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Generalized fiducial inference (GFI) has been proposed as an alternative to likelihood-based and
Bayesian inference in mainstream statistics. Confidence intervals (CIs) can be constructed from a fiducial
distribution on the parameter space in a fashion similar to those used with a Bayesian posterior distrib-
ution. However, no prior distribution needs to be specified, which renders GFI more suitable when no a
priori information about model parameters is available. In the current paper, we apply GFI to a family of
binary logistic item response theory models, which includes the two-parameter logistic (2PL), bifactor and
exploratory item factor models as special cases. Asymptotic properties of the resulting fiducial distribution
are discussed. Random draws from the fiducial distribution can be obtained by the proposed Markov chain
Monte Carlo sampling algorithm. We investigate the finite-sample performance of our fiducial percentile CI
and two commonly used Wald-type Cls associated with maximum likelihood (ML) estimation via Monte
Carlo simulation. The use of GFI in high-dimensional exploratory item factor analysis was illustrated by
the analysis of a set of the Eysenck Personality Questionnaire data.
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1. Introduction

Item response theory (IRT) refers to a collection of latent variable models and statistical
methods that has been widely used for describing the underlying structure of survey questionnaires
or standardized tests in psychological and educational research. In the current work, we focus
on logistic IRT models for dichotomously scored items, e.g., questions with “yes/no” response
options in an attitude survey, or multiple-choice questions with a single correct answer in an
aptitude test. In particular, the binary response to each item in the test is modeled as a logistic
regression on one or more latent variables, each of which represents some latent construct we
intend to measure.

Maximum likelihood (ML) has been the gold-standard estimation method for IRT models.
The ML estimates can be numerically found by expectation-maximization (EM; e.g., Bock &
Aitkin, 1981) or Newton-type (e.g., Bock & Lieberman, 1970; Haberman, 2013) algorithms.
The likelihood function of IRT models usually involves an intractable integration over the
space of latent variables. Were the dimensionality of latent variables low, simple tensor-product
Gaussian/rectangular quadrature suffices to approximate the integral. As the dimensionality
increases, however, the naive quadrature representation suffers from the well-known “curse of
dimensionality” that the total number of quadrature points grows exponentially fast. Adaptive
quadrature (e.g., Schilling & Bock, 2005; Haberman, 2006), which re-scales the quadrature grid
for each observed response pattern at each iteration based on the current parameter estimates,
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is able to attain the same accuracy using much fewer points, and thus fares more efficient in
high-dimensional problems. Alternatively, the integral can be approximated by Markov chain
Monte Carlo (MCMC) techniques, which results in stochastic variants of EM- or Newton-type
algorithms (e.g., Meng & Schilling, 1996; Cai, 2010a, b) that are also suitable for models with a
large number of latent variables.

Bayesian inference (e.g., Albert, 1992; Patz & Junker, 1999; Edwards, 2010) based on sam-
pling from the posterior distribution of model parameters has become popular in recent years,
partly because of the enhanced computing power and availability of user-friendly software.
Bayesian estimation circumvents the evaluation of the likelihood, and thus remains feasible in
models with high-dimensional latent traits. However, it should be used with caution since spec-
ifying appropriate prior distributions and tuning the sampling algorithm require extraordinary
statistical expertise. Even though the asymptotic optimality of Bayesian posteriors can be guar-
anteed by the Bernstein—von Mises theorem (e.g., Le Cam & Yang, 2000), erroneous results may
be seen in real applications due to improperly chosen prior distributions or ill-behaved samplers.

Confidence intervals (CIs) convey information about the sampling variability, and should
always be reported in company with point estimates. The most widely used interval estimator
associated with the ML estimation of IRT models is the Wald-type CI, defined as the point
estimate plus or minus the standard error multiplied by the proper normal quantile that matches the
nominal coverage level. The standard error computation for IRT model parameters was discussed
by, e.g., Cai (2008) and Yuan, Cheng, and Patton (2014). Caveats on the use of Wald-type Cls,
due to the reliance on a quadratic approximation of the log-likelihood, have been raised in the
statistical literature (e.g., Neale & Miller, 1997): For instance, they are not invariant under non-
linear transformations, may cover values beyond the boundary of the parameter space, and may
have unsatisfying small-sample behaviors. As pointed out by a referee, CIs obtained by inverting
the likelihood ratio or score test may have a better finite-sample performance. Those methods,
however, have not yet been available in the IRT literature. Moreover, they require fitting the
model multiple times for each parameter, which is computationally intensive, and thus may not
be suitable for multidimensional models.

Bayesian inference is more flexible in terms of quantifying the sampling error. For a certain
reparameterization of the model, converting accordingly each Monte Carlo sample from the
original posterior yields an approximation to the transformed posterior, from which credible
intervals can be constructed by taking, for example, the equi-tailed region. In finite samples,
however, dissimilar interval estimates may be resulted from different prior configurations, and
preferring one solution over others reduces in essence to the subtle question of prior selection.

In summary, the extant likelihood-based and Bayesian inference methods for IRT parameters
both have their merits and deficiencies. In this paper, we aim at developing a comprehensive
estimation and inference framework that is able to (a) deal with high-dimensional latent traits, (b)
facilitate interval estimation for transformations of parameters, and (c) avoid as much subjectivity
and ambiguity as possible in application. Generalized fiducial inference (GFI; Hannig, 2009,
2013), a new variant of Fisher’s fiducial inference, is believed to achieve most, if not all, the
aforementioned desiderata. In this article, we apply the GFI to a family of binary logistic IRT
models; in particular, a fiducial distribution of item intercepts and slopes is derived. The resulting
fiducial distribution is closely approximated by a Bayesian posterior with a data-dependent prior,
which is shown to satisfy a Bernstein—von Mises-type asymptotic normality. A Markov chain
Monte Carlo (MCMC) algorithm is proposed to obtain samples from the fiducial distribution,
which can be subsequently used for constructing CIs. Using simulated data, we evaluate the
comparative performance of the fiducial percentile CI against two types of ML Wald CIs in terms
of empirical coverage and length. An real data example is provided in the end illustrating the use
of GFI for exploratory item factor analysis.
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2. Theory

2.1. Generalized Fiducial Inference

The origin of fiducial inference can be traced to Fisher (1930, 1933, 1935). To redress what
he regarded as a “fallacy” of Bayesian inference that uninformative/flat priors are specified when
such a priori information is indeed absent, Fisher invented a fiducial argument to transfer to the
parameter space a prior-free probability distribution, namely, the fiducial distribution, which can
be used for inferential purposes in ways that resemble the use of a Bayesian posterior. However,
he failed to provide an unambiguous interpretation of the fiducial probability, and some of the
claimed properties of the fiducial distribution could not be established (Zabell et al., 1992). As
a result, fiducial inference has been considered Fisher’s “one great failure” (Zabell et al., 1992),
and largely eschewed by mainstream statisticians. Recently, from roots in the theory of structural
inference (Fraser, 1968), Dempster—Shafer calculus (e.g., Dempster, 1968, 2008; Shafer, 1976),
and generalized confidence intervals (Weerahandi, 1993), the re-formulated generalized fiducial
inference (GFI; Hannig, 2009, 2013) was brought back to spotlight. GFI is a completely general
framework adaptable to various parametric models, and usually has justified asymptotic frequentist
properties under mild regularity conditions.

We illustrate the idea of fiducial inference using a simple example. Consider a normal location
model ¥ ~ A (0, 1) with parameter & € R. When § = 6 is known, data can be generated by
Y = 6y + U in which U ~ A/ (0, 1). Conversely, we may want to make inference about 6y after
observing ¥ = y.! Under most circumstances, we are not able to identify the data generating
U = uy satisfying y = 6y + u¢; otherwise, 6y can be obtained trivially by 6y = y — up. Despite
the fact that the exact recovery of 6y via ug is not viable, the quantity y — u corresponds to the 6
value that is needed to reproduce the observed data y for any fixed u. If we replace the fixed u by
an independent and identically distributed (i.i.d.) copy of the data generating U, denoted U*, then
the distribution of y — U™, referred to as a fiducial distribution of 6, gauges how plausible each 6
value may reproduce y. The definition of a fiducial probability does not require any information
other than the model and observed data, different from the definition of a Bayesian posterior
probability in which prior information is indispensable. Because of its dependence on fixed data,
the fiducial probability is also not the confidence probability in the usual frequentist sense.

We now introduce the theory of GFI. For a family of parametric models indexed by some
parameter space ©, the data-generating equation (DGE) expresses the data Y as a composition of
parameters # € © and random components U with parameter-free distributions:

Y = g6, U). (1)

As the name suggests, the DGE characterizes how data are generated from the model; in the
normal location example, the DGE is Y = 6 + U. When the parameters 6 are considered known,
data Y can be obtained using Eq. 1 after sampling the random components U from their known
distributions. For the reversal, i.e., making inference about 0, the data Y = y are considered fixed
and known, and Eq. 1 is regarded as an implicit function expressing parameters by the data and
random components. A distribution on the parameter space is then implicitly determined by Eq.
1, transferred from the known distributions of U. Properly explicating this relationship, in other
words, “solving” @ form the DGE, leads to a fiducial distribution that can be used for making
inference about parameters 6. The same role-switching of data and parameters can be found in the
duality between the likelihood and density functions, which is fundamental in likelihood-based
inference. Here, applying the same idea to the DGE yields a probabilistic quantification regarding

'In the sequel, lowercase letters are routinely used for realizations of random variables.
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which @ in O is the truth, which is more intuitive than the deterministic quantification provided
by the likelihood function.
Define the set inverse of the DGE:

Oy,uy=1{0 €O :g6,u) =y}, ©))

which contains all possible solutions to Eq. 1 given fixed y and u. In the normal location example,
the set inverse is a singleton set {y — u}; the unique element defines unambiguously a fiducial
distribution, i.e., y — U*. In general, however, Eq. 2 may contain more than one element for some
combinations of y and u, and may be empty for others. More involved arguments are needed to
define a fiducial distribution rigorously.

Infinitely many solutions to the DGE may co-exist. An example is the Bernoulli family
Y ~ Bernoulli(), 0 < 6 < 1. Its DGE can be expressed as Y = I{U < 6}, in which I(-) denotes
the indicator function, and U ~ Uniform(0, 1). Given y € {0, 1} and 0 < u < 1 as realizations
of Y and U, the corresponding set inverse is one of the two intervals partitioned by the value of
u (see Hannig, 2009, Example 6): u <6 < 1if y =1,and 0 < 0 < u if y = 0. In fact, models
for discrete data often yield non-singleton set inverse Q(y, u); therein favoring one element over
others for the purpose of defining a fiducial distribution for @ cannot be decided from the values
of y and u per se. Hence, we need a user-defined rule that uniquely identifies an element from the
set inverse: e.g., randomly selecting a point from Q(y, u).

It is also possible that the set determined by Eq. 2 is empty. For example, let Y1 = I[{U; < 6}
and Y, = [{U; < 6} be two observations from Bernoulli(6). If we observe y; = 1 and y, = 0,
then the joint set inverse is [u1, 1] N [0, u2), which is empty whenever u; > u>. An empty set
inverse Q(y, u) implies that no parameter value is able to recover y combined with the particular
u. Because the model is assumed to be correctly specified, intuitively it means that this u value is
not helpful to the inference of # and should be discarded. One natural resolution is to concentrate
on the set of u such that Eq. 2 is non-empty.

Following these heuristics, we define a fiducial distribution as

v(Q(@y. U") [{Q(y, U") # 0}, 3

in which U* is an i.i.d. copy of the data generating U, and v(-) denotes a selection rule. A random
variable having the distribution determined by Eq. 3 is referred to as a generalized fiducial quantity
(GFQ).

