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Abstract
Background The nonlinear dynamic behavior of miniature stack-type piezoelectric actuators is not yet fully investigated 
and is still an open research field.
Objective The objective of this paper is to determine an accurate dynamical model of an amplified stack-type piezoelectric 
actuator by using a recently developed nonlinear system identification method, namely Response-Controlled stepped-sine 
Testing (RCT).
Method The nonlinear modal identification of a miniature stack-type piezoelectric actuator combined with a rhombus-type 
compliant mechanism is accomplished by using the RCT method. Several important modifications in the implementation of 
the RCT method imposed by the miniature nature of the piezo-actuator are successfully achieved for the first time in this study.
Results Preliminary constant-voltage tests indicate strong softening nonlinearity with jump phenomenon at high voltage 
levels. In the nonlinear mode of interest, the RCT method quantifies about a 130 Hz change of natural frequency which cor-
responds to a 3% frequency shift, and a nonlinear modal damping ratio ranging from 1% to 1.5%, corresponding to a 50% 
change in the amplitude range of interest.
Conclusion The validity of the single nonlinear mode theory on stack-type piezo-actuators and the quantification of the 
nonlinear modal damping of this type of actuators are achieved for the first time in this study to the best of the authors’ 
knowledge. Consequently, an accurate nonlinear modal model is constructed which may help to estimate the parameters of a 
physical-driven (constitutive) model and therefore gain a better theoretical understanding of the nonlinear behavior of stack-
type piezo-actuators. Furthermore, it is shown that the RCT method can be successfully applied for the modal identification 
of nonlinear miniature electro-mechanical systems.

Keywords Nonlinear identification of piezoelectric actuators · Nonlinear modeling of piezoelectric actuators · Nonlinear 
experimental modal analysis · Amplified piezoelectric actuator · Response-controlled stepped-sine test

Introduction

Piezoelectric actuators are widely used in small-scale 
applications [1]. Multi-layer piezoelectric stack actuators 
(MPSAs) are superior to other types of piezoelectric actua-
tors in terms of precision, resolution, stiffness, output force, 

and compactness. Despite the promising features, MPSAs 
suffer from low displacement as an output. The output dis-
placement of the MPSAs is enhanced by employing com-
pliant mechanisms while reducing the output force [2, 3]. 
MPSAs with rhombus-type flextensional compliant mecha-
nisms are utilized in various engineering fields under the 
name of amplified piezoelectric actuators (APAs). APAs are 
available in the market as a family of products (Fig. 1). Min-
iature APAs are used as positioners, motors, and vibration 
dampers in various micro-systems such as precise positioning 
mechanisms in optical devices, small-scale ultrasonic motors, 
and active vibration controllers in space structures [4].

Dynamic applications require predicting dynamic dis-
placements of an APA under high frequency and resonant 
conditions [6]. In early studies, miniature APAs have been 

 * A. Koyuncu 
 anlkoyuncu@hotmail.com

1 Middle East Technical University, 06800 Ankara, Turkey
2 Defense Systems Technologies Business Sector, ASELSAN 

A.Ş, Ankara 06172, Turkey
3 Defense Industries Research and Development Institute, The 

Scientific and Technological Research Council of Turkey, 
TÜBİTAK-SAGE, P.K. 16, 06261 Mamak, Ankara, Turkey

/ Published online: 5 August 2022

Experimental Mechanics (2022) 62:1579–1594

http://crossmark.crossref.org/dialog/?doi=10.1007/s11340-022-00878-y&domain=pdf


1 3

considered low-power actuators and expected to behave 
linearly under weak electric fields [7]. Accordingly, lin-
ear constitutive models have been utilized to estimate the 
dynamic behaviors of APAs. However, recent studies reveal 
that piezoelectric actuators exhibit nonlinear behavior even 
when subjected to weak electric fields [8–11]. A nonlinear 
model is required to describe the behavior of a piezoelectric 
actuator for dynamic applications.

There is an extensive body of literature for modeling and 
experimental identification of nonlinearities in patch-type 
piezoelectric actuators (see, e.g., [12–18]). In the literature, 
the general approach is to presume a physical-driven (con-
stitutive) nonlinear model for the piezoelectric material by 
observing measured constant-voltage frequency response 
data. The apriori model is then converted to a reduced-order 
modal model that can be used to carry out dynamic simula-
tions. The identification is completed by tuning the parame-
ters of the physical model in a manner to match the simulated 
frequency response (or backbone curve) data with the cor-
responding experimental data. A drawback of this approach 
is that it is quite possible to overlap the simulated and experi-
mental data even with an incorrect model. For example, if the 
constitutive model assumes linear damping while the actual 
piezo-material exhibits nonlinear damping, the tuning pro-
cess will compensate this modeling error by overshooting 
the actual parameters of the conservative part of the consti-
tutive model. This issue may be handled possibly better by 
directly correlating parameters of the physical model with the 
measured nonlinear modal data instead of frequency response 
data. By virtue of the recent developments in the field of 
nonlinear structural dynamics, the accurate identification of 
nonlinear modal parameters including the nonlinear modal 
damping ratio is now within reach [19, 20].

