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Abstract Experiments were conducted in which multi-

walled carbon nanotubes were subjected to uniaxial

compression and shell-buckling loads were measured.

A comparison with existing theoretical models shows

that the predictions are about 40–50% smaller than the

experimentally measured buckling loads. This is in

contrast to the classical elastic shell studies in which

the experimental values were always substantially

lower than the predicted values due to imperfection

sensitivity. It is proposed that the discrepancy between

the predicted and measured value might be due to

imperfections in the multiwalled nanotubes in the form

of sp3 bonds between the tube walls, which introduce

shear coupling between them. An analytical model is

presented to estimate the effect of the shear coupling

on the critical buckling strain, which shows that the

contribution from shear coupling increases linearly

with the effective shear modulus between the walls.

Further, this contribution increases with the number of

walls; the increment from each additional wall pro-

gressively decreases.

Keywords Carbon nanotube . Shell buckling .

Shear coupling . Nanoindentation . sp3 bonds

Introduction

Although there have been several previous studies in

manipulating carbon nanotubes and deforming them

to measure their mechanical properties [1–7], there

have been few experimental studies on their uniaxial

compression and buckling. One of the reasons is the

difficulty of achieving well aligned axial loading on

such small structures. When the nanotubes are long

[ L=Rð Þ2 > �2R
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3 1� �2ð Þ
p

.

2h, where L and R are the

length and radius, respectively. 3 is the Poisson_s ratio

and h is the wall thickness], axial compression results

in BEuler’’ or Bcolumn’’ buckling. When they are short

(replacing > with < in the above inequality), they are

expected to undergo Bshell’’ buckling, a common

failure mode displayed by thin walled cylindrical

structures. Although both types of nanotube buckling

have been studied computationally [8–12], there exists

only one experimental study of the BEuler’’ buckling of

nanotubes [13], in which sophisticated nanomanipula-

tion stages, combined with in situ scanning electron

microscopy (SEM), were used to compress and ob-

serve long nanotubes. In that study, the emphasis was

more on the nanomanipulation technique than on a

systematic study of the mechanics of buckling. The

only experimental investigation of shell buckling in

nanotubes in compression has been reported recently

by the authors [14, 15], in which individual and small

groups of multiwalled carbon nanotubes were com-

pressed in a nanoindenter. A summary of these

experiments is presented in the next section, along

with a discussion on the discrepancy between the

measured buckling loads and the predicted values.

Experimental Observations

An experimental technique has been developed to

compress individual, well-characterized multiwalled

carbon nanotubes, using nanoindentation and study
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shell buckling. The multiwalled carbon nanotubes used

in the current experiments were fabricated by the

alumina template growth technique developed by Li et

al. [16]. This method results in highly ordered and

vertically aligned arrays of nanotubes of equal height,

embedded in an alumina matrix. To generate a tem-

plate for nanotube growth, a high purity aluminum foil

is anodized in a multi-step process to create an alu-

mina film with a self-organized hexagonal array of

vertical nanopores. A cobalt catalyst is then electro-

deposited at the bottom of the nanopores, followed by

acetylene pyrolysis, which results in the growth of

multiwalled carbon nanotubes along the length of the

pores. This process results in highly ordered arrays of

uniform nanotubes, the diameter of which can be

controlled by changing the nanopore size between 20

and 200 nm. The wall thickness of the nanotubes was

determined from transmission electron microscopy

images [Fig. 1(a)] and the measured thickness of 5

nm corresponds to approximately 15 walls, taking the

inter-wall spacing to be 0.34 nm. The nanotubes used in

this study had 50 nm outer diameter, 40 nm inner diam-

eter and were spaced at 100 nm, as shown in Fig. 1(b). A

forest of vertically standing, aligned nanotubes is then

obtained by etching the alumina matrix by any desired

depth. Experiments were carried out on two sets of

samples, on which the exposed heights of the nano-

tubes were 100 and 50 nm, respectively. These rela-

tively short lengths ensure that compressive loading

will cause shell buckling rather than column buckling

in the nanotubes. The advantages of using such sam-

ples are that the need to manipulate individual nano-

tubes during testing is eliminated and that they

facilitate easy vertical alignment with the nanoindenter

tip. Thus, these samples are ideally suited for axial

compression experiments.

