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A NOTE ON THE RELIABILITY COEFFICIENTS FOR ITEM RESPONSE
MODEL-BASED ABILITY ESTIMATES
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Assuming item parameters on a test are known constants, the reliability coefficient for item response
theory (IRT) ability estimates is defined for a population of examinees in two different ways: as (a) the
product-moment correlation between ability estimates on two parallel forms of a test and (b) the squared
correlation between the true abilities and estimates. Due to the bias of IRT ability estimates, the parallel-
forms reliability coefficient is not generally equal to the squared-correlation reliability coefficient. It is
shown algebraically that the parallel-forms reliability coefficient is expected to be greater than the squared-
correlation reliability coefficient, but the difference would be negligible in a practical sense.
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1. Introduction

The concept of reliability refers to the precision of test scores and other measurements or
the consistency of such measurements when the testing procedure is repeated on a population of
individuals or groups (AERA, APA, & NCME, 1985/1999). In the context of classical test theory
(CTT), the reliability of observed scores X from a test may be quantified via three indices:
the conditional variance of measurement errors E, the average (or marginal) standard error of
measurement (SEM), and the reliability coefficient (AERA, APA, & NCME, 1985/1999; Feldt
& Brennan, 1989; Feldt, Steffen, & Gupta, 1985; Haertel, 2006). The average SEM is the square
root of a weighted average of the conditional error variances across true score 7 levels and
is often simply referred to as the SEM. The SEM (denoted of) is a function of the standard
deviation (ox) of X and the reliability coefficient (px x+) such that g = ox+/1 — pxx’ (Lord &
Novick, 1968).

In item response theory (IRT), the estimates 6 of ability (i.e., latent proficiency) 6 parameters
for examinees can be viewed as the counterpart of test scores in CTT. This paper primarily con-
cerns the reliability coefficient of estimates of ability based on IRT. Assuming item parameters
on a test are known constants (which implies the fit of models to data), the reliability coeffi-
cient for IRT ability estimates is generally defined for a population of examinees in two different
ways: as (a) the (product-moment) correlation (p;4,) between ability estimates on two parallel
forms of a test and (b) the squared correlation (pga) between the true abilities and estimates.
As pointed out by researchers (e.g., Nicewander & Thomasson, 1999; Raju & Oshima, 2005),
the reliability coefficient of ability estimates has received less attention than the test information
1(0) in the IRT area. The reliability coefficient is a global index of precision subject to the abil-
ity distribution of examinees (i.e., group-dependent), whereas the test information is conditional
on a particular level of ability, providing conditional precision independent of examinee groups
(Mellenbergh, 1996). Note that the precision conveyed by the test information is analogous to
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the reciprocal of the conditional error variance of CTT (AERA, APA, & NCME, 1985/1999;
Mellenbergh, 1996). If our primary concern is the conditional precision of IRT ability estimates,
therefore, much of our attention to the test information is a natural consequence.

Our interest, however, is often in inter-individual differences on the continuum of the given
ability. In this case, our primary concern might be studying the extent to which individual ex-
aminees retain their relative positions in a group. The study seeks the information of group-
dependent consistency; and thus the reliability coefficient is more relevant than the test infor-
mation. The reliability coefficient can be useful for other purposes. In general, reliability co-
efficients (as unit-free summary statistics, ranging from O to 1) are most useful in comparing
tests or measurement procedures, particularly those that yield scores in different metrics (AERA,
APA, & NCME, 1985/1999). This suggests that the reliability coefficient may be efficiently
used to compare the psychometric properties of various types of IRT ability estimate, such as
the maximum likelihood (ML) estimate (Lord, 1980), the maximum a posteriori (MAP) esti-
mate (Lord 1980, 1986), and the expected a posteriori (EAP) estimate (Bock & Aitkin, 1981;
Bock & Mislevy, 1982), and aid in making the best choice for operational use. Such com-
parison could also be made between the IRT ability estimates and the traditional test scores
of CTT, with their respective reliability coefficients. Further, the reliability coefficient can
be used to quantify the strength of the (possibly nonlinear) relationship between the ability
parameters and estimates. In fact, these practical or potential uses of the reliability coeffi-
cient in the IRT area have been illustrated by researchers (Nicewander & Thomasson, 1999;
Raju & Oshima, 2005; Samejima, 1994; Sympson, 1980). The potential usefulness is also evi-
denced by other studies that present formulas for the IRT ability reliability coefficient in the con-
text of computerized adaptive tests (CAT) (Green, Bock, Humphreys, Linn, & Reckase, 1984;
Thissen, 1990) or in the context of conventional fixed-length tests (Lord, 1983; Sireci, Thissen,
& Wainer, 1991).