Two sources of non-uniqueness are inherent in Eq. 3. First, there may exist different DGEs
for the same model, and thus different fiducial distributions (e.g., Hannig, 2013, Example 5.1).
In our IRT application, we focus our attention on a specific DGE that has been widely used
in practice for generating item response data; future studies are encouraged to investigate other
possibilities. Second, when the set inverse consists of more than one point, different selection
rules lead to different fiducial distributions. Hannig (2013) proved for a general class of models
without random effects that the diameter of the set inverse converges to zero at a fast rate (of order
1/n), which implies that the impact of selection rules is asymptotically negligible. Simulation
studies suggest that the sizes of the polytopes produced by the proposed sampler (introduced in
Sect. 2.4) are always tiny when the sample size is large. Thus, we conjecture that a higher-order
convergence result similar to Hannig’s result holds in our case as well. Theorem 2 presented in
the current work is a initial step towards this direction, in which we establish that the size of the
set inverse under the empirical Bayesian approximation to the fiducial distribution is of order 1/n
for unidimensional models (r = 1).
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2.2. GFlI for Binary Logistic IRT Models

Next, we consider a family of binary logistic IRT models, and derive a GFQ for item parame-
ters. Let a person i’s response to a binary item j, ¥;; = y;; € {0, 1}, be modeled by the following
conditional likelihood (also known as the item response function):

1
14 eD"T0).2)

i, yijlz;)) = P{Y;; = yij|Z; = 2;} = 7;(0;,2) =0 +ﬂjTZi7 4

in which Z; = (Z;4);_, € R” are the latent variables. In Eq. 4, &; denotes the item intercept, and
B denotes the r item slopes. We assume that the intercept is always freely estimated, but some
slopes must be fixed for model identification. We denote all g; free parameters that calibrate item
J by 0, and write 7;(0 , ;) as the usual linear regression on the latent variable to highlight its
dependence on 6 ;. In addition, we restrict consideration to the case that Z; ~ N(0,1,), in which
I, is an r-dimensional identity matrix; that is, no correlation component is estimated among the
latent variables. This general setup encompasses the two-parameter logistic (2PL), bifactor, and
exploratory item factor analysis models, but not the independent-cluster or the general two-tier
models; future research works are encouraged to extend the current framework to a broader class
of IRT models.

Y;; is a Bernoulli random variable with success probability given by f;(0;, 1|z;). The DGE
of Y;; has the following form:

Yij =1{Uij < f;0;, 11z} = Ilogit(U;j) < 7,0, Z)} =1{A;j < 7;0;,Z)}, (5

in which U;; ~ Uniform(0, 1) independent of Z;, and A;; = logit(U;;) ~ Logistic(0, 1). In Eq.
5, the free components of «; and B I i.e., 0, can be identified as parameters 6 in Eq. 1; A;; and
Z,; are the random components with parameter-free distributions; they jointly correspond to U in
Eq. 1. The set inverse of Eq. 5 becomes

Qij(ij,aij,z;)) ={0; e RY :q;; <7;0;,2;), if yijj = 1;
aij > Tj(aj,zi), ifyij =0}. (6)

The geometric representation of Eq. 6 is a half-space, i.e., one half of the Euclidean space R%J
with the partitioning determined by the affine hyperplane a;; = 7;(0;, z;); a graphical illustration
using a 2PL item is shown in the left panel of Figure 1.

Now consider an n x m binary response data matrix, denoted Y = (¥;; :7:1’}1:1, in which n is
the sample size, m is the test length, and each Y;; is generated from a version of Eq. 5. Itis assumed
that the n individual response patterns, denoted Y; = (¥; j);f’zl, i =1,...,n, are i.i.d, and that
for each observation i, Y;;, j = 1, ..., m, are independent conditional on Z;. This implies the
independence of the corresponding logistic and normal variates, denoted A = (A; j)l’.‘zlg.":1 and

Z = (Z;)}_,, respectively. The set inverse for the DGE of Y can be written as
m n
O(y,a,z) = X ﬂ 0ijij, aij, z;), @)
j=li=1

in which we write x for the Cartesian product. For each j, we take the intersection for the reason
that the set inverse by definition should include 6 ; values that are consistent with all individual
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FIGURE 1.
In both panels, the horizontal axis is intercept « ;, and the vertical axis is slope 8. Each straight line gives the boundary
condition in Eq. 6 for a particular observation: Dashed lines indicate strict inequalities, while solid lines indicate non-strict
ones. The arrow perpendicular to each boundary points into the half-space. The left plot presents the set inverse function
(the shaded area) for a single observation (Observation 1, abbreviated as O1). In the right plot, four additional observations
(02-05) are included; the intersection of the five half-spaces is shown as the shaded area.

DGEs (Eq. 5). For easy reference, we introduce the notation Yy = (¥;;)?_, for all n responses
to item j, and similarly A ;) = (¥;;)?_, for the corresponding logistic variates. Also, let

Q¥ a¢), ) =ﬂ 0ijij, aij, ;). (8)

i=1

Geometrically, Q;(y(j, a(j), z) is an R% -polyhedron, whose faces are the boundaries of a selec-
tive collection of individual half-spaces (Eq. 5). For a single 2PL item, an illustration of Eq. 8 as
an R2-polygon is given in the right panel of Figure 1. Because we assume that different items do
not share parameters, the overall set inverse, i.e., Eq. 7, is finally obtained by taking the Cartesian
product. In the sequel, we treat without loss of generality the set inverses (Eqs. 6-8) as the closure?
of what we defined earlier; since the random components are continuous, all the stated properties
that hold for the closure also apply to the interior with probability one.

Denote by A* and Z* i.i.d. copies of the random components A and Z, respectively. A GFQ
for item parameters can be constructed from the random set Q(y, A*, Z*), provided the set is not
empty. We remark that polyhedrons constituting the set inverse are unbounded with a positive
probability for fixed n and y: For example, whenn < ¢, anon-empty polyhedron Q ;(y(;), a(;), z)
is certainly unbounded, because a bounded R% -polytope has at least g; + 1 faces. For ease of
exposition, we restrict ourselves to selection rules v(-) returning finite values within the set inverse.
Following the generic recipe (Eq. 3), a GFQ of item parameters is

v(Q(y, A, Z) | {Q(y, A", Z") # 0} ©)

2 For the set inverse function considered here, the closure amounts to the same polyhedrons with all the boundaries
attained.
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In the simulation study and the empirical example discussed later, we consider a selection rule
that randomly (with equal probability) selects for each item an interior vertex of the correspond-
ing polytope, which parallels Hannig’s (2009) recommendation of non-informative and data-
independent selection rules.

2.3. A Bernstein—von Mises Theorem

In Bayesian inference, the Bernstein—von Mises theorem describes the well-known phenom-
enon that a posterior distribution converges to a normal limit as the sample size increases; it is
sometimes referred to as “the Bayesian central limit theorem” in fundamental text. To illustrate,
we consider a one-parameter model with parameter 6; denote by 6 the true parameter that gener-
ates the observed data y. Let R(y) be a random variable that follows the posterior distribution of
0 given observed data y. The Bernstein—von Mises theorem implies that the distribution of R(Y)
approaches N (X, a&), in which X ~ N (8o, 002), and 002 is the reciprocal of the sample Fisher
information evaluated at 6. As a result, in large samples, a Bayesian credible interval has approx-
imately the correct frequentist coverage. For instance, consider the one-sided credible interval
(—00, ry(y)] in which ry (y) is the upper « quantile of R(y). The normal approximation suggests
re(Y) = X + 7400, in which z, is the upper o quantile of the standard normal distribution, so
P{ty <ra(Y)} = P{h < X + 2000} =1 — .

In this section, we establish a Bernstein—von Mises theorem for a posterior distribution derived
from a data-dependent prior, which amounts to approximating the conditioning set involved in
the GFQ (Eq. 9) by a first-order inclusion-exclusion expansion. Some notation is introduced
first. Suppose that i.i.d. item response data Y = (Y;)!_, are generated from the same logistic
IRT family as described in the previous section. Each observation Y; is a multinomial random
variable with the following probability mass/likelihood function:

1030 = [ T1H05 0 mdow). (10)
=1

Let s(8,y;) = 0dlog f(#,y;)/00 be the single-observation score vector, and H(f,y;) =
92 log f(0,y:)/3030 T be the single-observation Hessian matrix. Also define Z(0) = Covyg [s(f,
Y;)] which is usually referred to as the Fisher information matrix. It can be verified by direct
calculation that

Eg[s6,Y)] =0, (11)

and
Z(6) = Eq [s0, Ys®, YT | = —Eg [HE. Y. (12)

Let 6 be the true parameter value that generates Y, and Z(y be a short-hand notation for Z'(6).
Also define the (scaled) sample score function S,, = n~1/2 z;’zl s(fo,Y;). By Egs. 11 and 12,
and the Central Limit Theorem,

S, 5 N0, To). (13)

It follows that Z; 'S, <> A7(0, Z; ).

Let I = (1;)_; be an m-tuple of index sets, in which each /; indexes a size-¢ ; sub-sample,
ie,l; C{l,...,n}and|/;| = qj.Foreachitemj,thelinearsystemA;j =100/, Z;‘),i € I;,has
a unique solution with probability one, denoted V;, which can potentially be an interior vertex
of the random polytope Q;(y(j), A? i) 7). Pooling across all items, / determines a potential

extremal point of Q(y, A*, Z*), denoted V; = (V;;)"_,; there are in total C, = HT:] ( ;j )

different choices of 1. Let D be the event that I determines an extremal point of the non-empty
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set inverse; the event Q(y, A*,Z*) # ¢ used for conditioning in Eq. 9 is then equivalent to
U;D 7.3 Conditioning on the union of multiple D;’s is not easy to manipulate, and thus the
following approximation is resorted to. Define event D(y) by the law of total probability that
each sub-sample I has probability C,; I to be selected, and that Q(y, A*, Z*) is non-empty given
that the selected / forms an extremal point. It is clear that P{D(y)} o« >_; P{D;}. Let R(y) be a
random variable that follows the distribution of the selected V; conditional on D(y). R(y) differs
from the GFQ (Eq. 9) only in the conditioning event: D(y) used in the approximation can be
considered as a first-order approximation to Uy Dy in the inclusion-exclusion formula:

P{JDi}=> P{Di} =D PIDINDpy+ D PDNDyNDpy—---. (14)
I I I£I T£I'£DY

The construction of the equi-probability mixture distribution is inspired by Hannig’s (2009, Sect.
4.1) suggested implementation of the fiducial recipe for continuous data. We conjecture that the
higher-order terms on the right-hand side of Eq. 14 do not affect the conditional distribution as
the sample size grows, but leave the theoretical justification for future research.

A roadmap for our theoretical justification is summarized as follows. We first establish that
the density of R(y) has a closed-form expression (Lemma 1) and satisfies the desirable result
(Theorem 1). Next, it is proved for unidimensional models (r = 1) that the diameter of the set
inverse goes to 0 at the rate 1/n (Theorem 2), faster than the rate 1/./n at which the distribution of
R(Y) approaches its normal limit. This provides partial support for the observation that different
selection rules tend to give converged inference about model parameters when the sample size is
large enough.

The following lemma gives explicitly the density of R(y), which amounts to a posterior
density defined by a data-dependent prior; detailed derivations can be found in Appendix 1.