Compression experiments on individual nanotubes

are facilitated by the fine force and displacement

resolutions (~300 nN and ~1 nm, respectively) avail-

able in a commercial nanoindenter (TriboIndenter,

Hysitron, Minneapolis, MN). A Berkovich three-sided

pyramidal tip was used, with a nominal tip radius of

100 nm. The experimental details of a single nanotube

compression event are schematically illustrated in

Fig. 2(a)–(b). During the experiment, individual nano-

tubes on the sample are located through in situ scanning

to generate topography maps of the sample surface with

the indenter tip, similar to atomic force microscopy

(AFM). The image resolution is sufficient to locate the

nanotubes unambiguously [Fig. 2(c)]. The scan area is

typically 0.5�0.5 2m2. After an image is obtained, the

indenter tip is instructed to compress an individual

nanotube. During compression, force and tip displace-

ment are recorded. Immediately after a nanotube is

indented, the same 0.5�0.5 2m2 area of the surface is

Fig. 1. Sample images. (a) Transmission electron microscopy
image of multiwalled carbon nanotubes used in the experiments.
From these images, the wall thickness is estimated to be 5 nm,
which translates to 15 walls, assuming that the inter-wall spacing
is 0.34 nm. (b) Scanning electron microscopy image of the top
(plan) view of ordered nanotube array used in experiments

Fig. 2. Nanoindentation of individual carbon nanotubes. (a) Schematic illustration of the experiment in which a Berkovich indenter
with 100 nm tip radius vertically compresses a multiwalled carbon nanotube. (b) Schematic illustration of shell buckling in nanotubes,
which results in a load collapse and severe distortion of the nanotube walls. (c) An in situ scanning image of the sample surface
obtained immediately after compressing a nanotube, by using the indenter tip as the scanning probe. The buckled nanotube is shorter
than the neighboring nanotubes, resulting in a dark triangular spot in the topographic image
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imaged again to verify that the indentation was per-

formed on the targeted nanotube, and not between

nanotubes. An image taken after a successful indent is

shown in Fig. 2(c), which shows the location of the

buckled nanotube as a dark triangle in the hexagonal

array of nanotubes; the neighboring nanotubes remain

undisturbed.

The load–displacement curves obtained in three sets

of experiments are shown in Fig. 3, in which each plot

represents a loading–unloading cycle. The loading

portion consists of three stages: an initial approximate-

ly linear increase, followed by a sudden drop in the

slope and the curve becoming flat, and a third stage

comprising an increasing load. The sudden decrease in

the slope is the signature of shell buckling, which in-

dicates the collapse process illustrated in Fig. 2(b). The

critical buckling load has been consistently measured

to be between 2 and 2.5 2N from multiple experiments.

After buckling, neighboring nanotubes as well as the

substrate come into contact with the indenter tip,

which results in an increase in load, as seen in Fig. 3 in

the third stage. In each plot, the position of zero

displacement corresponds to a non-zero load because a

small pre-load was used to detect the location of the

sample surface. In order to image the buckled nano-

tubes, a 10 2m radius spherical indenter was used to

buckle a large number of nanotubes, as illustrated in

Fig. 4(a). Here, the indenting surface is Bpractically’’ flat

at the scale of individual nanotubes and all nanotubes

located near the center of the indent undergo shell

buckling. The indent [Fig. 4(b)] is then easily located in

SEM and an image of the buckled nanotubes is shown

in Fig. 4(c). The buckled nanotubes have undergone

distortion of cross-section and the walls are severely

distorted and wrinkled, consistent with shell buckling

modes observed in macroscopic elastic cylindrical

shells [17]. These experiments clearly demonstrate

that the high force and displacement resolutions

available with commercial nanoindentation equipment

can be exploited to perform nanoscale mechanical

tests on individual multiwalled nanotubes and obtain

repeatable data. It must be noted that the experimen-

tal data does not provide an independent measurement

Fig. 3. Representative load–displacement data from a loading–unloading cycle. (a) Displacement-controlled indents on individual 100
nm long nanotubes, (b) load-controlled indents on individual 100 nm long nanotubes and (c) load-controlled indents on individual 50
nm long nanotubes. In all cases, buckling, evident by a distinct drop in slope, occurs between 2–2.5 2N. The critical buckling load was
repeatable to within T0.25 2N between experiments

