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Maximum likelihood estimation of generalized linear mixed models (GLMMs) is difficult due to
marginalization of the random effects. Derivative computations of a fitted GLMM’s likelihood are also
difficult, especially because the derivatives are not by-products of popular estimation algorithms. In this
paper, we first describe theoretical results related to GLMM derivatives along with a quadrature method
to efficiently compute the derivatives, focusing on fitted /me4 models with a single clustering variable. We
describe how psychometric results related to item response models are helpful for obtaining the derivatives,
as well as for verifying the derivatives’ accuracies. We then provide a tutorial on the many possible uses
of these derivatives, including robust standard errors, score tests of fixed effect parameters, and likelihood
ratio tests of non-nested models. The derivative computation methods and applications described in the
paper are all available in easily obtained R packages.
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Maximum likelihood estimation of generalized linear mixed models (GLMMs; e.g., Stroup, 2012)
is notoriously complicated due to the fact that random effects are integrated out of the model
likelihood. In general, the integrals cannot be solved analytically, which means that we must use
numerical methods to approximate the integrals. Along with model estimation, these issues make
it difficult to apply other statistical methods to estimated GLMMs, because the required pieces of
the estimated model are not generally available. For example, consider the computation of “robust”
(Huber-White) standard errors (e.g., Huber, 1967; White, 1980), as applied to GLMM. In addition
to the model’s maximum likelihood estimates, we require first and second partial derivatives of
the model’s likelihood function. These derivatives also require integral approximations, which do
not necessarily arise as by-products of the model estimation algorithm.

Of primary importance for this paper, the partial derivatives do not arise as by-products of
model estimation via the /me4 package (Bates, Michler, Bolker, & Walker, 2015). This package
uses a penalized, iteratively re-weighted least squares (PIRLS) algorithm that indirectly maximizes
the marginal likelihood by optimizing a second function that involves conditional random effects
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(conditional on random effect (co-)variances; Bates, 2021). Although this conditional approach
bypasses the difficult integration, it also loses the ability to produce the likelihood derivatives
of interest. This makes it difficult to apply many relevant methods that are already implemented
within the R ecosystem, including sandwich estimators from package sandwich (Zeileis, 2004,
2006; Zeileis, Koll, & Graham, 2020), score-based tests from strucchange (Zeileis et al., 2002),
model-based recursive partitioning from partykit 2015, and Vuong tests from nonnest2 (Hothorn
& Zeileis, 2018). These packages all rely on partial derivatives of the model likelihood function
(evaluated at the maximum likelihood estimates, after model estimation), which to date have not
been available for GLMMSs estimated by lme4. So the overall goal of this work is to connect
existing statistical methods with GLMMs estimated by /me4. The paper’s contributions toward
this goal include (i) theoretical background on GLMM derivatives, as well as a quadrature method
that capitalizes on the fact that we are dealing with estimated models; (ii) a general-purpose imple-
mentation of the methods via the merDeriv package; and (iii) a tutorial on how these derivatives
can be used in applied research settings, including a variety of R examples.

Our derivations are informed by previous results from both statistics and psychometrics,
which include diverse motivations for the GLMM. In particular, the statistics community often
views the GLMM as an extension of the linear mixed model, whereas the psychometrics com-
munity additionally considers connections between the GLMM and item response theory (IRT)
models (e.g., De Boeck et al., 2011; Doran et al., 2007). The latter connections are seldom noticed
in the statistics literature, though Skrondal and Rabe-Hesketh (2004) is noteworthy in that LMMs,
GLMMs, and IRT models are included within a larger latent variable framework. We describe
below how IRT results can help us obtain derivatives of the GLMM likelihood function with respect
to both fixed parameters and random effect hyperparameters (e.g., random effect variances) after
model estimation.

In the following sections, we first fix notation and define the GLMM. We then present the-
oretical results related to derivatives of the GLMM likelihood function, including a quadrature
method that can be applied to estimated models. Next, we provide a tutorial on the application
of these results to GLMM:s estimated via /me4. This is accomplished with the help of R package
merDeriv (Wang & Merkle, 2018), which implements the methods described here, combined
with other packages like mirt (Chalmers, 2012), sandwich, nonnest2, and strucchange. Finally,
we discuss potential future extensions of our work.

1. Theoretical Background

Our presentation of the GLMM follows the /me4 framework of Bates et al. (2015), which
facilitates the R applications presented later. This framework encompasses a variety of GLMMs
from the exponential family, with binomial models being especially popular. The framework does
not allow for products between free parameters and random effects, which becomes important
when we discuss relationships between GLMMs and IRT models below (also see De Boeck et
al., 2011; Doran et al., 2007).

1.1. Model and Notation

Let y; be a vector containing the response variable for the ith cluster, each entry of which is
assumed to follow a specific probability distribution (e.g., binomial or Poisson). The sample size
of cluster i is denoted as n;, so the total sample size across all I clusters is givenas N = ZZIZ [ M.
Let X; be the n; x p design matrix corresponding to fixed effects for cluster i; B is the fixed effect
vector of length p; Z; is the n; x g design matrix corresponding to random effects for cluster i;
and u; is the random effect vector of length ¢g. Then, the model can be written as
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The above equations express the idea that the bounded support of the expected value of y; can
be transformed to an unbounded support of the linear combination X; 8 + Z;b; through the link
function g(). The random effects are in b;, which equals Agu;. The vector u; follows the standard
normal distribution N (0, I,), with Ag being the relative covariance factor, which can be seen as
the Cholesky decomposition of the usual random effect covariance matrix G. Reparameterizing
b; as the product of the relative covariance factor and standard normal distribution makes it easier
to compare GLMM to IRT. We provide further discussion of this comparison in the next section.

