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Abstract This paper is considered as an application of a centralized control non orthog-

onal multiple access (NOMA) based cognitive radio network. Here, a base station (BS)

sends simultaneously two information signals by employing the superposition coding

scheme to two different types of users, i.e., group of near users and one far user. The near

users, namely, the secondary users, exchange cooperatively their own received information

among themselves ensuring the realization of maximal diversity gain. Besides, they are

responsible for relaying information to the far user, namely, the primary user. One potential

secondary user is selected to decode and forward the BS information signal to the primary

user and the rest of the secondary users to reinforce the reliability, as well as, mitigate the

non-decodable messages. Two equivalent cases of a relay (secondary user) selection

scheme are proposed. In the first case, the selection aims at maximizing the minimum of

the joint secondary to secondary (S to S) and secondary to primary (S to P) channels’

coefficients under a certain limit of interference condition. In the second case, the selection

aims at maximizing the minimum of the BS to S and S to S paths while a certain quality of

service of the primary user is strictly guaranteed. Assuming Rayleigh fading channels, new

closed form expressions are derived for the achievable capacity associated with the two

information signals. Simulation results reveal the advantage of our proposed schemes over

the conventional orthogonal max–min approach and confirm the validity of our analysis.
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1 Introduction

NOn orthogonal multiple access (NOMA) has been considered as a promising technique to

enhance the spectral efficiency of the fifth generation (5G) communication networks [1].

Unlike orthogonal multiple access (OMA) techniques, NOMA had been proposed to serve

multiple users of multiple communication signals at the same time/frequency/code slot but

with different power levels [2, 3]. Then, the separation is carried out by the method of

successive interference cancellation (SIC).

The impact of user pairing has been recognized as a concept of hybrid NOMA/OMA

design where the authors in [4] compared the sum rate of a dual pairing NOMA based users

with orthogonal based ones. In [5] the authors considered the fairness of the users where

proper power resource coefficients were allocated fairly. The NOMA technique had been

utilized by many transceiver communication systems such as uplink transmissions [6],

coordination deployment systems [7] and downlink transmissions [8]. Actually, a closed

form expression for the sum rates of NOMA with two BSs was derived in [7] using a

coordinated superposition coding.

Meanwhile, cognitive radio networks have been recognized as a useful tool for solving

the problem of scarcity of spectral resources and to provide a spectral efficiency by

licensed/unlicensed spectrum sharing [9]. In cognitive radio networks, it is permissible to

unlicensed secondary users to access the spectrum of licensed primary users without

interference with the primary users [10]. NOMA techniques can be involved in cognitive

radio networks where the secondary users have the opportunities to share the licensed

spectrum even if the primary users are in very poor channel conditions. The key feature lies

in firstly decoding the message intended to the primary user by the secondary user. Then,

the secondary user can detect its own message by utilizing the appropriate power level and

decoding techniques, e.g., SIC [11]. Thus, both the primary and secondary users can be

served simultaneously.

Cooperative communication based NOMA has attracted much attention to promote the

transmission reliability and improve the system performance. Particularly, the secondary

user can serve as potential relay to improve the performance of the primary user via

cooperative communication. Various cooperative techniques have been proposed in the

literature. For example, in [12] the user with a good channel condition acts as a relay for

the user with such a poor one. More recently, NOMA with a dedicated relay was intro-

duced in [13] to avoid overloaded information on relay users. Wireless power harvesting

was applied to cooperative NOMA in [14], where the impact of the locations of randomly

deployed users was extensively investigated in a downlink single cell system. The scenario

of multiple users equipped with multiple antennas was investigated in [15]. Two optimal

relay selection strategies based on cooperative NOMA scheme were proposed in [16]. A

comparative study between the achievable capacities in cooperative NOMA/OMA and

power allocation schemes was depicted in [17]. In [18] the multiple-input–multiple-output

MIMO based NOMA system was discussed within multi-antenna networks where the

MIMO channels were converted into multiple parallel single channels.

However, in the context of a cooperative NOMA scheme within a cognitive radio

network, the primary user may suffer from very poor channel condition or its channel may

vary according to the location which requires the paired secondary user/s to adjust the
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allocated power level of the redirected signal to the primary user, e.g., the power allocation

resource is proportional to the channel condition. Moreover, it is desired in the secondary

user network to exchange signals via the lowest possible number of possible resources (i.e.,

time/frequency/code).

Motivated by this fact, in this paper a novel of a downlink cognitive radio network will

be proposed where a BS controls multiple secondary users and one primary user. One

potential secondary user (e.g., any-casting transmission) is selected to transmit the con-

trolled signals simultaneously to both the other secondary users and the primary user to

increase the reliability of both networks.

Different from the contributions [16, 17] and [19] in the literature, the fading coefficient

of the primary user within the network dynamically determines the amount of allocated

powers and it can be efficiently modeled by a certain QoS threshold condition at the

primary user. Therefore, the allocated power resources for both secondary and primary

users vary greatly depending on the channel characteristics of both (S to S) and (S to P)

paths.

The contributions of the paper can be summarized as follows:

• Two equivalent cases of a secondary user selection scheme are proposed that aim at

maximizing the minimum of the joint base-station to secondary (BS to S) and

secondary to secondary (S to S) channels’ coefficients under a certain condition of

secondary to primary (S to P) channel coefficient.

• At high SINR, approximately exact and asymptotic NOMA expressions for the average

achievable sum rate of the network will be derived and compared with the existing

OMA schemes. Simulation results emphasize the correctness of our derivations and

ensure that the proposed system outperforms the conventional OMA by using the

lowest possible number of time resources. This paves the way of exploiting more and

more saved time resources at successive stages of communications [24].

• It will be shown that the channel characteristic of the BS-S path has a great impact on

the performance and it should be optimized to make the use of NOMA scheme.

The reminder of this paper is organized as follows: in Sect. 2 the system model is

presented. In Sect. 3, the proposed user selection is investigated and a comprehensive

analysis for the average achievable sum rate as an important metric is provided. Simulation

results are carried out in Sect. 4 to emphasize the correctness of our theoretical analysis.

Finally, Sect. 5 concludes the paper.

2 System and Channel Models

A CR network based NOMA system is considered with one BS, one primary user and a set

of RN , N 2 1; 2; . . .:;Nf g, cooperative secondary users which mutually exchange mes-

sages among themselves. Particularly, the BS employs the NOMA technique to commu-

nicate simultaneously with the primary user and one any-casting secondary user which is

selected from the secondary cooperative system to mitigate the non-decodable message to

both primary and secondary nodes. As shown in Fig. 1, the selected secondary user acts as

a relay to the primary user and both are paired to perform NOMA.