Lemma 1. (Density) Consider a test of m dichotomous items each of which is characterized by
a version of Eq. 4. Let ® C R4, g = Z;-"zl qj, be the parameter space comprising all free
intercepts and slopes 0 = (0./)7’:1. For ease of exposition, the fixed slopes are set to zero.* Given
observed response data'y = (y;)]_, = (yij)?zl’}’zl, the density of R(y) can be written as

efj(aj,zl‘)

gn<0|y>ochj/Rmdz((a,z»j]:[1 lgmigfj(oj’)’iﬂzi) do@). (15)

InEq. 15, ® denotes the probability measure of N (0, 1,,),> and d; (0, z;) = H'}’Zl |det(d7;(0;, z)
/80]‘)1-61]. ‘ gives a Jacobian determinant, in which z; = (;)ies.°

Remark 1. The connection to Bayesian inference can be seen from Eq. 15. Rewrite Eq. 15 by
splitting the integral into two parts—one for z;, and the other for zj«:

3 Both V; and D depend on the observed data y; the dependency is omitted from the expressions for conciseness.

4In practice, slopes might be fixed at values other than zero. The theoretical properties discussed in the current work
still apply after subtracting the inner product of those fixed slopes and the corresponding normal variates from A;;’s and
substituting its distribution function for the standard logistic density and distribution functions.

5 For ease of notation, we use @ to denote the probability measure corresponding to a standard normal distribution
of arbitrary dimensionality. By default, the dimensionality is determined by the quantity in the parenthesis that follows.

6ielmeansicl j for some j, with a slight abuse of notation. As a general notation, we put index set in subscript
to denote the corresponding elements.
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e%i0).zi)

aw <Y [ao.a[]{]] )]2Hf,-<0,-,yi,-|zi) o))
I J¢Jdi

el Ljes [14emCim
m
/ H Hf/'(aj»yij|zi)dq>(zl"), (16)
ielc j=1

inwhich J; = {j : i € I;} fori € I. Note that the second line of Eq. 16 is the marginal likelihood
function of the observations in /€. We can multiply and divide the right-hand side of Eq. 16 by
the likelihood of the vertex-determining observations /, and then simplify it to

4 (O1y) o by(6,¥) £ (0. y). an
In Eq. 17,
509 = [ TTT1 @5 1d0@ (s)

i=1j=1
denotes the complete sample likelihood, and

eti0;.2i)

b0 = [a6.an[T{]] T 70;, vijlz) } docan
1

(0 7112
et |jen [L e @] o,

//HHf,-(o,-,yi,wz,-)dcb(z,) (19)

iel j=1

is a function of both the item parameters and data. Therefore, the density of R(y) can be conceived
as the (empirical) Bayesian posterior computed from the data-dependent prior proportional to Eq.
19.

It can be straightforwardly shown that the density expressed by Eq. 15 (or equivalently Eq.
17) satisfies a Bernstein—von Mises theorem. The proof is relegated to Appendix 2, which is
similar to Ghosh and Ramamoorthi’s (2003, Theorem 1.4.2) proof of a Bayesian Bernstein—von
Mises theorem.

Theorem 1. (Bernstein—von Mises) Suppose that item response data Y = (Y;)}_, are i.i.d. with
probability mass function f(0o,y;). Let ® C RY be the parameter space as usual. Assume that

GO m=>r+1;

(i) Forall8,0" € © suchthat @ # 0', fg # fy for some response pattern;
(iii) @ is at the interior of ®;
(iv) The Fisher information matrix L is positive definite.

Let g,(hly) = g,(00 + h//nly)//n be the density of /n[R(y) — 0¢], H, be the corre-
spondingly rescaled parameter space, and qualSn 7! be the density of N (T alsn, T al), Then,

I,

Py
in which Py, denotes the probability measure of Y under the true parameter values 6o, and —
means converges in probability under the true model.

_ Py
GnM[Y) = ¢z 15, 7.1 ()| dh = 0, (20)
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Remark 2. Assumptions (ii) to (iv) are standard regularity conditions for establishing the asymp-
totic optimality of the ML estimator. (i) guarantees the existence of some neighborhood of 6
such that for @ outside the likelihood ratio f,(0,Y)/f,(00,Y) converges uniformly to zero in
probability, which functions similarly to Assumption (v) in Ghosh and Ramamoorthi (2003).

Remark 3. As remarked in van der Vaart (2000, Sect. 10.2), the alternative “centering sequence”
Jn (9 — 6p), in which 0 is the ML estimator, can be used in place of Z, lS,, in Eq. 20, because
the the latter is a local linear approximation of the former at the true parameter values 6 and the
two are asymptotically equivalent.

When r = 1, we are able to control the diameter of the set inverse by an O, (n~1) term (The-
orem 2). Because the rate of convergence in Theorem 1 is of order 1/4/n, the same convergence
result also holds for all other points selected from the set inverse given that each sub-sample
serves equally likely as the selected extremal point. The proof is provided in Appendix 3.

Theorem 2. Suppose that Assumptions (i)—(iv) of Theorem 1 hold. Consider r = 1. For any
K > 0, define
pk (y) = P{diamQ(y,A*,Z*) > K /n | D(y)}, 2

Then, for each & > 0,
Py,{3K,N >0: pg(Y) <&, Vn> N} — 1. (22)

Remark 4. A majority of the proof (Appendix 3) is extensible to multidimensional models (i.e.,
r > 1), except for the last part that involves a case enumeration.

2.4. A Markov Chain Monte Carlo Algorithm

Next, we introduce an MCMC algorithm to sample from the fiducial distribution (Eq. 9).
Our main task is to sample A* and Z* such that the set inverse Q(y, A*, Z*) is non-empty. We
solve this high-dimensional truncated sampling problem by a Gibbs sampler, which consists of
two types of conditional sampling steps, one for Al.*j and the other for Z7,. After initialization, our
algorithm sequentially draws each random component from its conditional distribution given the
latest values of the rest. By the standard theory for Gibbs samplers, the generated Markov Chain
converges to the joint distribution of A* and Z* conditional on Q(y, A*, Z*) # ). Following the
update of each random component, the interior polyhedrons are rebuilt accordingly. After each
MCMC cycle, one extremal point of the set inverse is selected and recorded as an instance of the
GFQ. Next, we discuss the two Gibbs sampling steps, the choice of starting values, and some
tuning details of the algorithm.

Conditional sampling of A* Fix i and j. The goal of this step is to obtain an update of A*
such that the resulting new half space has a non-empty intersection with the interior polyhedron
determined by all current realizations of the random components except for those of the ith
observation. Notationally, we use superscript O to highlight the dependency solely on the current
values of the random components and superscript 1 the involvement of the updated one. Let
Yoi(j) = ki @° Vi) = (ak Yiir and 20, = (2. Any valid update of A}, denoted a}j,
should satisfy the following cond1t10n

al, < max, . an, rJ(0 ,zl) ify;j =1

0ii(yij, a2 N Q(y_i(jy,a% . 2D #0 & 1 1 .
ij\ij> 4ijs Z iY-ig)a z(/) i) # ailj_mmajevgijtj(e ) if y;j = 0.

(23)
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FIGURE 2.

The left panel illustrates updating Agi for Observation 5 (O5) given values of other random components. The updated

half-space (O5, new) is parallel to the old O3. The dot-filled area is the feasible region for the updated half-space to have
non-empty intersection with the interior polygon without old O5. The shaded area shows the updated polygon. Similarly,
the right panel illustrates the conditional sampling of Zg. This time both the old and new OS5 pass through the same point
ong; =0.

in which V° ij denotes the collection of interior vertices of Q;(y—;(j), agi(j), 0 ;). Equation 23
follows from the fact that the left-hand side intersection, i.e., the updated interior polyhedron
for item j, is non-empty if and only if at least one point in Q ;(y—_;(j). a(l i)’ z(li) satisfies the
inequality posed by Q;; (i), ailj, z?); due to convexity, it suffices to require at least one vertex of

the polyhedron Q ; (y—;(j), a® i) z(li) satisfying the inequality. Therefore, we sample A;j = al.lj

from Logistic(0, 1) truncated from above by maxg 10 T ] i z?) when y;; = 1, and from below
y , <
by minojevo” T (0/" z?) when y;; = 0. A graphical illustration of Step 1 using a 2PL item can
Y , .
be found in the left panel of Figure 2.

Conditional sampling of Z?;. Fix i and d. The goal of this step is to sample Z7, from a
suitably truncated standard normal distribution ensuring for all items that the updated interior
polyhedrons are not empty. Let Z;l = (z?1 e Z?,a’—l z}d Z?,d+1 e z?r)T. For each item j, the
updated zil ; should satisfy:

0 i
aj; <maxy yo 70, 77), if yij =1
sz()’zjyao,zd)ﬂQ](y_,(j),a(l . ,Z(l‘) #@ o ) ] JE€V; : .
ij> % i(j) “—i a;; = mmo,-evﬂij rj(oj, ), if y;j = 0.
(24)
Pooling across all items, we express the desired truncation of this sampling step as
m
dieN U (@ =505, ify; =1;
Jj=1 0j€v9ij



YANG LIU 301

The geometric object implied by Eq. 25 can be a finite interval, an infinite interval, or a disjoint
union of intervals. An example using a single 2PL item can be found in the right panel of Figure
2.

Starting values. A non-empty set Q(y, a°, z°) is required to initialize our Gibbs sampler,
which can be constructed from some suitable starting values of the parameters and random com-

ponents. Suppose that some initial guess of the parameter values §° = (00)’"_ | and the latent

O are available. For each i and j, we could execute the Gibbs sampling step of

variable values z
A* to obtain starting values aoj assuming that the interior polytope has only one vertex 00' that is,

we sample A* from Logistic(0, 1) truncated from above by z; (00 20) if y;; =1, and tmncated
from below by the same quantity if y;; = 0. It is clear that the resultmg set inverse function is
non-empty, because it contains at least some neighborhood of 6°.

In practice, conveniently computable parameter estimates, such as various weighted least
square methods based on tetrachoric correlations (e.g., Muthén, 1978; Gunsjo, 1994), can be used
as 0°; alternatively, one could use naive starting values such as 0 for intercepts and 1 for slopes.
z¥ can be generated from the conditional distribution of the latent variables given y and 0°, or
simply from a standard normal distribution. From our experience, the generated Markov chain
often appears stationary after several thousand iterations, and the final results are not affected by
the choice of starting points.

Additional tuning of the sampler. To simplify the sampling algorithm, we restrict the item
parameters to a compact set [—M, M7 with M > 0 being some pre-specified large number.
Hence, the set inverse Q(y, A*, Z*) always comprises closed polytopes which can be efficiently
represented by their vertices. The results are not significantly affected by the choice of M provided
the sample size is large enough, in which case the generated polyhedrons usually have small
diameters and thus are unlikely to attain the arbitrary bounding box.

In small samples, however, polytopes attaining the bounding box emerge every now and then,
resulting from unbounded polyhedrons hard-truncated to the arbitrary bound. Consequently, the
marginal fiducial distribution for the associated item parameters can be heavy-tailed; it leaves
visible “spikes” on the trace plots, and yields less efficient interval estimators. To resolve this,
we propose an extra tuning operation based on the observation that unbounded polyhedrons are
typically resulted from lacking lower/upper bounds for the slope parameters. For fixed item j
and dimension d on which item j loads, the single-entry set inverse (Eq. 6) imposes an upper
bound for the corresponding slope parameter if y;; = 1 and Z*, < 0,0r y;; =0and Z7;, > 0;a
lower bound is imposed otherwise. Some combinations of y;; and Z?, rarely occur under certain
data-generating models,” which may lead to a shortage, if not a sheer absence, of bounds on one
side. A natural workaround is to modify the set inverse Q;;(yij, aij, Z;) to give each slope both
lower and upper bounds; in particular, we define

Q,]'t;l()’ij,aijvzi) ={0; eRY : — M+ﬁjTZi <aj <aj +ﬂjTZi, ify; =1
aj+ Bz <aj <M+ B,z if yij =0}, (26)

which, for fixed a;; and z;, approaches Eq. 6 as M increases. Pilot studies suggest that replacing
Eq. 6 by Eq. 26 with parameter bound M = 20 in the construction of a fiducial distribution
significantly relieves the problems caused by the heavy-tailedness. In practice, we do not expect
item parameters to go beyond this value as well.

