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Abstract Colorado Mason sand has received increasing at-
tention for use as a model granular material for the investiga-
tion of the soil response under a blast. The grain-level me-
chanical properties of Colorado Mason sand, which are im-
portant input for modeling and simulation of such granular
material, are measured by nanoindentation. The as-received
assorted sand is sorted into six grain sizes: 0.15 mm,
0.21 mm, 0.3 mm, 0.42 mm, 0.6 mm, and 0.84 mm. The sand
chemical constituents are determined using energy dispersive
X-ray spectroscopy, and three main types of sand grains are
determined as silica, rock, and metal oxide. The Young’s mod-
ulus and hardness are measured using nanoindentation with a
Berkovich tip. A cube-corner indenter tip is used to generate
radial cracks, the lengths of which are used to determine the
fracture toughness. The mechanical properties (Young’s mod-
ulus, hardness and fracture toughness) of the sand are statisti-
cally analyzed, and are found to follow a tri-modal Weibull
distribution, corresponding to three main types of constituent
grains. The grains show ductile behavior under Berkovich tip
due to confinement by high pressure induced by the tip. An
inverse method is used to determine the stress-strain relation-
ship for individual sand grains using finite element analysis,
with the consideration of Drucker-Prager yield criterion. The
grain-level mechanical properties determined in this study can
be used in microscale and mesoscale simulations.
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Introduction

Sand is a granular material consisting of an aggregate of par-
ticles with irregular geometry and surface topography. It ex-
hibits complex mechanical behavior, and is unique in that it
behaves in many aspects similar to other matters, such as
solids, liquids, and gases. Due to its unique mechanical be-
havior, sand has numerous civil and military applications. It is
used as an ingredient in concrete, a filler for sand bags, or
simply used in its loose form. As such, sand is used in the
construction of civil engineering structures and highways, in
protection against floods or soil erosion, in ballistic protection
for military structures. Sand is also used in manufacturing
applications such as waterjet cutting, sand blasting, and
sandcasting. Considerable research has been conducted to in-
vestigate the mechanical behavior of sand under quasi-static
loading conditions [1–3]. Triaxial compression of sand was
conducted to investigate the anisotropic behavior, softening
behavior, and shear band formation [4–7]. The mechanical
behavior of sand has also been characterized at high strain
rates [8–10], and the effects of initial mass density, particle
sizes, and moisture are investigated.

Investigation of the mechanical behavior of sand, from
granular level to mesoscale and macro scale, can contribute
towards a fundamental understanding of the underlyingmech-
anisms of deformation, flow, and fracture of granular materials
under load. It can ultimately be used to explain the large scale
phenomena such as landslide and penetration [11–13]. For
modeling those mechanisms mentioned above, numerical
simulations using the finite element method (FEM), discrete
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element method (DEM), peridynamics, and material point
method (MPM) [14–23] are usually performed to capture the
effects of solid/fluid interactions, surface roughness, irregular
shape and anisotropy on the mechanical behavior [24]. The
overall behavior of sand at mesoscale depends strongly on the
grain-level mechanical behavior. Therefore, it is particularly
important to determine the fundamental mechanical proper-
ties, such as Young’s modulus, hardness, fracture toughness,
and stress-strain relationship, of individual sand grains to pro-
vide accurate information for the numerical simulations of
granular materials. However, due to the small size of sand
grains, typically in the range of 0.1 to 1.5 mm with irregular
shape, it is difficult to conduct conventional experiments, such
as tension [25], compression [5, 26], shear [6, 27], and stress
wave propagation [8, 9, 28], which are usually conducted for
characterization of the mechanical properties of a material in
bulk form. An effective technique, which overcomes the dif-
ficulty, is thus necessary to measure the mechanical properties
of individual sand grains.

In recent years, instrumented nanoindentation technique,
also known as depth-sensing indentation, has become an effec-
tive technique for determining the local mechanical properties
at the microscale and nanoscale. Nanoindentation has been
widely used to characterize the mechanical behavior of differ-
ent types of materials, such as elastic-plastic [29], viscoelastic
[30–32], and viscoplasitc [33, 34] materials. Methods for mea-
suring the elastic-plastic properties, such as Young’s modulus
and hardness, have been well established by Oliver and Pharr
[35, 36]. This method has been implemented in commercially
available nanoindenters, and has been applied to characterize
the mechanical behavior of granular materials. Daphalapurkar
et al. [37] investigated the grain-level mechanical behavior of
Stillwater sand using nanoindentation, and determined its
Young’s modulus, hardness, fracture toughness and stress-
strain relationship. Recently, Wang et al. [38] measured the
mechanical properties such as modulus, hardness and fracture
toughness of individual Eglin sand by nanoindentation, and
reported that those properties follow the Weibull distribution.
To determine the stress-strain relationship of sand grains, the
von Mises yield criterion was used along with isotropic hard-
ening to simulate the nanoindentation on sand grain [37, 38].