However, the present paper was motivated by a finding that the reliability coefficient p;4

defined by the parallel-forms approach is not generally equal to the reliability coefficient pg
defined by the squared-correlation approach. This inequality is due to the bias of IRT ability
estimates and does not happen for the CTT test scores because they are, by definition, unbiased
estimates of true scores (Lord & Novick, 1968). Previous research (Kim & Nicewander, 1993;
Lord, 1983; Samejima, 1994; Warm, 1989) showed that this bias occurs for any of the ability es-
timators developed so far, including the ML, MAP, and EAP estimators. However, as discussed
in detail later in this paper, most of the previous studies did not pay much attention to the possi-
ble inequality between the ,0;0 and p;4, presenting formulas for the IRT coefficient by adopting
only one of the two definitions of the reliability coefficient. Furthermore, some formulas, espe-
cially for the Bayesian estimates, appear to have been presented under questionable assumptions
about the relation between the true 6 and the estimates 6 (e.g., the conditional expectation of
6 on 6 is linear). Therefore, the formulas should be regarded as approximations to the exact
coefficient.

The present paper has two primary purposes. First, taking into account the bias of ability
estimates, this paper presents mathematically rigid and accurate expressions of the pgﬁ and pg4
coefficients according to their respective definitions. This makes it possible to diagnose and clas-
sify the various formulas that have been presented in previous studies dealing with the topic.
Second, this paper provides a general mathematical treatment as to how the two types of coeffi-
cient are related to each other and how much they might differ in magnitude. Before performing
these tasks, however, this paper first presents the notation and statistical formulas required to
efficiently deal with them, and then briefly reviews the formulations of CTT regarding test score
reliability.
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2. Statistical Notation and Formulas

Throughout, the following statistical notation is used to efficiently denote the moments of
variables and the covariance, correlation, and regression between variables. For a variable Y,
the mean and variance are denoted by uy and 0)%, respectively. The operator £(-) is used to
express the expected value of a variable, such that £(Y) = py. For any two variables Y and Z,
their covariance and (product-moment) correlation are denoted by oyz and pyz. For the two
variables Y and Z, the least-squares linear regression function of Y (dependent variable: DV)
on Z (independent variable: IV) is denoted by R(Y'|Z). This is a special case of the conditional
expectation of Y given Z, £(Y|Z), which in general may be a nonlinear function of Z. For the
linear regression function, the regression coefficient of ¥ on Z is written by By z(=oyz /0%).
Lastly, the residual error of predicting ¥ from Z, Y — R(Y|Z), is denoted by eR (Y |Z).

Also, the following statistical formulas will be used for evaluating variances and covariances
when two or more variables are related:

2 2 2
oy = &y 1z + €2 (07)2); (1)

2 2 2
Oy = OR(v|z) T Ocr(v|2) 2
OYZ = 0&(Y|2),Z> 3)
OY=Y|+Yy,Z=Z1+Z, = OV1Z; T 01,2, + 01,2, + O, 2, 4)

where the subscript Z in the operator £z (-) is used to clearly indicate that the expectation is taken
over Z and may be dropped if the context is clear. Equation (1) is known as the ANOVA identity
that relates marginal statistics to conditional statistics. Based on this equation, the correlation
ratio U%IZ for predicting Y from Z is defined as