Fig. 4. Buckled nanotube images. (a) Schematic illustration of a
10 2m radius sphere indenting the nanotubes. (b) Scanning
electron micrograph of the top view of a population of
compressed nanotubes. (c) A magnified view of the buckled
nanotubes showing distorted cross-sections and highly deformed
and wrinkled side walls
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of the critical buckling strain of the nanotubes, because

of substrate and indenter compliance. However, this

additional compliance does not affect the measured

buckling loads; and hence buckling load is the only

legitimate measurement from these experiments.

Comparison with Existing Models

For a thin-walled isotropic shell, the critical buckling

strain from continuum theory is given by [18]

"cr ¼
h

R
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3 1� �2ð Þ
p ð1Þ

where E is the elastic modulus, R the shell radius, h the

shell thickness, and 3 the Poisson ratio of the material.

Unlike the length-dependent column buckling, this

shell buckling result is independent of shell length.

Also, the critical axial buckling load fcr is independent

of shell radius:

fcr ¼ 2�Rh�cr ¼
2�Eh2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3 1� �2ð Þ
p : ð2Þ

Thus, if single-walled nanotubes behave like cylindrical

elastic shells, then shell theory predicts that they all

have the same critical shell buckling load. The appro-

priate values of elastic constants and wall thicknesses

for single-walled carbon nanotubes for use in shell

theory were first determined by Yakobson et al. [11],

who showed that the predictions of elastic shell theory

match closely with results of atomistic buckling sim-

ulations if the values of E, h and 3 are taken to be 5.5

TPa, 0.066 nm, and 0.19, respectively. In the present

case, however, the nanotubes are multiwalled. In order

to interpret the experimental results, shell theories for

multiwalled carbon nanotubes must be used, which are

not yet fully developed. The neighboring walls of a

multiwalled nanotube are coupled through van der

Waals interactions, which must be considered in any

modified shell theory. As a first approximation, one

can ignore the van der Waals force and assume that

the walls are non-interacting. Then all walls buckle at

the strain predicted by the shell theory for a single-

walled nanotube. In this case, buckling would initiate in

the outermost shell, as it has the largest radius-to-

thickness ratio and thus the lowest critical buckling

strain from equation 1. Using the outer radius of the

multiwalled carbon nanotubes (25 nm) and the elastic-

ity parameters of Yakobson et al. [11], the predicted

critical buckling load is 1.2 2N. Thus, the non-inter-

acting shell model predicts a critical buckling load,

which is only about one half of the experimental value.

A better model was developed by Ru [12] to

account for the effect of van der Waals interactions

between neighboring walls. If the nanotube wall

thickness is small compared to its radius, this model

predicts that the critical buckling strain is the same as

that of a single-walled nanotube with a radius equal to

the average radius of multiwalled nanotube. Applying

this theory, the critical buckling load for the nanotubes

used in the current experiments can be calculated to be

1.34 2N, which is still 40% smaller than the observed

value. The significant discrepancy between the predic-

tions of the existing elastic theories and the experi-

mental observations highlights the lack of a complete

understanding of the stiffening role played by the inner

walls in multiwalled nanotube mechanics. The follow-

ing sections describe a possible source of this discrep-

ancy and an analysis to account for it in calculating the

critical buckling conditions.

Imperfections in Multiwalled Carbon Nanotubes

Multiwalled carbon nanotubes are rarely defect free

[19]. Most multiwalled carbon nanotubes that are

currently being fabricated and used in research and

industry contain imperfections and consequently shear

coupling between the walls. There are several kinds of

defects that occur in them, such as topological defects,

rehybridization defects and incomplete bonding [19].