Compared to patch-type piezo-actuators, the literature 
about the stack-type piezo-actuators is very limited [4, 10, 

11, 21–26]. Dynamic behaviors of both types of actuators 
considerably differ from each other. In the patch-type actua-
tors, nonlinearity in the ‘31’-electromechanical coupling and 
its associated ‘1’-directional elasticity becomes important. 
On the other hand, in the stack-type actuators nonlinearity 
in the ‘33’-electromechanical coupling and ‘3’-directional 
elasticity has to be taken into account. To the best of the 
authors' knowledge, the only comprehensive study that char-
acterizes the nonlinearity of stack-type actuators has been 
recently published in [11]. In that work, Shivashankar et al. 
constructed a nonlinear constitutive model for longitudinal 
vibrations of MPSAs by following a procedure similar to 
the one previously mentioned for patch-type actuators. The 
experimentally extracted backbone curve plays the key role 
to characterize the nonlinearity, i.e., in proposing a non-
linear constitutive model with unknown coefficients. These 
unknown coefficients are then identified by using constant-
voltage frequency response data. Although constant-voltage 
(or force) testing may be suitable to extract the backbone 
curves in the case of relatively weak nonlinearities [11], it 
may result in considerable inaccuracy in the case of strong 
nonlinearities that exhibit the jump phenomenon due to 
unstable branches [27]. Fortunately, a prominent feature of 
the RCT method [19] is the accurate identification of turn-
ing points, unstable branches, and backbone curves of fre-
quency response functions (FRFs), as shown later in this 
paper. Furthermore, keeping the response amplitude con-
stant during frequency sweep makes the RCT method very 
suitable to study the frequency dependency of nonlinearity 
[28], which may also be a considerable issue for the MPSAs 
as discussed in [11, 29]. It is also possible to identify the 
nonlinear modal damping accurately by employing the RCT 
method using standard commercial modal test equipment, 
which is still a difficult task with other techniques. In the 
work of Shivashankar et al. [11], the damping is assumed 
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Fig. 1  (a) Working principle of an amplified piezo-actuator (APA), (b) photograph of the amplified piezo-actuator-APA35XS by Cedrat Tech-
nologies [5]
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to be linear which is arguable, and which may also affect 
the accuracy of the constitutive model. In literature, there 
exist studies that investigate the nonlinear damping mecha-
nism of patch-type piezo-actuators [15, 16]. However, no 
such study is available in the limited literature on stack-type 
piezo-actuators.

Similar to many nonlinear system identification tech-
niques recently developed in the field of structural dynam-
ics, the RCT method also relies only on the nonlinear normal 
mode (NNM) concept which was first introduced by Rosen-
berg [30]. Analogous to linear normal modes, Rosenberg 
defined a nonlinear mode as a vibration in unison of a non-
linear system. Later, in 1979, Szemplinska-Stupnicka pre-
sented the modified “single nonlinear mode” method [31] to 
model near-resonant vibrations of nonlinear multi-degree of 
freedom (MDOF) systems by using the NNM concept. The 
proposed method shows that the near-resonant frequency 
responses of a nonlinear system can be expressed by using 
a single NNM and its corresponding natural frequency, pre-
suming the modes are well separated and no internal reso-
nances occur. The single NNM and corresponding nonlinear 
modal parameters are functions of modal amplitude.

Until the 2010s, studies that used the NNM concept in 
nonlinear system identification were very few in number. 
Important early examples are [32, 33]. However, in the last 
decade, the number of nonlinear modal identification meth-
ods based on the NNM concept has increased significantly 
[34–37]. Although these state-of-the-art techniques success-
fully identify NNM backbone curves, the accurate identi-
fication of nonlinear modal damping is still a challenging 
issue. Furthermore, there exist few studies that identify a 
high degree of nonlinearities and that validate the identified 
nonlinear modal properties.