7 For example, if a 2PL item is moderately difficult but highly discriminating, then observing either a correct response
with a negative Zl‘.' or an incorrect response with a positive Zi* is unlikely; therefore, the generated set inverse functions
may not have an upper bound for the corresponding slope parameter.
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TABLE 1.
True item parameter values in the Monte Carlo simulation.

Item Communality Skewness LoadingA; Thresholdz; Slope 8; Intercepte; Difficulty §;

1 Low No 0.32 0.00 0.57 0.00 0.00
2 Low Low 0.32 0.50 0.57 —0.90 1.58
3 Low High 0.32 1.00 0.57 ~1.79 3.16
4 Medium No 0.71 0.00 1.70 0.00 0.00
5 Medium Low 0.71 —0.50 1.70 1.20 —0.71
6 Medium High 0.71 ~1.00 1.70 2.40 —1.41
7 High No 0.95 0.00 5.10 0.00 0.00
8 High Low 0.95 0.50 5.10 ~2.69 0.53
9 High High 0.95 1.00 5.10 ~5.38 1.05

3. Simulation Study

We report next a comparative evaluation of fiducial and ML Wald-type interval estimators
via Monte Carlo simulations. Nine-item tests (m = 9) and two sample size conditions (n = 100
and 500) were considered. Under each condition, 500 data sets were simulated. Apart from the
intercepts and slopes in the original parameterization of the model, three additional parameters
are of interest to us. The item difficulty parameter,

8j =—aj/Bj, (27)

gauges the latent variable level at which a correct response is produced with 50 % chance. The
loading A ; and threshold 7; are standardizations of slope and intercept, respectively:

Aj = L (28)

NERTIE

and
T =38k (29

They are defined on a standardized scale pertaining to the notion of explained variance (com-
munality), which is the preferred metric in the literature of item factor analysis (e.g., Wirth &
Edwards, 2007). The true item parameters, tabulated in Table 1, were determined by two factors:
(a) )\3 = 0.1, 0.5, 0.9, representing low, medium, and high communality, and (b) |7;| = 0, 0.5, 1,
representing no, low, and high skewness.

We implemented the previously discussed Gibbs sampler (Sect. 2.4) in Fortran. We set O as
the starting value for intercepts, and 1 for slopes; z* were generated from the standard normal
distribution, and a° were generated by running the Gibbs sampling step once, as described in the
previous section. For each simulated dataset, we ran 60000 MCMC cycles, and burned in the first
10000 to remove the influence of starting values; 5000 draws were then extracted by applying a
thinning interval of 10, from which equi-tailed percentile CIs (FID) were obtained. The parameter
bound M is set to 20.

The ML estimates of item parameters were found by the Bock-Aitkin EM algorithm using
Mplus 7.0 (Muthén & Muthén, 1998-2012). The integral in the response pattern likelihood function
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TABLE 2.
Empirical coverage and median length of CIs (n = 100).

Item CI type Empirical coverage Median length
Aj Tj Bi @ 8 Aj i Bj @) J
1 MWH 0.93 0.95 0.96 0.95 1.00 0.50 0.47 0.99 0.85 1.67
MWO 094  0.97 0.96 0.97 1.00 0.53 0.51 1.07 0.92 1.80

FID 094 096 094 096 098 050 0.47 1.02 0.85  3.09
2 MWH 093 096 094 095 091 053 051 1.06 094  3.00
MWO 094 098 097 098 092 057 055 1.16 1.02 333
FID 094 096 094 095 097 052 0.50 1.10 094 673
3 MWH 093 096 096 097 0.89 0.64 0.63 1.32 125 641
MWO 095 097 098 097 090 0.69 0.69 1.45 1.35 7.8
FID 095 096 095 095 098 0.64 0.62 1.39 1.27  30.08
4 MWH 093 094 096 095 095 036 049 1.79 1.21 0.70
MWO 095 095 097 096 09 040 0.52 1.99 1.28  0.74
FID 094 094 094 094 094 037 049 1.94 1.25  0.72
5 MWH 091 096 097 099 095 039 052 1.99 146 0.82
MWO 094 097 098 099 096 045 0.55 2.25 1.60  0.86
FID 094 095 094 09 096 040 0.51 2.21 1.55  0.89
6 MWH 08 09 095 097 091 048 0.61 2.56 237  1.29
MWO 095 097 096 098 093 058  0.65 2.91 269 142
FID 094 096 094 096 097 049 0.61 3.03 279 1.58
7 MWH 082 093 093 097 093 017 049 17.15 348  0.51
MWO 095 094 097 1.00 095 026 051 2513 4.18 0.53
FID 1.00 095 1.00 095 095 016 049 5.76 287 0.53
8 MWH 084 094 092 092 095 016 052 1299 6.29  0.55
MWO 097 095 095 095 095 027 054 1845 8.60 058
FID 099 096 099 098 095 015 0.52 5.76 387 057
9 MWH 077 094 087 088 09 0.21 0.60  20.18 15.80  0.69
MWO 094 096 094 095 097 039 064 4042 3852 0.78
FID 098 095 098 099 094 020 0.60 6.28 659 0.73

Bold coverage probabilities are values less than 0.931, the lower limit of a normal-approximation 95 % CI
for the nominal level 0.95 across 500 replications. The shortest median length among three CIs for each
parameter is also shown in bold font. Non-positive definite Hessian matrices were obtained for 33 out of
500 simulated data sets; those replications were excluded when calculating summary statistics for MWH
intervals.

(Eq.10) was approximated using 49 equally spaced rectangular quadrature points from -5 to 5. We
adopted the software’s default convergence criteria, maximum number of iterations, and starting
values. Two types of Wald CIs were computed from the two commonly used sample estimates
of the Fisher information matrix: the Hessian form (MWH; in Mplus, estimator = ML) and
the outer-product form (MWO; estimator = MLF). The Delta-method standard errors were
used for transformed parameters.

The empirical coverage and median length of CIs are two main criteria for comparison.
Intervals having coverage probabilities greater than or equal to the nominal level (95 % in the
current work) and short lengths are preferred. Whenever a trade-off between coverage and length
is observed, we always prioritize coverage over length. The results are tabulated in Tables 2 and
3 for the two sample size conditions, respectively.

As expected, the difference among the three candidate CIs is more salient in the small-sample
condition (n = 100); in large samples (e.g., n = 500 in the current study), the three methods are
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TABLE 3.
Empirical coverage and median length of CIs (n = 500).

Item CI type Empirical coverage Median length
Aj 7j Bj aj 3 Aj i Bj aj 8
1 MWH 0.94 0.96 0.95 0.96 0.97 0.22 0.21 0.44 0.38 0.67
MWO 0.95 0.95 0.95 0.96 0.97 0.23 0.21 0.45 0.38 0.68

FID 0.95 0.95 0.95 0.95 0.95 0.22 0.21 0.44 0.37 0.72
2 MWH 0.96 0.95 0.95 0.96 0.94 0.24 0.23 0.47 0.42 1.40
MWO 0.96 0.96 0.96 0.96 0.94 0.24 0.23 0.48 0.42 1.42
FID 0.95 0.95 0.95 0.96 0.96 0.24 0.22 0.47 0.41 1.61
3 MWH 0.95 0.96 0.95 0.96 0.92 0.29 0.28 0.58 0.55 2.85
MWO 0.95 0.97 0.96 0.96 0.92 0.29 0.29 0.59 0.55 2.90
FID 0.95 0.96 0.95 0.96 0.97 0.28 0.28 0.58 0.54 3.62
4 MWH 0.95 0.93 0.94 0.93 0.93 0.16 0.22 0.79 0.53 0.31
MWO 0.95 0.93 0.94 0.93 0.94 0.17 0.22 0.80 0.53 0.31
FID 0.94 0.94 0.94 0.94 0.94 0.16 0.22 0.79 0.52 0.31
5 MWH 0.93 0.95 0.94 0.95 0.95 0.18 0.23 0.87 0.64 0.37
MWO 0.93 0.95 0.95 0.96 0.95 0.18 0.23 0.88 0.65 0.38
FID 0.94 0.95 0.94 0.95 0.94 0.18 0.23 0.87 0.63 0.38
6 MWH 0.92 0.95 0.95 0.95 0.94 0.22 0.27 1.06 0.98 0.58
MWO 0.94 0.95 0.96 0.96 0.95 0.22 0.27 1.08 1.01 0.59
FID 0.93 0.94 0.93 0.94 0.95 0.22 0.27 1.07 0.99 0.60
7 MWH 0.93 0.95 0.93 0.96 0.95 0.08 0.22 4.49 1.22 0.23
MWO 0.94 0.95 0.94 0.96 0.95 0.09 0.22 4.80 1.23 0.23
FID 0.97 0.95 0.97 0.95 0.95 0.07 0.22 2.93 1.15 0.23
8 MWH 0.95 0.95 0.96 0.95 0.96 0.08 0.23 4.19 2.30 0.25
MWO 0.95 0.95 0.96 0.95 0.96 0.08 0.23 4.45 2.40 0.25
FID 0.99 0.95 0.99 0.97 0.95 0.06 0.23 2.88 1.80 0.25
9 MWH 0.94 0.94 0.92 0.91 0.94 0.10 0.27 5.33 5.03 0.31
MWO 0.95 0.94 0.95 0.94 0.93 0.11 0.27 5.95 5.79 0.31
FID 0.97 0.94 0.97 0.97 0.93 0.08 026 3.19 3.21 0.31

Bold coverage probabilities are values less than 0.931, the lower limit of a normal-approximation 95 % CI
for the nominal level 0.95 across 500 replications. The shortest median length among three CIs for each
parameter is also shown in bold font. Non-positive definite Hessian matrices were obtained for 9 out of
500 simulated datasets; those replications were excluded when calculating summary statistics for MWH
intervals.

more comparable in accordance with the asymptotic theory. Hence, we only discuss the results
for n = 100 (Table 2) here.

For the original parameterization, MWO and FID always exhibit well-calibrated coverage,
with FID being uniformly more efficient (i.e., having shorter lengths) than MWO across all items.
In contrast, MWH significantly under-covers for large slopes (items 7-9), and skewed intercepts
when combined with large slopes (items 8 and 9); what is worse, MWH also tends to be much wider
than FID for those parameters. For low and medium communality items (items 1-6), however,
MWH is the most reliable and efficient choice for slope and intercept parameters, trailed by FID
with slightly less desirable lengths.

The coverage of MWH for loading parameters decreases substantially as the true value
increases; for high communality items (items 7-9), its empirical coverage can be even lower
than 80 %. This may be construed as the failure of normal approximation when the true para-
meters are closed to the boundary (here, 1 is the upper bound for the loading parameter), due
to a skewed sampling distribution of the ML estimate. Having lengths comparable to MWH on
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average, FID, however, is able to maintain well-controlled coverage; moreover, for large loading
parameters (items 7-9), FID achieves the highest empirical coverage with the shortest median
length. For threshold parameters, all three candidate methods show acceptable coverage; MWO
is less favorable than MWH and FID, because it always yields wider intervals.

Both MWH and MWO are subject to insufficient coverage for non-zero difficulty parameters
in low communality items (items 2 and 3). When a small slope co-occurs with a somewhat large
intercept, the difficulty parameter tends to be large, i.e., close to infinity, which may lead to a
non-normal sampling distribution of the ML estimate, and consequently the poor performance of
normal-approximation intervals. In the meantime, the coverage of FID is not affected by extreme
difficulty values for low communality items, compensated by excessive lengths (for item 3, FID
is almost 5 times as wide as MWH).