Following the above notation, the model’s log-likelihood (marginal over random effects) can
be expressed as

1 1
e=Y"6=> log / Fyotus i) fu, (i), ©)
i=1 i=1

where [ represents the number of total clusters. We further define the following “across-cluster”
matrices:

y={Uuy2 - Yo 1} (7
X ={X1,Xo,...,.X;, ..., X/} (8)
Z={Z\,Zy,...,2Z;,...,2}} ©))
b=1{by,by,....b;,...,b;}. (10)

1.2. GLMM Scores

One of the most popular IRT models is the two-parameter logistic model (e.g., Embretson &
Reise, 2000; Lord & Novick, 1968), which can be viewed as a binomial GLMM with logit link
function. Consider an IRT model parameterized as logit™! (p; i) = ajf; — B, with each item j’s
difficulty described by 8; and discrimination described by « ;. The alternative parameterization as
o (6; — B;) is also applicable, but less convenient for comparison. In the former parameterization,
the IRT B; parameters are similar to the negative of the GLMM fixed parameter 8. The IRT «o;
parameters are then similar to the relative covariance factor in the GLMM, with the lme4 package
requiring the covariance factor to be equal for all items. This means that we cannot fit a 2PL
model in Ime4, though other GLMM software such as SAS PROC NLMIXED may allow for 2PL
estimation.

In the context of IRT, Glas (1992; 1998; 1999) utilized an identity from Louis (1982) to
obtain first derivatives of the marginal log-likelihood (marginal over person parameters 6;). This
identity can be used to show that the first derivative of the marginal log-likelihood with respect
to difficulty and discrimination parameters equals an expected value involving first derivatives of
the conditional likelihood (conditioned on person proficiency). That is, we can obtain derivatives
of the marginal likelihood by taking an expected value that involves the conditional likelihood.

The same idea can be applied to GLMM (McCulloch & Neuhaus, 2001), where conditioning
on person proficiency is replaced with conditioning on random effects. In the next sections, we will
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formalize these GLMM score derivations. Please note that, throughout this paper, scores refer to
first derivatives of the clusterwise log-likelihood function with respect to some model parameters.
They are different from factor scores and from scoring in psychometrics, which involve prediction
of a model’s random parameters.

1.2.1. Fixed Effect Scores Drawing on derivations by Glas as well as by McCulloch and
Neuhaus (2001), the GLMM score with respect to the fixed effect parameter 8 can be expressed
in the following form:

d1og fy,ju; (yilui)
ot f yalﬂ Syitui Yilwi) fu; (ui)du;

B £ D)

. Y

where fy, (y;) = / Fon iltts) fu (i)l

The first term in the numerator of Equation (11) can be seen as the score of a Generalized
Linear Model (GLM), which can be expressed in matrix form as

dlog fy,u; (y;lui)
B

=X'D;7 'V (y; — mp), (12)

where D; and V; are n; x n; diagonal matrices with diagonal entries as % and

a(¢y)Var(us|u; ), respectively. The ¢ subscript indexes an observation within cluster i, 1, 2, ..., n;.
Further, the a(¢,) function is unique to each distribution from the exponential family. For exam-
ple, a(¢;) = 1 for the binomial distribution and for the Poisson distribution. The value of a(¢;)
for other exponential family distributions can be found in, e.g., McCullagh and Nelder (1989).
Many of the relevant derivations are also supplied by the R family () function. Note that, if
we use the canonical link function, g ((Z’ |‘Z’)) and Var(u,|u,) will cancel out. This feature creates a
shortcut for distributions using the canonical link.

The second term in the numerator of Equation (11) is the distribution of the GLM given u;.
We use the following matrix form to express all distributions belonging to the exponential family:

Fyitus il = exp (] Aurei = 17 A (i) + (v, 1)) (13)

where A; is an; x n; diagonal matrix with diagonal element as —-— —L_- k. is the vector of canonical
parameters; 1 is a n; x 1 vector with each entry as 1; h(k; ) 1s an n; x 1 vector defined by
applying the distribution-specific function /() to each element of k;; and c(y;, ¥;) is an n; x
1 vector of remaining terms not depending on k;, with ¥; containing scale parameters. For
exponential distributions, these terms can also be found in McCullagh and Nelder (1989) or in
the R family () functions.

The above results based on generalized linear models are straightforward, while the difficulty
involves the integration over u. In the same spirit, the denominator can be viewed as the inte-
gration of the GLM distribution over the random variable u. Both integrals have no closed form
for GLMMs. We discuss use of quadrature to approximate the integrals below, after describing
derivatives of random effect hyperparameters.
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1.2.2. Random Effect Hyperparameter Scores Following the same type of derivation, the
scores w.r.t. the random effect hyperparameters can be seen as the scores w.r.t. parameters in the
Ap matrix. The derivation can thus be expressed as:

0l lu i lWi
. / 8 nlei il )fyilu,- (yilwi) fu; (ui)du;
0L; _ Ay (14
Y Fr 0 |

equals u?%l? (y; — m;), with % as a matrix composed of 1s (corre-

sponding to a particular random effect hyperparameter 6) and Os (not corresponding to a particular
random effect hyperparameter 0). This derivation is similar to the score derivation for the IRT
discrimination parameter. An equivalent approach is to rearrange terms using the trace operator

(e.g., Petersen & Pedersen, 2012), which results in the expression Tr ((ZI.T (yi — ;Li)uiT)T %).