Hybridization defects can exist in the form of sp3

bonds between the shell walls. Apart from changing

the electronic properties of the nanotubes, such inter-

wall sp3 bonds would substantially increase the inter-

wall shear resistance. In contrast to the defect-free

multiwalled nanotubes which are predicted to have

very low sliding resistance [20], shear coupling intro-

duced by the sp3 bonds increases the inter-wall friction

drastically. Such shear coupling will influence the

mechanical behavior of the nanotubes in all those

cases in which deformation involves inter-wall sliding.

For example, buckling deformation of nanotube walls

necessarily involves relative sliding between them;

hence shear coupling is expected to increase the

critical buckling load and strain of a multiwalled

carbon nanotube. We propose this as a possible reason

for the discrepancy between the measured buckling

load and the theoretically predicted critical load noted

in the previous section. Evidence for the presence of

sp3 bonds has been obtained through Raman spectros-

copy experiments on the nanotubes used in the current

experiments, which is presented elsewhere [21]. A

detailed molecular dynamics study has been carried

out by the authors [21], in which a certain percentage
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of randomly located atoms form sp3 bonds with those

on the neighboring walls. Such shear coupled multi-

walled nanotubes are then subjected to compressive

deformation in the simulations. The results show that

the percentage of atoms with sp3 bonds have a strong

effect on the critical buckling strain. Details of this

computational study are reported elsewhere [21]. The

objective here is to present a generalized shell

buckling analysis of a multiwalled carbon nanotube in

which the walls are shear coupled. Without such shear

coupling, as the analysis of Ru [12] shows, the critical

buckling strain of a multiwalled nanotube is same as

that of a single-walled nanotube, the diameter of which

is equal to the average diameter of the multiwaled

nanotube. In other words, without shear coupling,

having additional tubes does not increase the buckling

strain. This result is in contrast with the elastic shell

theory, according to which buckling strain increases

linearly with the wall thickness (equation 1). This

difference can be understood qualitatively as follows.

An elastic continuum resists stretching deformations as

well as shearing deformations (i.e., it possesses a

Young_s modulus and a shear modulus), whereas a

defect-free multiwalled nanotube does not resist inter-

wall shearing. Thus, the shear coupling introduced by

the sp3 bonds imparts a Bcontinuum’’ character to the

multiwalled nanotube and the critical buckling strain

increases. The linear dependence of buckling strain

(equation 1) on the wall thickness is an isotropic elastic

continuum result, in which the shear modulus (G) is

related to the Young_s modulus (E) and the Poisson_s

ratio (3) as G = E/2(1+3). When a small percentage of

sp3 bonds are present, although the effective inter-wall

shear modulus is non-zero, it would not follow the

above isotropic relation to the in-plane Young_s

modulus and the Poisson_s ratio. As a result, the

nanotube wall can be thought of as a peculiar

anisotropic material. As the percentage of sp3 bonds

increases and the nanotube wall begins to acquire

more isotropic character, the buckling strain can be

expected to approach the continuum result.

The scope of the analysis presented below is to model

shell buckling in a multiwalled nanotube by treating

each wall as an individual elastic shell, interacting with

its neighboring shells through an effective shear mod-

ulus. It should be noted that the inter-wall van der

Waals interactions between the walls couple the radial

deflections of the walls and was considered in the

analysis of Ru [12], which showed that van der Waals

forces lead to conformal buckling deformation in all

shells, leading to no effective enhancement in the

buckling strain. Further, van der Waals interactions do

not introduce any significant shear coupling.

General Shell Buckling of Shear-Coupled Multiwalled
Carbon Nanotubes

Resistance to sliding between individual shells in a

multiwalled carbon nanotube in the form of an

effective inter-wall shear modulus will influence its

deformation response under applied forces. As dis-

cussed before, such shear coupling of walls could arise

from imperfections such as sp3 bonds between atoms

on neighboring walls. Since shell buckling of multi-

walled nanotubes involves geometrically necessary

sliding of walls with respect to each other, shear

coupling is expected to increase critical buckling strain.