It is assumed that all nodes are equipped with a single antenna and a half duplex mode

communication is considered. Furthermore, all communication channels are flat fading and

error free estimated Rayleigh channels. It is further assumed that all the nodes are
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confirmed to know global channel state information (CSI). Users’ channels are ordered

according to their QoS requirements.

Two time slots are involved in communications. In the first time slot, the BS broadcasts

simultaneously two superimposed signals by employing the superposition code, the

transmitted signal can be expressed by [1, 2],

B ¼ xs
ffiffiffiffiffiffiffiffiffiffi

Pbasi
p

þ xp
ffiffiffiffiffiffiffiffiffiffiffi

Pbasp
p

ð1Þ

where xs and xp are the transmitted symbols of the secondary and primary system,

respectively, Pb is the BS limited power, asi and asp are the power allocation resources and

E xkj j2
n o

¼ 1; k 2 s; pf g. Following the NOMA principle, it is noted that asi þ asp ¼ 1,

asi\asp, i.e., Sp is allocated with more power to ensure fairness to the downlink users.

Thus, the received signal at the secondary user i, Ri, and the primary user p can be

respectively expressed as,

rbi ¼ hbiBþ ni; ð2Þ

rbp ¼ hbpBþ n bð Þ
p ð3Þ

where hbi is the BS� Ri channel fading coefficient, ni �CN 0;N0ð Þ is the additive white

Gaussian noise (AWGN) signal at the secondary user i, hbp is the channel fading coefficient

of the BS� p direct path, n bð Þ
p �CN 0;N0ð Þ is the corresponding additive white Gaussian

noise (AWGN) signal associated the reception of the BS signal (where the superscript b

belongs to the transmit BS signal).

The secondary user i decodes the symbol xp by treating the symbol xs as a noise, then,

cancels it from the superimposed signals using successive interference cancellation (SIC)

to acquire the symbol xs. Thus, the conditions for the secondary user i to be able to

j

i

Near users 
(secondary users)

Far users
(primary user)

pih ,

jih ,

The base-sta�on 
(BS)

pbh ,

ibh ,

Two superimposed
signals

User fails to decode the BS signal

User  successfully decodes the BS signal

Fig. 1 System and channel model
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successfully decode the two signals, i.e., its own signal and the primary user signal, are

given by [21],

1

2
log2 1þ c pð Þ

bi

� �

¼ 1

2
log2 1þ hbij j2Pbasp

hbij j2Pbasi þ N2
0

 !

[Rp; ð4Þ

1

2
log2 1þ c sð Þ

bi

� �

¼ 1

2
log2 1þ hbij j2Pbasi

N2
0

 !

[Rs ð5Þ

where c pð Þ
bi and c sð Þ

bi are the signal to interference plus noise ratios (SINRs) of the primary

and the secondary users, respectively, experienced at the secondary user i. Here, Rp and Rs

represent the target rates of the primary and the secondary users, respectively. The primary

user decodes its own signal treating the other as a noise provided that,

1

2
log2 1þ cbp

� �

¼ 1

2
log2 1þ

hbp
�

�

�

�

2
Pbasp

hbp
�

�

�

�

2
Pbasi þ N2

0

 !

[Rp: ð6Þ

where cbp is the signal to interference plus noise ratios (SINRs) of the primary user p.

At the second time slot, the secondary user i forwards the re-encoded primary signal to

the primary user to reinforce the high priority signal as well as it forwards simultaneously

the secondary signal to the secondary system by employing different resource allocation

coefficients.1 The two signals can be obtained separately as,

Sip ¼ xp
ffiffiffiffiffiffiffiffiffiffiffi

PRaip
p

; ð7Þ

Sij ¼ xs
ffiffiffiffiffiffiffiffiffiffi

PRaij
p

; j 2 N � if g; ð8Þ

where Sip is the transmitted signal to the primary user at the secondary user i end,

Sij; j 2 N � if g, is the transmitted signal to the secondary user j at the secondary user i

end, PR is the secondary user (relay) limited power, aij and aip are the power allocation

resources.

It is noted that the two separate signals are summed. Thus, the received signal at the

secondary user j; j 2 N � if g, and the primary user p can be respectively expressed as,

rij ¼ hij Sij þ Sip
� �

þ nj; ð9Þ

rip ¼ hip Sij þ Sip
� �

þ n ið Þ
p ; j 2 N � if g; ð10Þ

where hij; j 2 N � if g, is the Ri � Rj channel fading coefficient, nj �CN 0;N0ð Þ is the

additive white Gaussian noise (AWGN) signal at the secondary user j, hip is the channel

fading coefficient of the Ri � p path, n ið Þ
p �CN 0;N0ð Þ is the corresponding additive white

Gaussian noise (AWGN) signal associated the reception of the Ri signal (where the

superscript i belongs to the secondary user i transmitted signal).

Recall from the previous concept that the secondary user j decodes the received signal

using SIC with an achievable rate no more than 1
2
log2 1þ hijj j2PRaij

N2
0

� 	

provided that the

primary constraints are satisfied.

1 It is reasonable to assume that all of the near secondary nodes can decode the BS signals correctly.
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In contrast to the previous secondary user i power allocation scheme which implies that,

aij þ aip ¼ 1, aij\aip, a strict target SINR that guarantees the primary user’s QoS is

introduced exploiting the channel characteristic of the primary and the secondary users. In

particular, an upper limit of power allocated by aij may need to satisfy,

hip
�

�

�

�

2
PRaip

hip
�

�

�

�

2
PRaij þ N2

0

� I; j 2 N � if g ð11Þ

where I represents the constraint SINR. Thus, aij varies as a function of the primary fading

coefficient which implies that,

aij ¼ mini max 0;
hip
�

�

�

�

2
PR � N2

0I

hip
�

�

�

�

2
PR Iþ 1ð Þ

 ! !

; j 2 N � if g: ð12Þ

Two involved relay selection schemes are proposed in the next section based on the

previous condition. The necessary condition for the priority of the primary user to receive

the secondary signal can be given as,

aip hip
�

�

�

�

2 [ aij hij
�

�

�

�

2
: ð13Þ

In the following section, two equivalent relay selection schemes which are characterized

by strict power allocation coefficients are proposed for any-casting cognitive radio system

to guarantee an adoptable QoS to the primary user. Then, we focus on the achievable rate

analysis as an important performance metric.