Recently, Colorado Mason sand has been used as the ma-
terial for the investigation of soil blast and modeling [18–20,
22, 39–46]. However, the mechanical properties at granular
level are not yet available. In this paper, nanoindentation is
conducted to determine the mechanical properties of six sizes
of Colorado Mason sand grains, sorted from the as-received
poorly graded sand using shaking sieves. The energy disper-
sive X-ray spectroscopy (EDS) is used to determine the chem-
ical constituents. Nanoindentation is made on two perpendic-
ular surfaces of the same sand grain to examine the isotropy.
For each size of sand grains, more than 150 nanoindentation
experiments are conducted using a Berkovich tip. The

Young’s modulus and the hardness are determined by analyz-
ing the nanoindentation load-displacement curves. To mea-
sure the fracture toughness, a cube-corner indenter tip is used
to induce cracks in the sand grain. A statistical method is used
to analyze the nanoindentation experimental results. Finally,
the stress-strain relationships are extracted by adopting an
inverse method by way of finite element method (FEM) sim-
ulations. This paper is organized as follows: in the next sec-
tion, specimen preparation is described, followed by explana-
tion of the nanoindentation experimental setup and data anal-
ysis method. The results and discussions are then reported,
and conclusions made are stated.

Experiment and Simulation

Sample Preparation

A poorly graded Colorado Mason sand, obtained from
Colorado Materials in Longmont, Colorado, USA, is used in
this study. In order to determine the chemical compound of the
Colorado Mason sand, energy-dispersive X-ray spectroscopy
(EDS) analysis is conducted under Zeiss Supra-40 scanning
electron microscopic (SEM) system. The EDS spectra and
corresponding SEM images are shown in Fig. 1. It is identified
that Colorado Mason sand consists mainly of three types of
materials [47]: (1) transparent sand grains that contain only Si
and O, they are pure SiO2, or silica sand grain; (2) Translucent
sand grains that contain only Si, O, Al and Na, these are
contaminated grains, they are called rock herein; (3) black
sand grains that contain Fe and O, they are metal oxide grains.
Colorado Mason sand is a local naturally occurring sand

Fig. 1 EDS spectra and SEM images of the polished Colorado Mason
sand surface. In the left inset, the transparent sand grain (black arrow) is
silica sand, and the corresponding EDS spectrum is shown as the black
curve; the translucent sand grain (red arrow) is rock, and the corresponding
EDS spectrum is shown as the red curve; the grain in the right inset is metal
oxide, and its EDS spectrum is shown as the green curve
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which includes the other two non-silica constituents, specifi-
cally rock and metal oxide. It is noted that silica grains can be
colorless or white. The white particles are highly weathered
and porous [41]. In this paper, the nanoindentation on silica
grains is made on transparent particles only.

The as-received Colorado Mason sand is washed and
subsequently dried in an oven at 55 °C for 24 h. A
multi-directional shaker is used to sort out the sand grains
[8, 37, 38]. The shaker (D-4326, DUAL Manufacturing Co,
Franklin Park, IL) used a series of metal wire sieves following
the ASTM standard E-11-09e1 (Specification for Wire Cloth
and Sieves for Testing Purposes). To separate different sizes of
the sand, the sand agglomerate is vibrated through a series of
sieves stacked together, with the larger open-hole sizes at the
top and gradually reducing to the smaller ones at the bottom.
Following the ASTM standard D2487, the sand grains are
sorted into grain sizes of 0.84 mm, 0.6 mm, 0.42 mm,
0.3 mm, 0.21 mm, and 0.15 mm through shaking sand grains
on a set of stacked sieves of #20, #30, #40, #50, #70, and
#100, respectively.

Samples for nanoindentation are prepared as follows. The
sorted Colorado Mason sand grains are embedded in a cement
matrix. Colorado Mason sand grains, cement, and water with a
weight proportion of 10:30:9 are mixed and mounted in a sam-
ple holder. After curing for 36 h, the sand specimens are
polished by a MultiPrep™ system polishing machine using alu-
mina abrasive slurry with particle size from 1 μm to 50 nm.
After polishing, the sand sample surfaces are cleaned by acetone
followed by alcohol. Figure 2(a) shows an optical micrograph of
the polished sand surface with several grains. Within the sand
grains, defects such as small pits and ridges are observed, indi-
cating the presence of defects inside the sand grains. An atomic
force microscope (AFM) image of the polished sand surface
profile is shown in Fig. 2(b). It is determined that the surface
roughness root mean square (RMS) is approximately 2 nm,
which is smooth enough for nanoindentation.

Measurements of Young’s Modulus and Hardness

An Agilent G200 nanoindenter is used for nanoindentation
measurements. The nanoindentation system can reach a max-
imum indentation depth of 500 μm (resolution of 0.2 nm) and
a maximum load of 500 mN (resolution of 50 nN). A
Berkovich indenter tip, made from a single crystal diamond,
is used to measure the Young’s modulus and hardness.
Nanoindentation is made on flat, polished sand grain surfaces
under a constant loading rate of 2 mN/s. Nanoindentation sites
are near the center of a sand grain, to minimize the edge effect.
The applied load on the indenter tip is increased until it
reaches 30 mN, followed by unloading. The nanoindentation
load-displacement curve obtained is thus characteristic of that
particular sand grain. Analysis is carried out to determine the
mechanical properties of sand grains based on the contact

mechanics analysis of nanoindentation load-displacement re-
lationships, which has been well established by Oliver and
Pharr [35, 36].

The hardness (H) is obtained using H = Pmax/Ac, where
Pmax is the maximum nanoindentation load, Ac is the contact
area corresponding to the contact depth (hc) at the maximum
load, which is calculated based on the tip area function.

