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Abstract In this paper we address non-stationary channel estimation problem with dif-
fusion least mean square algorithm in distributed adaptive wireless sensor networks. Here
we estimate channel coefficients or taps that are produced with Rayleigh fading models.
All detailed explanations regarding to this fading channel type are presented and it is
explained that how we can extend channel estimation with sensor networks to other newly
presented channel types. We use the tracking performance analysis of diffusion coopera-
tion over adaptive sensor networks to investigate the reliability of used algorithms and
show the link between channel estimation problem and tracking a time varying entity.
Theoretical analyzes are performed and the results are compared with simulation perfor-
mance diagrams. It is proven that there is a reasonable match between these two outcomes.
We present our results with the mean square deviation criteria.

Keywords Adaptive networks - Distributed estimation - Diffusion least
mean square - Fading channels

1 Introduction

The applications of distributed adaptive networks have become very widespread and long
lasting and this issue made the study of their performance a crucial topic of research [1-5].
The ability of distributed tracking and estimation of these networks can and will be an aid
to measure and estimate almost every desirable entity. These measurements and estima-
tions will take place in various conditions. For example if we want to work on a wireless
platform, we must face the challenges of wireless communication channels.

Channel estimation is a vital part of all wireless communication systems. Without
channel estimation, the communication will suffer from channel impairments and the
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direct results will be the reduction in data transfer rate and the decline in the estimation
performance. Studying channel effects on adaptive networks is a hot topic of research. In
some papers channels in these networks have been considered to be severely noisy [1, 6],
others considered deeply faded channels [3, 4]. Fading for a wireless adaptive network may
occur when the nodes are far from each other or moving with respect to each other [4, 5].
Consequently, channel estimation and equalization for wireless adaptive networks is
essential. When we work in fading environments, it is important to know that we must deal
with non-stationary conditions [7], because fading channel taps are usually non-stationary.
Up until now the performance analysis of distributed networks have been mostly presented
for stationary environments and estimating stationary variables. However, recently the
performance of sensor networks have been investigated in non-stationary variable esti-
mation [1, 2]. However, none of these references mentioned a feasible application of non-
stationary entity estimation.

There are two major distributed cooperation strategies for adaptive networks [8], the
first one is incremental strategy which allows nodes to share data in a Hamiltonian cycle
[5]. The other cooperation strategy is the diffusion scheme that allows nodes to commu-
nicate with more than two neighboring nodes and this makes the network robust to link
failures [9, 10]. The performance of both of these strategies under non-stationary condi-
tions were investigated in [2]. By considering these investigations, in [11, 12] the authors
performed channel estimation with incremental strategy and presented results for esti-
mating Rayleigh flat fading channels. In this paper our aim is to perform channel esti-
mation with diffusion strategy which is more practical in implementation.

In [3, 5] it was assumed that channel side information for nodes is not available at all
and consequently the performance of simulated sensor network is highly degraded in
comparison with the simulations of [4]. Also, In [4] it was assumed that we have channel
side information in each node and channel equalization is available but it is not mentioned
that how we can estimate channel gains at each node, in this paper we will show how this
can be done with diffusion strategy and this paper completes the argument in [4].

Our main contribution in this work is the estimation of the fading channels with dif-
fusion adaptive algorithms and applying the theoretical calculations of non-stationary
entity estimation to this task. Up until now several models have been presented for
modeling Rayleigh and Rician fading channels [13] but it must be noted that these models
are not always non-stationary. In this paper we considered a non-stationary model for our
Rayleigh fading channels and used the accurate results for autocorrelation functions in
deriving covariance matrixes of these channels, then we applied tracking performance
analysis with estimating their time varying channel taps. All in all, in this paper we want to
know how we can model and verify channel estimation results and our aim in this paper is
to derive closed form relations for the steady-state fading channel estimation performance
of diffusion LMS algorithm and comparing the results with channel estimation simulations.
The remaining of this paper is prepared as follows:

In part I we will have a brief overview of diffusion adaptive estimation of a stationary
data in distributed sensor networks. In part III we describe the non-stationary channel
model that is considered in this paper. In part IV we study the tracking performance of
diffusion LMS algorithm and overview the derivation of theoretical Steady-state perfor-
mance results. In part V we presented our simulation examples for tracking of time varying
weights and Rayleigh fading channel estimation. Part VI contains our concluding remarks.

