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Abstract
The surface displacement and deformation of goaf caused by coal mining destroy the underground rock structure and surface 
ecological environment in the mining area and endanger the safety of human life and property. An accurate and efficient 
dynamic prediction system of mining subsidence is indispensable. Given the limited scope of the application of the prob-
ability integral model on the edge of the mobile basin, its poor prediction effect, and its low accuracy, a new mining subsid-
ence prediction model based on the Boltzmann function is proposed. Combined with the transformed normal distribution 
time function, a B-normal prediction model that can predict the dynamic displacement and deformation of any point on the 
surface was constructed. The global optimal solution of the parameters of the dynamic prediction model was inversed by 
introducing particle swarm optimization shuffled frog leaping intelligent algorithm (PSO-SFLA), and then, the model was 
applied to the 8102 working face of the Guobei coal mine to dynamically predict the subsidence, inclination, curvature, 
horizontal displacement, and horizontal deformation of the goaf surface. The prediction results showed that on the strike 
and dip observation lines, the prediction accuracy of the dynamic subsidence and horizontal displacement of the surface 
could reach the centimeter level, the predicted root mean square error (RMSE) of dynamic tilt and horizontal deformation 
was less than 0.51 mm/m, and the predicted RMSE of dynamic curvature was within 0.020 mm/m2. The prediction results 
reflected the dynamic evolution law of surface displacement and deformation and verified the reliability of the B-normal 
dynamic prediction model, which can fully meet the needs of practical engineering applications.

Keywords Mining subsidence · Boltzmann function model · Normal distribution time function · PSO-SFLA algorithm · 
Dynamic displacement deformation · Dynamic prediction

Introduction

The mining of underground coal resources destroys the rock 
mass structure in the goaf, causing the displacement and 
deformation of the rock stratum and the surface. This results 
in various types of mining damage to the surface within the 

mining-affected area, such as the destruction of buildings 
(structures), landslides, ground cracks, subsidence, and pond-
ing, which seriously threaten the safety of the properties in the 
mining area and the lives of the surrounding residents, affect-
ing their normal productivity and lifestyle (Chi et al. 2021a; 
Wang et al. 2021a Li et al. 2020; Liu et al. 2019). Therefore, it 
is very important to study the complex spatiotemporal move-
ment process and displacement deformation mechanism of 
mining subsidence and establish an effective monitoring and 
prediction system to guide the mining of coal resources and the 
management of the ecological environment in mining areas.

The existing surface subsidence prediction models can be 
divided into three categories: the first comprises empirical 
methods based on measured data, such as the profile func-
tion method, typical curve method, and Weibull distribution 
method (Zuo et al. 2017). The second type is the influence 
function method. Among the many influence functions, the 
most commonly used is the probability integration method 
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(PIM). The third comprises simulation research methods, 
such as the numerical simulation method, theoretical model 
method, and similar material simulation method (Chang 
et al. 2015; Unlu et al. 2013; Li et al. 2019a). At present, the 
prediction model for surface static subsidence is relatively 
mature, but it cannot meet the needs of practical engineering 
applications, because it does not reflect the complex process 
of surface changes across time and space (Hu et al. 2022a). 
The construction of a dynamic subsidence prediction model 
has always been a research hotspot and difficulty. Through 
studying the literature at home and abroad, we found that 
the combination of a time function and a surface static pre-
diction model is the current mainstream modeling method, 
which also means that the time function and static predic-
tion model are the key factors affecting the accuracy of the 
dynamic prediction model.

The time functions commonly used in dynamic prediction 
models include the Knothe time function (Cui et al. 1999; 
Hu et al. 2015), Sroka-Schober time function (Gonzalez 
et al. 2007), normal distribution time function (Zhang et al. 
2016), arctangent time function (Nie et al. 2014), Usher time 
function (Wang et al. 2021b), Weibull time function (Wang 
et al. 2016), Bertalanffy time function (Gao et al. 2020), 
logistic time function (Shi et al. 2021), and Gompertz time 
function (Wang et al. 2022). Cui et al. (1999) pointed out 
the shortcomings of the Knothe time function after an in-
depth study and provided a determination method for the 
time coefficient. Zhang et al. (2020) proposed a segmented 
Knothe time function based on the probability integral 
model and built a prediction model for any point on the sur-
face given the shortcomings of the Knothe time function. On 
this basis, Hu et al. proposed a new parameter calculation 
method of time function based on the normalization method 
and the least square principle, which can be used for effec-
tive land acquisition surface settlement, settlement velocity, 
and acceleration of mining areas (Hu et al. 2022b). Wang 
et al. (2021a) introduced the Usher function, which predicts 
information growth, into their prediction model for dynamic 
surface subsidence and predicted the settlement at any point 
on the strike and dip in the main section. Wang et al. (2022) 
proposed a Gompertz time function model suitable for the 
longwall coal mining process based on the “three original 
consistency” modeling idea. Through comparison with the 
measured data, it was proven that the model was consistent 
with the characteristics of surface point subsidence. Li et al. 
(2016) constructed a dynamic prediction model for any point 
and at any time on the surface based on the normal distribu-
tion function and the prediction formula for surface subsid-
ence and used the spatial fitting method to obtain the model 
parameters, which confirmed the spatio-temporal complete-
ness of the normal distribution time function. Zhang et al. 
(2019a) determined the theoretical defects of the normal 
distribution time function through comparative analysis 

and improved it by using the overall deviation correction 
method, which overcomes the limitations of time parameter 
selection and widens the application range of the normal 
distribution time function.