The reduced modulus Er is obtained by 1/Er = (1- νs
2)/Es +

(1- νi
2)/Ei, where Es and νs are the Young’s modulus and

Poisson’s ratio of the specimen, respectively, while Ei and νi
are the Young’s modulus and Poisson’s ratio of the diamond
Berkovich indenter tip, respectively. Due to the finite stiffness
of the indenter tip, its modulus is considered in the calculation
of ColoradoMason sand grain modulus from the contact stiff-
ness. The contact stiffness S is calculated from the slope of the
initial unloading curve

S ¼ dP
dh

¼ β
2ffiffiffi
π

p Er

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ac hcð Þ

p
ð1Þ

where β is the indenter shape factor [36]. Equation (1) along
with the known values of the area function, slope of the

Fig. 2 Surface images of a polished Mason sand surface: (a) optical
micrograph of polished sand grains embedded in cement matrix, (b)
Atomic force microscopy (AFM) image showing the surface topography
of a sand grain after polishing. Surface roughness (RMS) is 2 nm
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unloading curve, and Young’s modulus and Poisson’s ratio of
the Berkovich indenter tip are used to determine the Young’s
modulus of Colorado Mason sand grain. The hardness is cal-
culated from the maximum load and the corresponding con-
tact area. These are the direct outputs from the nanoindenta-
tion software, based on the Oliver-Pharr method [35, 36].

Measurement of Fracture Toughness

When a brittle material is pressed by a sharp indenter tip under
a sufficiently high load, three radial cracks are formed, and
emanate from the indenter corners. In such a case, the fracture
toughness can be determined by measuring the lengths of the
radial cracks produced under a given nanoindentation
load. In this investigation, a cubic-corner indenter tip,
made of a single crystal diamond, is used to indent into
a polished Colorado Mason sand grain to initiate cracks
at the three corners of the tip. The average of the
lengths of the three radial cracks produced under a giv-
en nanoindentation load is used to calculate the mode-I
fracture toughness KC using [48]

KC ¼ α
E
H

� �0:5 Pmax

c3=2

� �
ð2Þ

where α is an empirical constant which takes into account of
the geometry of the indenter tip (for a cubic-corner tip, α =
0.032), Pmax is the maximum load, and c is the crack length. E
and H are the Young’s modulus and hardness of the Colorado
Mason sand grain, respectively.

FEM Simulations to Determine the Stress-Strain
Relationship

For determining the stress-strain relationship of Colorado
Mason sand grains, nanoindentation is modeled using FEM.
To determine the elastic-plastic properties of Stillwater and
Eglin sand grains, the von Mises yield criterion has been used
along with isotropic hardening to simulate the nanoindenta-
tion [37, 38]. However, the Drucker-Prager model is more
widely used in mesoscale simulations to predict the mechan-
ical behavior of the granular materials under impact loading
[49–52]. Thus, in this paper, the Drucker-Prager yield
criterion [49] is used to simulate the pressure-dependent yield
behavior of Colorado Mason sand grains. The constitutive
behavior of Colorado Mason sand grains under uniaxial com-
pression is assumed to follow a linearly elastic, and power-law
hardening plastic relationship, as shown below

ε ¼ σ
E

for σ≤σ0

ε ¼ σ
K

� �1
n

for σ≥σ0

8><
>: ð3Þ

where E is the Young’s modulus, σ0 is initial compressive
yield strength, n is the work hardening exponent, and K is
the reference stress value. To ensure continuity, we have
K = σ0(E/σ0)

n. The Drucker-Prager yield criteria is written as

ϕ ¼
ffiffiffiffiffiffiffiffi
3J 2

p
−
I1
3
tanβ− 1−

1

3
tanβ

� �
σ0 ¼ 0 ð4Þ

where β is the friction angle, and σ0 is the uniaxial compres-
sive yield strength. In equation (4), σe ¼

ffiffiffiffiffiffiffiffi
3J 2

p
and σm = I1/3

are the vonMises stress and hydrostatic pressure, respectively.
I1 is the first invariant of the Cauchy stress σij, and J2 is the
second invariant of the deviatoric part of the Cauchy stress

I1 ¼ σii; sij ¼ σij−
σii

3
; J 2 ¼ 1

2
sijsji ð5Þ

The Young’s modulus and hardness have been measured
from nanoindentation experiment directly. An inverse method
is used to determine the material properties of σ0, n, and β for
Colorado Mason sand grains. To this end, FEM is used to
simulate the nanoindentation. The commercial software pack-
age ABAQUS V6.14 is used for the modeling. A typical
three-dimensional (3D) FEM model used to simulate the
nanoindentation is shown in Fig. 3. Considering the three-
fold symmetry of the pyramidal Berkovich indenter, only
one sixth of the entire 3D model is used in simulations to
reduce the computational time. The actual tip geometry of
the Berkovich indenter used in this work, including the the
tip bluntness, is determined by conducting tip geometry cali-
bration experiment on a standard fused silica sample. It is
found that the Berkovich indenter used in this paper has a
tip rounding radius of approximately 100 nm. The indenter
bluntness is then taken into account in the FEM simulations.
The height and width of the FEMmodel are selected to be 100
and 50 μm, respectively. This model size is found to be large
enough to avoid sample size effect on the nanoindentation
load-displacement curve. The FEM model contains 48,600
linear hexahedral elements (C3D8R) and 117,973 quadratic
tetrahedral elements (C3D10). Adaptive meshing is used with
very fine mesh assigned in the region underneath the
Berkovich indenter. Mesh convergence studies are conducted
to ensure that proper mesh refinement has been achieved. The
displacement history from the experiment is given as input for
the FEM simulations. The Poisson’s ratio is assumed to be
0.18, and the Young’s modulus values determined by experi-
ment are used as input for the FEM simulations. The output of
the FEM simulation is the resulting nanoindentation load un-
der the prescribed displacement. This numerical nanoindenta-
tion load is plotted as a function of the nanoindentation dis-
placement, to generate the simulated load-displacement curve.
The compressive yield strength σ0, work hardening exponent
n, and friction angle β are adjusted until a good agreement is
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reached between the experimental and simulated nanoinden-
tation load-displacement curves. The best-fit parameters are
then used to determine the stress-strain relationship for the
Colorado Mason sand grains.