Hence, it is necessary to develop models which can

predict the effect of shear coupling on the critical

buckling condition for multiwalled nanotubes. The

following analysis takes into account the additional

energy due to shear coupling.

Consider shell buckling of a two walled carbon

nanotube under uniform axial compression in which

the walls resist relative shearing or sliding. The geo-

metry of the shell, the coordinate system used and the

directions of the mid-plane displacements of the walls

u, v, w are shown in Fig. 5. It is assumed that the radius

of the nanotube is much greater than the spacing be-

tween the walls. Consider the deformation of a buckled

two-walled nanotube, shown in Fig. 6.

For the sake of simplicity, it will be assumed for now

that the radius of the nanotube is large compared to its

thickness and the buckling deformation is completely

conformal, i.e., the out of plane deformation w is iden-

tical in all walls. It will become evident that removing

this restriction is a simple matter of algebra in the anal-

ysis and does not change the conclusions significantly.

Fig. 5. Coordinate system for the shell buckling problem
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When two initially parallel nanotube walls undergo the

same out of plane deformation, they slide with respect

to each other, as shown in Fig. 6. If % is the spacing be-

tween the two walls and dw/dx and dw/dy are the local

slopes, the relative sliding displacement s is given by

s ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

dw

dx

� �2

þ dw

dy

� �2
s

ð3Þ

Due to shear coupling, the relative sliding induces a

local shear force per unit area C on the walls, which can

be approximated to be proportional to s for small

values of s.

C ¼ ks ¼ k�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

dw

dx

� �2

þ dw

dy

� �2
s

ð4Þ

where k is a spring constant. These quantities can also

be described in the continuum parlance by defining a

Bshear strain’’ + as

� ¼ s

�
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

dw

dy

� �2

þ dw

dy

� �2
s

ð5Þ

and a Bshear modulus’’ G as

G ¼ C

�
¼ k� ð6Þ

Let the compressive force per unit length of circum-

ference on each wall just prior to buckling be No. The

corresponding pre-buckling homogeneous solution is

given by

"x ¼ "o ¼
No

Eh
; "y ¼ ��"x ¼ �

�No

Eh
¼ ��"o ð7Þ

u ¼ "ox; v ¼ 0; w ¼ �"oR ¼ �NoR

Eh
� wo ð8Þ

Immediately following buckling, the displacement field

can be assumed to be

u ¼ "oxþA sin ny=Rð Þ cos m�x=Lð Þ
v ¼ B cos ny=Rð Þ sin m�x=Lð Þ
w ¼ �"oRþ C sin ny=Rð Þ sin m�x=Lð Þ

ð9Þ

which represents a buckling mode with m half wave-

lengths along the tube length and 2n half wavelengths

along the circumference. m and n are integers. The

constants A, B and C are small amplitudes of the buck-

ling mode (m, n). The mid-plane strains corresponding

to the above perturbed field are

"x ¼ u;x¼ "o �A m�
L sin ny=Rð Þ sin m�x=Lð Þ

"y ¼ v;y�
w

R
¼ ��"o �

Bnþ Cð Þ
R

sin ny=Rð Þ sin m�x=Lð Þ

�xy ¼ u;yþv;x¼
An

R
þ Bm�

L

� �

cos ny=Rð Þ cos m�x=Lð Þ

ð10Þ

The mid-plane curvatures are

�x ¼ w;xx¼ �C m2�2

L2 sin ny=Rð Þ sin m�x=Lð Þ

�y ¼ w;yy¼ �C
n2

R2
sin ny=Rð Þ sin m�x=Lð Þ

�xy ¼ w;xy¼ C
n

R

� � m�

L

� �

cos ny=Rð Þ cos m�x=Lð Þ

ð11Þ

Adding the elastic energy due to mid-plane stretching

in each wall, the total membrane elastic energy in the

nanotube is

Um ¼2
Eh

2 1� v2ð Þ

�
Z

S

"x þ "y

� �2 � 2 1� vð Þ "x"y �
1

4
�2

xy

� �	 


ds

ð12Þ

Fig. 6. Geometrically necessary relative sliding between the
walls of a multiwalled carbon nanotube during buckling
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where S is the surface area of each wall. Using the