Through the literature analysis, it could be seen that the 
above model combines the commonly used probability inte-
gral depression prediction method in the application process. 
Although this method fits the central area of the subsidence 
basin well, due to the relatively fast convergence speed, the 
fitting accuracy of the edge of the subsidence basin is not 
particularly ideal, which limits its popularization and appli-
cation. The Boltzmann function prediction model not only 
has high accuracy for the center of the subsidence basin but 
also converges relatively slowly at the edge of the basin. This 
model is more practical than the PIM model and has a wide 
range of adaptability. Considering that most of the current 
studies are only limited to the monitoring and prediction of 
dynamic subsidence, there are few relevant studies on other 
moving deformation indicators. Therefore, based on the 
Boltzmann function model (Zhang et al. 2021; Wang et al. 
2013; Li et al. 2021; Chi et al. 2021b), combined with the 
transformed normal distribution time function with space-
time completeness, we built a dynamic prediction model 
(B-normal model) for the displacement and deformation of 
any point on the surface under the influence of mining. The 
particle swarm optimization shuffled frog leaping algorithm 
was used to inverse the model parameters, and the dynamic 
prediction of subsidence (W), inclination (I), curvature (K), 
horizontal displacement (U), and horizontal deformation (ε) 
at any time at any point on the surface of the goaf was car-
ried out to overcome the limitations of the PIM model to 
a certain extent and improve the prediction accuracy, pro-
viding concrete reference for the environmental geological 
disaster warning and mining damage identification in the 
mining area.

Models and methods

Boltzmann function prediction model

Boltzmann extended Maxwell distribution to Maxwell-Boltz-
mann distribution (Adhelacahya et al. 2020). This research 
result has been widely used in mining subsidence prediction, 
bearing capacity prediction, mineral target prediction, atmos-
pheric dynamics model construction, and other fields (Liu 
et al. 2011; Chen et al. 2012; Liu et al. 2003). The expression 
of the Boltzmann function is y = A1−A2

1+e(x−x0)∕b
+ A2 ; it is not dif-

ficult to find that the shape of this function curve is a typical 
anti-“S” curve, which is similar to the subsidence curve of 
the main section of the surface moving basin during semi-
infinite mining. Its subsidence prediction formula is
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where W0 is the final surface subsidence, r is the main influ-
ence radius, and x is the position of the point on the main 
section.

Combining the form of the Boltzmann function and for-
mula (1), the subsidence prediction formula for the main sec-
tion of the surface displacement basin during semi-infinite 
mining can be preliminarily defined as (Wang et al. 2013)

where k is the scale factor, s is the offset of the inflection 
point of the working face, and R is the new main influence 
radius related to r.

After data fitting and analysis of Eq. (2) with MATLAB 
software, the scale coefficient k = 1 can be determined, and 
the final form of Eq. (2) is

It is easy to know that when x → ∞, there are 
exp(−(x − s)/R) → 0, and then, W(x) → W0. When x = s, 
there are W(x) =

W0

2
 . At this time, the subsidence at the 

inflection point of the subsidence curve is half of the 
maximum subsidence, which conforms to the general law 
of mining subsidence. To further verify the correctness 
of the Boltzmann function, numerical model experiments 
were carried out in the MATLAB software to predict the 
subsidence between −500 and 500 m from the open cut 
of the working face. The comparison results between the 
Boltzmann function prediction model and the PIM pre-
diction model are shown in Fig. 1. It can be seen from 
Fig. 1 that the two function curves were consistent. The 
main difference was that the convergence speed of the 
Boltzmann function curve at the edge of the subsidence 
basin was slower than that of the PIM curve, which was 
more in line with the dynamic characteristics of ground 
points in the goaf. In addition, by referring to the research 
of Zhang et al. (2021), the two prediction models can 
share a set of parameter systems P = [q, b, θ0, tanβ, S1, S2
, S3, S4] after some numerical conversion of the predicted 
parameters, which also greatly improves the efficiency of 
parameter inversion.

The element influence function of the Boltzmann function 
prediction model can be obtained by differentiating Eq. (2) 
as (Chi et al. 2021a)

(1)W(x) =
W0

2

�
erf

�√
�

r
x

�
+ 1

�

(2)W(x) = k
W0

1 + exp (−(x − s)∕R)

(3)W(x) =
W0

1 + exp (−(x − s)∕R)

(4)we(x) = dW(x) =
1

R

exp (−x∕R)

(1 + exp (−x∕R))2

According to the derivation experience of the probabil-
ity integral method and the knowledge of elasticity, the 
horizontal displacement function of the element can be 
determined as

In the formula, B is a constant. By integrating formula 
(5), the horizontal displacement prediction formula of any 
point on the surface of semi-infinite mining along the x 
direction can be obtained as

Let b� = B

R
 ; then, the above formula can be simplified as

where b′ is the new horizontal displacement coefficient.
Surface subsidence curve formula of semi-infinite and 

limited mining on the main section of the trend modeled 
by the PIM prediction model is as follows:

where W0 = mq cos α, m is the mining thickness of the work-
ing face, q is the subsidence coefficient, α is the dip angle 
of the working face, and l is the calculated length of the 
working face strike. According to the coordinate system of 
the main section of the surface strike during limited mining 

(5)Ue(x) = B
dwe(x)

dx

(6)U(x) = W0

B

R

exp (−x∕R)

(1 + exp (−x∕R))2

(7)U(x) = b�W0
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(1 + exp (−x∕R))2

(8)

�
W0(x) =

W0

2

�
erf

�√
�

r
x
�
+ 1

�

W(x) = W0(x) −W0(x − l)

-400 -200 0 200 400
-5000

-4000

-3000

-2000

-1000

0

Distance from open cut hole (m)

)
m

m(
ecnedisbuS

 Boltzmann function curve
 Probability integral curve
 Marginal difference

Fig. 1  Comparison of subsidence curves of Boltzmann and PIM pre-
dicted models during semi-infinite mining
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as shown in Fig. 2, the prediction formula of the Boltzmann 
function prediction model on the main section of the sur-
face movement basin strike during limited mining can be 
deduced as follows:

where D3 is the strike length of the working face and s3 and 
s4 are the offset of the left and right turning points of the 
working face, respectively.

