ IR)? + T,

where ||tR||?> = gabghkgljg”RSlthpjkrtth, |Re||? = gcdgljghkgrerlthvjkp tgtg and T =
R, "Ryu5° tsth
he s¥b "

cpr °
Let now (M, g), n > 2, be a Riemannian manifold of constant curvature &, i.e.,
kaf = K (07.9mj — 6, 9kj)
and

r=n(n—1)k,
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where 67 is the Kronecker’s. Then, from Theorem 4.2, we have

Sp=r ig“”ghkg”gzgthismpjtatp
- igcdg”g”kg”ers R, ;" toty + ;gmgbchm”Rhezs tty
= igabghkgwglj( ((ﬁ;gvs - 5$9h8)“(529w - 5&*9@))752735
— 19009 9" g (5 — g (5L g0 — D) 511
b0 G (500 e — O Bgex — Slgn)) 158
=n(n—1)k — iKQngabQSptzti) + i“2gab93pt2t€ + i“2gabgspt2t;z
tiQng *gsptaty — iﬂQngcdgT”titd + iancdg” tetd
+ iancdgl”tftd - in ngeag"ts td + /<;25§6§t§tp 2525;t‘;tp
; K2SLOtCty + /<;26§5§t‘;’tp

1 1
=n(n—1)k — 2/<62||t|| (n—1)— 2||t|| (n— 1)+ r25th — KP5t0
= (n—1)r(n — ||t|?k) + £2((tr t) — (trt?)).
Thus, we have the theorem below.

Theorem 4.3 Let (M,g), n > 2, be a Riemannian manifold of constant curvature k. Then
the scalar curvature Sv of (T (M),®g) is

Sr = (n— Dr(n — [|t)*k) + &>((tr £)? = (tr 7)),
where ||t||* = gklgijt};t{.

It is known that for a local ortonormal frame a sectional curvature on (T}1(M),g) is given
by

1(Ag) = —° Rgmiy URV™U VI, (4.3)

where Ay = (U, V') denotes the plane spanned by (U, V).

Let now {X;}, i = 1,---,n, be a local ortonormal frame and ||A’||% = G(A!, A") =
G(A, A7) = 0,4 # j for A® € S}(M), i =n+1,---,n% Then from (3.5)—(3.7) we see that
HXy,--- JHX, VAL ... ,VA”Q} is a local ortonormal frame on T (M). Let “x(¥ X, HY),
k(1 X,V A) and *k(V A,V B) denote the sectional curvature of the plane spanned by (¥ X, #Y),
(HX,VA)and (VA,VB) on (T}(M),®g), respectively. Then, using (3.3), (3.4), (3.8) and (4.1),
we have from (4.3) that

(i) “x(V4,"B)=0,

1
(11) SK(HX, VB) _ gezR s szd gcagthtctaXde tX]Br h

4 emm

1 :
+ g GveRisn Bagy 9 tit) g™ X By X By
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1 .
+ 9" g g Ryl Ry © 123 X" BI X By

4 mer

1 |
t+ 40" ghgeaRe,” RYL© HX T BIXOBY,

(iit) k(P X, 7Y) = — Ry XY XIY*

3 .
— RS Ry Pgant ity X YR XYY

mkz

Goe Ryl Ry, Cg*toty XY XY

jlp

W Wk

= 97007 Ry Ry, TH XY IXIYE

3 hb $ k l j
— 49 Gz Ry Ryjp SHtE XY Xy,

From (i)—(iii), we have the result as follows.

Theorem 4.4 Let (M, g) be a Riemannian manifold, and TL(M) be its (1,1) tensor bundle
with the Sasaki metric °g. If (T}(M),%g) is a Riemannian manifold of constant sectional
curvature °k, then Sk = 0.

5 Scalar Curvature of the Metric Connection with Respect to the
Sasaki Metric °g

In Section 2, we give the Sasaki metric ©g on the tensor bundle T} (M) and consider the
Levi-Civita connection °V of ®g. This is the unique connection which satisfies °V ¥¢ = 0, and
has no torsion. But there exists another connection which satisfies V5 g = 0, and has non-trivial
torsion tensor. We call this connection the metric connection of “g.