dlo, s (s |ug
where gfya,K;(ylM)

1.2.3. Reparameterization  As mentioned above, Ag is a Cholesky decomposition of the usual
variance—covariance matrix G, so our derivations are taken with respect to the Cholesky decompo-
sition. In order to obtain the scores with respect to the variance—covariance parameters contained
in G, we utilize the chain rule:

at 9l dAg (15)
aG  9Agy G
_ 14 0Ag (16)
dAe | 3(AgA})
-1
oL d(AgAy) (17)
"~ 9Ag dAg '
For the entry in row i and column j of Ag, we have that
d(AgAD)
— 0 — NgJji + Jij AL, (18)
dAgij

where J;; is a matrix with entry (i, j) equal to 1 and O elsewhere. The derivatives with respect to
all unique, nonzero entries of Ag can be computed in this manner to obtain the desired scores.

As an alternative to variances and covariances, users may wish to parameterize the model
via standard deviations and correlations. The scores with respect to standard deviations and cor-
relations can be obtained by applying another chain rule to the above scores that are taken with
respect to G. For example, assume a GLMM with two correlated random effects. In the variance—
covariance parameterization, we would have parameters ag, 012, and og, while, in the standard
deviation-correlation parameterization, we would have parameters oy, o1, and p. Derivatives for
the latter parameterization are:

9t L dog 19)
oo 3002 dog
ae
= ——5(200) (20)

doy
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3 3¢ dof
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1.2.4. Quadrature  All the derivatives above involve integrals that marginalize over the model
random effects u. These integrals do not have closed forms, requiring numerical methods for
approximation. The method implemented in R package merDeriv is a simplified version of multi-
variate adaptive Gauss—Hermite quadrature (Liu & Pierce, 1994; Naylor & Smith, 1982), with the
simplifications being based on the fact that we are computing derivatives after model estimation.
This means that we already have information about posterior modes and variances of random
effects from /me4, and we can make use of this information in place of the “adaptive” part of the
algorithm. Merkle et al. (2019) recently used a similar method to compute marginal versions of
Bayesian information criteria (see especially their Appendix C), with that method being based on
earlier methods described by Pinheiro and Bates (1995) and Rabe-Hesketh et al. (2005). While it
would be possible to simply use a traditional adaptive quadrature method here, we would have to
use it separately for each case in the data (because we seek to compute casewise derivatives). This
would be much slower and infeasible for many datasets, as compared to our quadrature method
described here.

Focusing on the GLMM framework, the integrals from Equations (11) and (14) are both of
the form

/g(y|u, ®) fylu.o (Y|t ®) fujo(U|@)du, (25)

where g() differs depending on the integral, and ® is a vector of model parameters excluding
the random effects u. This conditioning on  is implicit in earlier sections but was excluded to
simplify notation.

For a single clustering variable with [ levels, the clusters i are independent. Therefore, the
above equation can be written as

1
]_[/g(yilui,w)fyi|ui,w(yilui,w)ful-|w(ui|w)dui. (26)
i=1

To compute scores, we are interested in the elements of the above product: the integral for each
cluster i. For M quadrature points, we use Gauss—Hermite quadrature to approximate the integral
for cluster i by:

M
> w8 (yilag,. ©) fy,u0(Vilag,. ©). 27)

m=1

Thatis, the integral is approximated by a weighted sum of function evaluations, where the functions

are evaluated at different random effect values represented by a;."m, m=1,..., M. For arandom
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effect of dimension d, the quadrature locations and weights are computed by

a;, = b; +C; x a,, (28)
wi, = wy x (27)%% x det (C;) x exp (0.5 x ana,,) x ¢p(a},|0, G) (29)

where b; are the posterior modes of random effects for cluster i/, C; is the Cholesky factor of the
conditional covariance matrix of the random effects for cluster i (obtained from the /me4 function
ranef ()), ¢() is the normal density function, and G is the estimated covariance matrix of the
random effects (obtained from the Ime4 function VarCorr () ). Finally, a,, and w,, are the usual
Gauss—Hermite locations and weights, respectively.

1.2.5. Second Derivatives ~ While we have focused on first derivatives, the Louis (1982) identity
can also aid in computation of second derivatives, leading to the model Hessian and information
matrix. We do not present the equations here because, for models estimated via glmer () (but
not lmer () ), a Hessian is already computed and stored in the resulting model object (specifically
in the optinfo slot). According to the Ime4 documentation, this Hessian is computed using a
finite difference approach. The merDeriv package provides a convenience function to access this
Hessian, and we use it in our applications later.

By default, the /me4 Hessian is parameterized via the Cholesky decomposition of random
effects. The Hessian based on the standard deviation/correlation parameterization can alterna-
tively be obtained via the devfun?2 () function in /me4, which uses the profile likelihood. The
Hessian for the variance/covariance parameterization is then related to the latter option, through
the chain rule mentioned earlier. The merDeriv package incorporates these computations and
enables researchers to request the parameterization of interest via the ranpar argument (taking
possible values of “var”, “sd”, or “theta”). This is illustrated in the tutorials below.

2. Tutorial on the Derivatives’ Uses in R

We now provide a tutorial on R package merDeriv, which can carry out the computations
described above and which can be used to solve applied problems. As we go, we provide snippets
of code that illustrate how merDeriv interacts with other packages, which readers can adapt to
other models and datasets. We first provide some evidence that merDeriv operates in the manner
expected, by comparing a Rasch model estimated via /me4 to a Rasch model estimate via mirt
(Chalmers, 2012). We then consider a variety of other applications.