The coordinate system of the main section of the sur-
face dip during the limited mining of the working face is 
shown in Fig. 3. According to the equal influence prin-
ciple, the Boltzmann function prediction model can be 
derived. The subsidence prediction formula on the main 
section of the dip of the surface movement basin during 
the limited mining is

(9)

W0(x) = w(x) − w(x − l) = mq cos �

⎛⎜⎜⎜⎝

1

1 + exp
�
−

x−s3

R

� −
1

1 + exp
�
−

x−D3+s3+s4

R

�
⎞
⎟⎟⎟⎠

where θ0 is the propagation angle of mining influence; s1 
and s2 are the offset of lower and upper inflection points of 
the working face, respectively; D1 is the inclined length of 
the working face; H1 is the downhill mining depth of the 
working face; and R1 and R2 are the new main influence 
radii related to r.

From the above analysis, it can be seen that the main sec-
tion subsidence prediction formula of semi-infinite mining 
trend is (Jiang et al. 2021)

The surface inclination i(x) along the x direction is the 
first derivative of subsidence to x, that is,

The surface inclination K(x) along the x direction is the 
second derivative of subsidence to x, that is,

From Eqs. (7) and (12), the relationship between horizon-
tal displacement and inclination is

For the new main influence radius R, Wang et al. (2013) 
found that the ratio of R to the main influence radius r 
approaches a constant through several examples and obtained 
R ≈ r/4.13. According to the definition b =

B

r
 of horizontal dis-

placement coefficient, Eq. (14) can be transformed into

The horizontal deformation ε(x) of the surface along the 
x direction is defined as the first derivative of the horizontal 
displacement U(x) to x, that is,

Substitute Eq. (13) into the above equation to obtain

(10)

⎧
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w(y) =
mq cos �

1+exp(−
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)
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Fig. 2  Main cross-section coordinate system along strike

Fig. 3  Main cross-section coordinate system along dip
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To sum up, when the dip is fully mined, the calculation 
formula for the displacement and deformation value of the 
main section of the limited mining trend is

Similarly, when the strike is fully mined, the calculation 
formula for the displacement and deformation value of the 
main section of the limited mining tendency is

where W0(y) cot θ0 and i0(y) cot θ0 are the horizontal displace-
ment and horizontal deformation components caused by coal 
seam inclination, respectively.

According to the main section coordinate system of strike and 
dip shown in Fig. 2 and Fig. 3, the final subsidence W(x, y) at any 
point on the surface of the gob mobile basin can be expressed as

In the formula, W0(x) is the subsidence function of any 
point on the strike main section when the strike is fully mined, 
and W0(y) is the subsidence function of any point on the strike 
main section when the strike is fully mined, which is calcu-
lated according to formula (18) and formula (19), respectively.

The inclination value i(x, y, φ) of any point (x, y) on the sur-
face along the direction φ (the angle from the positive direc-
tion of the x-axis to the specified calculation direction) is the 
directional derivative of the subsidence W(x, y) in the direction 
φ, which can be expressed as

The curvature value K(x, y, φ) of any point (x, y) on the 
surface along the direction φ is the directional derivative 
of inclination i(x, y, φ) in the direction φ, which can be 
expressed as

(17)�(x) = −4.13b
W0

R

exp
(
−

x

R

)(
1 − exp

(
−

x

R

))

(1 + exp (−x∕R))3
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⎧
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W0(y) = W(y) −W(y − L)

i0(y) = i(y) − i(y − L)

K0(y) = K(y) − K(y − L)

U0(y) = U(y) − U(y − L) +W0(y) cot �0
�0(y) = �(y) − �(y − L) + i0(y) cot �0

(20)W(x, y) =
W0(x)W0(y)

W0

(21)i(x, y,�) =
1

W0

[
i0(x)W0(y) cos� + i0(y)W0(x) sin�

]

(22)K(x, y,�) =
1

W0

[
K0(x)W0(y)cos2� + K0(y)W0(x)sin2� + i0(x)i0(y) sin 2�

]

According to the numerical relationship between hori-
zontal displacement and tilt curve, the horizontal displace-
ment value U(x, y, φ) of any point (x, y) on the surface 
along the φ direction can be expressed as

According to the numerical relationship between hori-
zontal deformation and curvature curve, the horizontal 
deformation value ε(x, y, φ) of any point (x, y) on the sur-
face along the direction φ can be expressed as

Normal distribution time function and its parameter 
determination

Normal distribution time function

Normal distribution, also known as Gaussian distribution, 
is widely used in statistics, physics, mechanics, engineer-
ing, and other fields (Li et al. 2019; Huang et al. 2020). Its 
mathematical expression is as follows:

where μ is the mean value and σ is the standard deviation.
The normal distribution time function image is shown 

in Fig. 4. It can be seen that its curve shape is a typical 
“S” shape, and the value range of F(x) is [0, 1]. The curve 
function value increases slowly from 0 in the first seg-
ment. After reaching the middle section, it shows a rapidly 
increasing trend. The latter segment slowly converges to 
1 and does not increase after reaching 1. It demonstrated 
the same characteristics as the surface point subsidence 
caused by underground mining, so it could be preliminar-
ily judged that the normal distribution function was suit-
able for the time function of mining subsidence dynamic 
prediction.