3 Relay Selection and Performance Analysis

Different from the work [16, 17], one potential secondary user is selected from the set RN
of secondary users, e.g., relying on the following selection criteria, to play its role in any-

casting cognitive radio system where it transmits the signals intended to the primary user

and the rest subset of Rj, j 2 N � if g, secondary users by dynamically allocating a vari-

able power resource depending on the instantaneous measurement of the primary channel

fading coefficient.

Besides, new expressions for secondary user selection based on resource allocation

parameters and statistical channels’ conditions are derived. Then, the impact of those

parameters on the achievable transmission rate will be calculated.

3.1 Relay Selection Schemes

(1) Statistical max–min the joint end to end (case 1) This scheme can be carried out by

selecting the secondary user, i�, with the best weakest amongst all the candidates as

follows:

i� ¼ argmaxi min cbi; cip; cij
� �� �

, argmaxi min hbij j2; hip
�

�

�

�

2
; hij
�

�

�

�

2
� �� �

; aij ¼ const::

ð14Þ

where cbi; cip and cij; are the signal to interference plus noise ratios (SINRs) of the
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BS� Ri, the Ri � p and the Ri � Rj, respectively. Obviously, hbij j2; hip
�

�

�

�

2
and hij

�

�

�

�

2

are uncorrelated, i.e., statistically independent, and the selection can be simply

realized.

(2) Statistical max–min the joint secondary user phases (case 2) This scheme can be

carried out by selecting the secondary user, i�, that maximizes the minimum of the

joint secondary user statistics under the QoS constraint of primary user in (12),

namely, i� satisfies,

i� ¼ argmaxi min cbi; cij
� �� �

¼ argmaxi min c sð Þ
bi ; cij

� �� �

, argmaxi min
hbij j2Pbasi

N2
0

;
hij
�

�

�

�

2
PRaij

N2
0

 ! !

; aij

¼ mini max 0;
hip
�

�

�

�

2
PR � N2

0I

hip
�

�

�

�

2
PR Iþ 1ð Þ

 ! !

; j 2 N � if g: ð15Þ

where at the secondary user i, Rp [Rs.

Particularly, we will statistically analyze the second scheme and the first scheme can be

obtained simply by a similar analysis. Let �FA xð Þ ¼ 1� FA xð Þ be the complement of the

cumulative density function (CDF) of the random variable (R.V.) A. Let us generally define

that the fading coefficients hqr
�

�

�

�

2
; q; r 2 b; i; p; jf g satisfy Rayleigh fading conditions and

undergo independent exponential distributions with means kqr, where their CDFs family

can be expressed by,

F
hqrj j2 xð Þ ¼ 1� exp �Xqrx

� �

: ð16Þ

where Xqr ¼ kqr
Ps

N0

� ��1

; s 2 b;Rf g.
By further considering, Zi, min cbi; cij

� �� �

, we have the following theorem.

Theorem 1 The secondary user selection rule according to (15) is determined statisti-

cally by selecting i that maximizes The CDF of Zi, is given by,

i� ¼ argmaxi Zið Þ ¼ argPr maxi Zið Þ� zð Þ ) arg
Y

N

i¼1

FZi zð Þ: ð17Þ

where �FZi zð Þ ¼ �Fcbi zð Þ �Fcij zð Þ; �Fcbi zð Þ ¼ exp � XbiN
2
0
z

Pbasi

� �

; �Fcij zð Þ ¼ 2XijN
2
0

PR

ffiffiffiffiffiffiffiffi

zI I
�

q

þ1ÞXipXijexp

� N2
0

PR
IXip þ z Iþ 1ð ÞXij

� �

� �

K1 2
N2
0

PR

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

zI Iþ 1ð ÞXijXip

p

� �

; j 2 N � if g;K1 :ð Þ is the first

order modified Bessel function of the second kind and z is an arbitrary threshold.

Proof See Appendix 1.

In the above theorem, we state the statistical conditions for selecting the ith secondary

user out of N users to forward the BS signals. If the order statistics are applied [24], FZi zð Þ
has to be substituted in the following equation,

FZi:N zð Þ ¼ N!

i� 1ð Þ! N � ið Þ!
X

N�i

w¼0

N � i

w

� 	

�1ð Þw FZi zð Þð Þiþw

iþ w
; ð18Þ

where Zi; 1� i�N, are independent and identical R.V.s.
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3.2 Statistical Achievable Rate

In order to successfully decode the received signals at the secondary and the primary users,

certain constraints on transmission rates should not be exceeded. The achievable rate

represents an important metric that characterizes those constraints. It is dominated by the

channel of the poor condition. The achievable rate associated with the symbol xs,

Ci ¼ 1
2
log2 1þ cið Þ, involves an achievable SINR, ci, which can be extracted using SIC at

the secondary user i to be in the form of,

ci ¼ min
hbij j2Pbasi

N2
0

;
hij
�

�

�

�

2
PRaij

N2
0

 !

; j 2 N � if g: ð19Þ

At the end of the second time slot, the primary user performs maximal ratio combining

(MRC) of the received signals. Thus, The achievable rate associated with the symbol xp,

Cp ¼ 1
2
log2 1þ cp

� �

, involves an achievable SINR, cp,which can be given by,

cp ¼ min
hbij j2Pbasp

hbij j2Pbasi þ N2
0

;
hip
�

�

�

�

2
PRaip

hip
�

�

�

�

2
PRaij þ N2

0

þ
hbp
�

�

�

�

2
Pbasp

hbp
�

�

�

�

2
Pbasi þ N2

0

 !

: ð20Þ

To fulfill the system performance analysis, it is necessary to marginally derive statistical

formulas for the achievable rates, ci and cp. The CDF of ci follows directly from Theo-

rem 1, and it can be denoted by the R.V. Zi; i:e: FZi zð Þ ¼ Pr c sð Þ
bi [ z; cij [

��

zÞÞ ¼ 1� �FZi zð Þ. Thereafter, The CDF of cp will be derived in the following theorem.

Theorem 2 According to (20) the complement of the CDF of Zp is determined statisti-

cally by (21) at the top of next page, where

J zð Þ ¼
R

1

0

aipN
2
0

P aip�xaijð Þ2 exp � N2
0

P

Xipx

aip�xaijð Þ þ
Xbp z�xð Þ

asp� z�xð Þasið Þ

� 	� 	

dx.

Proof See Appendix 2.

Under the considered conditions, it is obvious that cip ¼
hipj j2Paip

hipj j2PaijþN2
0

is lower bounded by

I. Therefore, min c pð Þ
bi ; cip þ cbp

� �� �

� min c pð Þ
bi ; Iþ cbp

� �� �

which can be used instead and

it represents the worst-case scenario.