In summary, FID, although not always the most efficient interval estimator, is always reliable
in terms of coverage for all five parameterizations. The gold-standard method MWH is liberal
when the ML estimates have non-normal sampling distributions, which is likely to happen for
extreme parameters in small samples. The alternative MWO approach often yields conservative
intervals that are adequate in coverage but typically wider than the corresponding FID and MWH
ones.

4. Empirical Example

In this section, we apply the proposed GFI to an exploratory item factor analysis (EIFA)
problem. The dataset being analyzed is the UK female normative sample data of the revised
Eysenck Personality Questionnaire (EPQ-R; Eysenck, Eysenck, & Barrett, 1985). We are grateful
to Dr. Paul Barrett for granting us access to the data. This questionnaire was originally designed
to measure three dimensions of individual differences: extraversion (E), neuroticism (N), and
psychoticism (P). In this analysis, we only use the 12 short form items from each subscale, so
there are 36 items (m = 36) in total. The sample size is n = 824, after all incomplete cases
deleted.

In EIFA, substantive researchers are more interested in the multi-factor structure of the scale,
and the strength of each test item being associated with each factor. In this sense, the standardized
loading-threshold parameterization is more helpful, because it is on a scale that eases the compu-
tation of variance/covariance of test items explained by the factors. In addition, analytic rotations
of factor loadings (see Browne, 2001, for a review) are often applied to obtain more interpretable
patterns of item factor dependency. The goal of this analysis is to obtain Cls for rotated factor
loadings and the inter-factor correlations.

An r-dimensional (r > 1) EIFA model can be parameterized by Eq. 4: For each of the first
r — litems, indexed by j = 1, ..., r — 1, the last j slopes are fixed to 0; for the remaining items,
all slopes are freely estimated. Then, unrotated factor loadings for each item were computed as a
non-linear transformation of the slopes:

B,;/1.7

N RIS

which is a generalization of Eq. 28. The Crawford-Ferguson Quartimax criterion (Crawford &
Ferguson, 1970) was minimized to obtain rotated factor loadings and inter-factor correlations,
which leads to an implicit non-linear transformation of the unrotated loadings that does not have a
closed-form expression. Implicit differentiation is required to compute the Delta-method standard
errors for the rotated ML solutions, which has been described by Jennrich (1973).

(30)
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Using GFI, however, we can easily approximate the fiducial distribution of rotated solutions
by applying the transformation given by Eq. 30 and then the rotation routine to each Monte Carlo
sample from the marginal fiducial distribution of slopes. We tuned the Gibbs sampler similarly
as described in the simulation study, with the exception that the weighted least square solution
(estimator = WLSMV) produced by Mplus 7.0 (Muthén & Muthén, 1998-2012) and the
corresponding factor score estimates were used as starting values 6° and z°, respectively, in order
to accelerate the convergence of the generated Markov chain. The R package GPArotation
(Bernaards & Jennrich, 2005) was used to perform analytic rotation. Note that the directions
and the order of factors are not identified for the rotated solutions; a matching procedure was
applied to establish a uniform orientation across all MCMC iterations, similar to that described
by Asparouhov and Muthén (2012) in the context of Bayesian EIFA.

We fitted three-, four-, and five- factor EIFA models to the EPQ-R data; for succinctness, only
the five-factor solution is reported here. The high dimensionality and the relatively small sample
size render likelihood-based estimation and inference very challenging; with GFI, however, we
are still able to obtain substantively meaningful results. Fiducial medians and 95 % equi-tailed
percentile CIs for rotated loadings and inter-factor correlations are shown in Figures 3 and 4,
respectively.

When multiple CIs for selected parameters are reported, Benjamini and Yekutieli (2005)
recommended a general procedure that controls the false coverage-statement rate (FCR), i.e.,
the expected proportion of the selected parameters not covered by the constructed CIs. Here, we
are interested in testing whether the rotated loadings and inter-factor correlations are 0. Thus,
we computed for each parameter the empirical two-sided p-values for the corresponding test,
selected R significant parameters by the Benjamini—-Hochberg step-up procedure (Benjamini and
Hochberg,1995) at nominal level 0.05, and then construct 100(1 —0.05R /g) % Cls for all loading
and correlation parameters, in which ¢ = rm+r(r —1)/2 = 190 is the total number of parameters
being tested for the five-factor EIFA.

The psychoticism items dominate the first factor in the five-factor EIFA. Factor 2 and 3
yield a further decomposition of the extraversion subscale. The separation of the two factors
is driven by two locally dependent pairs of items (e.g., Liu & Thissen, 2012): Factor 2 is led
by two “party” items, i.e., “Can you easily get some life into a rather dull party? (E51)” and
“Can you get a party going? (E78)”; the two items loaded the highest on factor 3 are “Are you
a talkative person? (E6)” and “Are you mostly quiet when you are with other people? (E47)”,
both related to loquaciousness. The remaining extraversion items are moderately cross-loaded on
both factors. The correlation between factor 2 and 3 is about 0.5, which is the highest among all
factors. Meanwhile, the neuroticism items are split into halves (factor 4 and 5). After examining
the item stems, we conclude that factor 5 is mainly indicated by the mood-related items in the
neuroticism subscale, e.g., “Does your mood often go up and down? (N3)” and “Do you often
feel ‘fed-up’? (N26)”. Factor 4, on the other hand, is defined by the items related to worrying and
nerves. In addition, extraversion (factors 2 and 3) is nearly uncorrelated with the emotion-related
neuroticism (factor 5), but negatively correlated with the emotion-free one (factor 4).

To qualify the fiducial solution, we conducted a 100-replication bootstrap simulation: Data
sets were generated from a five-dimensional model using the point estimates of the rotated factor
loadings and inter-factor correlations as the true values. The empirical coverage accumulated
across the 100 resamples is also included in Figures 3 and 4. It is observed that for almost all
loading and correlation parameters, the empirical coverage of the fiducial percentile interval is
close to the nominal level (coverage frequency >90). But for some moderately high loadings and
the largest inter-factor correlation, the fiducial interval is too liberal. We conclude that in general
the fiducial intervals obtained in the current example can be trusted; however, we need further
investigations on those problematic cases to better understand the behavior of GFI in EIFA.
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FIGURE 3.
Point estimates and 95 % Cls for rotated factor loadings in the five-factor model. The tabular layout has a row for each
item; item stems are listed in the leftmost column. The following five columns correspond to the five factors. Within each
cell, the estimated fiducial density is shown in the background. Superimposed are the fiducial median (shown as dots), and
the 95 % fiducial equi-tailed percentile CIs. The O point on the factor loading scale is highlighted by the vertical dashed
lines. For each parameter, the empirical coverage frequency in the bootstrap simulation is also included.
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FIGURE 4.
Point estimates and 95 % Cls for inter-factor correlations in the five-factor model. The tabular layout resembles a correlation
matrix. Within each cell, the estimated fiducial density is shown in the background. Superimposed are the fiducial median
(shown as dots), and the 95 % fiducial equi-tailed percentile CIs. The O point on the correlation scale is highlighted by the
vertical dashed lines. For each parameter, the empirical coverage frequency in the bootstrap simulation is also included.

5. Discussion and Conclusion

In the current research, GFI is employed to address interval estimation problems for a family
of binary logistic IRT models. We derive a fiducial distribution for item parameters, prove a
Bernstein—von Mises theorem analogous to the well-known version for Bayesian posteriors, and
implement an efficient MCMC sampler to fit the model. It has been observed in the simulation
study that the fiducial percentile CI outperforms the commonly used ML Wald-type CIs when
the sample size is small and the generating parameters are extreme. In addition, as shown in the
EIFA example, GFI offers great flexibility and reliable performance when interval estimation is
desired for complex transformations of parameters. All these render GFI a promising statistical
tool catering to the gaining popularity of item response models in psychological and educational
testing.

As pointed out by a referee, good coverage coupled with short width of CIs often translates to
small mean squared error of the corresponding point estimates; in this regard, we observed from
pilot simulations that the fiducial median can be less biased and variable than the ML estimate
when the sample size is small, in line with the empirical coverage and length results reported in
Sect. 3. However, since the improvement is often outweighed by the large sampling variability,
it is highly recommended to rely on ClIs, rather than point estimates, when interpreting model
parameters in small-sample calibrations. Even in large-scale educational testing, the usefulness
of ClIs is likely underestimated. Operational researchers in educational assessment programs tend
to only pay heed to point estimates, because their pool of respondents is often large. Indeed,
when the sample size is large enough, ML, fiducial, and Bayesian fittings should not be dissimilar
because of their asymptotic equivalence. What is often ignored, however, is the trade-off between
the sample size and model complexity in determining the amount of sampling variability of point
estimates, the degree of which is largely unknown in practice until CIs are calculated. Therefore,
we believe that methods producing high-quality ClIs, such as GFI, deserve more attention than
they receive at the moment.

There are limitations and extensions of the current study that remain to be addressed by future
research.

First, the Bernstein—von Mises theorem (Theorem 1) is only established for an approximation
of the fiducial distribution, which is a limitation of the current work. Although similar constructions
of the empirical Bayesian approximation have been considered “fiducial” by some authors (e.g.,
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Hannig, 2009), its exact relation with GFI is yet to be demonstrated. In addition, an extension of
Theorem 2 to multidimensional models (r > 1) should be pursued. As the latent dimensionality
increases, we cannot discuss all the possible cases as we do in the last part of the unidimensional
proof (see Appendix 3). More intricate arguments involving the high-dimensional Euclidean
geometry are expected to replace the current case-enumerating one.

Second, the current study is more theoretically oriented, and the simulation study is more of an
illustration than a demonstration of the proposed GFI. Carefully designed large-scale simulation
studies should be conducted to evaluate all existing frequentist and Bayesian inference methods
in the context of more involved multidimensional IRT models. It is particularly of interest to
compare GFI to a number of stochastic variants of the EM algorithm (e.g., Cai, 2010a, b) for ML
estimation, and to “less informative” Bayesian methods using flat priors. Apart from standard
criteria of parameter recovery, practical matters, such as the computational time and convergence
of the Markov chain, are subject to comparison as well.

Third, the reliable performance of GFI observed under the combination of a small sample size
and extreme parameter values prompts our speculation that in general GFI is able to handle nearly
unidentified models properly. For example, as brought up by a referee, the guessing parameter in a
three-parameter logistic (3PL) model (Birnbaum, 1968) is difficult to estimate. In those cases, the
log-likelihood function is flat, and finding its mode can be challenging. Adding a prior distribution
ameliorates the numerical condition; however, since the contribution from the likelihood is very
little, the performance of a Bayesian estimator is almost completely contingent upon how good
the prior is. Meanwhile, GFI may produce wide ClIs if there is indeed barely any information
contained in the data. Yet those wide CIs at least have trustworthy coverage, from which sound
statistical inferences can be made.

Finally, the usefulness of GFI for other inferential purposes, such as goodness of testing and
test scoring, should be explored. It has been identified that the quality of asymptotic covariance
matrix estimates plays an important role in determining the performance of various quadratic form
goodness of fit statistics (e.g., Cai, 2008; Liu & Maydeu-Olivares, 2013). Suitable co-variation esti-
mates of the fiducial distribution are natural candidates to this end, and their performance should
be examined and compared to existing approaches such as the inverse outer-product/Hessian infor-
mation estimators. As an alternative, a fiducial analogy of Bayesian posterior predictive checks
(Rubin, 1984) can be easily programmed; theoretical inquisition and empirical evaluation can be
pursued as a distinctive line of research to validate its use. As for test scoring, a Monte Carlo
sample from the marginal distribution of Z* given Q(y, A*, Z*) # ), an incidental product of the
sampling algorithm, can be used to calibrate the latent traits for each observation. Consistency of
individual latent score estimates in some proper sense is anticipated.
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Appendix 1: Proof of Lemma 1

Let V be the random variable that equals to one of the C,, potential extremal points with equal
probability unconditionally, i.e., P{V =V} = C,; I Tt follows that
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P{Vgo,Q(y,A*,z*);é@}zcn—lZP{V, <0,D;}. (31)
1

The remaining task is to derive each summand on the right-hand side (RHS) of Eq. 31 and then
differentiate it with respect to 6.