The expressions of subsidence velocity v(x) and subsid-
ence acceleration a(x) can be obtained by calculating the 
first and second derivatives of the normal distribution time 
function, as shown in Eqs. (26) and (27), respectively. The 
function images are shown in Fig. 5a and Fig. 5b.

(23)U(x, y,�) = 4.13bRi(x, y,�)

(24)�(x, y,�) = 4.13bRK(x, y,�)

(25)F(x) =
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2
√
π�∫

x
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e
−

(x−�)2

2�2 dx

(26)v(x) = F�(x) =
1√
2π�

e
−

(x−�)2

2�2

(27)a(x) = F��(x) = −
1√
2π�3

(x − �)e
−

(x−�)2
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As can be seen from Fig. 5, the variation trend of sub-
sidence velocity of the normal distribution time function 
is 0 →  + vmax → 0. And the variation trend of subsidence 
acceleration is0 →  + amax → 0 →  − amax → 0. This fully 
conforms to the actual dynamic subsidence law caused 
by mining subsidence, so it can be further determined 
that the normal distribution time function has good tem-
poral and spatial completeness and is very suitable for the 
dynamic prediction of surface subsidence.

Parameter analysis of normal distribution time 
function

According to the general law of mining subsidence, there is a 
certain time delay in surface subsidence, that is, the time from 
the beginning of the working face to the occurrence of surface 
displacement and deformation, expressed in ts. The surface 
subsidence progresses through three stages (initial stage, active 
stage, and declining stage) for with a certain duration. In the 

following equations, tf represents the time from the beginning 
to the end of surface displacement and deformation. Let

where δ is the shape parameter of subsidence curve, which 
is related to mining geological conditions.

Substituting μ and σ into Eq. (25) gives

The Gaussian error function is introduced to simplify the 
integral of Eq. (30) (Li et al. 2016).

Equation (31) is the normal distribution time function 
that can be used for dynamic subsidence of the goaf surface. 
Assuming that the surface subsidence delay time ts= 80 days 
and the duration tf= 400 days, when the curve shape param-
eter δ=1, 2, 3, and 4, the function image of Eq. (31) is shown 
in Fig. 6a. Assuming the curve shape parameter δ=3, when 
the surface subsidence delay time = 30 days and 80 days, 
and the duration tf= 300 days and 400 days, the function 
image of Eq. (31) is shown in Fig. 6b.

It can be seen from Fig. 6a that the parameter δ mainly 
controls the shape of the curve. Its shape becomes gentle 
with a decrease in the value of δ, and the final conver-
gence value of the time function also decreases, reflect-
ing the intensity of the displacement and deformation of 
surface points. It is worth noting that when the morpho-
logical parameter δ< 2, the deviation between the final 

(28)� = ts +
tf

2
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−

√
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Fig. 4  Normal distribution time function

Fig. 5  Curves of subsidence 
velocity and acceleration of 
normal distribution time func-
tion. a Subsidence velocity. b 
Subsidence acceleration
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convergence value of the time function and 1 is too large 
and does not conform to the characteristic that the value 
of the time function changes between 0 and 1. In this cir-
cumstance, it is not suitable to act as the time function. As 
can be seen from Fig. 6b, the parameter ts mainly controls 
the left-right translation of the curve. Parameter tf controls 
the time required for the curve to reach the stable state and 
reflects the speed of its convergence.

To solve the problem that the value of the morpho-
logical parameter δ is constrained, Zhang et al. (2021) 
improved the original normal distribution time function 
by using the growth function, so that the value range of 
parameter δ is no longer limited to more than 2, and the 
transformed normal distribution time function expres-
sion is

(32)

F(t) =
1

2

�
erf

�√
2�

tf

�
t − ts −

tf

2

��
+ 1

�
−

tf + 2ts − 2t

2tf

�
1 + erf

�
−

√
2

2
�

��

Construction of prediction model 
for dynamic displacement and deformation 
of the whole basin and its parameter 
inversion

Construction of dynamic prediction model

The core idea of the dynamic displacement and the 
deformation prediction model is as follows: based on the 
Boltzmann function prediction model proposed in the 
“Boltzmann function prediction model” section, the dis-
placement and deformation values of any point on the 
surface can be statically predicted, and the dynamic dis-
placement and deformation of any point on the surface 
can be determined by introducing the transformed nor-
mal distribution time function and multiplying the static 
prediction results. As shown in Fig. 7, taking dynamic 
subsidence as an example, in the practice of dynamic 

Fig. 6  Normal distribution time 
function image when ts, tf, and 
δ take different values. a The 
change of curve shape when ts 
and tf are fixed and δ takes dif-
ferent values. b The change of 
curve shape when δ is fixed, and 
ts and tf take different values

Fig. 7  Dynamic effects of 
dynamic unit mining on subsid-
ence of surface points
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prediction, the “effective size segmentation method” is 
usually used to divide the working face into n independ-
ent dynamic mining units, and the mining velocity of 
each unit is v1, v2, ⋯, and vn, respectively; the mining 
time of each unit is t1, t2, ⋯, and tn, respectively; the 

length of each unit is v1t1, v2t2, ⋯, and vntn, respectively; 
W1, W2, ⋯, and Wn are the subsidence contributed by 
each mining unit when the n-th unit is just completed; 
Wt is the total subsidence; and H is the mining depth. 
Assuming that the number of mined dynamic units is n 

Fig. 8  Technical roadmap for model parameter inversion

Fig. 9  Position of working face and surface observation line
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and the predicted time of surface subsidence is t, the 
mining time of the first unit is t1, the mining time of the 
second unit is t − t1, and the mining time of the n-th unit 

is t −
n−1∑
n=1

tn . According to formula (32), the normal dis-

tribution time function of each mining unit can be 
expressed as follows:

1st mining unit:

2nd mining unit:

n-th mining unit:

According to the dynamic prediction principle, the settle-
ment prediction model at any point on the surface at any time 
can be calculated by Eq. (32), that is,

In the formula, W1(x, y) is the formula for calculating the 
maximum subsidence contributed to the ground surface by the 
first dynamic unit after mining, and F1(t) is the time function 
value corresponding to the first dynamic unit. The meanings 
of other formulas can be known by analogy. W1(x, y), W2(x, y), 
⋯, and Wn(x, y) can be calculated according to Eq. (19). Simi-
larly, the dynamic prediction formulas of surface tilt, curva-
ture, horizontal displacement, and horizontal deformation can 

(33)
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be obtained by analogy with the corresponding formulas of the 
Boltzmann function prediction model.