Notation We used boldface letters for random variables and plain text letters for
deterministic quantities. Upper case letters are also used for matrixes. We used the notation
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E[.] to denote expectation operation, (.)" to denote complex conjugation for scalars and
complex conjugate transposition for matrixes, 7r(.) to denote trace of matrixes, ® to
denote Kronecker product and vec(.) to denote a vector formed by stacking the columns of
its matrix argument. The notation diag{...} denotes a diagonal matrix formed by its
elements and the notation col{...} denotes a column vector formed by its arguments. In

.. . . 2
addition, we used weighted norm notation as ||x||z= x*Zx.

2 Problem Statement

In diffusion strategy each node can communicate with several neighboring nodes. Consider
a network of N nodes distributed in an area like Fig. 1. This is also the diffusion network
topology that we used for our simulations.

Take (k) as sensor index, then each node will have access to time realizations
{di(i), ux;} of {dy(i),ur;} measurements. For each sensor dy is a scalar quantity and , u;
is a 1 x M vector. The data model for stationary case represents the relation between these
measurements through a linear equation [8]:

dk(l) =uw’ + Vk(i) (1)
where w? is the M x 1 desired unknown stationary vector and vy (i) is white noise with

variance G%_k. For each specific task, this weight vector can be modeled with respect to the

conditions of the problem. For example in the channel estimation task, the weight vector
must be produced using the standard channel models. In part 3 we will explain the weigh
vector model for Rayleigh fading channels.
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Fig. 1 The topology of a diffusion adaptive network with 20 nodes
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The following independence assumptions are taken into consideration: (1) For k =
I,...,N and i > I, the regressors uy ; are independent of node indices k and iterations i. (2)
The observation noises vi(i) for all nodes k = 1,...,N and all iterations i > | are zero
mean Gaussian processes and are independent of each other and all regressors.

In stationary case the objective of the adaptive network is to estimate the desired
deterministic vector w’ through minimizing the mean square error:

R 2
w’ = argvrvnmﬁkz:; Eld; — uiw)| (2)

The optimal weight is then:

N -1/ N
w’ = (Z Ru,k> (Z Rdu,k> (3)
=1 =1

where R, ; = E(u,’:uk) and Ry x = [E(dku,f) are correlation terms. In the non-stationary
case, this optimal weight vector changes with time and our task is to track its variations.
Here we study two prominent diffusion strategies:

2.1 Adapt then Combine Strategy

In the diffusion cooperation mode, each node uses the information from all adjacent nodes
and there are two main policies for combining this information. One is the adapt then
combine (ATC) strategy, here if we consider i/, ; as the local estimation of unknown vector
at node k and iteration i, node k performs a combination of all neighboring node estima-
tions. This combination can be expressed by the following equation [2]:

'/’k,i = Z ak.l¢1,i (4)

lENk

where a;; are the combination coefficients, Ay is the size of the neighborhood of node k
and ¢,; is the individual estimation of each node and it is achieved by:

G =i+ g ;(di (i) — ”k,i'/’k,i—l) (5)

This procedure can be seen for node k in Fig. 2:

Fig. 2 The ATC diffusion
strategy
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It is important to mention that choosing different values for the combination coefficients
(ax;) will affect the performance of diffusion algorithms. In our simulations we used the
Uniform policy for determining these coefficients. In this policy we have:

1
ag = {nk’ e N (6)
0, otherwise

where n;=| Ny | is the size of the neighborhood of node k. We can see that all the neighbors
1

of node k are assigned the same weight, ;-

2.2 Combine then Adapt Strategy

If we change the order of steps in the ATC algorithm, we achieve the combine then adapt
(CTA) strategy which is given as bellow:
At each iteration i >0 and for each node k repeat:

1. Combine local estimations:

Pri = Z Wi (7)

1eN;

2. Adapt the local estimation:

Vi = Grior + ity (di(i) — iy y) (8)

This strategy is depicted for node k in Fig. 3:
The same uniform combination policy as in (6) for ay; is considered here.

