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Abstract Many planar 2-DOF translational parallel robots
whichwere invented for the simple industrial tasks are easy to
suffer the problemof the poor intrinsic stiffness along the nor-
mal direction to the plane of motion. To solve this problem,
the passive limbs can be introduced into the design of paral-
lel mechanisms to increase the stiffness and stability of the
robots. Besides the capability of stiffness increasing, the pas-
sive limbs can also provide constraints, generate decoupled
configuration, bear full or partial weights and/or payloads,
liberate constraints from the actuations, and even decrease
the required actuating forces of active limbs. However, there
is still no systematic study on the utilization of passive limbs
to date. In this paper, the stiffness–robust 2-DOF transla-
tion parallel robots with passive limbs are investigated in
terms of type synthesis. Based on the distribution of wrench
system among the active limbs and passive limbs, a full-
scale criterion is developed for effectively and efficiently
synthesizing all kinds of 2-DOF translational parallel mech-
anisms with one or more passive limbs. All 14 types of the
2-DOF translational parallel mechanisms with passive limbs
are synthesized and exemplified through kinematic diagrams.
A qualitative stiffness index is purposed to evaluate the stiff-
ness performance of all of the synthesized configurations
directly and rapidly. Finally, an optimized configuration of
stiffness-enhanced 2T PM is derived and exhibits the best
stiffness performance.
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Abbreviations

2T 2 degree of freedom translational
PM Parallel mechanism
PL Passive limb
AL Active limb
KC Kinematic chain
U Universal joint
P Prismatic joint
R Revolute joint
S Spherical joint
Pa Parallelogram kinematic pair
FEA Finite element analysis
MSA Matrix structural analysis
VJM Virtual joint method
ECS Configuration stiffness efficiency index
CF Constraining force
CC Constraining couple

1 Introduction

Many 2-DOF translational (2T) parallel mechanisms (PMs)
were invented for the simple industrial tasks such as pick-
and-place operation [1–3]. In particular, for industrial robots
where the primary target is the precise manipulation of a
technological tool, the manipulator stiffness defines the posi-
tioning errors due to the external loading arising during the
workpiece processing [4]. And the industrial pick-and-place
applications are also intended for simple but fast manipula-
tions. It requires the reduction in the weight of the robots
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to achieve high acceleration. Frankly speaking, the primary
planar 2T parallel mechanism is easy to suffer the prob-
lem of the poor intrinsic stiffness along the normal to the
plane of motion [5,6]. This problem may cause deforma-
tions of the robot by an external force or torque applied to
the end effector. The main target of this paper is to design
a stiffness-directed (norm to plane of motion)-enhanced 2T
parallel robot.

To enhance the stiffness of norm direction of the 2T par-
allel robot, the hybrid legs were introduced into the design
to transform the configuration from planar one to spatial
one [6–8]. However, the hybrid architectures introduced
overconstraints and made the configuration complicated. No
general type synthesis has been proposed for the hybrid struc-
tures that make them relatively difficult to be synthesized or
derived. Also the hybrid configurations are space-consumed
that was difficult to be implemented in space-limited circum-
stance. Surprisingly, the introduction of passive limbs (PLs)
may solve all the aforementioned problems for the 2T PMs
simultaneously.

PL is an auxiliary limb that occasionally introduced into
the design of PMs for various purposes. Indeed, PLs can
be utilized more often in PM designs if necessary as they
may liberate the constraints from the active limbs, generate
decoupled configuration, bear full or partial weights and/or
payloads, decrease the required actuating forces of active
limbs, and/or even increase the stiffness and accuracy of the
whole system. For example, a fully decoupled 2-DOF par-
allel wrist was introduced involving a passive universal (U)
joint that provides a fixed rotation center for the moving plat-
form [9]. A passive limb consisted of a spherical (S) joint was
introduced for a 3-SPS parallelmanipulator design to define a
rotation center [10]. Not only does the passive spherical joint
limb carry the full/partial weights (depends onwhether or not
the passive joints locates on the center of mass of the mov-
ing platform), it also decrease the required actuating forces
by liberating the effective inertial forces from the gravity
forces [11] and reducing the friction originally existed in the
ALs. A family of N-DOF PMs with a passive constraining
leg was also proposed by Zhang and Gosselin [12,13]. The
kinetostatic analysis proved the positive effect to the struc-
tural rigidity. In particular, the 3-DOF Tricept robot, one of
the most successful commercial robots, contained a passive
constraining leg that permitted a separation of the function
of constraint from that of actuation [14,15]. Hence, a sys-
tematic study on the PMs with one or more PLs is necessary
for the structural design of the stiffness-directed-enhanced
2T parallel robots.