The horizontal lift #V of any connection V on the tensor bundle T} (M) is defined by

H VB: H HY:
{ Vo u 0, Vv, 0, 51)

HY VB =" (VxB), HVuyHY =H (VxY)

for all vector fields X,Y € ¢ (M) and A, B € S (M) (see [6, 11, 12]). For tensor bundles of
type (p, q), see [18].

We put ¥V, = HVg(a). Then taking account of Hvaé(ﬁ) = HFlﬁg(v) and writing HFgﬁ for
the different indices, from (5.1) it follows that the horizontal lift 7V of V has the components

L L L

Hypr _ pr Hyr _1w §j _1TJ Sv
Flj = Flj? Flj = Fli 57" Flr 51

{Hrr — Hpr _ Hpr :HF;j:HF;j:HF;jIO, (52)

Denote by T the torsion tensor of V. Then T is the skew-symmetric tensor field of type
(1,2) on T} (M) determined by
TVAYB) ="y ,VB-HvvzYA-[VA VB =0,
T(VARY) = -THy,VA) = Vv 7Y = HVuy VA [VA Y]
= V(VyA)+ Y (Vy4) =0,
THX, YY) = Vu Iy - v, X — (1 X Y]
="(VxY) = (Vy X) = T[X, Y]+ (T = 7)R(X,Y)
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= H(VXY - VY)( - [Xa Y]) + (ﬁ - V)R(Xa Y)
= (’Ay/ - V)R(X7 Y)a

where R is the curvature tensor of V and

- : ; 9
(5 = DRXY) = 3t Ry " XY ] By XYY °
i

Thus, the connection 7V has non-trivial torsion even for the Levi-Civita connection V4 deter-
mined by g, unless g is locally flat.
A straightforward computation, using (3.5)—(3.7) and (5.1), leads to the following set of

formulas:
(HVVCSQ)(VAv VB) = Oa (HVHZSQ)(VAa VB) = 07
Ivve®g)(VAHY) =0, ("Vu,%9)(VA"Y) =0,
(HVVCSQ)(HXa VB) = U, (HVHZSQ)(HXa VB) = 07
Vv X, AY) =0, ("Vuy g)(" X, Y)=0

for any A, B,C € S}H(M) and X, Y, Z € 34(M), i.e., the horizontal lift 7V of V, is the metric
connection with respect to the Sasaki metric °g.

Let now R be the curvature tensor field of V. The curvature tensor # R of the metric
connection 7V of ¢ has the components

" Rss® = 2(€5 T3 + Tfy T2

’Y]B) - Qévs HF?B

with respect to the adapted frame {eg}. Using (3.12), (3.14), (5.2) and computing the compo-
nents of the curvature tensor # R of the metric connection ¥V, we obtain

"r =0, YR "=0, "R "=0, Hp ™=,
mlj mlj mlj mlj
HRm l; =0, Hle; =0, Hle jr =0, Hle jr = le’i ! 5¥’ + lerj 6;)’ (53)
H _ H _ H _ H —
le jr - 0’ Rm[ jr - 0’ lejr - lejr7 lejr =0.

[e3

g of the metric

The contracted curvature tensor field (Ricci tensor field) #R,5 = R
connection 7V has the components

HRU:O, HRU:O, HRU:O, Hp,. = Ry,

where Ry; is the Ricci tensor field of V,; on M.
For the scalar curvature of 7V with respect to the Sasaki metric g, we have

H?“ = ngﬁ HRV,Q = gijkj =T

by means of (5.3) and ®g* = 9gki = 0.
Thus we have the following theorem.