strain expressions from equation 10, the membrane

elastic energy is

Um ¼ 2
Eh

1� v2ð Þ

�

1� v2
� �

"2
o2�RLþ �RL

2

�
	

A2m2�2

L2
þ Bnþ Cð Þ2

R2
þ 2��mA

RL
Bnþ Cð Þ




þ 1� vð Þ
4

�RL
An

R
þ Bm�

L

� �2

�
2 1� v2
� �

"oAm�

L

�
Z

S

sin ny=Rð Þ sin m�x=Lð ÞdS

�

ð13Þ

The total elastic energy in the two walls due to bending

is given by

Ub ¼ 2
D

2

Z

S

�x þ �y

� �2 � 2 1� vð Þ �x�y � �2
xy

� �h i

dS

¼ 2C2 �RLD

4

m2�2

L2
þ n2

R2

	 
2 ð14Þ

where equation 11 is used for curvatures. In equation

14, D ¼ Eh3

12 1��2ð Þ. The total stored energy due to relative

sliding between the two walls or the shear coupling

energy can be written as

Us ¼
Z

S

1

2
� s dS ¼ 1

2
G�

Z

S

dw

dx

� �2

þ dw

dy

� �2
" #

dS

ð15Þ

Using the perturbed displacement w from equation 9,

Us ¼
G�

4
� RL

m2�2

L2
þ n2

R2

� �

C2 ð16Þ

The total shortening of the shells due to membrane

strains and bending is

D yð Þ ¼
Z

L

0

"x dx� 1

2

Z

L

0

w;2x dx ð17Þ

Then, the potential energy of the applied traction can

be evaluated as

V ¼ 2

Z 2�R

0

NoD yð Þdy ¼ 4�RLEh"2
o �

1

2L
�2m2EhR"oC2

�2
Am�

L
Eh"o

Z

S

sin ny=Rð Þ sin m�x=Lð ÞdS

ð18Þ

The total potential energy is
Y

¼ Um þUb þUs � V ð19Þ

Using the minimum potential energy theorem,

@
Q

@A
¼ 0;

@
Q

@B
¼ 0;

@
Q

@C
¼ 0 ð20Þ

The first two of these three equations give

A ¼
	 n2 � v	2
� �

n2 þ 	2ð Þ2
C ð21Þ

B ¼ �
n n2 þ 2þ vð Þ	2
 �

n2 þ 	2ð Þ2
C ð22Þ

where

	 ¼ m�R

L
ð23Þ

Using these in the third of equation 20, an expression

for the critical compressive strain "c=j"o can be

obtained as

"c ¼
	2

n2 þ 	2ð Þ2
þ D

EhR2

n2 þ 	2
� �2

	2

þ 1

2

G�

Eh

n2 þ 	2

	2

ð24Þ

If there were no shear coupling (G = 0), this

expression reduces to that of the classical shell theory

result [18]. The effect of shear coupling on the critical

buckling strain is explicitly through the third term in

equation 24, which is also a function of the mode

numbers m, n. This result can be readily generalized

to an N-walled nanotube, for which, the coefficient 1/2

in the third term in equation 24 gets replaced by

(Nj1)/N. In the absence of shear coupling, the critical

buckling strain is obtained by minimizing the right side

of equation 24 with respect to n and !, which gives the

classical shell buckling formula, equation 1. In the

presence of shear coupling, by examining equation 24,

it can be concluded that the minimum critical buckling

strain occurs at n = 0, which is the axisymmetric

buckling case and the corresponding critical buckling

strain is

"c ¼
h

R
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3 1� v2ð Þ
p þ 1

2

G�

Eh
ð25Þ

For an N-walled nanotube,

"c ¼
h

R
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3 1� v2ð Þ
p þ N � 1

N

G�

Eh
ð26Þ

According to equation 26, the effective inter-wall shear

modulus G in an imperfect multiwalled nanotube has a
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linear contribution to the critical buckling strain. In-

creasing the number of walls increases critical strain.