However, the general type synthesis of PMs with PLs
has not been well summarized. Though PMs have been and
are being used in a wide variety of applications such as
motion simulators and parallel manipulators and evenmicro-
and nano-manipulators [16], from the well-known Gough–

Stewart platform to theDelta robot to theAgile Eye andmany
other designs, PMs have been largely synthesized using intu-
ition and ingenuity. To invent newPMs in an operational way,
several type synthesismethods have beenpublished in the last
decade based on various mathematical tools, such as screw
theory [16,17], Lie Group and Lie algebra [18,19], linear
transformation [20], position and orientation characteristics
equation [21], and generalized function (GF) set theory [22].
Nevertheless, attentions were mostly paid to those PMs that
are composed of active limbs (ALs).

Therefore, 2T PMs with PLs are investigated systemati-
cally in terms of topological design. Based on the distribution
of constraints among ALs and PLs, a type synthesis method
is presented and a family of novel 2T PMs with PLs is pro-
posed. Although some types of 2T PMs with one PL have
been synthesized [20], much more kinematic structures of
the PLs can be developed. Since the variety performances
brought by the PLs come from their unique configurations,
the work that reported in this paper aims to develop an effec-
tive and efficient approach that is capable of synthesizing all
kinds of 2T PMs with PLs.

The primary goal of this paper is to design the stiffness-
directed enhanced 2T PMs. Therefore, after a number of
configurations being synthesized, the stiffness analysis needs
to be performed to evaluate the performance of the newly
designed PMs. The state of art of the stiffness analysis
approach may be roughly divided into three main groups:
the finite element analysis, the matrix structural analysis, and
the virtual joint method [23]. They usually analyze the stiff-
ness of a mechanism based on its pre-derived Jacobian and
detailed scale of each components. With the increase in the
limbs in the configurations of the stiffness-directed-enhanced
2T PM, even the simplest conventional stiffness modeling
approaches are too slow and too high-computation-expended
to efficiently evaluate the stiffness performance of the new
configurations. In a word, there is no stiffness analysis that
can directly evaluate the stiffness of a configuration without
given the size/scale parameters of its components. There-
fore, the rapid stiffness estimation is presented to evaluate
each configuration directly.

The industrial pick-and-place applications are also int-
ended for fast manipulations [6]. Consequently, the weight
of a manipulator must also be taken into account in the com-
prehensive evaluations of a configuration. A simple stiffness
over mass index, so-called configuration stiffness efficiency
(denoted as ECS), is therefore purposed to further evaluate the
composite performance of the stiffness-directed-enhanced
2T parallel robots.

2 Configuration stiffness qualitative estimation

The robot stiffness analysis evaluates the manipulator resis-
tance to the deformations caused by an external force or
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torque applied to the end effector [24]. Numerically, this
property is usually defined through the stiffness matrix,
which is incorporated in a linear relation between the trans-
lational/rotational displacement and static forces/torques
causing this transition [4]. The existing approaches for the
manipulator stiffness modeling may be roughly divided
into three main groups: the finite element analysis (FEA),
the matrix structural analysis (MSA), and the virtual joint
method (VJM) [23]. The most accurate approach is the
FEA-based stiffness modeling [25–27]. However, the FEA
model has to be remeshed over and over again because
of the motion of the components. The MSA [28] oper-
ates with rather large elements—3D flexible beams that are
presented in the manipulator structure that could reduce
the computational expenses in parametric stiffness anal-
ysis. It usually makes this approach be applied at the
final design stage. On the contrary, the VJM technique is
widely used at the pre-design stage [4]. The VJM method
is based on the extension of the traditional rigid model by
adding the virtual joints (localized springs), which describes
the elastic deformations of the links, joints, and actuators
[4,23,29].

All these methods establish the stiffness model based
on the accurate size/scale parameters of the components
of a configuration. Sometimes, the Jacobian that is derived
from the kinematic analysis is taken into account too. Obvi-
ously, the state of art of the stiffness analysis is performed
at the parameter design stage instead of the conceptual
design stage. With the increase in the limbs in the con-
figurations of the stiffness-directed-enhanced 2T PM, the
conventional stiffness modeling approaches are too slow and
too high-computation-expended to evaluate the stiffness per-
formances of so much newly synthesized configurations. In
this paper, a new fast stiffness evaluationmethod is developed
for the conceptual design stage that can estimate the stiff-

ness of a configuration directly and efficiently according the
configurations.