Corollary According to (20) the complement of the CDF of Zp ¼ min c pð Þ
bi ; Iþ cbp

� �� �

is

determined statistically
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�FZp zð Þ ¼ exp � XbizN
2
0

P asp � zasi
� �

 !

:

�

exp � XbpzN
2
0

P asp � zasi
� �

 !

þ exp � XipzN
2
0

P aip � zaij
� �

 !

� exp � XipzN
2
0

P aip � zaij
� �

 !

� exp � XbpzN
2
0

P asp � zasi
� �

 !

þ exp
XipN

2
0

Paij

� 	

þ J zð Þ
� 	

� 1� exp � XipzN
2
0

P aip � zaij
� �

 ! !

1� exp � XbpzN
2
0

P asp � zasi
� �

 ! !

; z\
aip

aij
\

asp

asi

exp � XbpzN
2
0

P asp � zasi
� �

 !

þ exp
XipN

2
0

Paij

� 	

þ J zð Þ
� 	

� 1� exp � XbpzN
2
0

P asp � zasi
� �

 ! !

;
aip

aij
\z\

asp

asi

exp
XipN

2
0

Paij

� 	

þ J zð Þ
� 	

;
aip

aij
\

asp

asi
\z

8

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

:

ð21Þ

�FZp zð Þ ¼ exp � XbizN
2
0

P asp � zasi
� �

 !

�

exp � XbpzN
2
0

P asp � zasi
� �

 !

þ exp � Xbp z� Ið ÞN2
0

P asp � z� Ið Þasi
� �

 !

� exp � Xbp z� Ið ÞN2
0

P asp � z� Ið Þasi
� �

 !

� exp � XbpzN
2
0

P asp � zasi
� �

 !

; z\
asp

asi

exp � Xbp z� Ið ÞN2
0

P asp � z� Ið Þasi
� �

 !

;
asp

asi
\z\

asp

asi
þ I

0;
asp

asi
þ I\z

8

>

>

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

>

>

:

:

ð22Þ

by (22) at the top of this page and for simplicity the following equation is used:

�FZp zð Þ ¼

exp � XbizN
2
0

P asp � zasi
� �

 !

� exp � Xbp z� Ið ÞN2
0

P asp � z� Ið Þasi
� �

 !

;

z\
asp

asi
þ I

0;
asp

asi
þ I\z

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

: ð23Þ

Proof Let Zp, min c pð Þ
bi ; Iþ cbp

� �� �

, then, �FIþcbp zð Þ can be formulated as, �FIþcbp zð Þ ¼

Pr Iþ cbp [ z
� �

¼ Pr
hbpj j2Pasp

hbpj j2PasiþN2
0

[ z� I

� 	

¼ exp � Xbp z�Ið ÞN2
0

P asp� z�Ið Þasið Þ

� 	

and (22) follows

after simple algebraic manipulations by shifting by I and by using

Pr
hbpj j2Pasp

hbpj j2PasiþN2
0

[ z� I

� 	

¼ 1, if
asp
asi
\z and z\

hbpj j2Pasp
hbpj j2PasiþN2

0

. A simple upper bound of (22)

by reference to (23) and the proof is completed.

3.3 Average Achievable Sum Rate Analysis

The average sum rate is an important metric which gives an insightful investigation for the

steady-state transmission rate. According to [25], the average achievable rate, i.e., the

ergodic rate is defined as,
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Raver ¼
Z

1

0

1

2
log2 1þ zð Þfc zð Þdz ¼ 1

2 ln 2

Z

1

0

�Fc zð Þ
1þ z

dz: ð24Þ

where Fc zð Þ ¼ 1� �Fc zð Þ is the CDF of the SINR random variable.

3.4 Primary User

The average achievable rate for the primary user, e.g., associated with the symbol xp, is

complicated by applying the formulas (21) and (22). Thus, (23) is applied instead. At the

primary user, the average achievable rate can be calculated as in the following theorem.

Theorem 3 According to (23) the average achievable rate associated with xp is given by,

Raver;p 	
1

2 ln 2
�
p asp

asi
þ I

� �

2L
�

X

L

l¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� h2l

q

�
exp � XbillN

2
0

P asp�llasið Þ þ
Xbp ll�Ið ÞN2

0

P asp� ll�Ið Þasið Þ

� 	� 	

1þ ll
ð25Þ

where L is the adopted samples to ensure the approximation, hl ¼ cos 2l�1
2L

p
� �

and

ll ¼
asp
asi
þI

� �

hlþ1ð Þ

2

0

@

1

A.

Proof From (24), Raver ¼ 1
2 ln 2

R

1

0

�Fc zð Þ
1þz

dz ¼ 1
2 ln 2

R

asp
asi
þI

0

exp �
XbizN

2
0

P asp�zasið Þ

� �

�exp �
Xbp z�Ið ÞN2

0

P asp� z�Ið Þasið Þ

� �

1þz
dz.

The above integral is mathematically intractable, Gauss–Chebyshev quadrature [24,

8.8.12] is applied to find an approximation. The integral yields,

Z

asp
asi
þI

0

exp � XbizN
2
0

P asp�zasið Þ

� 	

� exp � Xbp z�Ið ÞN2
0

P asp� z�Ið Þasið Þ

� 	

1þ z
dz

	
p asp

asi
þ I

� �

2L

X

L

l¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� h2l

q

exp � XbillN
2
0

P asp�llasið Þ

� 	

� exp � Xbp ll�Ið ÞN2
0

P asp� ll�Ið Þasið Þ

� 	

1þ ll

where hl and ll are defined in (25) which completes the proof.

3.5 Secondary User

The average achievable rate for the secondary user i, e.g., associated with the symbol xs,

may be calculated approximately as in the following theorem.

Theorem 4 According to (17) and (19), the average achievable rate associated with xs is

given by,
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Raver;s 	
1

2 ln 2
� 2b� exp �N2

0

P
IXip

� �

� 	

� E1 0ð Þ
2b

exp
b2

2a

� 	

W0;1
2

b2

a

� 	

�
X

L

l¼1

Al �
1
ffiffiffiffiffi

Bl

p �
exp �aBlð Þ � K1 2b�

ffiffiffiffiffi

Bl

p� �

1þ Bl

" #

ð26Þ

where L is the adopted samples to ensure the approximation, Wl;t :ð Þ is the Whittaker

function, E1 :ð Þ is the exponential integral function, a ¼ N2
0

P
Xbi

asi
þ Iþ 1ð ÞXij

� �

,

b ¼ N2
0

P

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

I Iþ 1ð ÞXijXip

p

, Al ¼
p2 sin 2l�1

2L
pð Þ

4L cos2 p
4
�cos 2l�1

2L
pð Þþp

4ð Þ and Bl ¼ tan p
4
� cos 2l�1

2L
p

� �

þ p
4

� �

.