However, the increment due to each additional wall

progressively decreases; for a large number of walls,

the increase in strain due to shear coupling approaches

a constant value G%/Eh. Thus, equation 26 quantifies

the intuitive notion that shear coupling resists buckling

and bending. It also captures the trend observed in the

atomistic calculations reported in [21].

From equation 24, the minimum value of the critical

strain occurs for axisymmetric buckling (n = 0).

However, atomistic calculations indicate that n is not

necessarily zero and circumferential waves can appear

in shear coupled nanotubes [21]. In order to understand

this result, it is instructive to consider the sensitivity of

buckling strain to n, by plotting equation 24, for a

representative case, as shown in Fig. 7. Notice that the

critical strain is insensitive to n for low values (n e 3).

For n = 3, the critical strain is only about 4% higher

than the axisymmetric case. This suggests that the

axisymmetric case is almost as likely as n = 1, 2, 3 cases

(2, 4 or 6 half wavelengths along the circumference).

In the current experiments, from the measured buck-

ling load, the average critical buckling strain is

2.875�10j3. The estimated value from the classical

shell theory is 1.725�10j3. Within the framework of the

analysis, the difference between the two is due to the

shear coupling term in equation 26. Using equation 26,

the effective inter-wall shear modulus can be estimated

as G~1.3 GPa. According to the atomistic computa-

tions [21] this value of G corresponds to about 0.25%

atoms with inter-wall sp3 bonds. Although there is no

alternative and independent way to confirm this

estimate, at this stage we merely note that it is a rea-

sonable estimate.

A limitation of the analysis presented above is that

it ignores the possible imperfection sensitivity of buck-

ling strain in cylindrical shell structures, which is a well

documented phenomenon [17]. It can be observed

from Figs. 1 and 4 that the nanotubes tested in the ex-

periment are not geometrically perfect structures with

an ideal circular cross-section. Given the similarity of

energy potentials between the nanotubes and the elastic

shells, it is reasonable to expect that the former would

display strong imperfection sensitivity as well. How-

ever, predictions of buckling strains from atomistic

calculations agree very well with equation 1 [11, 21].

The nanotubes in these simulations are geometrically

perfect and have a defect-free graphene structure. In

order to understand the imperfection sensitivity in

nanotubes, it is necessary to introduce geometric and

other defects in the simulations. Moreover, each sp3

bond in the imperfect nanotubes can be viewed as a

defect. The increase in buckling strain observed in the

experiments as well as simulations could be the net

result of a positive contribution from shear coupling and

a negative contribution from imperfection sensitivity.

More detailed atomistic simulations and further experi-

ments are necessary to understand the effect of shear

coupling due to sp3 bonding and imperfection sensitiv-

ity completely. Such insights can substantially change

the preliminary estimate of G~1.3 GPa for the nano-

tubes used in the experiments.

Concluding Remarks

Experiments are reported in which individual multi-

walled carbon nanotubes are subjected to uniaxial

compression, and buckling loads are measured using

Fig. 7. Sensitivity of buckling
strain to the circumferential
mode number n. Note the
relative insensitivity for low
values of n (n < 4)
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nanoindentation. A simple analysis has been presented

to understand the discrepancy in the critical buckling

load between the experimental measurements and the

predictions of existing models. The analysis accounts

for shear coupling between neighboring walls due to

imperfections such as inter-wall sp3 bonds. The model

explains the above discrepancy and also captures the

results of atomistic computations. However, it does not

address the sensitivity of shell buckling strain in multi-

walled nanotubes to imperfections such as deviations

from circular cross-section and the presence of inter-

wall sp3 bonds, which modify the local atomic structure

and hence perturb the local elastic properties. Under-

standing these effects is important in arriving at a co-

herent picture of buckling in multiwalled nanotubes.

The experimental and modeling work presented here is

a first step towards a more comprehensive character-

ization of buckling in imperfect multiwalled carbon

nanotubes.
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