Consider a single item j first. Recall that V; is the potential vertex determined by sub-sample /.
When 'V, = 0’]» and serves as an interior vertex of Q; (y(j), Afj), Z*), it means that 7; @, 7;) =
A* for all i € I}, and that 0; should not conflict with the half-spaces of the other observations:
i. e foralli IC Afj <7 (0;., Zy)if y;; = 1,and A;.'j > T (0;., Z?)if y;j = 0. Thus, conditional
onZ* =z, we have

P{VI 20,000, A7) Z) £91V =V, 2" =2
efj(oj,l,') ' , o ,
[T 7@} vijlzde’;,  (32)

il
iel;

z// . |det(@7; 0. 2)/08 ier, | T

i€l

[1+ erj(O},zi)]Z

in which the determinant and the first product are due to the change of variables from (A;.'j) icl;

toV I (the standard logistic density ¥ (x) = ¢* /(1 + e*)?), and the second product corresponds
to the logistic probabilities of those inequalities that the other observations should satisfy.
Due to the conditional independence assumption,

P{V;<0,0(y.A"Z) # 0|V =V}

=/’1rHP{V,j50j,Q(y(j), AL Z APV = V,,Z*—z]dop(z)

Tj (0/-,2,')

// @[] He—Hf,(é’,,y,,Izl) d8'do@). (33)

joi |ier; [1+e ‘[/(0 Z;)]Z

Equation 15 is established by substituting Eq. 33 back into the RHS of Eq. 31, switching the order
of integrals, and differentiating with respective to 6.

Appendix 1: Proof of Theorem 1

We start from re-expressing the density of R(y), i.e., Eq. 15. Note that the summands of Eq. 15
corresponding to I and I, I # I, are the same whenever y; = y/; hence, the (outer) sum over
index sets / therein can be reduced to a finite sum over sub-sample response patterns y;. Note
that U | I; has at least max ; ¢ and at most »_"" =14, elements. Let G, = (Zm ) be the total

number of sue-Zj:l qj sub-samples. Also let p,(y;) = G, —1 > Y =y By the standard

P,
theory of U-statistics, p,(y7) —09 o(y1), in which mo(y) is determined by the data-generating
parameter values 0, and wo(yy) = 0if || < Z —1 9- Then, the density can be written as

gn(0ly) o< b, (0,y) f,(0,y). (34)

In Eq. 34, f,(8,y) is the sample likelihood, and
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ba(0,Y) = Gu D palyr)by, (0), (35)
in which
by, 6) =/d1(0 z,)g H [He((’m H 50 vz b do @)
/ / TTTT 0. v lzdban. (36)
iel j=1

Equation 35 is a repetition of Eq. 19. Also let
an(0.y) = fn(0,y)bn(6,y) (37

be the RHS of Eq. 34.
Next, we consider the local parameter h = \/n(6 — 6¢). Some short-hand notation is introduced
for conciseness: Let by n = by(09 + h//n,y)/Gy, ann = an(@o + h//n,y), and fyn =

Ja@o+h//n,y)//nalsoletby = 3y mo(y1)by, (00), an,o = an(0o,y).and fu0 = fu(00, y).
Using this new notation, the corresponding density of the local parameter can be written as

gn(hly) cca,n = bn,hfn,h- (38)

For each y;, by, (#) is continuous in @ (it is in fact differentiable). In addition, we know that
Pn(y1) — mo(ys) in Py,-probability. Consequently, b, n — b in Py -probability.
We also consider the Taylor series expansion of log f,, n at the true parameter 6¢:

fnh

n,0

n

1
=h'S, + o ZlhTHwo, yi)h + R h. (39)
1

log

Here, some comments are made for each term of Eq. 39. (a) The sequence {S,} is tight by the
convergence result given by Eq. 13; hence, for each ¢ > 0, there exists a compact set K, C R?
such that P(K,;) > 1 —ecandS,, € K, for all n. If we restrict the consideration to K, then the first
term of Eq. 39 is bounded for each h. (b) By the (Uniform) Law of Large Numbers, the second
term converges to hT Zoh in probability (the convergence is uniform for h in compact sets). (c)
The remainder term has the following form:

" ®@,Y;) / h\!
Rin=> % (ﬁ) . “0)

i=1|t|=3

In Eq. 40, t = (11, ..., ty) is a g-tuple of non-negative integers serving as a multi-index: [t| =
q t _ g lq ) _ _ o

Zszﬂs’h =hihy, tl = e t"andf() = m,wherehl,...,hq and 0y, ...,6,

are the coordinates of h and 0, respectively. 0 lies between 8 and 6 + h//n.
Now we proceed to the proof of Theorem 1, i.e., Eq. 20. By an argument similar to Ghosh and
Ramamoorthi (2003), it suffices to show for each & > 0 that

Jo

‘} — boe S 40T Toh | gy 0 (41)
n,0
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To see this, let D,, = f H, an ndh/ f, 0. The left-hand side (LHS) of Eq. 20 can be bounded by

-1 An.h h'S,—1hTZoh ‘ —1; h'S,—1nTZoh _
D; / T~ b dh—i—/Hn D et S br-15, 70| dh.
(42)
P
Notice that Eq. 41 implies [ Dy — bo [y, M 'Si=30"Zob g1 0 0 We also know that
De%s,ﬁl’g‘s,, S/ ehTSr%hTIohth D/e%SnTIaISn, (43)
H,

for some suitable constants D and D’, because the local parameter space H,, satisfies ® — 6y C
H, C R?.1It follows that D_ is Op(1), and that the first integral in Eq. 42 converges to zero in
probability. Further let 77 , be the integral in Eq. 43,and 75 ,, = |D,; by — | then, the second
integral of Eq. 42 can be written as 71,72 ,. The sequence {77 ,} is tight by Eq 43, so for each

Py,
n > 0, there exists an L, such that P(T7, < L) > 1 — n for all n. Moreover, T , =0 by Eq.
41. Fix ¢, n > 0, we have

P(Tl,nT2,n >¢) < P(Tl,nTZ,n > &, Tl,n < Ln) + P(Tl,n > Ln) < P(TZ,n > S/Ln) +n,

(44)

which can be made less than 25 for large enough n. Therefore, T , 72, }29 0. Because both
integrals in Eq. 42 converge to 0 in probability, Eq. 20 is established.

For the remaining part of the proof, we partition the domain of integration of Eq. 20 into four
regions (for n large enough), and establish the desired convergence on each part. The four regions
are as follows:

A1, ={h: |h|| < Blogn}N H,, for some large number B > 0;

Az, ={h:Blogn < |h| < 8/n}N H,, for some small number § > 0;
Az, =th:8/n < ||h|| < B'\/n} N H,, for another large number B’ > 0;
Agp = {h: ||| > B'V/n} N H,.

In terms of the constants, we first choose § and B to ensure the convergence on A ,. The
convergence on A1 , holds forany B > 0, so it also holds for the particular B that we select. Then
we consider region Ay, and select B’. Finally, we show the integral convergences for h/\/n in
any compact sets excluding 0, from which the convergence on A3, follows.

Region A, Because the likelihood function is three times continuously differentiable with
respect to #, and also because there are finitely many (i.e., [ =1 K ;) individual patterns of y;,
the remainder term (Eq. 40) of the Taylor expansion (Eq. 39) has the following bound for each
8§ > 0and ||h| < 8/n:

3
Runl < M(3). 31'2 < M@©)5, (45)

as a result of the multinomial theorem and the Cauchy—Schwarz inequality, in which M (§) is a
constant multiple of | maxjt=3,y; SUp|j9_g, | <s £®(@,y)|. Since M(8) | as § | 0, Eq. 45 allows

us to choose § small enough such that |R, | < %hTIoh forallh € A3 ,. Then for such 6,
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/ anh boehTsf%hTIoh Jh
Ar fn,O

< / b ih + / boe™ S1—1h Zohgpy

Ao fn,O Aoy
< sup bun fn,hdh+b0/ NS~ hT Toh g
heA, , Ar n,0 Ar
< sup Bun+bo / M Si=zh Tohgy 46 (1), (46)
heA, , Az

In the last line of Eq. 46, the parenthesized term is bounded due to the continuity of function
by, (8), the boundedness of set A3 ,, and our selection of 8. The 0, (1) term comes from the
uniform convergence of the second term in the Taylor expansion (Eq. 39). Also notice that

/ e—%hTIohdh < Ce_C/BIOg"(S\/_— Blogn)? < C”nQ/z_C,B, 47
A2,n

where C, C’, and C” are constants. By selecting B large enough, Eq. 47 implies | Ars e~ 10 Tohgpy

— 0. Finally, an argument using tightness similar to Eqs. 43 and 44 shows that the RHS of Eq.
46 converges to 0 in probability.

Region A1, The convergence on Aj , can be established similarly. Fix an arbitrary B > 0.
For the particular §, we have selected

|[h|? slog’n
sup [Ryn| < M) sup —5 < M(@)B
heA; , " heA; , n3/2 n3/?

= o(1), (48)

in which M () is the same as in Eq. 45. Then

/Al,n

a T InT
nh b Si—3h Zoh

fn,O

1
M Si=3h"Toh ;p

dh 5/ bun ‘eR“‘ —1
Al,n

+/ by — bole™ S0 Tohgh 4 o (1),
A

1,n
(49)
In Eq. 49, the 0,(1) term is again due to the uniform convergence of the second term in Eq. 39.

Eq. 48 implies that supy,c An leRnb — 1] — 0; together with b, , 129 b and the boundedness of
A1, both integrals on the RHS of Eq. 49 converges to 0 in probability (the tightness argument
needs to be used again).

Region A4, Assume for a moment that there exists a large number B’ such that

sup  min f(8,y;) < f(@,y?)H 0¥, (50)
16—80l>B" Yi

in which y? is the least plausible individual response pattern under Py,,. Also write p, (y;) be the

P
observed proportion of y;; p, (¥7) 2 f(00.y?). Then, on region A4, defined by such a B,
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n.. 0’ i])n(y,?) 0 s o
p miny, S yo) <1l>pP pn(y?) -~ M — 1. (€28
f(©00.y7) 2
Therefore, we have )"
o | miny, £(0, y)PO; ’
; 2 - [ nyzoo §°) } <p"+0p(1) (52)

for some 0 < p < 1. Also note that this likelihood ratio bound is not affected if finitely many
observations are removed from f; n, which is the case after dividing by the denominator of each
summand of b, p. As a result,

/A4.n

Anh boehTSn—%hTIoh

fn,O

dhf/ nhfn dh+b / ehTSn—%hTIOhdh
Agp fn 0 Aqn

< Kp" + by / NS Tohgy o (1), (53)
A4,n

in which K is a constant. Equation 53 results from the fact that: (a) The numerator of Eq. 36 is
integrable with respect to the Lebesgue measure on the parameter space, which contributes to the

constant K; (b) p,(yr) }39 mo(yr), so the latter also contributes to K, while the difference of
the two is merged into the 0, (1) term. The second term on the RHS of Eq. 53 converges to zero
by a similar tightness argument and the tail estimate of a multivariate normal distribution. These
altogether show that the LHS of Eq. 53 converges to zero in probability.