Theorem 5.1 Let (M,g) be a Riemannian manifold, and the tensor bundle Ti(M) be
equipped with the Sasaki metric °g. Then the tensor bundle T (M) with the metric connection
HY7 has vanishing scalar curvature Hr with respect to the Sasaki metric ®g if and only if the
scalar curvature v of Vg on M is zero.
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6 Para-Nordenian Structures on (T} (M), °g)

An almost paracomplex manifold is an almost product manifold (M, ¢), ¢? = I, such that
the two eigenbundles TTM and T~ M associated with the two eigenvalues +1 and —1 of ¢,
respectively, have the same rank. Note that the dimension of an almost paracomplex manifold
is necessarily even. Considering the paracomplex structure ¢, we obtain the set {I, ¢} on M,
which forms a base of an isomorphic representation of the algebra of order 2, which is called
the algebra of paracomplex (or double) numbers and is denoted by R(j), j2 = 1.

A tensor field w € Sg(Mgn) is said to be pure with respect to the paracomplex structure ¢,
if

w(pX1, Xo, -, Xg) = w(X1,0Xa, -, Xy) = - = w(X1, Xo, -, 0X,)

for any X1, Xo, -+, X, € S (May,).
We consider the operator ¢, associated with ¢ and applied to the pure tensor field w by
24]

(¢<Pw)(Y’ Xl? T vXq) = (@Y)(W(le T an)) - Y(W(QOXMXQ; t 7Xq))
+w((Lx,p)Y, Xo, -+, Xg) 4+ +w(X1, Xo, -, (Lx,0)Y).

If ¢ow = 0, then w is said to be almost paraholomorphic with respect to the paracomplex
algebra R (j) (see [10, 19]).

A Riemannian manifold (Ma,,g) with an almost paracomplex structure ¢, is said to be
almost para-Nordenian, if the Riemannian metric g is pure with respect to ¢. It is well-
known that, the almost para-Nordenian B-manifold is para-Kéhler (V ¢ = 0) if and only if g
is paraholomorphic (¢,g = 0) (see [19, 20]).

Let (T} (M), ®g) be the (1,1) tensor bundle with the Sasaki metric 9g. From the equations
(3.5)—(3.7), we easily see that the horizontal distribution H, induced by V, and determined by
the horizontal lifts, is orthogonal to the fibres of T1(M).

Let now E € SJ(M) be a nowhere zero vector field on M. For any X € S3(M) and
E =goE € S9(M), we define the vertical lift V(X ® E) of X with respect to E. The map
X — V(X @ E) is a monomorphism of S4(M) — S3(TH(M)). Hence an n—dimensional C>
vertical distribution V¥ is defined on T} (M). Let V* be the distribution on 7}}(M) which is
orthogonal to H and V¥. Then H, V¥ and V+ are mutually orthogonal distributions with
respect to the Sasaki metric ®g. We define a tensor field F' of type (1,1) on T} (M) by

FEX =V(X ® E),
FV(X®FE)="HX, (6.1)
FVA)=VA
for any X € S5 (M) and A € St (M), where E = go E € $9(M). The restrictions of F to
H + V¥ and V* are endomorphisms, and hence F is a tensor field of type (1,1) on T{(M). Tt
is easy to see that F> = L. In fact, we have by virtue of (6.1)
FHx)=F(FiXx)=F(" (X ®E) =X,
F(Y(X @ B) = F(FY (X ® ) = F("X) = V(X & ),
F2VA) =FFVA) =F"A)=VA
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for any X € S} (M) and A € 31 (M), which implies F? = 1.

Theorem 6.1 The triple (Tl1 (M), %y, F) 18 an almost para-Nordenian B-manifold if and
only if g(E,E) = 1.

Proof We put
A(vaf) = Sg(F)Zvv?) - Sg()?vF?)
for any X,Y € S¢(TH(M)). From (3.5)~(3.7) and (6.1), we have

APX,PY)=5g
S

(FEX Hy) - Sq¢(f X, FHY)
9" (X @ E),7Y) - 59" X,V (Y ® E)) =0,
AV(X@E),Y(Y®E) =%(F"(X®E),"(Y @ E)) - “g(V (X ® E), FV (Y ® E))
Sg(X.V (v @ E)) - 99(V(X ® E),"Y) =0,
(
(

AV(X @ E),"Y) =% FY (X0 E),"Y) -5 (Y (X @ E), F7Y)
Sg(X,7Y) = S¢(V(X ® E),V(Y ® E))