3 Non-stationary Weight Vector Models

One of the uses of analyzing channel estimation with diffusion networks is to understand
how well we can track a non-stationary entity. So far we mentioned that the goal of
adaptive distributed networks can be stated as estimating the unknown vector w’. This task
is taken into consideration in many papers and for different environment conditions
[1-5, 11]. Recently the performance of adaptive networks for non-stationary variable
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estimation is investigated in [2] where the unknown vector varies with time. This variation
with time can be described as first order Markov process [14]:

we =l ©)

where o is a fixed parameter of the model (close to one) and #; is a zero mean random
sequence with covariance matrix R,,. It is important to mention that if we take o very close
to one, we obtain the Random-walk model:

wi =Wl (10)

This assumption is widely used in adaptive literature and without this assumption; the
developed performance analysis will be inaccurate. In this case, the goal of our network is
to follow and estimate this time varying vector and for this reason it is more likely to be a
difficult task. So many applications can be assumed for the estimating a non-stationary
value and in this paper we assigned channel estimation task for diffusion LMS algorithm.
Therefore, in this paper for the first time we used diffusion strategy for fading channel
estimation and related it to the tracking performance. As we want to present the perfor-
mance analysis of adaptive networks in estimating non-stationary fading channel types, we
must find the fading models that are non-stationary because there are also fading channel
models that are wide sense stationary [13]. Here we explain the Rayleigh fading channel
model and its relation with non-stationary data model:

3.1 Rayleigh Fading Channel Model

In [7] a non-stationary model for Rayleigh fading channel is described where the channel
coefficients (or the impulse response of channel) are calculated as:

h(n) = yx(n)d(n — nop) (11)
where y is path loss and ng is the channel delay. x(n) is a time varying sequence and its
amplitude |x(n)| is assumed to have Rayleigh distribution which is given as:

Sty (E@)]) = el FOI2, x>0 (12)

The phase of this distribution is uniformly distributed within [— 7, 7]. The auto cor-
relation of the sequence x(n) is equal to zeroth-order Bessel function:

r(k) = Elx(n)x(n — k)] = JoQ2nfpTik), k= ..., — 1,0, 1, ... (13)

where fp is the Doppler frequency, Ty is the sampling period and Jo(.) is zeroth-order the
Bessel function.
Now if we want to estimate this channel model, the first order AR model for x(n) is:

x(k) = oax(k — 1) +e(k) (14)

where e(k) is a white noise process with the variance of 62 = (1 — «?) and () is obtained
as:

a:ﬂ (15)
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In this equation, r(k) is defined in (13) and r(0) = 1. In [7] the first order AR model is

given as:
x(n) =r(x(n—1)+ /1 — |r(1)[*v(n) (16)

where v(n) is a white noise process with unit variance. Now we can assume a M X 1
weight vector with the entries of these Rayleigh fading coefficients like:

w! = [x1(n)xy(n).. xM(n)] All the entries of this vector change with time and as the
coefficients change at the same rate, the above approximation indicates that the variations
in weight vector could be approximated as:

w) =aw? | +1; (17)
where the covariance matrix of #; is:
Ry = (1-02)I (18)

with o = r(1) and I to be a unit matrix. It is obvious that the maximum value of « is one
and as the value of « decreases the diagonal elements of R, increase. Here for the first time
we reveal how increasing Doppler frequency can make the performance of channel esti-
mation more difficult and even sometimes impossible. For this reason we introduce the
Degree of Non-stationarity (DN) [14]. For each node:

Tr(RuxRy)

2
Jv,k

DN 2 (19)

If DNy is less than one for all nodes, then the network can track the variations in
channel, but if it is more than unity, then the variations are to fast for the network and
therefore the convergence becomes unstable. In simulation part we will describe this issue
with examples. It means that convergence depends on the diagonal elements of R, and
consequently to Doppler frequency and sampling period.

4 Steady-State Analysis
In this part we analyze the steady-state error performance of diffusion LMS algorithm in

tracking the non-stationary channel model. In order to present theoretical analysis for
tracking performance, we consider the general diffusion LMS algorithm given by [1, 2]:

bt = aruwii

1eEN;
Vi = @i + uku};,-(dk(i) - uk,i(pkﬁifl) (20)
Wi = Z ar W ;
1EN;

In these relations {auk, az‘ylk} are combination coefficients corresponding to elements of
combination N x N matrices A;, A,. By altering these combination matrices we can
achieve different diffusion algorithms that is, if we choose A; = Iy and A, = A, we obtain
ATC diffusion algorithm. Also, if we consider A; = A and A, = Iy we obtain CTA dif-
fusion algorithm. In these relations, the combination coefficients using (6) give rise to the
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N x N combination matrix A = [ax] and Iy represents N x N identity matrix. These
considerations are important when we want to match theoretical and simulation results.