2.1. Verifying the Computations

Before using the scores from merDeriv in GLMM applications, we use the relationship
between GLMM and IRT to verify the correctness of the quadrature implementation. We specifi-
cally compare the score computations to those of package mirt (Chalmers, 2012), which estimates
many types of item response models. We make use of the fact that the Rasch model can be esti-
mated as a generalized linear mixed model, which was illustrated by De Boeck et al. (2011).
We also make use of the fact that mirt has its own, independent quadrature method for score
computation, which was used by Schneider et al. (2020) to apply Vuong tests to item response
models.
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library("mirt")
1s7 <- expand.table(LSAT7)
mirtmod <- mirt(1s7[,1:5], 1, itemtype = "Rasch", SE = TRUE)

library("reshape2")
1s7$person <- 1:nrow(1ls7)
1s7long <- melt(1ls7, id = "person")
lmedmod <- glmer(value ~ -1 + variable + (1 | person),
family = binomial, data = 1s7long, nAGQ = 5L)

mirtsc <- estfun.AllModelClass(mirtmod)
lmedsc <- estfun.glmerMod(lmed4mod, ranpar = "var")

FIGURE 1.
Code to fit Rasch models using mirt and Ime4, then calculate scores

2.1.1. Method  For comparing the two score computation algorithms, we use the LSAT7 data
(Bock & Lieberman, 1970) included with mirz. This dataset includes the item responses (cor-
rect/incorrect) of 1,000 individuals across 5 items of the LSAT.

The code in Fig. 1 shows how a Rasch model can be fit to the data using both mirt and
Ime4. For mirt, we require the LSAT7 data to be arranged in wide format, where each row is a
person and each column is an item. If we then rearrange the data to be in long format, as shown
in Fig. 1, we can fit the Rasch model via /me4. We use the nAGQ argument to employ adaptive
quadrature during /me4 model estimation, avoiding the glmer () default, nAGQ=1, which uses
the Laplace approximation. The quadrature leads to a more accurate approximation of the model
log-likelihood, which in turn leads to maximum likelihood estimates that tend to be closer to the
true maximum of the likelihood. The mirt package employs a fixed quadrature method with 61
quadrature points.

2.1.2. Results  Asshown at the bottom of Fig. 1, scores for the two models are obtained via their
respective est fun () functions. The function for mirt models is included directly within the mirt
package, whereas the function for /me4 models is included in merDeriv. Both functions output
a score matrix, where rows index people and columns index model parameters. For the glmer
model, we use the ranpar argument so that the merDeriv scores involve the variance—covariance
parameterization, which matches the mirt output.

In comparing the two sets of scores, we arrive at Fig. 2. The x-axis depicts scores from
merDeriv, the y-axis depicts scores from mirt, and each point is a particular score. We see that
the values are nearly exactly equal for mirt and for merDeriv, falling directly on the identity line.
One can also compare the parameter variance—covariance matrix of merDeriv and of mirt, using
the vcov () method of each package. That comparison, not shown, exhibits agreement similar to
the score comparison. These provide evidence that the merDeriv code is performing as expected.
Now that we have obtained this evidence, we move on to illustrate practical uses of the scores in
GLMM applications.
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FIGURE 2.
Comparison of Rasch model scores from mirt and from merDeriv.

TABLE 1.
Comparison between Rasch model standard errors reported by /me4 and robust standard errors reported by sandwich The
B columns correspond to item difficulties, while the o2 column corresponds to person (intercept) variance.

B B> B3 B4 Bs o?
Ime4 0.1004 0.0811 0.0913 0.0787 0.1037 0.1300
sandwich 0.0996 0.0814 0.0898 0.0785 0.1058 0.1311

2.2. Huber-White estimator

Let w be the model parameter vector, which in a GLMM would contain fixed effect param-
eters and random effect (co-)variances. Then the Huber-White (e.g., Huber, 1967; White, 1980)
sandwich estimator of the covariance matrix of w is

V(@) =) 'Ba)!, (30)

where A is the negative expectation of the model Hessian and B is the covariance matrix of scores
(see Wang & Merkle, 2018, for further discussion in the context of linear mixed models). The
score computations described in the previous sections facilitate computation of this B matrix.
The square root of the diagonal elements of V are then typically called “robust standard errors.”

Robust standard errors are used to address model misspecifications such as unmodeled depen-
dence between observations or deviations from normality. While random effects are typically used
in GLMMs to account for dependence between observations, the Huber-White estimator can be
used on top of a GLMM to account for further model misspecifications. Further, Stroup and
Claassen (2020) recently provided evidence that quadrature can lead to downward-biased vari-
ance estimates in GLMMs, resulting in inflated Type I error rates. The Huber-White estimator
may be considered in light of this result.
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library("sandwich")
sandwich(lme4mod, bread. = bread.glmerMod, meat. =
meat (lmedmod, level = 2))

FIGURE 3.
Example code for calculating Huber-White standard errors.

We can easily compute Huber-White standard errors using the scores from the pre-
vious section, paired with the sandwich package, as shown in Fig. 3. In that figure, the
bread.glmerMod () and meat () functions come from merDeriv, while sandwich ()
comes from the sandwich package. Applying this result to the Rasch model estimated in the
previous section, we obtain the results in Table 1. For this particular application, the /me4 stan-
dard errors and sandwich standard errors are virtually equal, likely due to the large sample size
(large by GLMM standards, at least).