Now we prove the result stated by Eq. 50; we denote the RHS of Eq. 50 by 7.

First, consider the parameter subspace of «j and B; for each j. Let L; = [|(«; B jT)TH, and
dj =(a; B jT)T /Lj e R *+1 be a unit directional vector, in which the coordinates corresponding
to fixed slopes are set to 0. Also introduce the partitiond; = (x; e jT)—r separating the direction
of the intercept parameter, i.e., the first coordinate x ;, from those of the slopes. Then, we write

T, L) =a;+B; L =Lj(xj+e; Z}), (54)

in which x; + ejTZ;‘ ~N(xj,1— x]2-). For fixed d;, define Hjj ) ={zi e R" : (=1)V(x; +
esz,-) > ¢} fore > 0.

Now pool across multiple items. A direct consequence of Lemma 2, which is presented soon,
is that R" C UrJrl Hy 0 (y, ) for properly selected (y; j)”rl (recall that we assume m > r, SO
there are sufﬁ01ent 1tems) Then, for any ¢ > 0, the followmg bound can be established for the
likelihood of an individual response pattern in which the first r + 1 items have the selected pattern

(yu)rH

[0,y =/Rr [17®;. yijlzd® @)
j=1

r+l

<Z/ fi0;, yijlz;)d®(z;)

d (ij)
r+l r+1

SZ/HS ( )fj(0j, ijlzi)d®(z;) + ZdD{ng(yij)\Hjj (i)}
j=17"a;Vij =
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r+l1 1 r+l1
<2 Tran 2 SUHG G\, ) o
j=1 Jj=1

In the last line of Eq. 55, each summand of the second term can be made smaller than ﬁ
by choosing a proper ¢; this result can be strengthened to hold uniformly for all directions d;
on R"*1, as a consequence of Lemma 3. In addition, since there are only finitely many intercept
parameters, we can choose a large enough B’ (i.e., § is sufficiently distant from @) such that
H:—ng < ﬁ for all j. Consequently, for each @ satisfying ||@ — 0¢|| > B’, we are able to find
an individual response pattern y; such that the corresponding value of Eq. 55 can be bounded by
the desired number 7, which establishes the result stated by Eq. 50. The two lemmas required in

the foregoing proof are presented next.

Lemma 2. Consider a sequence of affine hyperplanes{z € R : a; 'z = bi}le. Let half-space H;
be either a; 'z > b; or a; 'z < b;. There exists some choice of{Hi}{?:1 such that R" C Uﬂ;l H;,
if and only if a;’s are linearly dependent.

Proof. (<) Suppose a;’s are linearly dependent. There exists an a; that can be written as a
non-trivial linear combination of the others. Without loss of generality, let a; be such a vector:

k
a = ca, (56)
i=2
in which at least one ¢; is non-zero. If Z;‘:z cibj > by, thenfori = 2,...,kset H; = {z :

alz> b;} whenc¢; <0Oand H; = {z : a;, 'z < b;} when ¢; > 0. It follows that

k k k
() Hf C [Z:ZciaiTz>2cibi} Cciz:a'z> b} (57)
i=2 i=2 i=2

By letting H; be the RHS of Eq. 57, we have R" C ﬂle H;. A similar argument can be used to
establish the statement when Z{'C:z cib; < by.

(=) Suppose the a;’s are linearly independent, which implies that the set of Egs. {a; 'z =
b; }g‘zl has at least one solution, denoted z’. Consider the k-dimensional subspace spanned by the
coordinate system {a;}?_, with an origin at z’. For each i, the half-space H; corresponds to either
the positive or negative side of vector a;, depending on the direction of the inequality. No matter
how we choose the H;’s, there will be one out of 2% “orthants™ corresponding to ﬂf: | HY left
uncovered, which proves the “only if” part. O

Lemma 3. Let Z, ~ N (x, | — x?) be a one-parameter family of normal random variables with

x € [—1, 1]. Givenanyn € (0, 1/2), there exists an & > O suchthat sup,¢;_; 1) P(1Zx| < &) < n.

Proof. By symmetry, sup,cro 1j P(I1Zx| < &) = sup,¢_; 13 P(1Zx| < ¢€), so we only need to
consider non-negative x’s in the proof. Note that for all ¢ € [0, 1) and x > ¢,

P(Z, <&) = (%) 10, (58)
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as x 1 1, due to the monotonicity of the functions involved. Now fix an n € (0, 1/2). Equation
58 implies there exists an x” € (1/2, 1) such that P(Z,» < 1/2) < n. Then for all x € (x, 1] and
e € (0, 1/2], we have

P(|Zy| <e) < P(Zy <) < P(Zy <¢) <n. (59)

For x € [0, x'], the variance of Z, is bounded from below by 1 — x’2. We select & such that
P(|Z, — x'| <¢’) < n. Then by Anderson’s inequality,

P(1Zy| <€) < P(1Zy —x| =€) < P(1Zv = X'| <€) <. (60)

The statement follows by setting & = min{1/2, &'}.

Region A3z, Let K_g be any compact subset of ® which is bounded away from 6. By a well-
known application of Jensen’s inequality:

tog LOYD _ fO.X) _

Eoolog g0 v,y =18 F00 g0 v,y =

(61)

In fact, the inequality in Eq. 61 is strict by the model identification assumption (ii) of Theorem 1.
Because K_q is compact, there exists a positive number « such that

Yi
sup Eg, log f6.Y0) (62)

— T < —x,
0eK_ f(00,Y;)

by the continuity of the LHS function. Moreover, by the Uniform Law of Large Numbers,

1 < 0.Y, 0.Y;) | P
sup |— Zlog M — Eoo log M _0;) 0. (63)
0ck o |1 15 f(00,Y;) f(00,Y)

P
Therefore, supgc g [1i=; £(0. Y1)/ [T/ f(B0.Y) 2 0, which implies

P
sup 22 (64)

heA;, fn,O

dh

because h € A3, implies ||0 — 8¢ € [8, B']. It follows that
banfan boehTSn—%hTIoh

‘/AS.n fn,O
5 /
A3

< sup
heAs ),

bph fn,h
fn,O

fn,h

fn,O

dh + by / NS Toh gy
A3

/ bundh + by / M Si—3h Toh gy
A3y A3

(65)

Equation 65 converges in probability to 0 due to the integrability of b, p, the tail estimates of a
multivariate normal distribution, and the tightness of S,,. The proof is now complete.
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Appendix 3: Proof of Theorem 2

Recall that V has density g,(f#]y) conditional on D(y). Take § > 0. For each fixed y, px (y),
defined by Eq. 22, can be bounded by

Pk (y) = P{diamQ(y, A*, Z*) > K/n | D(y)}
= P{diamQ(y, A", Z") > K/n, ||V — 6ol =4 | D(y)}
+ P{diamQ(y,A*,Z*) > K/n, |V —0¢|| > § | D(y)}
< P{diamQ(y, A", Z") > K/n | [[V — 6ol <8, D(y)}
+ P{lIV =00l > & | D(y)}. (66)

Theorem 1 implies that for Y generated from Py, P{||V — 0ol > 6 | D(Y)}, as a measurable
function of Y, converges to 0 in Py,-probability: i.e.,

P
P{IIV — 60| >8|D(Y)}=/I0 . agn<o|Y>do X 0. (67)
oo~

Hence, we focus on the first term in Eq. 66. This term can be further bounded by

P{diamQ(y, A", Z") > K/n | |V — o[l < 3. D(y)}

= > P{diamQ(y, A*,Z*) > K/n | [V = 60| <8,V =V;, D(y)}
I
~PIV=V1 V=6l =5, D(y)}

= > P{diamQ(y, A*.Z") > K/n | [V — 0] <8,V =V, D(y)}
yi1

> PV=V,[|V=0o| <8 D)
1:yp=yi
< > P{diamQ(y,A*,Z*) > K/n | |[V; — 00| <8,V =V, D(y)}
yi1

= Z/ P{diamQ(y, A*,Z*) > K/n | [V — 0ol <6,V =V, D(y), Z} = 2;}d D (zr).
yi1
(68)

The first sum over index sets / in the second line of Eq. 68 can be collapsed into a finite sum over
all patterns of y; in the third line, for the reason that sub-samples 7 and I’ having the same response
pattern y; = ys are exchangeable. Note that the event being conditioned on in the integrand of
the last line of Eq. 68 happens with a positive probability almost surely under the probability
measure of Z*; to simplify notation, write E;I (zp) ={IVi =00l <6,V=V;,Dy),Z}; =2;}
as that event. Because there are only finitely many patterns of y;, it suffices to prove that for each
e > 0and some § > 0,

Py, [EIK, N>0: /P{diamQ(Y, A*,7") > K/n| E;SI (z))}d®(z;) < e, Vn > N] — 1.
(69)
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So fix y; and § for the rest of the proof. Also note that conditional on E;S, ,(z1), the remaining
observations i ¢ I are independent.

To proceed, we sequentially project the set inverse Q(y, A*, Z*) onto m subspaces, each of which
is spanned by the g ; free parameters for item j. For each projection, we find a bounding random
variable for its diameter; then, the sum of constructed bounds across all projections serves as a
upper bound, up to a constant multiplier depending on the dimension of the parameter space,
for the diameter of the set inverse. We prove the result stated in Eq. 69 with the diameter of
O(y, A*, Z*) replaced by the constructed bound. In order to establish the desired property for
the bounding variables, we allocate the rest observations (i.e., not in /) to each projection, and
subsequently use the standard theory for order statistics of i.i.d. random variables. In particular,
we rearrange those observations to fill a growing two-dimensional array indexed by a pair of
indices s and j: The second dimension of the array, j = 1, ..., m, is filled first, then the first
one; therefore, the first dimension indexed by s = |i/m],i = 1, ..., n, grows as the sample size
increases. Notationally, elements corresponding to an observation in the array are denoted by a
subscript [s;].8

Fix V = V; = 0 for now. For each item j, let B j be the collection of the r; free slopes. Now
intersecting the half-space of a new observation [sj] in the two-dimensional array with those of
observations /;, the resulting intersection on the subspace of @ ; can be either bounded (i.e., a
simplex) or unbounded. The following lemma provides sufficient and necessary conditions for
the (un)bounded case:

Lemma 4. Consider p + 1 half-spaces: Hi = {x e R? :n; 'x < b;},i = 1,..., p+ 1, inwhich
n; s are considered fixed. Then, the following statements are equivalent:

@) ﬂf:_ll H; is bounded for all choices of bi’s, i = 1, ..., p+ 1, such that the intersection is not
empty;

(ii) ﬂf;rll H; is a bounded simplex for some choices of bi’s,i = 1,..., p+1;

(iii) For all ¢ € RP, there existsi € {1, ..., p + 1} such thatn; "¢ > 0;

(iv) There exists i € {1,..., p + 1} such that n;’s, j # i, are linear independent, and that
n; =—> . yn; withy; > 0forall j #i.

Proof. (i) = (ii). We can always make the intersection non-empty by choosing b; > 0 for all
i=1,..., p+ 1. In this case, ﬂf:ll H; must contain some neighborhood of 0. So (i) = (ii) is
trivial.

(i) = (ii). Fix b;’s,i = 1,..., p + 1, such that ﬂl.p:ll H; is a bounded simplex. Take x¢ €
ﬂiP:l] Hiiie.,n;'xo <b; foralli=1,..., p + 1. If there exists ¢ € R” such that ¢'n; <0 for
all i, then n; 'xg + An; "¢ < b; for all i and all A > 0. This implies Xg + Ac € ﬂlp:ll H; for all
A > 0, which contradicts the boundedness.

(iii) = (i). On each direction ¢, choose i such that n; "¢ > 0. For every possible value of the
corresponding b;, there exists some Ao > O such that for all A > A, n; ' (Ae) > b;,ie., Ac; ¢ H;.
So ﬂlp:ll H; is always bounded.