For non-stationary entity estimation when the optimum weight vector varies with time,
the following weight error vectors are defined:

¢k‘iéw? — P '/’k,iéw? — Y w~’k,iéW? — Wi (21)

We analyze the tracking performance of adaptive networks using Mean square deviation
(MSD) and Excess mean square error (EMSE) defined as:

MSDy = E||wy||; (22)

EMSE; = ||| (23)

uk
If we collect the errors of all nodes in single matrixes we get:
J’i écal{‘il,n ) ‘iN,i}7 ‘/N’i éC(’l{'l;l,n R '/;N,i}v Wi é6’01{‘;’1,:‘7 = ~aWN,i} (24)

In addition, we define:

M Ediag{ I, olu, - . ., iyIu} (25)
R & diag{u’{ﬁiulji, Uy Ui, u}{,’iuN’i} (26)
12 col{ui i (1), w3 p2(0), .y o (i) } (27)

The recursion for network error vector is given by:
w;, =Bw,_; —Gs;,i>0 (28)
in this recursion we have:
Bi =AY (Iyy — MR)A]
G=AM (29)
Al =A1 @1y, A=A ® Iy

We have Es; =0 because of the independence of regressors and noises. By taking
expectation from (28) we get:

Ew; = Bibw;_, (30)

Our contribution in steady-state analysis of tracking the non-stationary channel begins
here. For estimating a fading channel with Random-walk model we have:

{=col{n,...n;} =Ily®n; (NM x 1)
Iy =col{1,1,...,1} (31)

where #; is described in (9) and (17). The relation (30) for a non-stationary variable
tracking becomes:
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Ew; = BiE{w;_1 + ¢;} (32)
In [2] the variance relation for diffusion adaptation in stationary condition is given as:

Elwi]|2 = Eli ||, ,+[vec(VT)] o (33)

Faiyo
where we have:
Fy~B' @B, Y=G8G", &=E{ss'} (34)
Also, E{BB;} = B. If we assume:
o =vec(X) (35)

where X is a NM x NM non-negative matrix, then ¢ becomes a N>2M? x 1 vector. We can
write (33) as:

Elil13 = Bl I3+ [vee (V)] o (36)

where we have:
31 = vec(Fyy0) = vec(d') (37)
In non-stationary condition the variance relation is given by [1]:
B3 = Eli ][5 + E[IG 3+ [vec (V)] o (38)
in this relation we have E[|([|3 = ETr({E'). Also, we can write [1]:
T = A QA AL + O(M) + O(M?) (39)

where O(M) denotes a term on the order of M and O(M2) denotes a term on the order of
M?.The last two terms of relation (39) can be omitted for small step sizes and then:

El|¢ )3 = ETr(GEE) = Tr(AS A R A AY) (40)

By defining:
R 2 [ECI‘CT = (”N”ZJ) ® Ry (41)
where R, is the covariance matrix of #; given in (18). We have:
AATRAA = (AY @ Iy (AT @ 1) (IN15) @ Ry) X (A1 @ In) (A2 @ Iny) (42)

we can write [1]:
T
TH(R.T) = [vee(RY)| o (43)
Using this equality relation (36) transforms to:
=2 S T r\1"
E|jw;||5 = E|[w;_ ||2/+[vec(y + R()} o (44)

also:
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T
EIl12 = B[}, o+ [vec (V7 + RY) | o (45)

By defining the following block matrices:

T =diag{Oum, . ..,0m, I, Op, - ., Op}

. (46)
Tk édlag{OM, .. .,OM,Ru‘]MOM, .. .,OM}

and using them as weighting matrices like (I — Fgy)o = vec(Jy)orvec(T ), for MSD and
EMSE respectively, we can finally arrive to these steady-state error values of diffusion
adaptation strategy in estimating a non-stationary channel.