Recently, phase resonance testing with a phase-locked-
loop (PLL) controller [37] successfully achieved the iden-
tification of nonlinear modal damping of a friction-damped 
joint resonator [20] by using the extended periodic motion 
concept [38]. This approach proved also its applicability for 
the identification of much stronger nonlinearities; modal 
damping ratio of up to 15% and a resonance frequency shift 
by 36% in the case of a cantilever beam with dry-friction 
[39]. An important benefit of the phase resonance testing 
with the PLL controller is that only the points on the back-
bone curve need to be tested, which can reduce the test dura-
tion considerably. On the other side, a possible drawback is 
that it is currently not implemented in commercial modal test 
systems (e.g., LMS Test Lab), and therefore cannot easily be 
used by practicing engineers.

Another promising nonlinear modal identification method 
that can identify nonlinear modal damping ratio and that can 
accurately quantify a high degree of nonlinearities has been 
recently proposed by Karaağaçlı and Özgüven in [19] under 
the name of response-controlled stepped-sine testing (RCT). 

In this method, the displacement amplitude of the driving 
(excitation) point is kept constant in a closed-loop control 
during the stepped sine testing. Various applications ranging 
from simple benchmarks to real and complex engineering 
systems showed that this control strategy yields quasi-linear 
constant-response FRFs around resonance frequencies. The 
important merit of the RCT method is that these quasi-linear 
FRFs can be easily measured using standard commercial 
modal test equipment. Then, they can be processed by stand-
ard linear analysis techniques to accurately identify response 
level-dependent modal properties of nonlinear structures. 
The RCT method has been successfully applied so far to a 
T-beam with local cubic stiffness [19], a missile structure 
with considerable damping nonlinearity mostly due to bolted 
joints [19], and a double clamped beam with strong geo-
metrical nonlinearity [40]. In [40], the RCT method accu-
rately quantified about a 20% shift of the natural frequency 
and an order of magnitude change in modal damping ratio 
(from 0.5% to 4%).

It is worth mentioning that the idea of extracting 
response-level dependent modal parameters from constant-
response testing essentially dates back more than a decade 
earlier than the RCT method [41, 42]. However, in [41], the 
theoretical base remains restricted to structures with local 
nonlinearities. On the other hand, in [42], although it is 
achieved to identify amplitude-dependent modal parameters 
of an engineering system with distributed nonlinearity by 
using constant-acceleration testing, the nonlinearity is weak; 
the method lacks theoretical justification and is based on 
intuition. Moreover, keeping acceleration amplitude constant 
is just an approximation to keeping displacement amplitude 
constant, and does not hold true when there is consider-
able resonance frequency shift as in the case of geometric 
nonlinearities. The RCT method [19], on the other hand, 
provides a rigorous mathematical framework by combing 
the single nonlinear mode theory [31] with the Nonlinearity 
Matrix concept [43], and its applicability is experimentally 
demonstrated on various strongly nonlinear mechanical sys-
tems as mentioned above. It is also important to note that the 
contribution of the RCT is not limited to the identification of 
response-dependent modal parameters. It uses these param-
eters to obtain constant force amplitude FRFs both in stable 
and unstable frequency regions. Furthermore, it provides 
the unstable branches of FRFs directly from measurements 
as well by using the harmonic force surface (HFS) concept 
[19, 27, 40].

The applicability of RCT on a miniature electro-mechanical 
system that incorporates piezoelectric material could not be 
taken for granted for several reasons. Firstly, the frequency 
dependence of the nonlinearity in stack-type piezo-actuators 
could possibly be significant as suspected by Shivashankar 
et al. [11], which could degrade the quasi-linearity of con-
stant-response FRFs. Secondly, the miniature nature of the 
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electro-mechanical device required to conduct the test at very 
low response amplitudes (far below 10 µm) compared to pre-
vious RCT applications [19, 40]. This could possibly lead to a 
considerably low S/N ratio which could distort the measure-
ments and render response-control impossible. Thirdly, the 
small scale of the APA enforces considerable modifications in 
the usual implementation of the RCT method: a non-contact 
laser displacement sensor is chosen as the control sensor instead 
of an accelerometer, the structure is excited with the embed-
ded piezoelectric stack actuator instead of an electrodynamic 
shaker, and the excitation and response control points do not 
coincide. These modifications could possibly cause unexpected 
complications that could obstruct the applicability and disrupt 
the accuracy of the RCT method. Therefore, one of the impor-
tant contributions of this paper is to clarify all these issues and 
to demonstrate the applicability of the RCT method to minia-
ture electromechanical devices.