The direct configuration stiffness estimation is proposed
based on a few presuppositions. The equivalent stiffness kz
should be introduced to facilitate the estimation since the
aim direction of the stiffness enhancing is the along z-axis
direction (norm to the plane of motion). Because the desired
direction of stiffness is not along any direction of themotions,
the stiffness difference of a configuration at different posi-
tions and orientations could be ignored to simplify analysis.
The stiffness of actuation could be ignored too. The Jacobian
and the kinematic analysis could be skipped in the stiffness
estimation consequently. The configuration stiffness is there-
fore mainly contributed from the structure constraint. The
limbs which provide corresponding structure constraint are
called supportive limbs. The dimensions of each type of com-
ponents should be defined equally. For an example, the length
of every linkage applied in the configuration is l. Therefore,
the stiffness influenced by dimensions can be eliminated. The
stiffness estimation could be focused on the configuration
consequently.

The whole process of the configuration stiffness estima-
tion, as shown in Fig. 1, can be described as follows. The
first step is to define the theoretical dimension of each com-
ponent of the supportive limbs. Then the second step comes
to calculate the axial deformation or bending deflection of
the components and derive the resultant deformation of each
limb. And then derive their equivalent stiffness, respectively,
at the third step. Finally the configuration stiffness equals to
the sum of the equivalent stiffness of the supportive limbs.

The existing stiffnessmodels are all based on the size/scale
parameter of components. Therefore, these approaches can-
not estimate the configuration stiffness directly. By defining
the qualitative components stiffness which derived from the
theoretical dimensions, at the beginning of the stiffness anal-
ysis, we can focus our attentions on evaluating the stiffness

Fig. 1 Process of the
configuration stiffness
estimation
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of the structure/architecture of themechanism itself.Without
loss of generality, the rigidities of the platform, carriage, and
base are assumed much higher than those of the other com-
ponents. The deformation of each limb mainly comes from
the deflection/deformation by the bending of the links of the
limbs that provides z-axis constraint force. According to the
mechanics of materials, the deformation δi, j of a cantilever
j of limb i , which is commonly found in stiffness analysis
for 2T PM, under the external force F, is:

δi, j = Fl3

3EIi, j
(1)

If the components are serially connected, the resultant defor-
mation of a limb equals to the sum of each δi, j . Then the
resultant rigidity of the limb i is:

ki = F
∑

δi, j
(2)

If the components are connected in parallel, the equivalent
stiffness of a limb can be added directly:

ki =
∑ F

δi, j
(3)

The estimated configuration stiffness can also be derived
by adding the equivalent stiffness of each limb directly since
the limbs are connected to the platform in parallel:

kz =
∑

ki (4)

Based on the stiffness estimation above, it is obvious to
conclude that the more supportive limbs a configuration con-
sists of, the better stiffness performance it owns. However,
more limbs increase the inertia of the manipulator that may
decrease its mobility performance. A simple stiffness over
mass index is therefore proposed to evaluate the composite
performance of the stiffness-directed-enhanced 2T parallel
robots. It is defined by the configuration stiffness over the
total mass of the movable components. This comprehensive
evaluation is therefore so-called configuration stiffness effi-
ciency index (ECS) which is defined as follows:

ECS = kz
mmov

(5)

3 Type synthesis of 2T PMs with PLs using
independent constraints

To design a stiffness-enhanced 2T PM by using PL, the first
thing is the proposition of the general type synthesis for 2T

Table 1 Symbols of constraints

Basic element Mathematic meaning Physical meaning

Linear vector Constraint force

Couple Constraint couple

PMs with PLs. To facilitate the discussion, the two orthog-
onal translation directions are used to define the x-axis and
y-axis of a Cartesian coordinate system. The wrench system
of a 2T PM is then a 4-system [16] which consists of z-axis
constraining force (CF), and x-axis, y-axis, as well as z-axis
constraining couples (CCs). Then all of the wrenches are
distributed into both active limbs and passive limbs, respec-
tively. The kinematic chains of each limb can be constructed
according to the its own wrench [30,31]. A configuration
is finally conducted by assembling all of the synthesized
limbs.

To seek all kinds of stiffness-enhanced 2T PM, this sec-
tion demonstrates 14 types of 2T PMswith PLs. Each kind of
newly synthesized 2T PMhas enhanced the normal-direction
stiffness more or less. To illustrate the constraints clearly
and intuitively, each limb in the following PMs is supposed
to be composed by revolute (R) joints, spherical joint, and
prismatic joint. The constraints are denoted by the sym-
bols as shown in Table 1 in all of the configuration figures
below.