2 2

2 ¢y |2) 5Z(UY|Z)

Mz=— 5 =l-—H )
Oy Oy

Equation (2) states that the variance of a DV is decomposed into a sum of the variance by its
linear regression on an IV and the variance of the residuals. The squared correlation (i.e., the
coefficient of determination) between Y and Z can be expressed, based on Equation (2), as

2 2
OR(Y|2) O¢R(Y)2)
Pz =g =1- 250, (©)
Oy Oy
Note that, in general,
2 2
Pyz =My|z @)

2 2 2 2 :
because O (v1z) Z OR(Y|2) and £z (oYlZ) < O0,Rv|12) by the relation

o1z = E2(0812) + E2[(R(Y|Z) — £(¥12))°].

For Equation (7), the equality holds if £(Y|Z) = R(Y|Z). Equation (3) may be viewed as an
extension of Equation (1) to covariance. Equation (4) is often used for computing the covariance
between summed variables, based on the component covariances.
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3. Review of the Test Score Reliability in Classical Test Theory

In CTT, the observed score X on a test is modeled as a random variable that is the sum of
two unobserved components, a true score T and a measurement error E:

X=T+E. ®)

It should be noted that X is by definition a linearly unbiased estimator of 7" (Lord & Novick,
1968) so that

EX|T)=RX|T)=T. 9

Based on this true-score model, the reliability (coefficient) of a test has been defined in two
different ways in CTT (hereafter the two terms “reliability” and “reliability coefficient” will be
used interchangeably, unless the context would lead to confusion). First, under the assumption
that strictly parallel forms of a test are available, the test reliability has been defined as the
correlation py x+ between parallel measurements X and X'(= T + E’) from the forms (Feldt &
Brennan, 1989). By the assumptions associated with the parallel measurements that error scores
on a test are uncorrelated with both the true and error scores on different tests, the parallel-forms
reliability pxx- can be expressed as the ratio of true-score variance to observed-score variance:

2
oxx’ OT+E,T+E' or

Pxx = = ) =—- (10
oxox’ o‘X GX

Second, the reliability has been defined as the squared correlation p)sz between observed score
and true score (Lord & Novick, 1968, p. 61). This squared correlation can be also expressed as
the ratio 0% / 0)2(:

2 2 2
2> _ 9%r _ %€xin.r _ oF 1
PXT= "5 357 3 53 = 7 (I
0xOr oxor Ox

Recognizing that ,0)2(T = ’7§(|T by Equation (9), p%T may be further expressed as

Ew@3r) o2
pyr=1-—2"=1--E (12)
Ox Ox

where aé = E(o)%‘T) = 5(‘71%|T)'

One can interpret the reliability ,o)z(T in Equation (11) as the coefficient of determination
between the two variables X and T, as regarding X as the DV and T as the IV. Conversely, if
one regards T as the DV and X as the IV, the reliability ,of(T can be viewed as the ratio of the
variance explained by R(T|X) to true-score variance:

2 2
OR(T|X) O¢R(T|X)
prp = 20K g <ROD), (13)
or or

where R(T|X), the so-called Kelley’s regressed estimate of 7 on X, is expressed as

R(T|X) = pkr X + (1= pkr)ix. (14)
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4. The Reliability of Ability Estimates in Item Response Theory

Denote by u a random vector of an examinee’s responses on an n-item test and denote by
6 an estimate of the examinee ability parameter 6 in IRT. The estimate 6 may be any of the
ML, MAP, EAP and other legitimate estimates. Consider the estimate as being composed of the
ability parameter and an error of estimation (e), such that

A

0=0+e. (15)

Based on this modeling of 6 , which is analogous to Equation (8) for X in CTT, this section will
present two definitions of the reliability of 6 and show their statistical relation. In the presen-
tation, item parameters on a test are assumed to be known, for example, as a result of previous
calibration with a sufficiently large group of examinees.