Proof From �FZi zð Þ in (17), Raver ¼ 1
2 ln 2

R

1

0

�Fc zð Þ
1þz

dz ¼ 1
2 ln 2

� 2XijN
2
0

P

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

I Iþ1ð ÞXip

Xij

q

� exp � N2
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P
IXip

� �

� �

�
R

1

0

exp �
N2
0
P
z

Xbi
asi

þ Iþ1ð ÞXij

� �� �

� ffiffi

z
p �K1 2

N2
0
P

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

zI Iþ1ð ÞXijXip

p� �

1þz
dz. Putting

h ¼ ffiffi

z
p

, the above integral becomes as,

2�
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exp � N2
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P
h2 Xbi
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þ Iþ 1ð ÞXij

� �� �

� h2 � K1 2
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I Iþ 1ð ÞXijXip
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� h
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1þ h2
dh

¼
Z

1

0

2 exp �N2
0

P
h2

Xbi

asi
þ Iþ 1ð ÞXij

� 	� 	

� K1 2
N2
0

P

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

I Iþ 1ð ÞXijXip

q

� h

� 	

dh

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

J 1

�
Z

1
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2
exp � N2

0

P
h2 Xbi

asi
þ Iþ 1ð ÞXij

� �� �

� K1 2
N2
0

P

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

I Iþ 1ð ÞXijXip

p

� h
� �

1þ h2
dh

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

J 2

:

J 1 can be solved by using [22, 6.643.3], l ¼ 0 and t ¼ 1
2
, after putting h ¼

ffiffiffi

x
p

.

Therefore, J 1 can be expressed as,

J 1 ¼
C 1ð ÞC 0ð Þ

2b
exp

b2

2a

� 	

W0;1
2

b2

a

� 	

where Wl;t :ð Þ is the Whittaker function, b and a are defined in (26).

The integral J 2 is a challenge, numerical analysis is used to provide a formula that is

very closed to the exact one. Applying Gauss–Chebyshev quadrature, The integral J 2 can

be expressed by putting h ¼
ffiffiffiffiffiffiffiffiffi

tan x
p

as,

J 2 ¼
R p

2

0
1
ffiffiffiffiffiffiffi

tan x
p � exp �a

ffiffiffiffiffiffiffi

tan x
pð Þ2

� �

�K1 2b�
ffiffiffiffiffiffiffi

tan x
pð Þ

1þtan x
� sec2 x dx 	

PL
l¼1 Al � 1

ffiffiffi

Bl

p �
exp �aBlð Þ�K1 2b�

ffiffiffi

Bl

pð Þ
1þBl

, where Al and Bl are defined in (26). The proof is completed.

It should be noted that the integral J 1 may lead to an indeterminate value, and

therefore, it is required to be approximated, e.g., by limits, which is worth nothing.

Alternatively, J 1 and J 2 can be approximated at once using Gauss–Chebyshev quadrature

and the average achievable rate in (26) can be rewritten as,
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Raver;s ¼
1

2 ln 2

Z

1

0

�Fc zð Þ
1þ z

dz

	 1

2 ln 2
� 2b� exp �N2

0

P
IXip

� �

� 	

�
X

L

l¼1

Al �
ffiffiffiffiffi

Bl

p

�
exp �aBlð Þ � K1 2b�

ffiffiffiffiffi

Bl

p� �

1þ Bl

: ð27Þ

Generally, the average achievable rates associated with xs and xp are still complex for-

mulas. Hence, the asymptotic average achievable rates will be studied as approximations at

high SINR. This represents a main agent that identifies and controls the network.

Let
N2
0

P

 1, then, by using the series expansion of Bessel functions for small values of x

which is given by,

xK1 xð Þ ¼ 1þ x2

2
ln
x

2
� x2

4
C ð28Þ

where C ¼ w 1ð Þ þ w 2ð Þ and w :ð Þ is the Psi function defined in [23], it is evident that the

asymptotic average achievable rate associated with xs can be obtained by applying

2b
ffiffi

z
p

K1 2b
ffiffi

z
pð Þ 	 1; b ! 0, as follows,

R1
aver;s 	

1
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� exp �N2
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P
IXip

� �

� 	

�
Z

1

0

e�az � 2b
ffiffi

z
p � K1 2b

ffiffi

z
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1þ z
dz

¼ 1

2 ln 2
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0

P
IXip

� �

� 	

Z

1

0

e�az

1þ z
dz

¼ � exp að ÞEi �að Þ

ð29Þ

where the last term follows from [22, 3.352.4] and is the exponential integral.

Following similar steps, Raver;p 	 1
2 ln 2

�
R

asp
asi

0

exp �
Xbp z�Ið ÞN2

0

P asp� z�Ið Þasið Þ

� �

1þz
dz, by considering (23) for

N2
0

P

 1 and letting

hbij j2Pbasp

hbij j2PbasiþN2
0

,
asp
asi

and exp � Xbp z�Ið ÞN2
0

P asp� z�Ið Þasið Þ

� 	

	 1� Xbp z�Ið ÞN2
0

P asp� z�Ið Þasið Þ. Then, a

simplified expression for the asymptotic average achievable rate associated with xp can be

obtained as,

R1
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1

2 ln 2
�
Z

asp
asi

0

1� Xbp z�Ið ÞN2
0

P asp� z�Ið Þasið Þ
1þ z

dz

¼ 1

2
log2 1þ asp

asi

� 	

�
Z

asp
asi

0

Xbp z� Ið ÞN2
0

P asp � z� Ið Þasi
� �

1þ zð Þ
dz

a

¼
1

2
1� N2

0Xbp

P
A

� 	

� log2 1þ asp

asi

� 	

� 1

2

N2
0Xbp

P
B log2

Iasi

asp þ Iasi
ð30Þ

where að Þ follows by applying the method of undetermined coefficients as,
z�Ið Þ

aspþIasi�zasið Þ 1þzð Þ ¼
A

1þzð Þ þ B

aspþIasi�zasið Þ ;A ¼ � Iþ1ð Þ
aspþ Iþ1ð Þasið Þ and B ¼ 1� Iþ1ð Þasi

aspþ Iþ1ð Þasið Þ. It is
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obvious that the asymptotic average achievable rate associated with xp is bounded by

1
2
log2 1þ asp

asi

� �

, as
N2
0

P
! 0.