=g
Y(g(X,Y)) =Y (9(X,Y)g (B, E))
="(9(X,Y) —g(X,Y)g(E,E)) =0,
AVAVB)=5g(FVA,VB) - %g(VA,FVB)

(
(YA, VB) —%g(" A, VB) = (G(A,B)) - (G(4,B)) =0,
AVAYV(X 0 E) =% FVA V(X @ E) -%(YA FY(X ® E))
(VA V(X @ E)) - %9(VA"X) =V (G(A X @ E)) =0,
AV AHRY) =9g(FY A7 Y) - Sg(V A, FRY)
=%g(VATY) = 5g(VAY (Y @ ) = -V (G(AY @ E)) =0,
8¢ is pure with respect to F. Thus Theorem 6.1 is proved.

We now consider the covariant derivative of F'. Taking Theorem 3.1(i)—(iv) and (6.1) into

account, we obtain

((VaxF)("Y)
=Vuy(FIY) - F(°Vux 1Y)

= 5Vux V(Y @ B) — F(M(VxY) + 1(7 DR(X,Y))
=V(Vx(Y ®E))

~

36 B, (Y © B))X + g (10~ 0 R, X) (Y @ B) )

~V(VxY) @ B) — (5 - MRX,Y)

= V(Y @ VxE) ~ (7 - DR(X.Y)

56 Bl (Y © B))X + g0 (%9~ 0 RC.X) (¥ @ B) 9)

= V(Y & Vx(go B) = ) (7~ )R(X,Y)
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1 . ~ ~o
+, (6" R(ts, (Y @ B))X + gas (t°(g™" 0 R(-, X) (Y @ E) 1))
1
="V @ [(Vxg)o E+goVxE]) — (F-1RX.Y)

43 Rt (Y @ B)X + g0t (867 0 RO X) (Y © F) )

= V(Y @lgoVxE]) — (3~ NR(X,Y)

S R, (Y @ B))X 40 (197 0 RO X) (Y £ ) ),

(VuxF)(VB)
= Vux(FVB) - F(°Vux"B)
=9VuxVB - F(°Vuyx"B)

= V(VxB) + ;H(gbj R(tbij)X“‘gai (f,a(g_l OR(-,X)Bi)))
_ F(V(VxB) + ;H(gbj R(ty, Bj))X + gai (ta(g—l o R(,X)éz)))

N ;H(gbj R(ty, Bj)X + gai (t*(9™" o R(-, X)B")))

— V16" Rty B)X + gai (g™ o RO, X)BY)] © B)

(VuxF)"(Y @ E)
= SVax(FV (Y © B)) = FEVay" (Y @ )
=5Vux"Y —F(°Vuy" (Y ® E))
= H(VxY) + (7~ DROGY) - FY(Vx (Y @ B))

~

— S FT(6Y Rt (V @ B)))X + g (197 0 R(-, X) (Y © B) )

1.
=-Y(Y®(goVxE)) + o (7 = NR(X,Y)
2
(*VvaF)("B)
=9VvA(FVB) - F(°Vv,VB)
= SVVAVB - F(SVVAVB) =0,

(Vv 4F)(MY)
= Vv A (FEY) - F(5Vv ,7Y)
~ 1
=5Vv,Y(Y®E) - 2FH(gbl R(ty, A)Y + gar(t% (g7 o R(-,Y)AY))

= — V19" R(ts, AY + gt (97" 0 B(-, Y)A%)] @ B),

(Vv 4F)V (Y ® E)
= SVvA(FY(Y @ B)) - F(Vv Y (Y © E))

- 1V([gbj R(ty, (Y ® E);)X + i (t°(9" o R(-, X) (Y ® E) )| © E),
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(6.3)

(6.4)
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1 ~
= Vv a"Y = 2H(gbl R(ty, A)Y + gar(t (97" 0 R(+,Y)A"))), (6.7)

(SVV(X®E)F)V(Y®E)
=5V o (FV(Y @ E) = F(°Vy o2V (Y @ E))
(X®F) V(X®E)
= Vv xei) Y = FOVv xep' (Y ® E))