Before this is done, however, it must be recognized that any IRT ability estimation method
so far developed does not provide an unbiased estimator of 0 at every possible level of 6 (i.e.,
—00 < 6 < 400) unless the test length is infinite. Thus, the conditional expectation of 0 for a
given 6 should be expressed as the sum of the parameter and a bias B = B(é |6) = E(e|h), such
that

E@B19) =06+ B. (16)

The conditional variance of & on 6, o2

16
square root is called the standard error of estimate (SEE). Because of the bias of 6 , the covariance
o in a population is not necessarily equal to zero. This inequality presents a striking contrast to
the equality og7 = 0 in CTT. For further discussion, note that, by Equations (3) and (4),

(= crezlg), is called the estimation error variance and its

) _ _ 2 . . )
Oct) = OE(el6),0 = OBO; 049 =Og@ey.0 =% toBes and oz, =055, =0;

p; _Gée‘

4.1. The Parallel-Forms Reliability

In the context of IRT, any two tests may be viewed as parallel when for each item in one test
there is an item in the other test with the same item response function. With this viewpoint, Lord
(1983) showed that the parallel-forms reliability coefficient pyy,, the correlation between ability

estimates 6 and 8’ on two parallel tests, can be defined, based on statistical quantities from a
single test administration, as

2 ) 2 R £ g
pry = J00r _ €00 %ede ) 2 a7
66 — 2 — ) 2N 2~ 1y
% % U£(é|9) + 5(Gé|0) %

In this equation, because of local independence and parallelism, it follows that

_ _ R R _ 2
%g =%e@0).£@0) T € Cag10) = Oe@i0).£010) = e @)

Equation (17) is in form identical to Equation (12) for the CTT reliability. However, it should be

2 _ 2 ; 2 2 :
noted that E(O'X‘T) = Ogr(x|1) I CTT, whereas 5(oé|0) #* UeR(é|9) in IRT.
Interestingly, Green et al. (1984) presented Equation (17) as the reliability of 6 and referred

to it as the marginal reliability. The “marginal” in marginal reliability indicates that the numerator

£ (Uézw) in Equation (17) is an average of the conditional error variance aez‘e(z 0(52‘9), weighted

by the marginal density of 6, say, g(0). The marginal (i.e., averaged) property features the er-
ror variance 0% in CTT, as shown by Equation (12). Thus, it appears that Green et al. (1984)
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presented Equation (17) in IRT as the counterpart of Equation (12) in CTT, without referring
to Lord’s (1983) derivation for the parallel-forms reliability. On the other hand, Equation (17)
for the parallel-forms reliability seems to have been misused for the formula for the squared-
correlation reliability. Nicewander and Thomasson (1999), for example, computed the “true”
reliability coefficients through simulations based on the third expression in the right-hand side of
Equation (17), although they intended to compute the squared-correlation reliability.

4.2. The Squared-Correlation Reliability

In estimation of ability parameters for a population of examinees, a natural concern is how
closely related the parameters and the estimates are. This concern leads to defining the reliability
of 6 as the squared (product-moment) correlation between 6 and 6, or

o?

2 _ de
Poe = o202 (18)
596

The correlation coefficient pg, is often called the fidelity coefficient in the context of CAT (Symp-
son, 1980; Weiss, 1982). From the perspective of linear regression analysis, one can interpret pgg

in two different ways. On the one hand, if one regards 0 as the DV,

2 2 2, 2
o? . o . 2 2 2,2 2
00 o} o? o? o? o2 e
0 0 0 0 0

where B¢ is the regression coefficient of e on 6. The linear regression of 6 on 6, R(é|9), is
expressed as

R(016) = By (6 — 16) + 11y- (20)
If the relations of 0, = 092 and pg = ;5 hold as in CTT, the regression is simplified to
R(|0) =6. 1)