3.1 Type synthesis of 2T PMs with Zero constraint from
ALs

This category of 2T PMs is such a kind of PMs whose ALs
provide no constraint. Thismeans all constraints are provided
by PLs. The wrench distributions of each configuration are
listed in Table 2.

For a 3-limb-PM with none constraint from ALs, the only
PL has to provide four-dimensional constraints. An example
of the synthesized PM is shown in Fig. 2.

Table 2 Distribution of the wrenches of 2-DOF PMs with zero con-
straint from ALs

Wrenches of ALs Wrenches of PLs

AL1 AL2 PL1 PL2 PL3 PL4

0 0 CCx,y,z&CFz – – –

0 0 CCx,y,z CFz – –

0 0 CCz&CFz CCx,y – –

0 0 CCx,y CCz CFz –

0 0 CCx CCy CCz CFz
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Fig. 2 2-UPS&PP 2-DOF translational PM with one PL

This type of PMs represents the most common PMs that
contain one passive constraining limb. The biggest advantage
of this kind of PMs is the simple and straightforward design
process of the configuration.

There are two kinds of 4-limb-PMs with two PLs. The
wrench system of the first kind of PM corresponds to the
second row of the wrench distribution of Table 2, as shown
in Fig. 3(a–d). Their wrench system consists of three con-
straints from PL1 and one additional independent constraint
from PL2. The second kind of PMs is shown in Fig. 4 whose
wrench system consists of two constraints from PL1 and two
different constraints from PL2.

As shown in Fig. 3, the four mechanisms are good
examples that illustrate all four possible combinations of
constraints which are equivalent in the type synthesis. The
other possible combinations of constraints can be enumerated
by the same way that will not be listed here for readability.
Hence, a total of 22 different configurations could be discov-
ered completely that identically consist of three constraints
from PL1 and one additional independent constraint from
PL2. This will be detailed discussed by the end of this sec-
tion.

Afterward, the examples of 5-limb-PM and 6-limb-PM
with zero constraints fromALs are illustrated in Figs. 5 and 6.
All the wrenches from limbs are independent.

Fig. 3 2T PM with two PLs and no constraints from ALs a 2-UPS&PPP&PxPyS featuring CFz in PL2, b 2-UPS&PxPyRz&PPPRxRy featuring
CCz in PL2, c 2-UPS&PxPyRy&PPPRxRz featuring CCy in PL2, d 2-UPS&PxPyRz&PPPRxRy featuring CCx in PL2
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Fig. 4 2-UPS&PPPRz&PPRxRy 2T PM with two PLs

Fig. 5 5-limb 2T PM

Fig. 6 6-limb 2T PM

3.2 Type synthesis of 2T PMs with one constraint from
ALs

This category of 2T PMs is a kind of PMswhoseALs provide
one constraint. Their wrench distributions are demonstrated
in Table 3.

Table 3 Distribution of the wrenches of 2-DOF PMs with one con-
straint from ALs

Wrenches of ALs Wrenches of PLs

AL1 AL2 PL1 PL2 PL3

CCz 0 CCx,y&CFz – –

CCz 0 CCx,y CFz –

CCz 0 CCx CCy CFz

Fig. 7 3-limb 2T PM with one PxPyRz passive limb

Fig. 8 4-limb 2T PM with PLs of PPPRz and PxPyS

Because the only one constraint contributed by AL1 is a
CCalong z-axis, theAL1 can be constructed by the kinematic
chain of PPPRxRy, or some other kinematic chains with the
identical wrench system. The other AL remains a 6-DOF
with a UPS kinematical structure. Three configurations of
2T PM without redundant constraints can be synthesized as
shown in Figs. 7, 8, and 9.
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Fig. 9 5-limb 2T PM with PLs of PPPRxRz, PPPRyRz, and PxPyS

Table 4 Distribution of the wrenches of 2-DOF PMs with two con-
straints from ALs

Wrenches of ALs Wrenches of PLs

AL1 AL2 PL1 PL2

CCx,y 0 CCz&CFz –

CCx CCy CCz&CFz –

CCx,y 0 CCz CFz

CCx CCy CCz CFz

3.3 Type synthesis of 2T PMs with two constraints from
ALs

This category of 2T PMs is a kind of PMswhich ALs provide
two independent constraints. Their wrench distributions are
listed in Table 4.