It is noted that the plastic properties, determined by an
inverse method using a single nanoindentation load-
displacement curve does not yield unique solution in certain
cases [53]. In our previous work on nanoindentation on
Stillwater and Eglin sand grains [37, 38], the inverse method
proposed by Shim et al. [54] was used to extract successfully
the stress-strain curve of a single sand grain from FEM simu-
lation. In this paper, however, the same inverse methodology
is not directly applicable because of the implementation of
Drucker-Prager yield criterion. For hydrostatic pressure-
dependent yielding, Peng et al. [55] reported an the inverse
method to determine the Drucker-Prager plastic properties
using nanoindentation. From their dimensional analysis and
FEM simulations, it was found that, for a material which has
pressure-dependent yield behavior, nanoindentation on two
materials with different sets of plastic properties cannot yield
the same loading–unloading curve. A unique solution can be
obtained from one nanoindentation load-displacement curve.
Details are described in [55].

Results and Discussion

Grain Size Distribution

The curve for the percent finer by weight as a function of grain
size is shown in Fig. 4. The six major sizes of sand grains are
0.84 mm, 0.6 mm, 0.42 mm, 0.3 mm, 0.21 mm, and 0.15 mm,
respectively. The median grain size is determined as 0.42 mm.

The sieve opening size of d60 allows 60% of the sand by the
weight to pass, determined as 0.5 mm. Similarly, the effective
grain size for d10 is determined as 0.17 mm, and uniformity
(defined as d60/ d10) is 2.94, indicating that there is a narrow
size distribution for Colorado Mason sand grains.

Young’s Modulus and Hardness

For the measurement of Young’s modulus and hardness, a
Berkovich tip is used in nanoindentation on the Colorado
Mason sand grain. Figure 5(a) shows the typical nanoinden-
tation load-displacement curves for these three types of grains,
specifically silica sand, rock, and metal oxide. Figure 5(b)
shows a typical nanoindentation residual impression on
silica sand grain using AFM, and Fig. 5(c) shows a typical
inverted image. The inverted image (Fig. 5(c)) enables the
determination of the nanoindentation depth and delineates its
topographical features. It is seen that no cracks are formed by

Fig. 3 Finite element method
(FEM) simulation model for
nanoindentation on a 1/6th model
for the Colorado Mason sand
grain indented by a Berkovich tip:
(a) side view of the overall ge-
ometry and the mesh, (b) side
view at a highermagnification, (c)
top view of the model

Fig. 4 Particle size distribution curve for Colorado Mason sand grains
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in nanoindentation using Berkovich indenter tip. Thus, the
continuum approximation is appropriate, and Oliver-Pharr
method [35, 36] can be used to determine the Young’s modu-
lus and hardness of the Colorado Mason sand grains.

The method developed by Oliver and Pharr [35, 36], in
general, is not suitable for materials with anisotropic proper-
ties [38]. To determine whether the Colorado Mason sand

grains are isotropic or not, nanoindentation experiments are
conducted on the two perpendicular edge sections in a quarter
of a Colorado Mason sand grain. If the indentation modulus is
very close to each other on the two perpendicular surfaces, the
grain can be treated isotropic in amorphous (non-crystalline)
form or pseudo-isotropic in polycrystalline. A large sand grain
(0.84mm) is chosen and embedded in a cement matrix to form
an approximately 4.1 mm thick disk, the disk is subsequently
cut into a rectangular bar (20 mm in length, and 8.1 mm in
width), as shown in Fig. 6. The polishing procedure
mentioned earlier is used to generate smooth surfaces.
Nanoindentation is made on a transparent silica grain and a
red opaque rock grain. For nanoindentation made on the two
perpendicular surfaces, the Young’s modulus is calculated by
Oliver-Pharr method. For the rock grain, the Young’s modulus
values for two perpendicular sides are 84.8 ± 10.2 GPa and
88.1 ± 5.0 GPa, respectively. Young’s modulus values for
two perpendicular surfaces of silica grain are 108.7 ±
1.5 GPa and 103 ± 1.6 GPa, respectively. Young’s modulus
values for the two perpendicular surfaces are in general very
close to each other, indicating that the Colorado Mason sand
grain can be modeled as an isotropic material. The slight dif-
ference is likely due to the fact that the two actual edges are
not perfectly perpendicular to the indenter axis because of the
manual preparation of the sample.