On the other hand, if one regards 6 as the DV,

2 2 2 /.2 2 2,2 2
o ~ o ~ by by S —0A ~ ~
2 _q_ _eROW) _ RO _ %0/ % (95 — %) /05 9 ] 2 ”
Pog =1~ 2~ T 2 = 2 = 2 =S0=8," (22)
99 99 %9 %9 %9

In this equation, R(6|6) can be viewed as the Kelley’s regressed estimate of the true ability 6
on 0, expressed as

R(616) = By 56 — 114) + po- (23)

Again, if the relations of oy, = 092 and up = py hold, the regression is expressed similarly to
Equation (14) in CTT as follows:

R(©010) = 0,6 + (1 = p3 )us. (24)

Somewhat surprisingly, the definition of reliability of 6 by Equation (19) is not found in the
IRT literature, but an expression similar to it is seen in the classic text book by Lord and Novick
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(1968, p. 209, Equation (9.8.1)). They defined a generic reliability for observed scores X from a
single test as

), Ok 0} 2
pxr=—>3—=—U+Ber)",
Ox Ox

where BT is the regression coefficient of E (generic errors) on T.
For the reliability expression by Equation (22), it is observed that ,09%9 has been equalized to

nzlé by the researchers (Nicewander & Thomasson, 1999; Sireci et al., 1991; Sympson, 1980)
whose primary interests were in the reliability of Bayesian ability estimates. That is, for the

MAP or EAP 4, they equalized R(Qlé) to £ (9|é); or equalized the regression residual error

variance UZR(0|é) to a weighted average of the mathematical quantity 092|é that they conceived as
e

the Bayesian posterior variance 092‘11 of 6, given a prior distribution for 8, g(0), and a response

vector u. For example, Sympson (1980) demonstrated, with the argument of £ (6 |é) =R(0 |é) =
6 for the EAP 0, that

E(@?, 2 2
S ©30) _ ey _ % 25)
Pog = gig = 002 - 092 _002'
Because the relation £ (0|é) =60 implies that O’éz = Ué(Glé) = 002 - & (092‘@), this equation may
also be expressed as
2 2 2
Pt = % % (26)
o6 010 of of créz + 5(06%'@)

Although not explicit in the demonstration, Sympson seemed to argue that the relation IAC |é) =
R(610) = 0 should be implied by the definition of EAPH = £(#|u). Similarly, Nicewander and
Thomasson (1999) presented the squared-correlation reliability coefficient for the MAP (or ML)
0 as

2
B (0,5 o £y

2 2
ps, =0 =1 . 27
60 — g1 2 2
| % %
They argued for the relation of 002|é = 06)2|u’ as follows. If no two items in a test had identical item

parameters (in terms of the three-parameter logistic [3PL] model), then there would be a one-
to-one mapping of u into the MAP #. The one-to-one correspondence suggests that the posterior

distribution density 2 (6|u) = h(6 |é) and the posterior variance ‘702|u = 692|é' However, it should

be noted that such a one-to-one correspondence may not hold with the one- or two-parameter
logistic (1PL or 2PL) model items for the ML 6O (see Lord, 1980, p. 57) and for the MAP&,
even though the items have different difficulty (b) or discrimination (a) parameters. Although
not pointed out by Nicewander and Thomasson (1999), if the one-to-one correspondence holds
between u and the EAP 6, Sympson’s (1980) argument may be justified because the relation
h(6|u) = h(0|EAPO) leads to

E(0|n) = E(O|EAPH) = EAPA. (28)

On the other hand, Sireci et al. (1991) presented formally an expression similar to Equa-
tion (27) by designating 092‘“ as 062* and called it the “marginal” reliability to indicate explic-
itly the marginal feature of £ (03*). For the presentation, interestingly, they first referred to the
marginal reliability definition of Green et al. (1984) as in Equation (17), but later they replaced
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Thio 2 (=0 c|9) and oA with o2 - and 09 , respectively, to present the reliability coefficient for the

EAPJ. Sireci et al. (1991) stated that the error variance 0’62* could be computed from (the inverse
of) the test information function for the EAP#, and used the computer program MULTILOG
(Thissen, 1991) for the computation.