MSD; = [vec(V" +RY )] (1= Fap) vee(T0) (47)

EMSE; = [vec (yT + ’R?)] T(I - Fd,_-f)flvec(’fk) (48)

we can see the effect of R in these equations which is related to channel covariance
matrix R, (given in 18) and it is correspondingly related to Doppler frequency and sam-
pling period of the estimated channel. It means that for a given fp and 7 we can find the
diagonal values of R, matrix and directly incorporate them in (47) and (48).

5 Simulation Results

Now it is time to simulate non-stationary channel tracking with distributed network. We
consider a network with 20 active nodes working in a diffusion cooperation strategy. All
simulation results are averaged over 100 Monte Carlo runs. The steady-state curves are
obtained by averaging the last 200 iteration results of simulations [5]. The variance of
noise is considered to be the same for all nodes and we have %, = 0.01, this assumption is
different from the assumption of noisy links in [3]. In addition, the step-size is considered
to be fixed and it is equal to 0.0045. The regressors uy; are generated by independent
realizations of a Gaussian distribution with a covariance matrix R,; whose eigenvalue
spread is between 1 and 5. The estimated channel vector is Rayleigh modeled with size
M = 4.

For different Doppler frequency and sampling period quantities, we have different
performances. In [12] it is mentioned for operating frequencies between 100 MHz and
2 GHz, the Doppler frequency shift fp can be as large as 128 Hz. In our simulations we
consider the Doppler frequency to be between 10 and 40 Hz. Also in [7] sampling period
T, considered between 107° and 1073 s. In this case, the diagonal entries of covariance
matrix R, from zeroth-order Bessel function of (13) will be between 0.9843 and 1.

In Fig. 4 we presented our channel estimation results for 5 different cases of Doppler
frequency and sampling periods. It can be seen that as the Doppler frequency and sampling
period increase, the performance of adaptive network degrades and for the two top curves
the convergence becomes unstable or it can be said that the network does not converge
when the non-stationarity grows. As we mentioned before, the degree of non-stationarity
plays an important role in the convergence or divergence of the adaptive algorithms.

Also, when the non-stationarity is low, the performance of convergence becomes very
similar to the stationary case and in the lowest curve of Fig. 4 it can be seen than the
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Fig. 4 The effect of degree of 10 N =20,M =4
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theoretical values of the Stationary channel estimation match with the simulation results of
the estimation of a channel that is weakly non-stationary.

In Figs. 5 and 6 we compared the theoretical and simulation results of channel esti-
mation when the channels are highly non-stationary and mildly non-stationary, respec-
tively. As it can be seen from these figures, in both cases the theoretical results almost
match the simulation results and this shows the credibility of presented calculations for a
certain range of non-stationarity degree.

Also, in all cases we can see that the performance of ATC diffusion algorithm is better
than CTA algorithm.

Performance for fd=20 & Ts=10"4

=3¢ ATC Simulation

-19.2 L == CTA Simulation

el ATC Theory

-19.4 | =~ CTA Theory ]

-19.6 | ]

-20 |

MSD (dB)

-20.2 |

-20.4 |

-20.6 |

-20.8 |

-21 . . . . . | | | |
0 2 4 6 8 10 12 14 16 18 20

sensor index

Fig. 5 Matching the theoretical and simulation results of Rayleigh channel estimation
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Performance for fd=10 & Ts=10"5
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Fig. 6 Matching the theoretical and simulation results of Rayleigh channel estimation
6 Conclusion

In this paper we analyzed the performance of diffusion LMS algorithm in tracking Ray-
leigh channels modeled as non-stationary variables. Previously, this task was done with
incremental cooperation strategy and with this paper, we completed the channel estimation
analysis with adaptive networks. As we mentioned, the diffusion strategy is a more
practical scheme to deploy for various tasks. We showed that as the degree of non-
stationarity in channel grows, the performance of the network degrades and becomes
unstable. For this reason the impacts of sampling period and Doppler frequency on the
convergence of network are investigated and we came to the conclusion that if the degree
of non-stationarity exceeds unity, as a result of large Doppler frequency, the tracking of
channel variations will be difficult and even impossible. Finally, we insist on the fact that
for matching theoretical and simulation results, the time varying unknown vector must
follow a Random-Walk process, and the analysis for tracking of a Markov process is yet to
be developed in our future works.
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