Combining (29) and (30), the asymptotic average achievable rate can simply be given

by,

R1
sum ¼ R1

aver;s þ R1
aver;p: ð31Þ

For performance comparison, the asymptotic average achievable rate of the conven-

tional OMA cooperative system is analyzed.

In this case, the BS is not able to transmit more than one signal per time slot and each

user decodes orthogonally its own received signal only.

Consider the scenario where the BS transmits the symbol xs at the first time slot and the

symbol xp at the second time slot. In the second time slot, it is noted that the secondary user

i relays the xs signal to the secondary user j; j 2 N � if g, and simultaneously the BS

transmits the xp signal which causes interference at the secondary user j; j 2 N � if g.
In the considered OMA cooperative system, the achievable sum rate is a lack of the

relayed xp resource and there exists an undesirable interference at the secondary user

j; j 2 N � if g, as well. This reflects the benefits of using the NOMA system.

In fact, if the same power allocation coefficients is used in the OMA system, the OMA

average achievable rate associated with xp can be given by,

RaverOMA;p ¼
1

2 ln 2

Z

1

0

�FcOMA;p
zð Þ

1þ z
dz ¼

Z

1

0

e
�Xsp

asp
z

1þ z
dz

¼ � exp
Xsp

asp

� 	

Ei �Xsp

asp

� 	

ð32Þ

where the fading coefficient Xsp ¼ ksp P
N0

� ��1

. The asymptotic expression is obtained

using the approximation Ei �xð Þ 	 !þ ln x; ! is he Euler constant [22, 8.212.1] for small

x. Therefore, (32) can be modified as,

RaverOMA;p ¼
1

2 ln 2
�!þ Xsp

asp

� 	

� ln
asp

Xsp

� 	

: ð33Þ

Accordingly, the achievable rate associated with xs involves an achievable SINR,

cOMA;s, which can be given by,

cOMA;s ¼ min
hbij j2Pasi

N2
0

;

hijj j2Paij
N2
0

hsjj j2Pasp
N2
0

0

B

@

1

C

A

; j 2 N � if g: ð34Þ

Thus, the CDF of cOMA;s is FcOMA;s
zð Þ ¼ 1� �FcOMA;s

zð Þ, where �FcOMA;s
zð Þ ¼ Pr

hbij j2Pasi
N2
0

[
�

z;

hijj j2Paij
N2
0

hsjj j2Pasp
N2
0

[ zÞ ¼ Pr
hbij j2Pasi

N2
0

[ z
� �

� Pr
hijj j2aij
hsjj j2asp

[ z

� 	

¼ exp � XbiN
2
0
z

Pasi

� �

�
Xij
aij
z

Xij
aij
zþXsj

asp

. By sub-

stitution, the OMA average achievable rate associated with xs can be expressed as,
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RaverOMA;s ¼
1

2 ln 2

Z

1

0

�FcOMA;s
zð Þ

1þ z
dz

¼ 1

2 ln 2
�
Z

1

0

exp � 2 zð Þ � z
zþj

1þ z
dz b

¼� 1

2 ln 2

j
j� 1

þ 1
� �

exp 2ð ÞEi � 2ð Þ � j
j� 1

exp j 2ð ÞEi �j 2ð Þ
� �

ð35Þ

where 2¼ XbiN
2
0

Pbasi
, j ¼ Xsjaij

aspXij
and bð Þ : follows by applying the method of undetermined

coefficients.

Again, the asymptotic achievable rate associated with xs will be attained as,

RaverOMA;s ¼ � 1

2 ln 2

j
j� 1

þ 1
� �

� 2ð Þ � !þ ln 2ð Þ � j
j� 1

� j 2ð Þ � !þ lnj 2ð Þ
� �

:

ð36Þ

Combining (32), (34) together and (33), (35) together, the average and the asymptotic

average achievable sum rates can be easily extracted, respectively.

At high SINR, it should be noted that the average sum rates of both NOMA and OMA

schemes can be improved by a scale of r
2
� ln

N2
0

P
, where r is an arbitrary factor. However,

in NOMA scheme the factor r is more stringent than the case of OMA scheme which

explains from the previous equations how the NOMA based system outperforms the OMA

one. Besides, the scaling factor can be doubled in the NOMA scheme if the BS transmits

another resource at the second time slot.

4 Simulation Results

In this section, we verify that the analytical derivations are consistent with the system

simulation, then, we study the impact of the system parameters on the average achievable

sum rate. This is confirmed by carrying out Monte Carlo simulations with 106 experimental

trials. A proper co-ordination for the position of nodes is selected to justify the simulation

results where all the coefficients, Xqr , are modeled as, Xqr ¼ 1
dq;r

� �d
; d ¼ 2, where d is the

path loss exponent and dq;r is the distance between the node q and the node r.

The proposed NOMA scheme is compared with OMA conventional scheme where the

benefit of applying NOMA scheme is clarified in the cooperative downlink system. The

comparison is carried out against three different parameters, i.e., namely, the transmit

SINR, P
N2
0

, the power allocation resource asi and the channel coefficient Xbi. It is noted that,

when we keep on the allocated power coefficient to the primary user dynamically pro-

portional to its channel fading coefficient in order to achieve a certain QoS at the primary

user, the average achievable sum rate is no longer dependent on, e.g., or limited by, the

relayed path to the primary user. Therefore, the achievable rate of the primary user can be

at least better than or equal the individual rate of the primary user OMA case. Meanwhile,

we have the opportunity to select the secondary user that maximizes the achievable rate of

the any-casting signal. Thus, an expected increase in the average achievable sum rate of

NOMA scheme can be obtained.
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From the previous analysis, one can find that the value of Xbi has a significant effect on

the achievable sum rate performance especially when Xbi 
 Xip. This is reasonable since

it increases the effectiveness of exploiting the NOMA scheme, Three different cases of

channel coefficients are considered, for Xsp ¼ 1, (1) Xbi ¼ Xip ¼ 2, (2) Xbi ¼ 2;Xip ¼ 10,

(3) Xbi ¼ 10 and Xip ¼ 2.