2.3. Score Tests

Researchers have long been familiar with score tests, also known as Lagrange multiplier
tests, that can be used as alternatives to the likelihood ratio test or to the Wald test (e.g., Engle,
1984; Glas, 1992; 1998; 1999). In typical score test applications, a constrained model is fit to data,
then first derivatives of the likelihood function are used to test whether or not some constraint
should be relaxed. In contrast, the likelihood ratio test requires us to estimate two models (a
constrained model and an unconstrained model), and the Wald test requires us to estimate only
the unconstrained model.

This score test framework has expanded to a class of “parameter instability” tests, where we
test whether an estimated model’s parameters differ with respect to unmodeled auxiliary variables
(with different test statistics being used for continuous, ordinal, or discrete auxiliary variables).
Zeileis and Hornik (2007) summarized much previous work on this topic, developing a family
of score-based tests that can be used within an M-estimation framework (of which maximum
likelihood estimation is a special case). They also developed R package strucchange (Zeileis et
al., 2002), which can be used to compute the test statistics so long as a model’s scores and Hessian
are available. The family of score-based tests has subsequently been studied in the context of many
specific types of models, including linear mixed models (Wang et al., 2020), structural equation
models (Merkle & Zeileis, 2013; Merkle et al., 2014), and item response models (Komboz et
al., 2018; Strobl et al., 2015; Wang et al., 2018). The developments in the current paper make
it possible to apply score-based tests to GLMMs, yielding test statistics for GLMMs that have
been unavailable up to now. The score computations described above can be used to construct
the cumulative scores, which are further used to compute test statistics (Merkle & Zeileis, 2013;
Merkle et al., 2014).

In this section, we show how scores can be used to test fixed effect parameters that are not
directly included in a GLMM model. This is potentially useful in situations where a model with the
fixed effect included does not converge, which often happens in applied mixed modeling (see Barr
et al., 2013; Matuschek et al. 2017). In these situations, if we can get a model to converge without
some fixed effect of interest, it is possible to apply score-based tests to the fitted model in order to
test the omitted fixed effect. While the more popular approach here is to drop random effects (as
opposed to fixed effects) from the model, dropping fixed effects may be useful in instances where,
e.g., the random effect variances are all large, yet the model still exhibits convergence problems.

2.3.1. Method  We use data from 500 respondents on the Nerdy Personality Attributes Scale
(NPAS), a personality test designed for personal entertainment on the Open Source Psychometrics
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ml <- glmer(answer ~ -1 + item*ext + (1 | subject),
data = npas.sampled, family = binomial)

m2 <- glmer(answer ~ -1 + item + ext + (1 | subject),
data = npas.sampled, family = binomial,
control = glmerControl (optimizer='bobyqga'))

ext <- with(npas.sampled,
as.numeric(tapply(ext, subject, head, 1)))

scl <- sctest(m2, fit=NULL, scores=estfun.glmerMod, order.by=ext,
parm=1:26, functional='maxLMo')

FIGURE 4.
Models of the NPAS data. The first model has issues with non-convergence, leading us to the simpler, second model. A
score test is then used to study the interaction.

Project website (Open Source Psychometrics Project, n.d.). The questionnaire consists of 26 items
that attempt to define the concept of “nerdiness.” Responses were originally measured on 5-point
Likert scales, but we converted them to binary responses for this example (where O corresponds to
3 orless and 1 corresponds to 4 or 5). The items ask about different aspects of nerdiness, including
hobbies and interests that are usually associated with nerds, social interactions, personality traits,
and academic or intellectual endeavors. The data also include various demographic variables and
other personality measures assessing the “Big Five” personality factors.

Here, we assess whether item responses vary across extraversion, while also accounting for
inherent item differences (which would be called “item difficulties” in an IRT context). The lme4
syntax for this model is shown at the top of Fig. 4, where the variable names are generally self-
explanatory. Note that inclusion of the interaction term (i tem* ext) automatically includes main
effects of both item and extraversion, in addition to the interaction. This GLMM can be viewed
as a person-by-covariate item response model, falling into the class of explanatory item response
models considered by De Boeck and Wilson (2004) and De Boeck et al. (2011).

2.3.2. Results  The first model in Fig. 4 did not converge, even after making changes to the
optimizer and its settings. We could have experimented further, perhaps finding some combination
of settings that led to a converged model and that would render the score test unnecessary. But
each attempted model estimation took about ten minutes, so we could easily have spent hours
tweaking the settings. In contrast, the score test could be immediately applied to a simpler model
that converged more easily.

Our simpler model was the second model in Fig. 4, which used the bobyga optimizer (Powell,
2009) instead of the default Nelder_Mead. In estimating this second model, we capitalize on
the fact that score tests require only a “constrained” model, which here assumes that responses
to items do not vary across levels of extraversion. We can then obtain a score test statistic for the
interaction without directly including the interaction in the model.

To obtain a test statistic for this interaction, we carry out the score test using the code at the
bottom of Fig. 4. This makes use of the sctest () function found in the R package strucchange
as well as estfun.glmerMod () function found in merDeriv. It simultaneously tests all 26
item parameters for fluctuations with respect to extraversion, which is similar to including an



1184 PSYCHOMETRIKA

Empirical Fluctuation Process
150
|

50
|
o

T T T T T T T T T T T T
1 15 2 25 3 3.5 4 4.5 5 55 6 6.5

Extraversion

FIGURE 5.
M-fluctuation test for NPAS data. This graph presents item parameter fluctuation across varying levels of extraversion.
Peaks of the graph suggest extraversion cutpoints that isolate individuals with similar item parameters.

item x extraversion interaction. Results of this test are visualized in Fig. 5, which shows how the
scores fluctuate across different values of extraversion (x-axis). We can see that there is significant
parameter fluctuation in items across levels of extraversion, because the black line goes above the
“critical value” that is depicted by the red line. The peaks in the black line, around extraversion
values of 2.5 and 4.5, suggest cutpoints for subgroups of individuals that exhibit similar item
parameters. The test provides information about the nature of the interaction that was not easily
obtained by including extraversion in the model, due to model convergence problems.