In this work, the miniature amplified piezoelectric actua-
tor APA35XS shown in Fig. 1(b) from Cedrat Technologies 
is selected as a test specimen [5]. The displacement ampli-
tude of the control point is kept constant, and the input volt-
age spectrum corresponding to each displacement amplitude 
level is measured during the stepped-sine tests. Eventually, 
frequency response functions (FRFs) come out in the quasi-
linear form. Modal parameters are experimentally identi-
fied from the quasi-linear FRFs through standard linear 
modal analysis tools. Nonlinear modal parameters of the 
miniature APA are then extracted as functions of response 
amplitude. In the mode of interest, the RCT quantifies about 
a 130 Hz change of natural frequency and a modal damp-
ing ratio ranging from 1% to 1.5% in the amplitude range 
of interest, which indicates considerably high stiffness and 
damping nonlinearities. Finally, nonlinear modal parameters 
are validated by comparing the constant-force frequency 
response curves synthesized from these parameters with 
those extracted directly from the experiment using the har-
monic force surface (HFS) approach proposed in [19].

This section is concluded by emphasizing another impor-
tant contribution of this paper. As previously mentioned, 
the literature about the nonlinear dynamics of stack-type 
piezo-actuators is very limited, and this is the first work that 
investigates the nonlinear damping of this type of actuator. 
In the Experimental Work section, it is shown that, similar 
to APA35XS, the stack-type actuator studied in [11] also 
exhibits considerable damping nonlinearity contrary to the 
linear damping assumption of Shivashankar et al. More 
importantly, this is achieved in a novel way by construct-
ing the HFS for the first time from the constant-voltage 
frequency response curves (instead of constant-response 
harmonic voltage (or force) spectra), which is the only 
available experimental data in [11]. The HFS is then sliced 
by constant displacement amplitude planes that give quasi-
linear constant-response FRFs. These FRFs are processed 

with standard linear modal analysis techniques to extract 
nonlinear modal parameters, including modal damping ratio. 
Finally, it is shown that the constant-voltage FRFs synthe-
sized by using the identified nonlinear modal damping ratio 
match with the real experimental data significantly better 
than the ones synthesized by using the linear damping model 
of Shivashankar et al. [11].

Methodology

Nonlinear experimental modal analysis by using the RCT 
method has been recently proposed in [19] where its theoret-
ical background and implementation are explained in detail. 
For the sake of completeness, the fundamental steps and the 
key features of the method are explained below.

The experimental modal analysis with RCT consists of 
the following fundamental steps:

Step 1: Quasi-linear constant-response FRFs are meas-
ured at several different displacement amplitude levels by 
keeping the displacement amplitude of the control point 
constant throughout the stepped sine testing at each level.
Step 2: Modal parameters of each quasi-linear FRF are 
identified using standard linear modal analysis tools. A 
nonlinear modal model is then constructed by express-
ing the identified modal parameters as functions of the 
displacement (equivalently modal) amplitude.
Step 3: Required near-resonant constant-force (or voltage) 
frequency response curves are calculated employing the 
identified modal parameters in a Newton Raphson solu-
tion scheme with the arc-length continuation algorithm.

The quasi-linearity of constant-response FRFs mentioned 
above is theoretically based on the following receptance for-
mula derived from the single nonlinear mode theory [31] and 
the Nonlinearity Matrix concept [43] as explained in [19]:

where Ajkr
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the control point constant. This also means that the modal 
amplitude can be mapped to the spatial displacement ampli-
tude of the control point. Therefore, the receptance shown 
in equation (1) can be alternatively expressed as follows:

where ||
|
Xj
|
|
|
 is the displacement amplitude of the control point.

It is important to note that the single nonlinear mode 
theory does not provide a general mathematical proof that 
guarantees the validity of its fundamental hypothesis for 
any nonlinear structure, i.e., the dependence of nonlinear 
modal parameters on a single parameter; the modal (or dis-
placement) amplitude. In order to turn this hypothesis into 
a well-established theory, it must be verified by experiments 
applied to different types of nonlinearities. The RCT has 
already been verified so far on joint nonlinearities [19] and 
continuously distributed (geometrical) nonlinearities [40], 
which are considered challenging problems for the current 
state-of-the-art. This particular research paper makes a third 
important contribution that further expands the applica-
tion area of the single nonlinear mode theory and the RCT 
method to include miniature electro-mechanical devices that 
incorporate piezoelectric material.

Concluding this section, it is interesting to note that since 
the exciter, i.e., piezo-actuator, is an integral element of the 
test structure, it is not possible to quantify the excitation 
force in the units of Newton directly. However, this is not an 
important issue since the main objective of this study is to 
construct an accurate mathematical model that relates the 
input voltage to the displacement output. Accordingly, the 
receptance formula given in equations (1) and (2) are also 
used somewhat differently than their classical definitions. 
The receptance represents the relation between the excitation 
force and the output displacement in its classical definition. 
However, in this study, it represents the transfer function 
between the input voltage and the output displacement.