Four configurations of 2T PM without redundant con-
straints can be synthesized and illustrated in Figs. 10, 11, 12,
and 13. Since the number of linearly independent wrenches
from ALs is two, there are two subclasses of wrench dis-
tribution for ALs. For one subclass, each AL provides one
independent constraints. For the other, there is only one
constraining AL which provides both two independent con-
straints.

3.4 Type synthesis of 2T PMs with three constraints
from ALs

The ALs of this category of 2-DOF PMs provide three inde-
pendent constraints and only one PL. The wrench system are
demonstrated in Table 5.

Two examples are given as the result of type synthesis
shown in Figs. 14 and 15.

Fig. 10 3-limb-PM with one PPPRz AL

Fig. 11 3-limb-PM with two constraining ALs

Fig. 12 4-limb-PM with one PPPRz AL

3.5 Modified decomposition of wrench system

After enumerating 14 types of 2T PM with PLs, the wrench
distribution rules can be summarized in this subsection. The
conventional decomposition of the wrench system allocates
thewrenches amongALs [16].By introducingPLs, this paper
modifies the type synthesis method and the wrenches are
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Fig. 13 4-limb-PM with two constraining ALs

Table 5 Distribution of the wrenches of 2-DOF PMs with three con-
straints from ALs

Wrenches of ALs Wrenches of PLs
AL1 AL2 PL1

CCx,y,z 0 CFz

CCx,y CCz CFz

Fig. 14 PPPRz&PxPyS&PPPRxRy 2T PM with one PL

distributed among ALs and PLs. It can also be found that the
basic function of the PLs is to provide independent wrench
to the wrench system of a 2T PM. At the same time, the ALs
can provide no structural constraints at all. The distribution
of the independent wrenches among ALs and PLs of the 14
prior configurations is listed in Table 6, while six basic rules
can be summarized consequently:

(a) Suppose, without loss of generality, the number of
wrenches provides from AL1 is greater than AL2, and
similarly for PLs as PL1 ≥ PL2 ≥ PL3 ≥ PL4.

Fig. 15 PPP&UPS&PxPyS 2T PM with one PL

(b) If the number of the wrenches of an AL equals to zero,
it means that the AL is a 6-DOF limb providing no con-
straints to the PM.

(c) If the wrenches of a PL is denoted as “–,” it implies that
the PM has no corresponding PL.

(d) In this table, the listed wrenches provided by AL2,
or PL2, PL3, and PL4 only represent the independent
wrenches comparing to AL1 or PL1, not including the
possible same wrenches as other limbs, vice versa.

(e) The last column of Table 6 denotes the number of all
possible combinations of independent wrenches. Some
cases of the calculation of the constraint combinations
are enumerated in the following Sect. 3.6.

(f) The wrench distribution enumerated in Table 6 is an
example. It is one of the simplest combinationswith inde-
pendent constraints instead of redundant ones. Also the
wrench type setting for ALs and PLs is exchangeable.
Another example is given to illustrate a complete combi-
nation of wrenches in Sect. 3.6.

3.6 Combinations of constraints

Table 6 presents a complete record of total 14 types of the
independent wrenches distribution among the ALs and PLs.
But it only enumerated one of the simplest combinations of
the wrenches without redundant wrenches. Indeed, AL2 or
eachPLmaycontain someadditional/overlapping/dependent
wrenches same as that from other limbs besides its own inde-
pendent wrenches. Such introduction of dependent wrenches
leads to redundant constraints, i.e., overconstraints [22].
That means the number of overconstraints can be designated
according to the design requirement through proper arrange-
ment of additional wrenches in the concept design stage.

An example is given here to illustrate the complete
combinations of independent and dependent wrenches for
designated distribution of the number of constraints among
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Table 6 Distribution of the wrenches in ALs and PLs of 2-DOF PMs

No. of wrenches in ALs No. of PLs Wrenches of ALs Wrenches of PLs No. of comb.