2.4. Vuong Tests

Scores also play a role in Vuong tests (Vuong, 1989), which can be used to compare nested
and non-nested models to one another. In the nested case, the tests can be viewed as extensions
of the traditional likelihood ratio test, which, unlike the traditional likelihood ratio test, make no
assumptions about the more complex model being correct. In the non-nested case, the tests provide
a formal way of comparing the fits of the two models. The scores described in this paper can be
used in tandem with package nonnest2 (Merkle & You, 2018) to compare GLMMs, providing
new capabilities for comparing models with different predictor variables and different random
effects. Specifically, our score computations are used to compute the null distribution of the test
statistic, which is a weighted sum of chi-square distributions. Further descriptions of the tests and
applications to psychometric models can be found in Merkle, You, and Preacher (2016) and in
Schneider et al. (2020). An illustration involving GLMM:s is provided here.

2.4.1. Method The data used for this example comes from the SPISA data set, which can
be found in the R package psychotree (Strobl et al., 2015). The data is a subsample of 1,075
Bavarian university students who took an online, general knowledge quiz called “Studentenpisa”
administered by a German weekly news magazine (Trepte & Verbeet, 2010). The quiz consists of
45 items on 5 topics, and we focus here on a subset of nine questions dealing with natural science.
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modl <- glmer(response ~ -1 + item + agecent + gender + (1 | pnum),
data = spisa, family = binomial,
control = glmerControl (optimizer='bobyqga'))

mod2 <- glmer(response ~ -1 + item + semester + elite + (1 | pnum),
data = spisa, family = binomial,
control = glmerControl(optimizer='bobyqa'))

FIGURE 6.
Code for the non-nested models to be compared using the Vuong test. The first model uses age and gender as potential
predictors, while the second model uses number of semesters at the university and elite university status.

The data set includes several covariates such as age, gender, semester of university enrollment,
and elite university status.

Using a similar item response model as in the previous example, we construct two non-nested
models with different covariates. These models are based on a common reduced model that only
contains item and subject effects. The first model uses age and gender as covariates, while the
second model uses semester of university enrollment and whether the student’s university has
been granted “elite” status or not. The code for these models is shown in Figure 6. Similar to the
previous application, the models here did not immediately converge, and we switched optimizers
in order to attain convergence. Following model estimation, we obtained scores and compared
the two models using a Vuong test computed via the R package nonnest2 (Merkle & You, 2018).

2.4.2. Results  The nonnest2 code and output for the Vuong test is shown in Figure 7. First, we
create a convenience function, veg () , to compute the full parameter covariance matrix (including
random effect variances/covariances) for each of the models. This function, along with functions
from merDeriv for calculating the likelihoods and scores, is then sent to vuongtest ().

The output from the function first shows a variance test, which provides information about
whether the non-nested models are distinguishable from each other via the observed dataset. From
this, we reject the hypothesis that the models are indistinguishable from one another. We then
move on to the non-nested likelihood ratio test to examine whether one model fits better than the
other. For our example, we conclude that neither model fits better than the other.

Figure 8 shows that the nonnest2 functionality can also be used to test nested models, by
adding the nested = TRUE argument. We first fit a simple Rasch model to the data, with this
model being nested in the two considered previously. We then compute test statistics comparing
this model to the second model from Fig. 6. The two test statistics in the output can each be used
to compare the nested models, providing two alternatives to the traditional likelihood ratio test.
Here, we conclude that the full model including the “semester” and “elite” predictors fits better
than the simple Rasch model without those predictors.

2.5. Poisson GLMMs

Of course, the GLMM framework is not limited solely to binomial models, and our derivations
extend to other exponential family models. In this section, we illustrate extensions to the Poisson
GLMM using the epilepsy data set (Thall & Vail, 1990) found in the package brms (Biirkner,
2018).

2.5.1. Method  The data consist of 236 observations of seizure counts from 59 people across
4 time periods. Covariates include study group (treatment vs control), participant age, and a base
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vcg <- function(obj) vcov(obj, full = TRUE)

vuongtest (modl, mod2, 111 = 1llcont.glmerMod, 112 = llcont.glmerMod,
scorel = estfun.glmerMod, score2 = estfun.glmerMod,
vel = vcg, ve2 = vcg)

Model 1

Class: glmerMod

Call: glmer(formula = response ~ -1 + item + agecent + gender + (1 |
Model 2

Class: glmerMod

Call: glmer(formula = response ~ -1 + item + semester + elite + (1 |

Variance test
HO: Model 1 and Model 2 are indistinguishable
H1: Model 1 and Model 2 are distinguishable
w2 = 0.033, p = 6.35e-07

Non-nested likelihood ratio test
HO: Model fits are equal for the focal population
H1A: Model 1 fits better than Model 2
z = -0.356, p = 0.639
H1B: Model 2 fits better than Model 1
z = -0.356, p = 0.3611

FIGURE 7.
Code to run Vuong test for comparing two non-nested models. The models are able to be distinguished from each other,
but one model does not have better fit over the other.

rate seizure count across 8-weeks (standardized). For our initial model, we predict number of
seizures using the patient’s base rate (zBase), treatment group indicator (Trt), and visit number
(visit). We allow the intercept and visit slope to vary by participant, with these two random
effects being correlated. The Ime4 code for this model is at the top of Fig. 9.