Experimental Work

As reported in [11], most of the studies in the literature have 
focused on characterizing the nonlinear dynamic behavior 
of patch-type piezoelectric actuators. Since works about the 
elasticity of stack-type piezoelectric actuators are quite a 
few, their nonlinear dynamic behavior is not yet fully under-
stood and is still an open research field. From this perspec-
tive, an important merit of this experimental work is the 
identification of nonlinear modal parameters and the con-
struction of an accurate nonlinear modal model of a com-
mercial miniature APA, which may help to estimate the 
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parameters of a physical-driven (constitutive) model and 
therefore to gain a better theoretical understanding about 
the nonlinear behavior of stack-type piezoelectric actuators.

Experimental Setup

The test structure is the APA35XS model miniature actuator 
manufactured by Cedrat Technologies [5] (Fig. 1(b)). It con-
sists of two components: A multi-layer stack type piezoelec-
tric actuator and a rhombus type compliant mechanism that 
converts the lateral (horizontal) motion of the piezoelectric 
actuator into transverse (vertical) motion. The focus of this 
study was the fundamental transverse vibration mode of the 
APA in the actuation direction that exhibits strong softening 
nonlinearity. In order to study that mode, the APA was fixed 
to the ground from its base (Fig. 2).

Since the APA is a self-exciting structure, it does not 
require an external excitation source. Therefore, the har-
monic excitation force was generated by feeding the stack-
type piezoelectric actuator embedded in the APA with har-
monic voltage input. Since the excitation mechanism is part 
of the tested structure, the exciter-structure interaction is not 
very relevant to the application case studied herein. How-
ever, in the case of an external exciter such as an electrody-
namic shaker, this interaction can be a considerable issue 
[44, 45]. If the basic assumptions of the single nonlinear 
mode theory [31], i.e. well-separated modes and negligi-
ble higher harmonics, hold true, and the shaker attachment 
does not significantly distort the modal deflection, then the 
shaker-structure interaction is not pronounced [44] and the 
RCT method can be successfully applied by using stand-
ard modal test equipment. In practice, various damping 
mechanisms (e.g., friction at joints and/or material damp-
ing) naturally suppress the effects of higher harmonics [40, 
44] and the single nonlinear mode theory remains valid for 
a wide range of applications as in the case of this paper and 
the previous applications of the RCT method [19, 27, 40]. 
However, at sufficiently high energy levels, strong higher 
harmonics may arise due to harmonically coupled modes 
(internal resonance) [46]. In such a case, the closed-loop 
response-control has to be implemented with a noninvasive 
control scheme [47] so that the controlled structure behaves 
the same as the open-loop structure. Alternatively, internal 
resonance can be studied by phase resonance testing with a 
PLL controller, which is naturally noninvasive.

The vibration response of interest is the vertical tip dis-
placement of the APA in the actuation direction (which is 
related to the transverse vibration mode). The tip displace-
ment was measured by a non-contact laser displacement 
sensor (Micro-Epsilon OptoNCDT 2300) [48], which was 
installed on top of the actuator, as shown in Fig. 2.

During the experimental work, all the data acquisition 
and closed-loop control tasks were accomplished by the 
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LMS SCADAS system and LMS Test Lab software. The 
schematic view of the experimental test setup is shown 
in Fig. 2. The frequency range of interest encompassing 
the mode of interest was determined by preliminary fast 
sine sweep (periodic chirp) tests. During all the constant-
voltage and constant-response stepped sine tests, the fre-
quency step was taken to be 0.5 Hz.

Results of Constant‑Voltage Stepped Sine Tests

Before the application of the RCT method, a series of con-
stant-voltage tests were conducted on the miniature APA 
similar to [11]. The amplitude of the input harmonic voltage 

is kept constant in closed-loop control. The measured output 
is the tip displacement of the APA. FRFs measured at differ-
ent constant voltage levels are shown in Fig. 3. As the volt-
age level is increased from 0.1 V to 3 V, an approximately 
130 Hz drop of the resonance frequency is observed, which 
indicates strong softening nonlinearity.