Predicted parameter inversion

Both the Boltzmann function prediction model and the 
transformed normal distribution time function are highly 
nonlinear and contain many related parameters. Consider-
ing that it is relatively difficult to use conventional methods 
to solve these parameters, we implemented that an intel-
ligent optimization algorithm will be used in the research. 
Particle swarm optimization (PSO) (Zhang et al. 2019b; 
Li et al. 2019b) algorithm has a strong local search ability 
and fast convergence speed, but it easily generates a local 
extremum, and its global optimization ability is relatively 
poor. However, the shuffled frog leaping algorithm (SFLA) 
(Cui et al. 2012; Luo et al. 2010) is an intelligent optimiza-
tion algorithm with internal and external double iterations 
that has a strong global search ability, but its disadvantages 
include an overly complex calculation and slow convergence 
speed. Therefore, PSO and SFLA can be combined (PSO-
SFLA) to achieve global optimization and fast convergence. 
PSO-SFLA is used to solve the relevant parameters in the 
dynamic prediction model. The main steps were as follows:

PSO-SFLA parameter setting. Given the number of frogs N, 
the number of sub-populations m, the number of frogs contained 
in a single sub-population n, the learning factors c1 and c2, and 
the total number of iterations of the SFLA algorithm Gmax

PSO algorithm initialization. Assign the number of sub-
population and the number of particles in the sub-population, 
establish an eight-dimensional solution space P = [q, b, θ0, t
anβ, S1, S2, S3, S4], and randomly generate k particles in each 
dimension after setting the value range of each parameter.

Build fitness function. Let Wl be the measured subsid-
ence value and Wi be the predicted subsidence value. Based 
on the sum of the least square difference between the pre-
dicted value and the measured value, the fitness function is 
obtained as follows:

Each sub-population is optimized according to the par-
ticle swarm iteration mode, and the fitness is calculated to 
obtain the optimal particle Lb.

(37)f =
∑(

Wl −Wi

)2

Table 1  Parameters of 8102 working face in Guobei coal mine

Panel length 
(m)

Panel width 
(m)

Mean depth 
(m)

Mining thick-
ness (m)

Seam dip 
angle (°)

Start date Cease date Mining days 
(day)

Mean mining 
velocity (m/day)

724 121 598 7.3 17 2006/12/22 2008/02/25 430 1.7
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Fig. 10  3D dynamic subsidence and its projection map
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Fig. 11  Dynamic 3D tilt along strike and its projection map
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Fig. 12  Dynamic 3D tilt along the inclination and its projection map
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Fig. 13  Dynamic 3D curvature along strike and its projection map
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Fig. 14  Dynamic 3D curvature along the inclination and its projection map



78583Environmental Science and Pollution Research (2023) 30:78569–78597 

1 3

Fig. 15  Dynamic 3D horizontal displacement along strike and its projection map
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Fig. 16  Dynamic 3D horizontal displacement along the inclination and its projection map
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Fig. 17  Dynamic 3D horizontal deformation along strike and its projection map
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Fig. 18  Dynamic 3D horizontal deformation along the inclination and its projection map
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Fig. 19  Comparison of pre-
dicted subsidence and measured 
subsidence of strike and dip 
observation lines
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The position and velocity of each particle are updated 
according to the step size updating method of the particle 
swarm optimization algorithm.

The optimal particle Lb obtained in (3) is transformed 
into an individual frog of SFLA, and the fitness is calculated 
according to the fitness function and arranged in descending 
order according to the fitness value of the frog, to record the 
global optimal solution in each sub-population.

Intragroup iterative evolution. Set the moving distance 
of frogs for grouping, and then perform iterative evolution 
within the group. If the new solution reduces the fitness 
function value, the original solution is replaced by the new 
solution. Otherwise, replace the optimal solution in the 
group with the global optimal solution, and repeat the above 
steps. If the above steps fail to minimize the fitness func-
tion, a group of new solutions will be randomly generated 
to replace the worst solution in the group, and then, a local 
depth search will be performed.

Global hybrid search. After the number of itera-
tive evolution reached the peak, the frogs in each group 
were remixed and sorted according to the fitness function 
value. If the set maximum number of iterations or accu-
racy requirements are reached, stop searching and output a 
group of optimal solutions; otherwise, return to step (4) to 
continue the cycle.

The technical route of model parameter inversion is 
shown in Fig. 8.

Application example of dynamic prediction 
of arbitrary point displacement deformation

Overview of the study area

The 8102 working face in 81 mining areas of the Guobei 
coal mine is selected as the research object in the test. It 

is located in Guoyang County, Bozhou City, Anhui Prov-
ince, China. The terrain of the mining area is relatively 
flat. There are many roads, villages, and other buildings 
on the surface, which is also traversed by rivers. The posi-
tions of the working face and the surface observation line 
are shown in Fig. 9, and the relevant parameters are shown 
in Table 1. 8101, the successor of the 8102 working face, 
began mining in February 23, 2008, which had a certain 
impact on the later displacement and deformation of 8102 
working face.