Because this model includes multiple random effects, lme4 requires that we use the Laplace
approximation (nAGQ = 1) for estimation. We can still choose a larger number of quadra-
ture points for score computation after model estimation, however, which provides more precise
approximations of these quantities. We can also use extra quadrature points to compute the model’s
log-likelihood (via the merDeriv command 11cont .glmerMod () ), which potentially yields
a log-likelihood that is more precise than the log-likelihood that is output by lme4.

2.5.2. Results  We first used merDeriv to repeatedly compute the log-likelihood and the stan-
dardized gradient of the estimated Poisson GLMM, using one to ten quadrature points per dimen-
sion (the gradient is obtained by summing scores across people). Some of those results are shown
in Fig. 10, where the left panel displays results for the log-likelihood and the right panel displays
results for the standardized gradient of a single model parameter (the fixed intercept). We see
that, for small numbers of quadrature points, both of the displayed quantities are unstable. The
log-likelihood varies by about a tenth of a point, while the standardized gradient varies by much
more. Both quantities stabilize around five quadrature points, however, suggesting that we should
use at least that many points in practice (while also considering total computation time). We
also remark that the log-likelihood reported by lme4 is the value in the left panel at 1 quadrature
point, which is somewhat different from the “stabilized” value at larger numbers of quadrature
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mod3 <- glmer(response ~ -1 + item + (1 | pnum), data = spisa,
family = binomial,
control = glmerControl(optimizer='bobyqa'))

vuongtest (mod2, mod3, nested = TRUE,
111 = 1lcont.glmerMod, 112 = llcont.glmerMod,
scorel = estfun.glmerMod, score2 = estfun.glmerMod,
vcl = veg, ve2 = veg)

Model 1

Class: glmerMod

Call: glmer(formula = response ~ -1 + item + semester + elite + (1 |
Model 2

Class: glmerMod

Call: glmer(formula = response ~ -1 + item + (1 | pnum), data = spisa,

Variance test
HO: Model 1 and Model 2 are indistinguishable
H1l: Model 1 and Model 2 are distinguishable
w2 = 0.017, p = 0.000109

Robust likelihood ratio test of distinguishable models
HO: Model 2 fits as well as Model 1
H1l: Model 1 fits better than Model 2
LR = 18.680, p = 9.07e-05

FIGURE 8.
Code for testing fit of two nested models. The full model has better fit than the reduced model.

## linear effect of visit number:
epilepsy$visit <- as.numeric(epilepsy$visit)

## Poisson model:
poimod <- glmer(count ~ zBase * Trt * visit + (visit | patient),
data = epilepsy, family = poisson)

## Robust standard errors:
rse <- sandwich(poimod, bread. = bread.glmerMod,
meat. = meat(poimod, level = 2))

## Score-based test with 5 quadrature points:
age <- with(epilepsy, tapply(Age, patient, head, 1))
efgb <- function(...) estfun.glmerMod(..., nAGQ = 5)

poisc <- sctest(poimod, fit = NULL, scores = efgh,
order.by = age, parm = 3, functional = 'maxLMo')

FIGURE 9.
Code to fit a Poisson GLMM predicting the number of seizures in epileptic patients, then compute robust standard errors
and a score test statistic.
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FIGURE 10.
Log-likelihood and standardized gradient of the Poisson mixed model, by number of quadrature points used. The stan-
dardized gradient shown is that of the model’s fixed intercept parameter.

TABLE 2.
Comparison of model generated standard errors to robust standard errors for Poisson model.

Bo B1 B2 B3 Ba Bs Be B7

Ime4 0.1575 0.1465 0.2194 0.0468 0.1915 0.0404 0.0656 0.0518
sandwich 0.2464 0.1588 0.2300 0.0771 0.1554 0.0452 0.0679 0.0412

points. We can obtain a more accurate approximation of the fitted model’s log-likelihood using
the methods described here, and this approximation could influence some likelihood ratio tests or
other statistics that rely on the model’s log-likelihood.

We now illustrate how methods from the previous sections can be applied to the Poisson
GLMM. We first calculate robust standard errors using the code in the middle of Fig. 9, with
Table 2 showing the results. The table shows that, for the model considered here, the Huber-
White standard errors are generally larger.

Similarly to the previous section on score-based tests, we next examine the Poisson GLMM
parameter fluctuation across an extraneous variable. In this example, we assess the stability of the
treatment main effect across patient age, which provides information about whether the treatment
efficacy varies for patients of different ages. The score test is carried out via the code at the bottom
of Fig. 9, which is similar to that used in the score test section above. The test statistic here (not
shown) indicates that the parameter fluctuation is not significant, suggesting that the treatment
effect does not fluctuate across the range of age. Figure 11 contains the parameter fluctuation
across values age, with the critical value being the red horizontal line.

As can be seen, our methods work for other exponential family GLMMs, with the code
remaining very similar. In the General Discussion below, we provide further detail about models
that our methods cannot handle, as well as future extensions.

3. General Discussion

In this paper, we have provided technical details on computing derivatives of the GLMM
likelihood function, with a focus on models estimated via package /me4. We then showed how the
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FIGURE 11.
Graph of M-Fluctuation test for Poisson model. Model parameters are stable across the range of age.

derivatives can be used in various manners: to obtain robust standard errors, to test predictors that
were not included in the estimated model, and to carry out Vuong tests of non-nested GLMMs. All
of these applications used the GLMM derivatives in concert with other R packages, illustrating
how the R infrastructure can be combined to obtain new statistics that were difficult or impossible
to obtain previously.