Another important observation related to Fig. 3 is the 
jump phenomenon observed at high voltage levels, which 
is an indication of unstable regions. This is an interesting 
difference between this study and the work of Shivashankar 
[11]. In the latter, the nonlinearity is relatively weak, and 
luckily no jump is encountered. During constant-voltage 
(or force) stepped-sine testing of structures in an unstable 

Fig. 2  Schematic view of the 
experimental setup
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region, corrective voltage (or force) perturbation of the 
controller to capture the reference signal in the proximity 
of the FRF turning point may lead to a premature jump 
before reaching the actual resonance peak [27]. In such a 
case, the accuracy of the measured backbone curve is always 
questionable.

It is also important to note that for most state-of-the-art 
techniques including constant-voltage (or force) testing, 
identifying nonlinear modal damping is still a challeng-
ing issue. Regarding Fig. 3, standard linear modal analysis 
techniques may only help to extract modal damping at the 
lowest voltage level, where the system’s FRF looks linear. 
In [11], the damping of the stack-type piezoelectric actuator 
is assumed to be linear without solid proof.

Identification of Nonlinear Modal Parameters 
by Using the RCT Method

In the RCT method, first of all, a series of response-controlled 
stepped-sine tests were conducted at 11 different displacement 
amplitude levels of the tip point of the miniature APA rang-
ing from 0.5 µm to 10 µm. During each test, the displacement 
amplitude of the tip point was kept constant throughout the 
frequency sweep in closed-loop control, and the corresponding 
harmonic input voltage spectrum was recorded. Then, dividing 
the constant harmonic displacement spectrum by the corre-
sponding harmonic voltage spectrum, constant-response FRFs 
were obtained, as shown in Fig. 4.

The first important observation relevant to Fig. 4 is that 
although the constant-response FRFs cover the voltage 

levels shown in Fig. 3, they do not exhibit any jump phe-
nomenon. This is due to the fact that the test structure settles 
in one stable orbit throughout the frequency sweep by virtue 
of the constant-response strategy of the RCT method. With 
this strategy, the competition of multiple stable orbits and, 
therefore the jump phenomenon, which is typically encoun-
tered in constant-voltage (or force) testing, is avoided. The 
interested reader may refer to [40] for a detailed discussion 
of this issue.

The second important observation that can be made 
from Fig. 4 is that the constant-response FRFs turn out to 
be quasi-linear. This means that the fundamental hypoth-
esis of the single nonlinear mode theory [31], i.e., all the 
modal parameters being a function of a single parameter, 
the response (equivalently modal) amplitude, holds true 
for the miniature APA. It also means that the frequency 
dependence of the nonlinearity is negligible at least in 
a narrow frequency band covering the resonance region 
of a specific mode. These results are consistent with the 
nonlinear constitutive model of stack-type piezo-electric 
actuators constructed in [11]. However, it is also impor-
tant to note that in [11], the coefficients of the constitutive 
model identified by using two different modes are consid-
erably different from each other. Shivashankar et al. relate 
this issue to the frequency dependence of nonlinearity, 
which is still reasonable: Although the frequency depend-
ence looks to be negligible in the neighborhood of spe-
cific modes, it may be pronounced over a wide frequency 
band covering multiple modes. The inconsistency of the 
coefficients of the constitutive model could also be related 

Fig. 4  Quasi-linear constant-
response FRFs measured by 
RCT 
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to the linear damping presumption of Shivashankar et al. 
[11]. Later in this section, the nonlinear modal damping 
ratio is identified as a function of displacement amplitude 
by processing the constant-voltage frequency response 
curves measured in [11] and using the HFS concept. It is 
demonstrated that constant-voltage FRFs synthesized by 
using the nonlinear modal damping ratio match with the 
experimental data significantly better compared to the case 
where linear damping assumption is used.

Modal parameters of each quasi-linear FRF shown in 
Fig. 4 can be extracted by using standard linear modal anal-
ysis methods. As an illustrative example, the quasi-linear 
FRF measured at 0.5 µm harmonic displacement amplitude 

is compared with the linear FRF synthesized from the iden-
tified modal parameters in Fig. 5. The same procedure is 
repeated for the rest of the FRFs measured using the RCT 
method. After obtaining modal parameters for each quasi-
linear FRF, curves are fitted onto the identified modal 
parameters by using the fit function of MATLAB with the 
piecewise cubic Hermite interpolation (pchipinterp) method, 
as shown in Figs. 6 and 7.

As indicated in Fig.  6(a), the resonance frequency 
decreases almost linearly with increasing response ampli-
tude. As shown in the next section, the backbone curve of the 
miniature APA is also an inclined straight line. This behavior 
is consistent with the nonlinear behavior of the stack-type 

Fig. 5  Comparison of the 
constant-response FRF synthe-
sized by using the identified 
modal parameters with the one 
measured by RCT 
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Fig. 6  Variation of the modal parameters corresponding to the nonlinear normal mode of the APA35XS with respect to the response level: (a) 
natural frequency, (b) modal damping ratio
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piezo-actuator studied in [11]. From Fig. 6(a), it is also 
observed that the drop of the resonance frequency is about 
130 Hz, which indicates a strong softening nonlinearity.