After all, justifiability of Equations (25) to (27) as the exact expressions for the ,0929 coeffi-

cient of the MAP or EAPH depends on the tenability of the assumption (or argument) £ (6 |é y=6

However, the assumption would be justified only for the EAP6 that have a one-to-one corre-
spondence with every response pattern of u. If the assumption £(0]6) = 6 is not generally true,
in fact, pg < 772| ~ and the following inequalities hold among the three expressions for ,0020 in

Equations (25) to (27): if 62 . >o?

5(0|0) 0’
2 2 2
o . o2 o3
5(92\9) 0 2 9 . (29)
of O'A + 5(09|9)
otherwise, if o2 <02,
5(9\9) 0
2 2 2
%ewib) % %
2 2 (30)
o a + E(aele) o

However, little is known regarding the exact relation between ‘72(9‘@)

does not provide a statistical framework for exactly quantifying the former. Therefore, the three

quantities for the Bayesian 0 (a) new (b) 02/[0 + g(%w)] and (¢) 02/09, all should be re-

garded as approximate versions of the reliability coefficient 'Oée' Given the limited knowledge

and og, partly because IRT

about the relation between o2 £010) and O’A it would be wise to use the “intermediate” approxima-

tion Ué2 / [aé2 +& (Ue2|é)] as a basis for assessing the reliability coefficient ,09%0 for Bayesian ability
scores.

4.3. Relations Between p;; and ,039

By the definition of true score and the assumption of availability of the parallel forms admin-
istered independently, the squared-correlation reliability coefficient (p)sz) is accepted as being
equal to the parallel-forms reliability coefficient (ox x/) in CTT. In contrast, the ability parameter
in IRT cannot be simply defined as the expectation of its estimates (i.e., 6 is not an unbiased
estimator of ), and thus, in general, the parallel-forms reliability coefficient (pp;,) is not equal

to the squared-correlation reliability coefficient (,00%9). Analysis of this inconsistency demands

knowledge of how the two IRT coefficients p;; and ’030 are related to each other and how much

they might differ in magnitude.
By re-expression of the correlation coefficient formula, pge may be transformed into

2 2 o2
2 G€<é|9) 0 Us(éw) 5(0|0)9 _ 31
00" 5252 T 52 o2, '099“05(9\9)9

60 6 £@19) 9

The squared correlation pg(éw) ) between £ (é |#) and 6 should be less than or equal to 1, so that

2
’OéO < péé/' (32)
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Obviously, the equality between ,09%9 and p;4 holds when &€ ® |6) = 6. However, as noted earlier,
the condition is rarely satisfied in the entire range of 6.

The question arises: by how much is p;4, larger than ,0929 7 To examine this discrepancy, it is
useful to express the two coefficients as follows:

2
O% 4 2 2 2
_%g@) _%4p 05 +20pg+op

hh = = , 33
Poo =~ = ;2 o (33)
% 6 %
2
2 %edioe (0f +0pe)? /o] . 0f +20p0 + (05,/02) (34)
Poo = o292 o2 = 2 :
60 6 0
It follows that the difference is
2 2 2
_ 2 _GB_(UBQ/UQ)
8y = Pi = Py = 3 (35)
o

Recognizing aé > 0139 / 092, the difference can be said to be largely dependent on the relative
size of ‘71% compared to aéZ. However, one cannot quantify the difference uniquely because 0123

(and opy) may vary by the type of 6. With the ML @ for an n-item test whose items are analyzed
using the 3PL model, Lord (1983) argued that 01% is of order n~2 and thus can be neglected in
estimation of 692 with a long test. This suggests that the quantity 01239 / ag is also negligible and,
after all, the difference 8, will be very small in practice. Therefore, the two coefficients ,029 and
P44 might be used interchangeably in a practical sense, as long as the number of items is fairly
large (e.g., 30 or more).
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