AL1 AL2 PL1 PL2 PL3 PL4

0 1 0 0 CCx,y,z&CFz – – – 1

2 0 0 CCx,y,z CFz – – 22

0 0 CCz&CFz CCx,y – – 3

3 0 0 CCx,y CCz CFz – 24

4 0 0 CCx CCy CCz CFz 1

1 1 CCz 0 CCx,y&CFz – – – 16

2 CCz 0 CCx,y CFz – – 192

3 CCz 0 CCx CCy CFz – 64

2 1 CCx,y 0 CFz&CCz – – – 96

CCx CCy CFz&CCz – – – 48

2 CCx,y 0 CCz CFz – – 384

CCx CCy CCz CFz – – 192

3 1 CCx,y,z 0 CFz – – – 256

CCx,y CCz CFz – – – 192

4 0 CCx,y,z&CFz 0 – – – – 16

CCx,y,z CFz – – – – 22

CCx,y CCz&CFz – – – – 3

different limbs. As shown in Table 7, all the possible combi-
nations of the constraints can be found that are identical to
the distribution corresponding to the case of the second row
of Table 6. Firstly, four kinds of wrenches combination of
PL1 are calculated using formula C3

4 , according to rule (f).
Ci
j represents the number of combinations which can derived

by choosing i objects from total j candidates. The expression
of Ci

j can be defined as follows:

Ci
j = j !

( j − i)! × i ! (6)

With respect to the PL1, one or two redundant constraints can
be allocated to PL2 according to rules (d) and (e). Finally, a
total of 22 possible combinations of the constraints can be
listed for the type synthesis.

The detailed process of the discovery of all 22 possible
combinations can be described as follows. After finding the
four kinds of combinations of PL1, there is only one remain-
ing independent wrench for PL2. This process could be
calculated byC1

1 in Eq. (7). Three subclasses of the wrenches
of PL2, 1©PL2, 2©PL2, and 3©PL2 are discovered according
to the number of redundant constraints which come from the
rule (d). Specifically, if there is no redundant constraint in
PL2, only one possible 1©PL2 generated from C0

3 . If there is
only one redundant constraint in PL2, three different 2©PL2
are generated by choosing one existing constraints from the
three constraints of PL1, calculated in formulaC1

3 . If there are

Table 7 22 possible combinations of constraints

PL1 Possible PL2

1©PL2 2©PL2 3©PL2

CCx,y,z CFz CCx&CFz CCx,y&CFz

CCy&CFz CCy,z&CFz

CCz&CFz CCx,z&CFz

CCx,y&CFz CCz CCx,z CCx,y,z

CCy,z CCy,z&CFz

CCz&CFz CCx,z&CFz

CCx,z&CFz CCy CCx,y Repeated

CCy,z Repeated

CCy&CFz Repeated

CCy,z&CFz CCx CCx,y Repeated

CCx,z Repeated

CCx&CFz Repeated

two redundant constraints in PL2, three different 3©PL2 are
generated by choosing two existing constraints, calculated
through formula C2

3 . There is an interesting fact that PL2
will be the same as PL1 when it provides the same number
of constraints as PL1 does. To avoid repeating, the third sub-
class of PL2 needs to be divided by two.Moreover, there is no
PL2 which is able to contain all three redundant constraints
of PL1 according to the rule (a). Finally, the 22 different
combinations of the constraints can be calculated using the
following combination formula (7):
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Table 8 16 Possible combinations of constraints for PMs

AL1 Possible AL2 Possible PL1

1© AL2 2© AL2 1© PL1 2© PL1

CCx 0 CCx CCy,z&CFz CCx,y,z&CFz

CCy 0 CCy CCx,z&CFz CCx,y,z&CFz

CCz 0 CCz CCx,y&CFz CCx,y,z&CFz

CFz 0 CFz CCx,y,z CCx,y,z&CFz

C2nd = C3
4 ×

[

C1
1 ×

(

C0
3 + C1

3 + C2
3

2

)]

= 22. (7)

Several PMs corresponding to Table 7 will be illustrated with
configuration figures in Sect. 3.1

Another aspect of rule (d) works when the following situ-
ation occurs. For an example, the distribution corresponding
to the sixth row of Table 6 has 16 combinations of constraints
according to rule (d). Although the number of independent
constraints provided from AL2 is zero, the actual constraints
of AL2 may be the same as that of AL1. Similarly, the actual
wrench system of PL1may include an overlapping constraint
of AL1. Therefore, combinations of constraints which are
identical to the wrench system of the sixth row of Table 6 are
enlarged to a total of 16 combinations enumerated in Table 8
and calculated through Eq. (8):

C6th = C1
4 ×

(
C0
1 + C1

1

)
×

(
C3
3 ×

(
C0
1 + C1

1

))
= 16. (8)

Themost complicated situation occurswhen the combina-
tions are calculated for the distributions which are identical
to the 11th row of Table 6. There are 384 different kinds
of combinations of constraints found by Eq. (9). The AL2,
PL1, and PL2may contain zero, one or two overlapping con-
straints of AL1. Since the number of independent constraint
provided from PL1 is equal to that from PL2, there is no need
to distinct which PL is PL1.