Figure 2 illustrates the relation between the average achievable sum rate and the actual

transmit SINR, P
N2
0

, at asp ¼ 0:8, asi ¼ 0:2, aij and aip depends on I ¼ 0:5. In particular, the

average achievable sum rates of the NOMA schemes, i.e., Rsum and R1
sum, are compared with

the sum of individual rates of the OMA schemes, i.e., <sum and <sum at
N2
0

P
! 0, where

<sum ¼ RaverOMA;s þ RaverOMA;p

� �

, at both the primary and secondary users. There exists a

successful agreement between the theoretical and simulation points (denoted by square,

circle and star yellow bubbles) which justifies our derivations. For high transmit SINR, the

asymptotic expressions coincide with the exact ones. It is observed that the average

achievable sum rate of the proposed NOMA scheme always outperforms the OMA con-

ventional one due to the additional amount of relayed power resources and/or the existence of

undesirable interference in OMA scheme recovered by SIC in NOMA scheme. In the pro-

posed NOMA, a remarkable gain can be significantly observed over OMA scheme especially

when Xbi 
 Xip [or equivalently,
Xbi

Xip

 1 (case 3)] than the other cases at high SINR.

Exclusive search for optimal values of the power resource coefficient asi offers a

remarkable gain for the average achievable sum rate which depends inherently on the

channel coefficients hbi for a specific user i as depicted in Fig. 3. At P
N2
0

¼ 30 dB, this

figure indicates a tight local maximum value for the achievable sum rate which represents

an optimal adjustment of the transmit power allocation coefficient asi. The gain can achieve

a significant enhancement by increasing both of P
N2
0

and/or Xbi

Xip
. Due to space limitation, the

analysis of finding out the optimal values of asi is beyond our interest. It can be obtained

analytically by solving for asi that maximizes Rsum. Again, the analytical results are per-

fectly closed to the simulation points.
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Fig. 2 Theoretical and simulation results of the average achievable sum rate versus the transmit SINR for
both NOMA and conventional OMA schemes
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In Fig. 4, for fixed Xip ¼ 2 and Xsp ¼ 2, the inverse of B-i channel coefficient, i.e.,

1=Xbi, is examined for two different transmit levels of P
N2
0

, i.e., P
N2
0

¼ 20 and 30 dB. It is

turned out that the performance will be noticeably improved compared with the conven-

tional OMA scheme as Xbi decreases.

In our proposed NOMA scheme, the reliability of the received signals at both the

primary and secondary users can be enhanced when the BS transmits another resource at

the second time slot.

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
0

0.5

1

1.5

2

2.5

3
A

ve
ra

ge
 A

ch
ie

va
bl

e 
S

um
 R

at
e 

(d
B

)

Secondary User i Power Resource Allocation a
si

Approximate exact NOMA case(3)
OMA case(3)
Approximate exact NOMA case(2)
OMA case(2)
Approximate exact NOMA case(1)
OMA case(1)

Fig. 3 Performance comparison of the average achievable sum rate versus the secondary user i power
resource, asi for NOMA/OMA schemes
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5 Conclusions

In this paper, two equivalent cooperative relay selection schemes have been proposed for a

downlink controlled cognitive radio based NOMA system. By exploiting the channel

characteristics, new closed form expressions for the average achievable sum rate have been

derived and compared with the existing OMA schemes at high SINR. Via simulation

results, the benefit of employing the NOMA scheme in the considered downlink system has

been investigated where employing the NOMA scheme acquires higher average achievable

sum rate, saves the time resources and maximizes the network throughput.

Appendix 1

Let
hipj j2PR�N2

0
I

hipj j2PR Iþ1ð Þ
[ 0, then, the R.V. Zi can be expressed by substitution as,
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. Thus, we have to derive the CDF

of c sð Þ
bi and cij, separately.

Let Xi ¼
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0
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, then, the CDF of Xi will take the form, Pr
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PR 1�x Iþ1ð Þð Þð Þ

� �

. Then,

such that 1� x Iþ 1ð Þð Þð Þ[ 0, the CDF is,

FXi

N2
0
I

PR 1�x Iþ1ð Þð Þð Þ

� �

¼ 1� exp � XipN
2
0
I

PR 1�x Iþ1ð Þð Þð Þ

� �

.

Let Yij ¼
hijj j2PR

N2
0

, then, the probability density function (PDF) of Yi can be expressed as,

fYij yð Þ ¼ N2
0

PRXij
exp � N2

0

PRXij
y

� �

.

The CDF of cij,XiYij, j 2 N � if g, can be calculated using the integral,

Fcij zð Þ ¼
R

1

0

FXi

z
x

� �

fYij xð Þdx, as, Fcij zð Þ ¼ 1�
R

1

0

exp � XipN
2
0 I

PR 1�z
x

Iþ1ð Þð Þð Þ

� 	

N2
0

PRXij
exp � N2

0

PRXij
x

� �

dx ¼ 1�
R

1

z Iþ1ð Þð Þ
exp � XipN

2
0
Ix

PR x�z Iþ1ð Þð Þð Þ

� �

N2
0

PRXij
exp � N2

0

PRXij
x

� �

dx, such that x[ z Iþ 1ð Þð Þ,

R

1

0

N2
0

PRXij
exp � N2

0

PRXij
x

� �

dx ¼ 1. Putting h ¼ x� z Iþ 1ð Þð Þ, the CDF of cij becomes, Fcij zð Þ ¼

1� XijN
2
0

PR
exp � N2

0

PR
IXip þ z Iþ 1ð ÞXij

� �

� �

�
R

1

0

exp � N2
0

PR
Xijhþ XipzI Iþ1ð Þð Þ

h

� �� �

dh.

Thus, �Fcij zð Þ follows after some algebraic manipulations and by using [22, 3.471.9].

Similarly, the CDF of c sð Þ
bi can be expressed as,

F
c sð Þ
bi

zð Þ ¼ 1� exp � XbiN
2
0 z

Pbasi

� �

¼ 1� �F
c sð Þ
bi

zð Þ. Consequently, the CDF of

Zi, min cbi; cij
� �� �

is obtained as,

FZi zð Þ ¼ Pr c sð Þ
bi [ z; cij [ z

� �� �

¼ 1� �FZi zð Þ ¼ 1� �F
c sð Þ
bi

zð Þ �Fcij zð Þ:

Finally, by applying, Pr maxi Zið Þ� zð Þ ) maxi FZ1 zð Þ;FZ2 zð Þ; . . .FZN zð Þð Þ ¼
QN

i¼1

FZi zð Þ, (17) follows and the proof is completed.
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Appendix 2

From (20), let Zp, min c pð Þ
bi ; cip þ cbp

� �� �

¼ min
hbij j2Pbasp

hbij j2PbasiþN2
0

;
hipj j2PRaip

hipj j2PRaijþN2
0

þ hbpj j2Pbasp

hbpj j2PbasiþN2
0

� 	

,

then, the CDF of the R.V. Zp can be expressed as, FZp z1; z2ð Þ ¼ 1� �FZp z1; z2ð Þ
¼ 1� Pr c pð Þ

bi [ z1; cip þ cbp [ z2

� �� �

¼ 1� �F
c pð Þ
bi

z1ð Þ �Fcipþcbp z2ð Þ, where c pð Þ
bi

n o

and
n

cip þ cbp
� �

g are two disjoint events, z1 and z2 are two distinct predefined SINRs. When the

communication requires one desired or predefined SINR level, z ¼ z1 ¼ z2, which leads to

�FZp zð Þ ¼ �F
c pð Þ
bi

zð Þ �Fcipþcbp zð Þ. Thus, we have to derive the CDF of c pð Þ
bi and cip þ cbp,

separately.