In order to investigate the size-dependence of the mechan-
ical properties of Colorado Mason sand, for each sorted
sand specimen, nanoindentation is made on 150 differ-
ent grains with one nanoindentation per grain. Each
nanoindentation location is chosen in an area with a
smooth polished surface. The nanoindentation sites are
near the center of a sand grain, to avoid potential edge
effect. Nanoindentation load-displacement curves are analyzed,
subsequently the Young’smodulus and hardness are determined.
The Young’s modulus values for grain sizes of 0.15 mm,
0.21 mm, 0.3 mm, 0.42 mm, 0.6 mm, and 0.84 mm are deter-
mined as 97.7 ± 35.4 GPa, 108.1 ± 42.2 GPa, 92.9 ± 40.6 GPa,
93.9 ± 21.7 GPa, 100.7 ± 30.1 GPa, and 105.4 ± 31.5 GPa,

Fig. 5 Typical nanoindentation experimental results: (a) typical
nanoindentation load-displacement curves for ColoradoMason sand con-
sists of silica grain, rock, and metal oxide, (b) residual indent impression
profiled by AFM (c) 3D inverted image of the residual indent impression

Fig. 6 Rectangular bar sample for Colorado Mason sand grains used for
examination of properties on different surface orientations using
nanoindentation. The red circle indicates a rock grain and the white
circle marks a silica grain. The grid is scale bar in 1 mm unit

454 Exp Mech (2018) 58:449–463



respectively. The corresponding hardness values are 11.1 ±
4.2 GPa, 12.8 ± 2.5 GPa, 10.0 ± 4.8 GPa, 11.5 ± 3.7 GPa,
12.7 ± 3.2 GPa, and 12.5 ± 3.7 GPa, respectively.
Scatter in the data is attributed to different types of
sand grains, specifically silica, rock and metal oxide.
These results indicate that size effect is not strong for
both Young’s modulus and hardness.

Statistical Analysis of Young’s Modulus and Hardness

The Weibull distribution is widely used to describe the distri-
bution of the mechanical properties for materials with defects
[56]. It has been used to describe the particle size distribution
before and after impact of Eglin sand [9], and mechanical
properties of Eglin sand, including Young’s modulus,

Fig. 7 The Weibull plots of Young’s modulus data from nanoindentation on six different sizes of sand grains: (a) 0.84 mm, (b) 0.6 mm, (c) 0.42 mm, (d)
0.3 mm, (e) 0.21 mm, (f) 0.15mm. The black circles are experimental data, and the red solid lines are tri-modalWeibull cumulative distribution function (CDF)
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hardness, and fracture toughness measured by nanoindenta-
tion [38]. It is found that the Weibull distribution can describe
the statistical information better than the Gaussian distribution
[9]. The Weibull cumulative distribution function (CDF) is
given as

F xð Þ ¼ 1−e− x=λð Þk ; x≥0 ð6Þ

where k> 0 is the shape parameter and λ> 0 is the scale pa-
rameter of the distribution; and F(x)= 0 for x< 0. The Weibull
distributions of the Young’s modulus and the hardness values
are plotted in Figs. 7 and 8, respectively. It is found that both
the Young’s modulus and the hardness do not follow a single
Weibull distribution (equation (6)), rather, it follows a multi-
modal Weibull distribution. If the results follow a single-
modalWeibull distribution, the data shall follow a straight line

Fig. 8 TheWeibull plots of hardness from nanoindentation on six different sizes of sand grains: (a) 0.84 mm, (b) 0.6 mm, (c) 0.42 mm, (d) 0.3 mm, (e)
0.21 mm, (f) 0.15 mm. The black circles are experimental data, and the red solid lines are tri-modal Weibull CDF
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in the Weibull probability plot. For the case of Colorado
Mason sand grains, the data points follow an S-shape
on the Weibull plot. It is likely due to the existence of
three constituents, specifically silica grains, rock, and
metal oxide, with each potentially following a distinct
Weibull distribution. To take this into account, tri-modal
Weibull distribution is used, and the CDF equation is
modified as

F xð Þ ¼ 1− ∑
3

i¼1
ϖie− x=λið Þki ; x≥0 ð7Þ

where ki and λi (i = 1,2,3) are the shape parameters and
scale parameters, respectively. ϖi (i = 1,2,3) are the
three weight factors for three types of sand grains.
The summation of the weight factors equals 1.

As shown in Figs. 7 and 8, the fitted tri-modal Weibull
CDF curves agree reasonably well with the Young’s modulus
and hardness data. The actual median value (corresponding to
P50 value) for Young’s modulus and hardness for the six sizes
of sand grains are listed in Tables 1 and 2, respectively. The
P30 values (defined as 30% cumulative probability in equation
(7)), often used in geosciences, are also provided in compar-
ison with the P50 values in Tables 1 and 2. The Weibull pa-
rameters for the six sizes of sand grains are also listed in
Tables 1 and 2, for the Young’s modulus and hardness, respec-
tively. Scatter in the data is attributed to different types of sand
grains due primarily to the variations in the material constitu-
ents, defects, and crystal orientations. A close examination
indicates that when sand grain size changes from 0.84, 0.6,
0.42 to 0.3 mm, the P30 Young’s modulus values decrease
from 92.7 GPa, 84.9 GPa, 80.6 GPa to 73.3 GPa, respectively.