Figure 6(b) indicates that the modal damping ratio exhib-
its an abrupt increase from 1.0% to 1.5% at relatively low 
response levels. However, it looks like to settle around a 
constant value at high response levels.

Validation of the Nonlinear Modal Model

In order to validate the identified modal parameters, 
first of all, harmonic voltage spectra measured at con-
stant-displacement amplitude levels are merged to con-
struct the HFS by using linear interpolation, as shown 
in Fig. 8. Slices of the HFS at constant voltage levels 

Fig. 7  Variation of the modal 
constant corresponding to the 
nonlinear normal mode of the 
APA35XS with respect to the 
response level
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Fig. 8  (a) Harmonic excitation voltage spectra of the APA measured during RCT (b) HFS of the free end constructed by combining harmonic 
excitation voltage spectra with linear interpolation
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give constant-voltage frequency response curves, which 
are purely experimental data. The prominent feature of 
the HFS technique is the accurate extraction of the turn-
ing and unstable branches of these curves, which cannot 
be achieved by constant-voltage testing due to the jump 
phenomenon (Fig. 3). A detailed discussion of the HFS 
approach is given in [19, 27].

Identified nonlinear modal parameters are validated by 
comparing constant-voltage frequency response curves syn-
thesized from these parameters, by using the Newton–Raphson 
method and the arc-length continuation algorithm, with the ones 
extracted from the HFS. The comparison is shown in Fig. 9. It 
can be observed from the figure that the match between synthe-
sized and extracted curves is almost perfect, which demonstrates 
the accuracy of the identified nonlinear modal parameters.

Finally, the NNM backbone curve constructed by using 
constant-voltage frequency response curves synthesized 
from the identified nonlinear modal parameters is com-
pared with the one directly extracted from the HFS, which is 
purely measured (nonparametric) data, as shown in Fig. 10. 
The good match between both backbone curves once again 
validates the accuracy of the identified nonlinear modal 
model. It is also worth mentioning that the backbone curve 
is an inclined straight line which is consistent with the 

nonlinear behavior of the stack type piezo-actuator studied 
in [11] as discussed in the previous section. It can be con-
cluded that the nonlinearity of the miniature APA studied 
herein is most governed by the nonlinearity of the embedded 
piezo-actuator.

Identification of Nonlinear Modal Damping Ratio 
of Stack Piezoelectric Actuators by Using the Harmonic 
Force Surface Concept

In previous sections, it has been discussed that the linear 
damping assumption of the Shivashankar et al. [11] for 
stack-type actuators does not rely on solid proof. This sec-
tion demonstrates that they could actually extract the non-
linear modal damping ratio accurately by just constructing 
the Harmonic Force Surface (HFS) from already available 
measurements without any extra experimental effort.

In all the previous applications of the RCT method [19, 
27, 40], the HFS has been constructed by merging harmonic 
force (or voltage) spectra measured at different constant-
displacement amplitude levels as illustrated in the previous 
section. However, in the work of Shivashankar et al. [11], the 
experimental data consists of the frequency response curves 

Fig. 9  Comparison of constant-voltage frequency response curves extracted from HFS with the ones synthesized by using nonlinear modal 
parameters
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measured by constant-voltage testing, as shown in Figs. 11(a) 
and 12(a). Luckily, the nonlinearity is not too strong and 
these curves are very smooth without any jump. Therefore, 
in this paper, it is demonstrated for the first time that if there 
is no jump, HFSs can also be constructed smoothly by com-
bining constant-voltage (or force) frequency–response curves 
with linear interpolation, as shown in Figs. 11(b) and 12(b).

Once the HFSs are constructed, they are sliced by dif-
ferent constant-displacement amplitude planes to obtain 
corresponding V-shaped harmonic voltage spectra. By 
dividing each constant-displacement amplitude value by 
the corresponding voltage spectrum, constant-response 
FRFs are obtained, as shown in Fig. 13. Similar to the APA 
studied in the previous section, constant-response FRFs 

Fig. 10  Comparison of the 
backbone curve extracted from 
HFS with the one obtained by 
using nonlinear modal param-
eters

a) b)