C11th = C2
4 ×

(
C0
2 + C1

2 + C2
2

)
×

(
C0
2 + C1

2 + C2
2

)

×
(
C0
2 + C1

2 + C2
2

)
= 384. (9)

From those discussions above, the whole wrench distribu-
tions can be determined according to the proposed modified
decomposition of wrench system over both ALs and PLs.
The foundation of type synthesis of PMs with PLs has been
established systematically.

4 Rough stiffness efficiency evaluation of 14 types
2T PMs

In previous sections, the basic idea of the type synthesis for
2T PMs with PLs is exemplified and detailed using some

ideal topologies with independent constraints and fundamen-
tal joints. According to Sect. 2, the stiffness estimation of
configurations is based on the bending stiffness of each sup-
portive limb. At the same time, the total movable mass of
a parallel robot must be taken into account in the compre-
hensive evaluation. To fairly compare the stiffness efficiency
of all the 14 types of configurations, the parameter of each
component, such as bending stiffness, length, and mass, is
set equally. Since all of the configurations synthesized above
are non-overconstrained mechanism, the resultant stiffness
along normal direction of every configuration equals to 1,
the stiffness efficiency is then actually depended on the sum
of movable mass, as shown in Table 9. Consequently, the
configurations that apply 3-limb structure exhibit the better
stiffness performance than all the other configurations. There
are 6 optional types of configurations, so-called 6 candidates,
which can be applied in design of the stiffness-enhanced 2T
parallel robots.

5 Optimized configurations with higher stiffness
performance

5.1 Configuration optimization process

The real pick-and-place parallel robot always demands
higher acceleration for manipulations and stiffer structure
for control accuracy. By replacement with limbs of equiva-
lent independent constraints, introduction of overconstraints,
or even utilization of parallel constraint forces instead of cou-
ples properly, more practical and higher-performed designs
of the 2T PMs can be achieved.

For example, the UPS&PPPU&PPR candidate configura-
tion was optimized to become a PPaU-PSS-RRRmechanism
as shown in Fig. 16. The PPPU kinematic chain (KC) of
AL1 was optimized as a PPaU (Pa stands for parallelogram
kinematic pair which generate translational motion with a
circular trajectory) architecture. For one thing, the introduc-
tion of z-axis overconstraint force into other limbs improves
the resultant stiffness by separating the external force and
decreasing the deformation of each supportive limb. For
another thing, the PPa KC enhanced the z-axis stiffness by
introducing parallelogram structure to resist the deformation.
The last but not the least, the UPS limb were replaced by a
PSS limb in order to install the actuation (P kinematic pair is
most likely being actuated) at the base. Therefore, the total
weight of moving parts could be reduced a lot. Similarly,
the PPR limb was replaced by RRR limb which possess the
same workspace but half mass when it compares with the
PPR structure as shown in Fig. 16.

According to the three limb optimization approaches
above, the limbs implemented in 2T PM were redesigned.
The parameter of each component, such as material, moment
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Table 9 Rough configuration stiffness efficiency of 14 types 2T PMs

Serial number of the con-
figurations

Number of limbs Configuration stiffness
(Unit: EI)

Total mass Configuration stiffness
efficiency

1 3 1 3 0.33

2 4 1 4 0.25

3 4 1 4 0.25

4 5 1 5 0.20

5 6 1 6 0.17

6 3 1 3 0.33

7 4 1 4 0.25

8 5 1 5 0.20

9 3 1 3 0.33

10 3 1 3 0.33

11 4 1 4 0.25

12 4 1 4 0.25

13 3 1 3 0.33

14 3 1 3 0.33

Fig. 16 UPS–PPPU–PPR mechanism optimization process

of inertia of the cross section (the section of every linkage
kept constant), length, and mass, was equally set to keep the
comparison fair. The guide should be installed on the base-
ment and seemed as a rigid body. The equivalent theoretical

stiffness of each optimized limb that is applied in the syn-
thesis of the stiffness-enhanced 2T parallel robots was then
derived and listed in the following Table 10 to demonstrate
the improvement of stiffness performance.
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Table 10 Equivalent stiffness
of different types of Limb Kinematic diagram Resultant

deflection
(Unit:Fl3/EI)

Equivalent
stiffness
(Unit: EI)

Mass of 
movable parts

(Unit: m) 
- 0 2 

PPa

L

1/6 2 3 

PRS

L

1/3 1 2 

PPaU

L

1/6 2 3 

L

L

RRR 2/3 1/2 2 

PRRR

L

L

- 0 3 

5.2 Optimized 2T PMs using stiffer limbs

After replacing the optimized limbs, the redesigned afore-
mentioned 6 candidate types of the stiffness-enhanced 2T
PMs were synthesized.