The dynamic prediction parameters of working face 8102 
are as follows: subsidence coefficient q = 0.7, horizontal 
displacement coefficient b = 0.34, mining influence propa-
gation angle θ0= 89.5°, main influence angle tangent tanβ= 
1.5, strike left and right turning point offset S3=S4= 60 m, 
downhill turning point offset S1= -20 m, and uphill turning 
point offset S2= 20 m.

Subsidence dynamic prediction

Before dynamic prediction, we took the lower left corner 
of the 8102 working face as the coordinate origin; took 
the advancing direction and inclined uphill direction of the 
working face as the positive direction of the x-axis and the 
y-axis, respectively, to establish the working face coordinate 
system; and converted the coordinates of the working face 
and feature points to the working face coordinate system 
according to Eq. (38).

where (x′, y′) is the coordinate under the working face 
coordinate system, (x, y) is the coordinate under the actual 

(38)
[
x�

y�

]
=

[
x − x0
y − y0

][
cos� sin�

− sin� cos�

]

Table 2  Comparison of dynamic subsidence prediction accuracy between B-normal model and P-normal model

Predicted time (day) B-normal P-normal

Strike W Dip W Strike W Dip W

RMSE (mm) RRMSE RMSE (mm) RRMSE RMSE (mm) RRMSE RMSE (mm) RRMSE

139 16.2 4.8% 18.5 9.4% 22.4 6.7% 24.3 12.4%
202 15.7 2.5% 27.7 6.0% 42.1 6.8% 31.7 6.8%
266 41.1 4.7% 48.8 5.6% 51.6 5.9% 64.4 7.4%
333 52.8 4.4% 88.7 7.3% 61.5 5.1% 91.3 7.5%
430 28.7 2.3% 89.4 6.6% 49.1 3.9% 117.0 8.6%
517 66.1 4.7% 73.1 5.2% 85.1 6.1% 96.8 6.9%
657 38.9 2.8% 83.9 5.9% 42.3 3.0% 99.4 7.0%
Mean 37.1 3.8% 61.4 6.6% 50.6 5.4% 75.0 8.1%
Improved accuracy 26.7% 30.0% 18.1% 18.8%
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Fig. 20  Comparison of pre-
dicted tilt and measured inclina-
tion of strike and inclination 
observation lines
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coordinate system, (x0, y0) is the coordinate of the origin 
of the working face coordinate system under the actual 
coordinate system, and φ is the angle from the actual 
coordinate system to the working face coordinate system 
counterclockwise.

After the coordinate conversion was completed, the time 
parameters δ, ts, and tf of the transformed normal distribution 
time function and the corresponding predicted parameters 
of the Boltzmann function prediction model were inverted 
by using the measured leveling data on the 657th day after 
the cutting of the working face and in combination with the 
parameter inversion method described in the “Predicted 
parameter inversion” section.

The inversion model parameters were used to predict the 
forward dynamics of surface displacement and deformation, 
and the corresponding predicted times were 139, 202, 266, 
333, 430, 517, and 657 days after the cutting of the working 
face. The predicted dynamic 3D subsidence of the ground 
surface at each time and the corresponding 2D projection 
results are shown in Fig. 10. It can be seen from the figure 
that with the advance in the working face, the scope of the 
surface movement basin gradually expanded towards the 
mining direction, and the settlement value also gradually 
increased. After stopping mining in the working face, 
the surface continued to sink, because it was still in the 
active subsidence period. As of the 657th day after cutting, 
the maximum subsidence value in the center of the basin 
reached −1520 mm.

Tilt dynamic prediction

The 2D and 3D dynamic tilt prediction results along the 
strike direction of working face 8102 are shown in Fig. 11, 
and the 2D and 3D dynamic tilt prediction results along the 
dip direction are shown in Fig. 12. It can also be seen that 
the surface tilt also developed towards the mining direc-
tion. The tilt range and tilt value along the strike and dip 

direction are gradually increased, showing the symmetrical 
distribution characteristics of equal size and opposite sym-
bols. The difference was that the dip along the strike was 
−4.4~4.4 mm/m, and the range was mainly concentrated at 
the north and south ends of the goaf. The inclination along 
the dip direction was −4.9~5.0 mm/m, and the range is 
mainly concentrated on the east and west sides of the goaf.

Curvature dynamic prediction

The predicted results for the 2D and 3D dynamic curva-
ture along the strike direction of the 8102 working face are 
shown in Fig. 13, and the predicted results for the 2D and 
3D dynamic curvature along the dip direction are shown in 
Fig. 14. It can be seen from the figure that with the advance 
in the working face, the influence range of the curvature 
along the strike and dip directions gradually expanded. The 
curvature characteristics along the strike direction were 
mainly as follows: the north and south ends of the goaf had 
a positive curvature, and the center of the mobile basin had 
a negative curvature, which was distributed symmetrically 
from north to south. The maximum value of the curvature 
first increased and then decreased, and the maximum value 
of −0.018 mm/m2 appeared on the 333th day, ranging from 
−0.018 to 0.017 mm/m2. The curvature characteristics 
along the dip direction were mainly as follows: the curva-
ture value gradually increased, with a positive curvature 
exists on the east and west sides of the goaf and a nega-
tive curvature exists in the center of the mobile basin, and 
the curvature value of the center of the mobile basin was 
significantly greater than that on both sides, ranging from 
−0.061 to 0.022 mm/m2.