Fig. 11  (a) Harmonic displacement spectra measured by constant-voltage testing in the first mode [11] (b) HFS constructed by combining har-
monic displacement spectra with linear interpolation for the first mode
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turn out to be quasi-linear. Accordingly, modal parameters 
corresponding to the two modes of the stack-type actua-
tor are extracted as functions of displacement amplitude, 
as shown in Figs. 14 and 15, by applying standard linear 
modal analysis techniques. Figures 14(b) and 15(b) show 
that the modal damping ratios exhibit considerably nonlin-
ear behavior, which contradicts the linear damping assump-
tion of the Shivashankar et al. [11]. In both modes, the 
modal damping ratio increases with increasing response 
amplitude. It should be noted that in this application a 

nonlinear viscous damping model is assumed instead of 
structural damping, just to be able to directly compare it 
with the linear viscous damping model of [11]. Therefore, 
the nonlinear modal parameters are identified by using the 
following receptance formula:
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Fig. 12  (a) Harmonic displacement spectra measured by constant-voltage testing in the second mode [11] (b) HFS constructed by combining 
harmonic displacement spectra with linear interpolation for the second mode
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Similar to the APA application in the previous section, 
the accuracy of the identified nonlinear modal parameters 
is demonstrated by comparing constant-voltage frequency 
response curves synthesized from these parameters with the 
measured data in Fig. 16. The match between the measured 
and synthesized curves is quite good, which shows the accu-
racy of the identified modal parameters. In the same figure, 
frequency response curves are also synthesized by using 
linear modal damping values of Shivashankar et al. [11]; 
0.301% and 0.244% for the first and second modes, respec-
tively. Obviously, the nonlinear damping model predicts fre-
quency response curves considerably better than the linear 
modal damping assumption, especially at moderate and high 
voltage levels. It can be concluded that if Shivashankar et al. 
could use the nonlinear modal damping model in their deri-
vations, they would probably extract the parameters of their 
physical model more accurately.

Conclusions

A great majority of work in the literature has focused on 
characterizing the nonlinear dynamic behavior of patch-type 
piezoelectric actuators. However, studies about the elastic-
ity of stack-type piezoelectric actuators are quite a few in 
number. Therefore, their nonlinear dynamic behavior is not 
yet fully investigated and is still an open research field. An 
important contribution of this paper is the accurate identifi-
cation of nonlinear modal parameters and the construction 
of a reliable modal model of a miniature Amplified Piezo-
electric Actuator (APA) by using a recently developed non-
linear modal identification framework, namely the Response 
Controlled stepped-sine Testing (RCT) method. In the non-
linear mode of interest, the RCT method quantifies about a 
130 Hz drop of natural frequency, which corresponds to a 
3% frequency shift, and an increase of modal damping ratio 
from 1.0% to 1.5%, corresponding to a 50% change in the 
amplitude range of interest. This indicates considerably high 
stiffness and damping nonlinearities. It is important to note 
that the accurate identification of nonlinear modal damping 
is still a challenging issue. The quantification and valida-
tion of the nonlinear modal damping of miniature stack-type 
piezo-actuators are achieved for the first time in this study.

The RCT method has been successfully applied so far 
on various structures ranging from simple benchmarks to 
complex engineering systems. However, the applicabil-
ity of RCT on a miniature electro-mechanical system that 
incorporates piezoelectric material could not be taken for 
granted for several reasons: a possible frequency dependence 
of nonlinearity could degrade the quasi-linearity of constant-
response FRFs, a possible low S/N due to considerably low 
amplitude oscillators could degrade the accuracy of the RCT 
method and modifications in the implementation of the RCT 

method by the miniature nature of APA could possibly cause 
unexpected complications. In this paper, all these issues are 
clarified, and the applicability of the RCT method on minia-
ture electromechanical devices is successfully demonstrated.

Finally, it is demonstrated in this paper for the first time 
that if there is no jump (weak nonlinearity), HFS can also 
be constructed smoothly by combining constant-voltage (or 
force) frequency–response curves with linear interpolation, 
and then the HFS can be sliced by constant-displacement 
planes to obtain quasi-linear constant-response FRFs from 
which the nonlinear modal parameters including nonlinear 
modal damping ratio can be identified by applying standard 
linear modal analysis techniques. This approach is applied to 
the experimental results of recent work [11], and it is shown 
that the stack-type actuator studied in that study exhibits 
considerable damping nonlinearity contrary to the linear 
damping assumption. It is also demonstrated that the con-
stant-voltage FRFs synthesized by using the identified non-
linear modal damping ratio match with the real experimental 
data significantly better than the ones synthesized by using 
the linear damping model of [11], revealing that including 
the nonlinearity of the damping in stack-type actuators will 
improve the accuracy of the dynamic model considerably.
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