For the 2T PM shown in Fig. 1, a new design was attained
as shown in Fig. 17 by replacing the PP passive limb with a
PPa structure that keeps the same kinematic constraints. In
this design, the original two UPS-type ALs were substituted
by two PSS limbs in order to locate the linear actuators on
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Fig. 17 2PSS-PPa 2T PM with one constraining PL

the base. Therefore, the total movable mass of the redesigned
2T PM weight was much less than before (Table 11).

The second candidate 2T PM, shown in Fig. 7, had already
been redesigned and been shown in Fig. 16. The third/sixth
candidate that was originally illustrated in Fig.9/14 obtained
the same configuration as shown in Fig. 16 in redesign pro-
cess.

The fourth candidate 2T PM that was originally shown
in Fig. 11 experienced a large modification. The redesigned
2T PM, shown in Fig. 18, consisted of three identical PPaU
limbs. The z-axis overconstraint was designed into the ALs,
respectively. The PPaU KC independently contributes a z-
axis CF and a z-axis CC to the wrench system. As mentioned
before, two parallel CFs make up a CC forming a 2-system.
Therefore, when three PPaU limbs are assembled on each
side of a triangle, two independent CCs are composed to
the wrench system of the mechanism. Consequently, this
configuration owns an isotropic kinematic and dynamic per-
formance. What’s more, the entire architecture of this 2T
PM is extremely rigid in the direction perpendicular to the
moving plane.

Otherwise, the fifth candidate 2T PM that was originally
shown in Fig. 14 experienced a trivial modification. The
redesigned 2T PM, shown in Fig. 19, consisted of two PRS

Fig. 18 3PPaU identical 2T PM with one constraining PL

Fig. 19 2PRS-PRRR 2T PM with one constraining PL

KCs and one PRRR limb. The PRS architecture individually
contributes one z-axis constraint force to the wrench system,
while two parallel CFs that will make up a constraint couple
to form a 2-system. Therefore, two PRS-type ALs each pro-
vide one independent constraint to the wrench system of the
mechanism. Then a PRRR-type PL provides the remaining
two independent CCs for the wrench system.

5.3 Stiffness performance evaluation of the optimized
configurations

Given the standard stiffness performance of each type of
limb, the resultant stiffness can be derived by the external
force over the resultant deformation. Notice that the external
force is averagely borne by each supportive limb, the actual
deflection of each limb will be less or equal to the magni-
tude listed in Table 11. Taken the movable mass of each limb
into account, the stiffness efficiency of all optional stiffness-
enhanced 2T PM can be fairly evaluated.

Table 11 Stiffness/mass
performance of the optional
configurations

Configuration Equivalent stiffness of each limb Configuration
stiffness

Total movable
mass

Stiffness
efficiency

AL1 AL2 PL

2PSS-PPa 0 0 2 2 7 0.2857

2PRS-PRRR 1 1 0 2 7 0.2857

PPaU-PSS-RRR 2 0 0.5 2.5 7 0.3571

3PPaU 2 2 2 6 9 0.6666
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6 Conclusion

The introduction of passive limbs into the design of paral-
lel mechanisms provides one more option for the designers
to enhance the particular-direction stiffness of a 2T parallel
robot. To fast evaluate the stiffness performance of a config-
uration, the configuration stiffness estimation and stiffness
efficiency index were proposed. This paper also investigated
the 2-DOF translational parallel mechanisms with passive
limbs in terms of type synthesis. Based on the distribution of
wrench system among the ALs and PLs, an effective and effi-
cient type synthesis method was presented. All the 14 types
of 2T PM with one or more passive constraining limbs were
enumerated. Meanwhile, several optional stiffness-enhanced
2T PMs with one passive constraining limb are selected
through rough stiffness efficiency evaluation. The candidate
configurations were then optimized by three limb optimiza-
tion approaches: introduction of overconstraints, using stiffer
structures and the reduction in the weights of movable parts.
After performing the rapid stiffness estimation for each
optional configuration, the 3PPaUPMexhibited the best stiff-
ness efficiency in design of stiffness-enhanced 2T parallel
robot. What’s more, the proposal of configuration estimation
largely reduced the cost of stiffness analysis through the limb
stiffness equivalent model. Tens of hours were saved from
the endless remeshing of FEA elements, dimension design
of components and kinematic analysis.
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