Horizontal displacement dynamic prediction

The predicted results for the 2D and 3D dynamic horizontal 
displacement of the 8102working face along the strike 
direction are shown in Fig. 15, and the predicted results 
for the 2D and 3D dynamic horizontal displacement along 
the dip direction are shown in Fig. 16. It can be seen from 
the figures that the horizontal displacement deformation 
characteristics of the ground surface were similar to the 
tilt, and they are also developed in the mining direction. 
The horizontal displacement range and horizontal 
displacement value along the strike and dip directions are 
gradually increased, showing an approximate symmetrical 
distribution with similar size and opposite symbols. The 
difference was that the horizontal displacement along the 
strike direction was between −600 and 605 mm, and the 
range was mainly concentrated at the north and south ends 
of the goaf. The horizontal displacement along the dip 

Table 3  Dynamic tilt prediction accuracy

Predicted 
time (day)

Strike I Dip I

RMSE (mm/m) RRMSE RMSE (mm/m) RRMSE

139 0.23 16.2% 0.30 25.1%
202 0.40 13.1% 0.45 12.5%
266 0.57 16.7% 0.40 14.3%
333 0.68 15.9% 0.34 7.1%
430 0.55 12.4% 0.30 6.8%
517 0.53 12.5% 0.44 8.9%
657 0.58 13.4% 0.55 8.8%
Mean 0.51 14.3% 0.39 11.9%
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Fig. 21  Comparison of the pre-
dicted and measured curvatures 
of the strike and inclination 
observation lines
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direction was between −650 and 695 mm, and the range was 
mainly concentrated on the east and west sides of the goaf.

Horizontal deformation dynamic prediction

The predicted results for the 2D and 3D dynamic horizontal 
deformation along the strike direction of the 8102 working 
face are shown in Fig. 17, and the predicted results for the 
2D and 3D dynamic horizontal deformation along the dip 
direction are shown in Fig. 18.

It can be seen from the figures that the horizontal 
deformation characteristics of the surface were similar 
to the curvature. With the advance in the working face, 
the horizontal deformation range along the strike and dip 
direction gradually expanded. The horizontal deformation 
along the strike direction was mainly characterized by 
positive horizontal deformation at the north and south 
ends of the goaf and negative horizontal deformation at 
the center of the mobile basin, which was symmetrically 
distributed from north to south. The maximum value of 
horizontal deformation first increased and then decreased, 
and the maximum value of −2.4 mm/m appeared on the 
333rd day, with a range of −2.4~2.4 mm/m. The horizontal 
deformation along the dip direction was characterized by 
a gradual increase in the horizontal deformation value, 
positive horizontal deformation at the east and west sides 
of the goaf, negative horizontal deformation at the center 
of the mobile basin, and a horizontal deformation value 
at the center of the mobile basin that was significantly 
greater than that at both sides, ranging from −8.4 to 3.0 
mm/m.

Accuracy verification

Since the shape of the main section of the strike and dip of 
the working face can basically determine the shape of the 
mobile basin, the accuracy of the prediction results based 

on the mobile deformation in the main section is sufficient 
to represent the prediction accuracy of the whole basin. 
Therefore, the measured subsidence, tilt, curvature, hori-
zontal displacement, and horizontal deformation values 
of the strike and inclination observation line of the 8102 
working face at each predicted time could be compared 
with the dynamic predicted values to verify the accuracy 
of the B-normal dynamic prediction model. The accuracy 
was investigated by root mean square error (RMSE) and 
relative root mean square error (RRMSE). The calcula-
tion formulas are shown in formula (39) and formula (40), 
respectively.

where WPm
 is the predicted deformation value of benchmark 

m, WLm
 is the measured deformation value of benchmark 

m, and Wmax is the measured maximum deformation value.

Accuracy analysis of dynamic subsidence prediction

To more intuitively reflect the prediction accuracy of the 
B-normal model and highlight its advantages over the exist-
ing models, the dynamic prediction model based on PIM and 
normal distribution time function (P-normal) has also been 
used to dynamically predict the subsidence of the strike and 
dip observation line of 8102 working face at the same predic-
tion time. The comparison curve of the prediction results is 
shown in Fig. 19, and the precision of its statistics is shown 
in Table 2. It should be noted that some observation points on 
the south bank of the river cannot be accurately observed due 
to ponding in the surface subsidence basin after the mining 
of the working face was completed, and working face 8102, 
the successor to working face 8101, had been mined for 513 
m on the 657th day after the cutting of working face 8102, 
which caused the observation points close to the working face 
8101 to continue to subsidence. Therefore, these observa-
tion points were excluded from Fig. 19m and Fig. 19n cor-
responding to 657 days.

It can be seen from Table 2 that the prediction accu-
racy of the B-normal model was better than that of the 
P-normal model at each prediction time. On the strike 
observation line, the average RMSE and RRMSE of the 
predicted results of each phase of the B-normal model 
were 37.1 mm and 3.8%, respectively, which were 26.7% 
and 30.0% higher than those of the P-normal model. 
On the trend observation line, the average RMSE and 
RRMSE of the predicted results of the B-normal model 

(39)
RMSE =

�����
n∑

m=1

Δ2
m

n
=

�����
n∑

m=1

�
WPm

−WLm

�2

n

(40)RRMSE =
RMSE

Wmax

Table 4  Dynamic curvature prediction accuracy

Predicted 
time (day)

Strike K Dip K

RMSE (mm/m2) RRMSE RMSE (mm/m2) RRMSE

139 0.016 19.8% 0.009 31.4%
202 0.019 28.5% 0.014 24.6%
266 0.019 30.3% 0.017 28.8%
333 0.019 34.6% 0.018 31.6%
430 0.016 32.7% 0.020 35.5%
517 0.020 33.7% 0.016 31.0%
657 0.027 31.8% 0.014 29.4%
Mean 0.020 30.2% 0.016 30.3%
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Fig. 22  Comparison of the pre-
dicted horizontal displacement 
and the measured horizontal 
displacement of the trend and 
inclination observation lines
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Fig. 23  Comparison of 
predicted horizontal deforma-
tion and measured horizontal 
deformation of strike and dip 
observation lines
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in each period were 61.4 mm and 6.6%, respectively, 
which were 18.1% and 18.8% higher than those of the 
P-normal model, further verifying the reliability of the 
B-normal model.