(iii)) = (iv). Let C; be the convex cone defined by all but the ith normal vectors. (iii) implies
—n,-Tc < Oforallc e CiN ={c: niTc < 0, for all j # i}, i.e., the normal cone (denoted by a
superscript N) of C;. Hence, —n; € (CI.N)N =C;.

(iv) = (iii). For ¢ € Cl.N, (iv) implies n; "¢ > 0. For ¢ ¢ CZ.N, there exists some j 7 i such that
n ch > 0. O
8 For example, if 7 = {1, ..., Z’;‘l:l q;} is the first ZT:] qj observations in the sample, then [sj] corresponds to

the observation i = Z’le qj+ (s —Dm+j.
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oiﬂi determined
by [sj] and 1

Observation 2
6;: determined
by I, = {1,2}

167, — 65l

”dsj] -6 Observation [sj]

Observation 1

B[ISJ]: determined
by [sj] and 2

FIGURE 5.
Tlustration of notation used in the proof of Theorem 2. Here, r = 1, and j is fixed. I = {1, 2}, which determines the
fixed vertex @ ; (shown as a dor). The line corresponding to the new observation [s;] intersects with those of observations

1 and 2, respectlvely, and produces two new vertices 02 =0l and

67,

and e[s/]‘ (shown as circles). The sum of \|9

[sj] [s/]

571 — 0l gives an upper bound of the diameter of the plotted triangle.

Let z;; be the elements of z; associated with /}j. For each i € I, write n;; = w;;(1 iijT)T
as the normal vector of the corresponding (r; + 1)-dimensional half-space, in which w;; =
+1 is determined by the item response y;;. Similar notation is defined for observations in the
array: Let Z* | be the elements of Zf | associated with B j»and Ni = oy (1 ZEYJ]T)T be
the correspondmg (random) normal vector; the random variable w[s;;) = £1 depends on this
observation’s response to item j, which is denoted yjs;) for simplicity. For each j, Lemma 4
implies that observation [s;j] produces a bounded intersection if there exist positive real numbers
i, 1 € I, such that

wsnZi;y = — D Vioijiij, (70)
iEIj
and
Opsj) = = D Viwij- (71)
ie[j

ConditioningonV; =V I = 0 ;, the intersection cannot be empty, which introduces a truncation

to ATA 1 i.e., the associated logistic variate for observation [sj] and item j:

(=D AN — oy — B T2 ) = (72)

Fix j. When Egs. 70 and 71 hold, let O’tsj] = (a§ ﬂ;T)T, i € I;, be the vertex on the subspace of
0 ; determined by observations /; \ {i} together with the new observation [sj], which is random

due to its dependency on A[Sj and Z* Also let I‘ = I;\{i} fori € I;, and treat zI, = (z,])lell

as anr; x r; matrix throughout this part of derlvatlon A geometric illustration of these notatlons
for r = 1 is shown in Figure 5.
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Applying the formula for inverting a partitioned matrix, we have

5117 Tz1 ~—1
1 PRz —z, 1
5~ ] J ]
ZI’.. +1 Z* T~7]1 1 Z* T~711
i 1\ ! - z ~ St
T (73)
z "1 _ge Tz
[s/] 1;'. 1
7 % ~—1 * ~—1
L=Zy'5 0 1= Zo z,1
It follows that the elements of 0’& i~ 0 ; can be expressed as following:
-1
Bz B — l(A[SJ] ﬂ/ fsj] ~ ) a4
7
sj1— PJj x Ta—1 ’
Z[Sj] Zl. 1-1
and ‘ iy _ _
g — @) = ~7ij " (Bys;; — B). foralli € Ij. (75)
Define
~11H L e N )
Tk Trg .
U= 1|2 B— Al — B2 — o (76)
el Zigjy 2 1-1

If both Egs. 70 and 71 are satisfied, the random variable defined by Eq. 76 gives an upper bound
for ||0l[sj] — 0||. Also define

U,y if Egs. 70 and 71 hold;
Ulsj1 = . (77)
oo, otherwise.

which is a random variable that is defined on the extended real line.
Pooling across all observations in the array, we have

diamQ(y,A*,Z*) < C me U
j=1

Lo (78)

in which C is a constant determined by the dimension of the parameter space. It follows that
/P{diamQ(y, A Z%) > K/n | Ey, (21)}d®(zr)
<[r z min Uy,
m
> e [Iggp Uiy > K'/n
j=1

K ‘ E) (z) t d®(zr)

Ej, (zn] d®(zr,), (79)
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in which K’ = % Now fix €, 6 > 0. It suffices to prove for each summand of Eq. 79:

PoO[EIK’,N >0:/P {Itnfi?U[;j] >~ K'/n

E;S,(z,)] do(z) < e, Vn > N] — 1. (80)

For each item j, define TS’} ={t:t < s,y =k} for k = 0 and 1, respectively. We intend to
prove that the sub-collections satisfy

P
T} 1/n =2 pr, asn — oo for some 0 < pg < 1. 81)

In this case, we write ¢ = min{pg, p1}. Within each sub-collection, U[’;j], t € Ts’;, are i.i.d.

conditional on E?I (z7); let @; (u,2 0;, Vi z Ijs k) be its corresponding (conditional) density. We
also intend to find a set B; C R’/ such that P{Z’;i ¢ Bj} < ¢/2, and also a x > 0 such that for
every ilj € Bj, there exists a particular y[;;; = k, for which

inf {g;(u,8,,y1,,71,k): 0 <u < 1,8 —0oll <8} >« (82)

for some n > 0. Assume for a moment that Eqgs. 81 and 82 hold. Then we can construct a
sequence of i.i.d. non-negative random variables { X, }, whose density function is constantly equal
to « within [0, ]. By the Delta method and the standard result for i.i.d. uniform order statistics,
nmin; <, X; —d> W /K, in which W ~ Exp(1). Fix K’ such that P (W/K > K’) < ¢/8. By
the Portmanteau Lemma, there exists an n; such that for all n > ny, P{nmin;<|n/2) Xi >
K'Y < P{W/k > K'} +¢/8 < g/4. Also take n; such that K'/ny < n, and n3 such that
P{ming—o 1 |Ts]}|/n < 0/2} < /4. Thus, for every z;; € Bj, there exists k = 0 or 1 such that

along the corresponding subsequence TS];.:

: * !/
p IItnsl?U[lj] > K'/n

Fy .
E)’[(Z[)] <P {1}2;1,} Ulj) > K'/n

sj

Ey, (zn}

§P[ min X,->K’/n]+8/4§8/2 (83)
i<lon/2]

for all n > max{ny, na, n3}. It follows that for all these large n’s,

/P [rln_g? Up;y > K'/n Eﬁl(z,)]dcb(z,j)

. * /
S/B Pirtngl?U[tj] > K'/n

J

Ej, (z,)] do(zy;) +¢e/2 <, (84)

This implies the intended results (Eq. 80).

When Y is considered random, in fact, the probability that Eq. 81 holds for both k = 0 and 1
goes to 1, because the data-generating parameter values 6 are assumed to be in the interior of
the parameter space (and thus o > 0 is determined solely by ).
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Let@j(u,0;, 21_/.) be the density of U[Sj] conditional on E‘ysl (zy), and the event:

Ci(yr;s 21;, yisj1) = {w[sj]Zfst =- Zyiwijiij,

ie[j
[sj] = —Zyiwij,
i€l
vi > Oforalli € I;}. (85)

Then, ¢;(u,0;,y1,.21;, ysj) = ¢jW,0;,2;,)P{C;(y1;, 2, y[m)lEi, (z7)}. Next, we find
proper lower bounds for the two parts on the RHS, respectively, which subsequently establishes
Eq. 82.

First, fix a y[sj] ensuring Egs. 70 and 71. For easy reference, let

) il ‘ (1+ e I )
0j @y, L) = >, ——- (86)
i€l Zj;) 7,1 - 1'
J
and
1jO;.Ziy) = B Ly + o (87)

Then we rewrite Eq. 76 as U[sj] =0,(Z,, ZEY].])|AEV] — w8, ZEW.])L whose density function
is

’ . (O, B) + /oy @y )
9"1(“"’/711;)2/ — T T A (aggg1)

0j(Zr;, Zjsj))
+/ 1/_/(Mj(0j,i[sj])—M/Gj(ilj,i[sj]))

0j(Z1;, Zjs5j))

dd (Z5j)) (88)

in which v/ (-) is the standard logistic density conditional on Eq. 72. By the theory of multivariate
normal random variables, we can find

B} = {7, € R'T ;) < IZi;| < L, foralli € I;} (89)

with properly defined A and L such that P{Z;j € B jl.} > 1 — g/4. Also for fixed D’ > 0 and
D > § > 0, define

Gj(ilj) = {i[“‘j] eRV:§ <

7 2, 1—1| < D' foralli € I, |7l < D). (90)
J

Note that er j]Ti;.ll -1~ N(-1, lTi;Ti;ll), in which the variance is uniformly bounded
j i

from above and below for all ilj € B}. It follows that

_inf P{G; (@)} > 0. 1)

Z1; €B;
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Thus, by restricting the integrals on the RHS of Eq. 88 to G j (2, ), we are able to obtain an uniform
lower bound of @; (u, 8, ilj) for all ilj € le..

2 ~
Our final task is to find sz. C R’J such that P{Z;j € sz} > 1 — ¢/4, and that

P{C;(y1;, ilj k) | Egl (z7)} has a uniform lower bound for all in € B2. Here, we only prove the
statement for » = 1, and we conjecture that an extended argument can be established for r > 1.

When r = 1, |1;| = 2; without loss of generality, let /; be the first two observations. We fix j, and
for simplicity denote the two normal vectors corresponding to the first two observations by n| =
w1(1z1) " andny = wy(1 z2) T, in which w1, wy = £1. We now discuss two cases with different
combinations of w; and w;y; in either case, the joint probability of Z[*S i = TYI01Z1 — Y2222
and 1 = —yjw; — w2, y1, ¥2 > 0, is uniformly bounded from below for (z; ) e B% =

{(z1 2)" tlz1 — 22l = 0. lz1] < H,|z2] < H)} with properly selected n, H > 0 such that
P{Z} € sz.} >1—¢/4.

Case 1 vy = 1 and wr = 1. Choose w[sj) = —1, which happens with positive probability
provided the data-generating parameter values are in the interior of the parameter space. Then,
’['Sj] = —yn] — yany implies y; + y» = 1 and Zf‘sj] = —y121 — Y222, 1.€., ZE‘S].] falls in

*

the line segment between —z; and —z». For all (z; z2) T € sz., P{min{—z1, 22} < Z};;; <

max{—zy, —z2}} > ®(H) — ©(H + 7).

Case 2 w1 = 1 and wp = —1.Inthis case, the constraints are w(sj| = —y1 +y2 and w(5j1 Z
—¥121 + y222. If we choose wisj) = 1, then y, = 1 + ;. It follows that Zfsj
which is greater than z»> when z; > z; and less than z; when z> < z1. Then, both P{Z

* —
[sj] —
1 =712 —2z1) + 22,

*

fsj1 < 22}
and P{ZEY > 22} are uniformly greater than 1 — & (L) forall (z; z2) | € BJZ.. A similar argument
applies to the case when wy,j; = —1 is chosen.

The remaining combinations of @ and w; are reflections of the two cases having been discussed.

Altogether we have shown that P{C; (y Ijs Zj f ) |E$I K, (z7)} is uniformly bounded from below for
Z1; € B}. Take Bj = Bj N B}; P{Z?j € B;} > 1 — ¢/2. Then, the proof is now complete for
r=1.
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