Let Pb ¼ PR ¼ P, �F
c pð Þ
bi

zð Þ can be obtained simply as,

�F
c pð Þ
bi

zð Þ ¼ Pr c pð Þ
bi [ z

� �

¼ Pr
hbij j2Pasp

hbij j2Pasi þ N2
0

[ z

 !

) �F
c pð Þ
bi

zð Þ

¼ Pr hbij j2 [ zN2
0

P asp � zasi
� �

 !

¼ exp � XbizN
2
0

P asp � zasi
� �

 !

Since cip and cbp are two disjoint random variables and �Fcipþcbp zð Þ ¼

Pr
hipj j2Paip

hipj j2PaijþN2
0

þ hbpj j2Pasp
hbpj j2PasiþN2

0

[ z

� 	

, the CDF �Fcipþcbp zð Þ can be determined using the inte-

gral, �Fcipþcbp zð Þ ¼ 1�
R

1

0

Fcbp z� xð Þfcip zð Þdx.

By following similar steps as �F
c pð Þ
bi

zð Þ, �Fcbp zð Þ and �Fcip zð Þ will take the forms of,

�Fcbp zð Þ ¼ exp � XbpzN
2
0

P asp�zasið Þ

� 	

and �Fcip zð Þ ¼ exp � XipzN
2
0

P aip�zaijð Þ

� 	

, respectively.

Taking the derivative of Fcip zð Þ ¼ 1� �Fcip zð Þ, the PDF can be expressed as, fcip zð Þ

¼ aipN
2
0

P aip�zaijð Þ2 exp � XipzN
2
0

P aip�zaijð Þ

� 	

. �Fcipþcbp zð Þ ¼ 1�
R

1

0

Fcbp z� xð Þfcip zð Þdx ¼ exp
XipN

2
0

Paij

� �

þ
Z

1

0

aipN
2
0

P aip � xaij
� �2

exp �N2
0

P

Xipx

aip � xaij
� �þ Xbp z� xð Þ

asp � z� xð Þasi
� �

 ! !

dx

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

J zð Þ

.

The integral J zð Þ can be solved for certain z by numerical software programming or it

can be approximated by expanding exp :ð Þ for N2
0

P

 1.

For arbitrary z 2 0;1½ �, since
hipj j2Paip

hipj j2PaijþN2
0

� aip
aij
,

hbpj j2Pasp
hbpj j2PasiþN2

0

� asp
asi

and noting that

Pr cip þ cbp
� �

¼ z
� �

¼ 0, i.e., for continuous R.V.s, �Fcipþcbp zð Þ can be obtained by the

following three cases:

I. z\ aip
aij
\ asp

asi
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In such a case, if
hbpj j2Pasp

hbpj j2PasiþN2
0

[ z or
hipj j2Paip

hipj j2PaijþN2
0

[ z, then, Pr
hipj j2Paip

hipj j2PaijþN2
0

þ
�

hbpj j2Pasp
hbpj j2PasiþN2

0

[ zÞ ¼ 1. Thus, �Fcipþcbp zð Þ ¼ Pr
hbp
�

�

�

�

2
Pasp

hbp
�

�

�

�

2
Pasi þN2

0

[ z

 !

þPr
hbpj j2Pasp

hbpj j2PasiþN2
0

\z

� 	

Pr
hipj j2Paip

hipj j2PaijþN2
0

[ z

� 	

þ Pr
hipj j2Paip

hipj j2PaijþN2
0

\z

� 	

�Pr
hbpj j2Pasp

hbpj j2PasiþN2
0

\z

� 	

�Pr
hipj j2Paip

hipj j2PaijþN2
0

þ
�

hbpj j2Pasp
hbpj j2PasiþN2

0

[ zÞ ¼ exp � XbpzN
2
0

P asp�zasið Þ

� 	

þ exp � XipzN
2
0

P aip�zaijð Þ

� 	

� exp � XipzN
2
0

P aip�zaijð Þ

� 	

�

exp � XbpzN
2
0

P asp�zasið Þ

� 	

þ exp
XipN

2
0

Paij

� �

þJ zð Þ
� �

� 1� exp � XipzN
2
0

P aip�zaijð Þ

� 	�

� exp � XbpzN
2
0

P asp�zasið Þ

� 	

þ exp � XipzN
2
0

P aip�zaijð Þ

� 	

� exp � XbpzN
2
0

P asp�zasið Þ

� 	

Þ

II.
aip
aij
\z\ asp

asi

�Fcipþcbp zð Þ ¼ Pr
hbp
�

�

�

�

2
Pasp

hbp
�

�

�

�

2
Pasi þ N2

0

[ z

 !

þ Pr
hbp
�

�

�

�

2
Pasp

hbp
�

�

�

�

2
Pasi þ N2

0

\z

 !

� Pr
hip
�

�

�

�

2
Paip

hip
�

�

�

�

2
Paij þ N2

0

þ
hbp
�

�

�

�

2
Pasp

hbp
�

�

�

�

2
Pasi þ N2

0

[ z

 !

¼ exp � XbpzN
2
0

P asp � zasi
� �

 !

þ exp
XipN

2
0

Paij

� 	

þ J zð Þ
� 	

� exp
XipN

2
0

Paij

� 	

þ J zð Þ
� 	

� exp � XbpzN
2
0

P asp � zasi
� �

 !

III.
aip
aij
\ asp

asi
\z

�Fcipþcbp zð Þ ¼ Pr
hipj j2Paip

hipj j2PaijþN2
0

þ hbpj j2Pasp
hbpj j2PasiþN2

0

[ z

� 	

¼ exp
XipN

2
0

Paij

� �

þ J zð Þ
� �

.

The proof is completed.
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