Accuracy analysis of dynamic tilt prediction

We compared the predicted tilt of the strike observation 
line along the strike and dip observation line along and 
the dip of working face 8102 with the measured tilt. The 
comparison curve is shown in Fig. 20, and the statistical 
accuracy is shown in Table 3.

It can be seen from Table 3 that the average RMSE of the 
tilt on the strike and inclination observation lines at each 
predicted time was 0.51 mm/m and 0.39 mm/m, respectively, 
which was about 1/7~1/6 of the critical value of the grade I 
damage level (3 mm/m) of inclination. The average RRMSE 
of the inclination was 14.3% and 11.9%, respectively, both 
less than 15%, which meets the requirements of engineering 
application.

Accuracy analysis of dynamic curvature prediction

We compared the predicted curvature of the strike 
observation line along the strike and dip observation line 
along with the dip of working face 8102 with the measured 
curvature. The comparison curve is shown in Fig. 21, and 
the statistical accuracy is shown in Table 4.

It can be seen from Table  4 that the average RMSE 
of the curvature on the strike and dip observation lines 
at each predicted time was 0.020 mm/m2 and 0.016 mm/
m2, respectively, and the average RRMSE was 30.2% and 
30.3%, respectively. Although the RRMSE of the curvature 
was relatively large, the RMSE was relatively small, with an 
average value of 0.018 mm/m2, which was only 1/11 of the 
critical value of the curvature I damage level (0.2 mm/m2). 
It can be seen that the dynamic prediction accuracy of the 
B-normal model for curvature also fully meets the engineer-
ing application requirements.

Accuracy analysis of dynamic horizontal displacement 
prediction

The dynamic prediction results of the horizontal 
displacement of the strike observation line along the strike 
and the dip observation line along the dip of the 8102 
working face are shown in Fig. 22. Since the measured 
coordinate data only existed on the 266th day after the 
cutting of the working face, we only produced a comparison 
curve between the predicted horizontal displacement and 
the measured horizontal displacement at this predicted time. 
The statistical accuracy is shown in Table 5.

It can be seen from Table 5 that the average RMSE of the 
horizontal displacement on the strike and dip observation 
lines at 266 days at the predicted time was 19.6 mm and 
21.5 mm, respectively, and the predicted accuracy reached 
the centimeter level. The average RRMSE was 6.9% and 
6.5%, respectively, both less than 10%, which fully meets 
the engineering application needs.

Accuracy analysis of dynamic horizontal deformation 
prediction

The dynamic prediction results of the horizontal deformation 
along the strike observation line and the dip observation line 
of the 8102 working face are shown in Fig. 23. Similarly, since 
we measured coordinate data only on the 266th day after the 
cutting of the working face, we only produced a comparison 
curve between the predicted horizontal deformation and the 
measured horizontal deformation at this predicted time. The 
statistical accuracy is shown in Table 6. It can be seen from 
Table 6 that the average RMSE of the horizontal deformation 
on the strike and dip observation lines at the predicted time of 
266 days was 0.49 mm/m and 0.46 mm/m, respectively. The 
average RRMSE was 14.7% and 9.7%, respectively, which 
meets the engineering application requirements.

Conclusions

To reveal the dynamic process of surface displacement and 
deformation caused by underground mining and predict the 
displacement and deformation values at any point and at any 
time in the mobile basin, a new dynamic prediction model for 
mining subsidence was proposed, and an intelligent optimiza-
tion algorithm was introduced to solve the model parameters. 
The main conclusions of this study are as follows:

The convergence speed of the probability integral 
model is too fast at the edge. When using this model to 
predict the mining subsidence dynamics, the fitting effect 

Table 5  Predicted accuracy of dynamic horizontal displacement

Predicted time 
(day)

Strike U Dip U

RMSE (mm) RRMSE RMSE (mm) RRMSE

266 19.6 6.9% 21.5 6.5%

Table 6  Predicted accuracy of dynamic horizontal deformation

Predicted time 
(day)

Strike ε Dip ε

RMSE 
(mm/m)

RRMSE RMSE 
(mm/m)

RRMSE

266 0.49 14.7% 0.46 9.7%
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with the subsidence basin boundary is often poor. The 
Boltzmann function model is similar to the probability 
integral model, and the convergence speed at the edge is 
relatively slow, which is more in line with the general law 
of mining subsidence.

Based on the Boltzmann function model and the trans-
formed normal distribution time function, a prediction 
model for the dynamic displacement and deformation 
of any point on the surface during coal mining was con-
structed, and the calculation formulas for the displacement 
and deformation of the strike, dip, main section, and any 
point on the surface were provided.

The parameters of the dynamic prediction model were inversed 
by using the PSO-SFLA algorithm in combination with the meas-
ured surface data. The B-normal dynamic prediction model was 
applied to engineering practice to verify its reliability. The predic-
tion results showed that the model can realize the high-precision 
dynamic prediction of the subsidence (W), tilt (I), curvature (K), 
horizontal displacement (U), and horizontal deformation (ε) of 
any point on the surface of the goaf and can better reflect the 
dynamic process of mining subsidence, thus fully meeting the 
practical application needs of engineering.
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