3.1. Computational Issues

The quadrature implementation described in this paper can be used to obtain derivatives of
the marginal likelihood function for many models with random effects. This method is especially
relevant because the conditional random effects b and corresponding components in the variance—
covariance matrix G are often employed in the model estimation process, in place of derivatives
(for example, Cai, 2010a, 2010b; Bauer & Curran, 2004). Therefore, the derivatives based on the
marginal distribution are often not available, or at least not easy to obtain. Our quadrature method
took advantage of the fact that the model was already estimated, so that the predicted modes of
the random parameters were available.

Another integral approximation method is the Laplace approximation, which is equivalent to
Gauss—Hermite quadrature with one quadrature point (McCulloch & Neuhaus, 2005). Thus, the
Laplace approximation is less accurate than Gauss—Hermite quadrature with multiple points, but
also less computationally intensive and more flexible (Stroup, 2012). Additionally, it is possible
to use derivatives associated with the pseudo maximum likelihood function, which is a trans-
formation of the y response variable into y*, which conditions on the random effect (Stroup,
2012). The scores are then related to a simpler GLM, with such a procedure being implemented in
SAS (Schabenberger, 2005). However, the scores based on this pseudo likelihood are not always
applicable because the estimates can be problematic, such as when y follows a two-parameter
exponential family distribution or sparse Bernoulli distribution (Nelder & Lee, 1992). Finally,
numerical methods and Monte Carlo can be flexibly applied to many types of derivative compu-
tations, but they are often too slow to be practical. In all, these remarks indicate that there is not
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a single, superior method for all scenarios. The quadrature method described here is flexible and
appears to work well enough for many types of models.

3.2. Additional Applications

There exist other relevant applications that are worth exploring in more detail, including use
of the derivatives in GLMM trees. GLMM trees are part of a model-based recursive partitioning
framework that has been developed by Zeileis and colleagues (Hothorn & Zeileis, 2015). The goal
of the framework is to split a dataset into homogeneous subsamples based on auxiliary variables,
where each subsample exhibits different values of model parameters. To accomplish this, a tree
is constructed via the following steps

1. Fit the model of interest to the data in the current node of the tree.

2. Conduct a score-based test for each auxiliary variable.

3. Split the current node into two nodes, based on the auxiliary variable with the largest test
statistic.

4. Repeat steps 1-3 for the two nodes that were just created.

This procedure is continued until the score-based tests indicate no parameter instabilities with
respect to any auxiliary variables (or until a minimal subsample size is reached).

Fokkema, Smits, Zeileis, Hothorn, and Kelderman (2018) recently applied model-based recur-
sive partitioning to GLMMs. But, due to the difficulty of obtaining scores associated with GLMMs,
they developed an alternative procedure where only fixed effect parameters were allowed to vary
across subgroups. The developments in the current paper make it possible to apply the original,
model-based recursive partitioning procedure to GLMMs, allowing us to detect new types of
GLMM heterogeneity in a tree-based framework.

In addition to trees, scores may be used to study heterogeneity through “on the fly” tests of
residual covariance structures in GLMMs. These developments could reduce computation time
by testing multiple covariance structures after fitting a single model, as opposed to requiring esti-
mation of one model per covariance structure. Such tests can be facilitated by the coeftest ()
function of package Imtest (Zeileis & Hothorn, 2002), though some merDeriv extensions may be
necessary before this works.

3.3. Limitations

While the derivations in this paper work for general, exponential family models, two-
parameter distributions such as the gamma and inverse Gaussian are additionally complicated
by estimation of the extra dispersion parameter. The current merDeriv implementation does not
currently handle some of these models, nor does it handle the quasi-Poisson or quasi-binomial
families (which are not based on formal likelihood functions). Additionally, the applications in
this paper take advantage of the fact that we focused on models with a single clustering vari-
able. Researchers often consider three-level models and models with crossed or partially crossed
random effects, though, which utilize multiple clustering variables. The derivations in this paper
generally work for those models, allowing us to obtain scores for each case in the data (i.e., for
each row of the data). But most of the applications in this paper require a way to split observations
into independent groups, which is often impossible when we have multiple clustering variables.
For example, individuals in separate groups under one clustering variable may appear in the same
group under another clustering variable, leading to different forms of dependence between differ-
ent pairs of individuals’ scores. In contrast, when there is only one clustering variable, we know
that individuals in one group are independent of individuals in other groups.

For models with multiple clustering variables, it may be possible to de-correlate scores after
the fact, using an appropriately specified covariance matrix (Zeileis, 2004; Zeileis et al., 2020)
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or a self-normalization technique that is commonly used in time series research (Shao & Zhang,
2010; Zhang, et al., 2011). This would allow us to split observations into uncorrelated groups,
which may be sufficient for applications. Alternatively, Rasbash and Goldstein (1994) describe
methods for re-specifying a model with crossed random effects to be a fully hierarchical model,
in which case it may be possible to directly use the results described in this paper. None of these
solutions is trivial, and we hope to further study them in the future. We aspire to a future version
of merDeriv that is able to handle all of the models that Ime4 can estimate.

Computational Note

All results were obtained using the R system for statistical computing (R Core Team, 2020),
version 4.1.2, employing the add-on package merDeriv 0.2-3 for derivative computations and
Ime4 1.1-27.1 (Bates et al., 2015) for fitting of the mixed models. Code to reproduce the results
in the paper is available at https://osf.io/58ruw/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in pub-
lished maps and institutional affiliations.
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