Table 1 Properties and
parameters of the Weibull
distribution for Young’s modulus
of Colorado Mason sand

Sand grain size 0.84 mm 0.6 mm 0.42 mm 0.3 mm 0.21 mm 0.15 mm All sizes

Young’s modulus
E (GPa)

P50 108.1 106.8 100.3 91.9 102.8 98.0 101.9

P30 92.7 84.9 80.6 73.3 92.2 81.6 84.1

Sample number 157 158 157 150 214 193 1029

Weibull shape k1 10.5 12.8 23.6 4.19 14.4 9.5 10.2

Weibull shape k2 15.5 131.6 4.27 3.39 14.1 18.7 17.1

Weibull shape k3 1.32 14.7 34.0 50.1 3.01 1.96 1.99

Weibull scale λ1 84.8 81.4 78.3 73.8 76.9 79.1 80.3

Weibull scale λ2 115.5 109.6 101.2 102.7 107.6 105.3 109.8

Weibull scale λ3 153.0 114.6 109.7 108.9 216.1 125.1 131.0

Weight factor ϖ1 0.265 0.357 0.151 0.261 0.220 0.266 0.283

Weight factor ϖ2 0.641 0.465 0.543 0.535 0.652 0.447 0.510

Weight factor ϖ3 0.094 0.178 0.306 0.214 0.128 0.287 0.207

Weibull parameters with subscripts i = 1,2,3 correspond to rock, silica, and metal oxide, respectively

Table 2 Properties and
parameters of the Weibull
distribution for hardness of
Colorado Mason sand

Sand grain size 0.84 mm 0.6 mm 0.42 mm 0.3 mm 0.21 mm 0.15 mm All sizes

Hardness (GPa) P50 13.9 13.7 11.2 10.5 13.6 11.4 12.7

P30 10.4 10.8 10.2 6.5 11.2 9.9 10.4

Sample number 157 158 157 150 214 193 1029

Weibull shape k1 15.7 3.71 19.6 2.39 13.3 1.49 16.9

Weibull shape k2 1.27 15.2 1.33 19.2 48.8 20.7 1.38

Weibull shape k3 29.5 19.8 46.0 17.9 27.5 20.9 22.3

Weibull scale λ1 10.4 6.72 10.5 5.09 11.2 9.16 10.7

Weibull scale λ2 13.4 10.8 11.7 10.5 14.2 10.6 10.8

Weibull scale λ3 15.0 15.4 14.5 14.8 15.2 14.7 14.8

Weight factor ϖ1 0.317 0.0705 0.347 0.362 0.300 0.375 0.297

Weight factor ϖ2 0.180 0.369 0.266 0.229 0.459 0.226 0.263

Weight factor ϖ3 0.503 0.560 0.387 0.409 0.241 0.399 0.440

Weibull parameters with subscripts i = 1,2,3 correspond to rock, metal oxide, and silica, respectively
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As the grain size decreases further, the P30 Young’s modulus
values become 92.2 GPa, and 81.6 GPa for grain sizes
0.21 mm, and 0.15 mm, respectively. The P50 Young’s mod-
ulus values show the similar trend. The minimum Young’s
modulus is attained at sand size of 0.3 mm, which is the
median grain size of the Colorado Mason sand. Similarly,
for the hardness of the six grain sizes, the hardness value is
found to reach its lowest at the median grain size of 0.3 mm.
Combining the nanoindentation results of all ColoradoMason
sand grains with all six sizes together, the tri-modal Weibull
distributions for Young’s modulus and hardness for assorted
Colorado Mason sand are determined, as shown in Figs. 9(a)
and (b), respectively. TheWeibull parameters are also listed in
Tables 1 and 2, with 95% confidence intervals for the assorted
sand grains. The overall Young’s modulus and hardness for
the Colorado Mason sand grains are found to be 101.9 GPa

and 12.7 GPa, respectively. Within each size of sand grains,
through comparison of the scale parameters range, silica sand,
rock and metal oxide can be clearly distinguished from each
other. For all sizes of sand, Young’s modulus/hardness of sil-
ica sand, rock and metal oxide grain can be obtained from
three scale parameters λi (i = 1, 2, 3) as 109.8 GPa/14.8 GPa,
80.3 GPa/10.7 GPa, and 131 GPa/10.8 GPa, respectively. The
weighting factors are averaged from the Young’s modulus and
hardness, and it is found that the mass ratio of three sand
grains: rock, silica and metal oxide is 29:47.5:23.5.

Fracture Toughness

A calibration experiment is conducted on a standard fused
silica sample for evaluation of equation (2). The average value
for fracture toughness obtained is 0.60MPa ∙m0.5, which is in
a reasonably good agreement with the value (0.58 MPa ∙m0.5)
reported by Harding et al. [57].

For Colorado Mason sand, the values of the Young’s mod-
ulus (E) and hardness (H) are obtained using Berkovich tip.
This is followed by nanoindentation with a cube-corner tip.
The average values for E and H are used to determine E/H for

Fig. 9 The Weibull plots of mechanical properties measured by
nanoindentation for assorted Colorado Mason sand grains of all sizes:
(a) Young’s modulus, (b) hardness. The black circles are experimental
data, and the red solid lines are tri-modal Weibull CDF

Fig. 10 A typical nanoindentation crack surface profile under a cube
corner tip at the maximum load of 40 mN: (a) 2D AFM surface image,
(b) 3D inverted AFM image

458 Exp Mech (2018) 58:449–463



all sizes of sand grains. The E/H is determined as 8.0 for the
assorted sand grains. In equation (2), the crack length c is
determined from the surface topography by AFM. A typical
topography is shown in Fig. 10(a). The same indent is also
shown in 3D (inverted image) in Fig. 10(b). The cracks ema-
nating from the three indenter corners are clearly seen. Due to
potentially slight misalignment and instability of the crack
propagation, the three cracks have different lengths. In calcu-
lation of the fracture toughness KC, the average crack length is
used. The tri-modal Weibull CDF plot for fracture toughness
values obtained is shown in Fig. 11. The fracture toughness
has a range from 1.02 to 2.80MPa ∙m0.5, the median value for
the fracture toughness is determined as 1.52 MPa ∙ m0.5.
The Weibull parameters are also listed in Table 3. It is
found that cracks on some grains are not exactly straight,
which is likely due to the inhomogeneity within a single
sand grain, such as presence of defects [37]. Through
comparison of the weight factor, the fracture toughness
of silica sand, rock and metal oxide grain can be

obtained from three scale parameters λi (i = 1, 2, 3) as
1.58 MPa ∙ m0.5,1.53 MPa ∙ m0.5 and 2.61 MPa ∙ m0.5,
respectively.