~

= (6" Rt (X @ B))Y + gu(t® (7 0 R(-.Y) (X © B) 1)), (63)

(SVV(X®E)F)(HY)

= SVV(X@E)(FHY) - F(SVV(X®E)HY)
s v T

= VV(X@E) (Y X E)

~

— S F G Rltn, (X @ B))Y + guclt (7 0 R(- V) (X © B) )

= V(" B (X © B)Y 4wt (07 0 RGOV (X B) O]9 B).  (69)

(SVV(X®E)F)(VB)
= Vv xem (FVB) = F(°Vy xom " B)
= Vv xep' B~ FCVvixen B)=0. (6.10)

From (6.2)—(6.10), we have the following theorem.

Theorem 6.2 The tensor bundle T (M) of a Riemannian manifold M is a para-Kdhlerian
(paraholomorphic Nordenian) B-manifold with respect to the Sasaki metric ®g and the almost
para-Nordenian B-structure F defined by (6.1) if and only if R =0 and VE = 0.

A vector field Z € S(TEH(M)) with respect to which an almost para-Nordenian B-structure
F has a vanishing Lie derivative (LzF = 0) is said to be almost paraholomorphic (see [10]).
It is well known that

{ [€X,HY] = # [X,Y] + (T — ) ((LxV)Y),

[CX, VA] YV (LyA) (6.11)

for any X,Y € S (M), where (LxV)Y = VyVX+R(X,Y)and (LxV) (Y, Z) = Lx (VyX)—
Vy (LXZ) — V[X’y]Z (see [7])

A vector field Z € 3 (M) is called a Killing vector field (or infinitesimal isometry) if Lzg =
0, and Z is called an infinitesimal affine transformation if LzV, = 0. A Killing vector field is
necessarily an infinitesimal affine transformation, i.e., we have LzV, = 0 as a consequence of
ng =0.

We now consider the Lie derivative of F' with respect to the complete lift ©Z. Taking
account of (6.1) and (6.11), we obtain

(LoyF)YA= Loy (FVA) — F(Loyv A)
=LY A—-F(Y(LzA)) =0, (6.12)
(LezF) (Y ®@ E) = Loz(FV (Y @ E)) — F(Le ;Y (Y ® E))
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= Le Y —FV(Lz(Y @ E))
Loy —FY((LzY)® E) — FY(Y @ (LzE))
TLyY) +F=((LzV)Y) = (LyY) = V(Y @ (LzE))
=({F-N(LzV)Y) =Y (Y @ Lz(g0 E))
=T -N(LzV)Y) =Y (Y ®[(Lzg) o E+go LzE)), (6.13)
(LezF)?Y = Le 4, (FPY) — F(Le ,7Y)
=Lez (Y@ E) = F("(LzY) + (7 — 9)(LzV)Y)
Y(Lz(Y @ B)) =V ((LzY)® E) = (7 = 1)((LzV)Y)
V(Y@ Lz(ge E)) —(F=1((LzV)Y)
=Y (Y®|[(Lzg)oE+goLzE)— (¥ —)((LzV)Y). (6.14)

Let (F,%g) be the para-Nordenian B-structure on T} (M) and Z be a Killing vector field

(Lzg = 0). From the equation g(E,E) = 1 (see Theorem 6.1), we have LzFE = 0 for any
Z € 3§(M). By virtue of LzE =0 and LzV =0, from (6.13) and (6.14), we have LezF = 0,
i.e., “Z is paraholomorphic with respect to F. If we assume that Lc,F = 0 and calculate the
equation (6.13) (or (6.14)) at (z%,0), / = 0, we get Lzg = 0. We hence have the following
result.

Theorem 6.3 Let (T1{(M), 5g, F) be an almost para-Nordenian B-manifold. An infinites-

imal transformation Z of Riemannian manifold (M,g) is a Killing vector field if and only if

its complete lift © Z to the tensor bundle T\ (M) is an almost paraholomorphic vector field with

respect to the almost para-Nordenian B-structure (F,®g).
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