FEM Simulation to Determine Stress-Strain Relationship

For determining the stress-strain relationship of granular sand
material, nanoindentation is modeled using FEM. The P30
values in nanoindentation load-displacement curves are used
for simulation. As stated earlier, the Berkovich indenter has a
tip rounding radius of approximately 100 nm. The indenter
bluntness is then taken into account in the FEM simulations.
The Drucker-Prager yield criteria is used instead of von
Mises yield criteria, due to the pressure-sensitive yield behav-
ior of Colorado Mason sand. An inverse problem solving
approach is used to determine the stress-strain relationship of
sand at granular level by allowing the FEM simulated

Fig. 12 Comparison of experimental and FEM simulated load-
displacement curves for: (a) 0.6 mm Colorado Mason sand grain, (b)
0.3 mm Colorado Mason sand grain

Table 3 Properties and parameters of the Weibull distribution for
fracture toughness of Colorado Mason sand

Sand grain sizes All sizes

Fracture toughness (MPa ∙ m0.5) P50 1.52

P30 1.41

Sample number 65

Weibull shape k1 10.0

Weibull shape k2 21.7

Weibull shape k3 6.16

Weibull shape λ1 2.61

Weibull shape λ2 1.53

Weibull shape λ3 1.58

Weight factor ϖ1 0.0963

Weight factor ϖ2 0.253

Weibull parameters with subscripts i = 1,2,3 correspond to metal oxide,
rock, and silica grains, respectively

Fig. 11 Weibull plot of fracture toughness from nanoindentation on six
sizes in Colorado Mason sand grains
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nanoindentation load-displacement curve to agree with the
experimental data. Figure 12 shows the FEM simulation re-
sults compared with the representative experimental data of
P30. In this case, two sand grain sizes, specifically, 0.15 mm
and 0.3 mm, are shown as an example. They are in general
agreed with each other reasonably well. Figures 13(a) and (b)
show a comparison of the FEM simulated out-of-plane dis-
placement plot and the AFM image of the indent after
unloading the indenter. Even though it is somewhat difficult
to precisely capture in the simulations all phenomena ob-
served in experiments, both figures show similar features. It
is observed that the simulated indent impression is in a rea-
sonably good agreement with experimental data. The predict-
ed stress-strain response is represented in the form of linearly
elastic – power law hardening plastic model, and the compres-
sive yield strength obtained for grain sizes of 0.15 mm,
0.21 mm, 0.3 mm, 0.42 mm, 0.6 mm, and 0.84 mm are deter-
mined as 3.0 GPa, 3.5 GPa, 2.9 GPa, 3.1 GPa, 3.3 GPa, and
3.3 GPa, respectively. The corresponding work hardening ex-
ponent n obtained for grain sizes are found to be 0.20, 0.18,
0.23, 0.22, 0.18, and 0.19 respectively. These parameters are
summarized in Table 4. The friction angle for all sorted grain
sizes is 40.0o.

In this study, the nanoindentation on silica, rock, and metal
oxide grain is simulated for 0.84 mm Colorado Mason sand.
The experimental load-displacement curves are selected such
that the Young’s modulus values for the grains are in the
neighborhood of the Weibull scale parameters. The Young’s
modulus values determined from experiments, along with the
displacement history, are used as input for FEM simulations.
The plastic properties are modified until simulated data agreed
with experimental load-displacement curves, as shown in
Fig. 14. The calculated stress-strain response is represented
in the form of linearly elastic – power law hardening plastic
model, and the compressive yield strength obtained for rock,

silica, and metal oxide grain are determined as 1.4 GPa,
3.3 GPa, and 4.8 GPa, respectively. The corresponding
work hardening exponent n values obtained are found to
be 0.29, 0.19, and 0.2 respectively. The friction angles for
rock and silica grain are 40o, while the friction angle for
metal oxide grain is 0o. These parameters are summarized
in Table 5. It is noted that, the hardening exponent of
Colorado Mason sand can reach 0.2, which is typically
observed for ductile material such as metals. Similar duc-
tile behavior was also observed for both Stillwater and
Eglin sand [37, 38]. As shown in Fig. 5(c), no cracks
were observed in the 3D inverse image of the nanoindent
under a Berkovich tip on Colorado Mason sand grain, and
nanoindentation impression clearly shows ridges indica-
tive of plastic deformation, associated with ductile flow
in an otherwise conceived brittle grain. The highly ductile
behavior under nanoindentation by a Berkovich tip is like-
ly due to confinement provided by the high pressure in-
duced by the Berkovich tip, the confinement pressure can
reach 12.5 GPa levels.

It is noted that, for self-similar indenters, such as Berkovich
and conical, load (P) follows the following relationship with
depth (h), namely Kick’s law [58], P = Ch2, where C is a
measure of the nanoindentation compliance, which depends
on the elastic-plastic properties of the material, and the indent-
er geometry [59, 60]. A deviation of experimental loading-
displacement curves from Kick’s law has also been observed
by other researchers, in certain situations due to one ormore of
the following effects [58, 61]: surface roughness, machine
compliance and thermal drift [61]; rate-dependent deforma-
tion [61]; improper fitting [62]; indenter bluntness, at small
nanoindentation depth, the tip rounding radius of the real
Berkovich tip reduces the exponent n towards the value of
1.5 for sphere indenter [63–65]; indentation size effects
[66–70]; and inhomogeneity.

Fig. 13 Comparison of FEM and
AFM images of the out-of-plane
displacement at a residual indent
impression at nanoindentation
depth of 170 nm: (a) AFM image
(b) FEM result

Table 4 Drucker-Prager
parameters for different sizes of
Colorado Mason sand grains

Sand grain size 0.84 mm 0.6 mm 0.42 mm 0.3 mm 0.21 mm 0.15 mm

σ0 (GPa) 3.3 3.3 3.1 2.9 3.5 3.0

n 0.19 0.18 0.22 0.23 0.18 0.20

β (o) 40 40 40 40 40 40
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For nanoindentation made on ColoradoMason sand grains,
it is found that all the nanoindentation load-displacement
curves of Colorado Mason sand grains do not follow the
Kick’s law. The exponent is about 1.8 instead of 2. In this
investigation, well-polished samples with the surface rough-
ness (RMS) about 2 nm are used, the machine compliance has
been calibrated and thermal drift is below 0.05 nm/s. They are
very unlikely the source of deviation of load-displacement
curves from Kick’s law we observed. The experiments are
conducted under quasi-static conditions, thus the high-strain
rate effect is not involved. The tip bluntness has been taken
into account, and the load-displacement (P-h) curve shall fol-
low the modified Kick’s law

P ¼ C hþΔhð Þ2 ð8Þ

where Δh is the compensation displacement which can be
determined by the indenter geometrical analysis, Δh =
R(1/sinθ − 1) where R is the tip rounding radius, and θ is the
half cone angle.

It is found that there is always difference between FEM
simulation and experimental load-displacement curves, as
shown in Figs. 12(a) and (b). Even when the modified
Kick’s law is used to fit the experimental load-displacement
curves, the exponent is still around 1.85 instead of 2. The
simulated curves, however, are fitted to equation (8) perfectly
due to the elastic-plastic constitutive model used. From

dimensionless analysis [59], it is found that the nanoindenta-
tion load-displacement curves followed the Kick’s law (or
equation (8) when tip bluntness is considered) naturally.
In order to obtain a simulated load-displacement curves
match the experimental curves perfectly, a more sophis-
ticated constitutive model, which shall involve addition-
al length scales, is needed. Constitutive models which
take indentation size effect [68, 69] into account are
likely appropriate to obtain a better fit between simulation
and experiment.

Conclusions

In order to characterize the granular-level mechanical behav-
ior of sand, nanoindentation is conducted on individual
Colorado Mason sand grains to obtain their mechanical prop-
erties; specifically, Young’s modulus, hardness, fracture
toughness, and stress-strain relationship. Six main sizes of
sand grains, specifically 0.84 mm, 0.6 mm, 0.42 mm,
0.3 mm, 0.21 mm and 0.15 mm, are used in this study. More
than 150 nanoindentation experiments are conducted on
each size of sand grain, and 1029 sand grains in total.
As expected for a brittle material with initial defects, a
wide variation in the granular behavior of sand is ob-
served. Representative values (50 percentile) of Young’s
modulus (P50) for the sand grains is found to be 101.9 GPa,
hardness to be 12.7 GPa, and fracture toughness to be
1.52 MPa ∙ m0.5. The minimum Young’s modulus and hard-
ness are attained at the median grain size of 0.3 mm. The
Young’s modulus of silica sand, rock, and metal oxide are
109.8 GPa, 80.3 GPa, and 131.0 GPa, respectively. The hard-
ness of silica sand, rock, and metal oxide are 14.8 GPa,
10.7 GPa, and 10.8 GPa, respectively. The fracture toughness
of silica sand, rock, and metal are 1.58 MPa ∙m0.5,1.53 MPa ∙
m0.5 and 2.61 MPa ∙ m0.5, respectively. The linearly elastic-
power law hardening plastic stress-strain relationship is used
to describe the homogenous and isotropic stress-strain behav-
ior for Colorado Mason sand at the granular level through
FEM simulation of the nanoindentation. The Drucker-Prager
yield criteria is incorporated and an inverse solving approach
is used to determine the stress-strain behavior. The yield
strength is found to be in the neighborhood of 3 GPa. The
data reported here can be used for mesoscale (granular) sim-
ulations of sand in which the individual sand grains would
have different properties along with a range of distributions
obtained in this study.
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Fig. 14 Comparison of nanoindentation experimental and FEM
simulated load-displacement curves for 0.84 mm Colorado Mason sand
grain with three types of constituen

Table 5 Drucker-Prager parameters for different grain constituents for
0.84 mm Colorado Mason sand

Sand grain size Silica Rock Metal Oxide

σ0 (GPa) 3.3 1.4 4.8

n 0.19 0.29 0.2

β (o) 40 40 0
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