
Generalized Selection Combining Scheme for Orthogonal
Space—Time Block Codes with M-QAM and M-PAM
Modulation Schemes

Vidhyacharan Bhaskar1,2 • Divya Kandpal3

Published online: 21 September 2016
� Springer Science+Business Media New York 2016

Abstract Multiple-input multiple-output (MIMO) systems implement multiple antennas

to enhance diversity gain of wireless communication systems. Earlier work in generalized

selection combining (GSC) focused on single-input multiple-output systems without

space–time coding. Recently, with the aid of space–time coding, diversity gain became

possible using multiple transmit antennas. In this paper, GSC scheme is applied to

orthogonal space–time block codes (OSTBC) for 4 9 L and 8 9 L MIMO systems with

various modulation schemes like M-PSK, M-QAM, and M-PAM in a slowly fading

Rayleigh channel. The performance of GSC for half rate-full diversity, full rate-full

diversity, and 3/4 rate-full diversity OSTBC is discussed and compared. Approximate

closed-form expressions for symbol error rate (SER) and ergodic capacity for various

OSTBCs are derived. The impact of channel estimation errors on system performance is

also examined. Approximate closed-form expressions for performance bounds on SER and

ergodic capacity of GSC for MIMO OSTBC are also derived and plotted.
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1 Introduction

1.1 Overview

In a wireless communication system, mobile transceiver is a small physical device and has

limited transmit/receive power. One can place multiple independent antennas in a Base

Station (BS) as there is no restriction in its physical size and power. Therefore, in many

practical situations, a very low complexity system with multiple transmit antennas is

desirable. A space–time block code (STBC) can be considered as the modulation

scheme for multiple transmit antennas that provide full diversity and low decoding

complexity.

The general STBCs having orthogonal designs are used to extend Alamouti’s diversity

scheme to more than two antennas at the transmitter end. For complex signal constella-

tions, it is not possible to find full-rate, full-diversity (FRFD) STBCs using (square)

orthogonal designs. For real constellations, such a design is possible if the number of

transmit antennas is two, four, or eight. If the square orthogonal design condition is

relaxed, it is possible to find rectangular FRFD code designs. On the other hand, for

complex signal constellations (e.g., QAM, 8 PSK), full-rate designs exist if and only if

Nt = 2, i.e., the Alamouti code is the only FRFD STBC when the signal constellation is

complex. The diversity order depends on the fading distribution, modulation format,

number of diversity branches, whereas the array gain in multiple input multiple output

(MIMO) systems depend on the fading distribution, modulation format, number of

diversity branches, and the average per-hop signal to noise ratios (SNRs).

1.2 Literature Review

The performance of generalized selection combining (GSC) in a Rayleigh fading channel

is discussed for the case of more than two receive antennas. The two transmit-two receive

antenna Alamouti transmission technique, first investigated in [1], is generalized to more

than two receive antennas, and is the only existing FRFD code for complex signal

constellations.

In [2], exact closed-form expressions for (a) cumulative distribution function of SNR

with transmit antenna selection (TAS)/GSC, (b) outage probability and symbol error rate,

and (c) ergodic capacity are derived for cognitive relay networks with TAS/GSC in

Nakagami-m fading channels. Further, high SNR approximation of ergodic capacity for the

cases of (1) proportional interference power constraint, (2) fixed interference power con-

straint are derived and plotted.

Two new receiver selection schemes, generalized space–time sum of squares (GSTSoS)

selection diversity and generalized sum of magnitudes (GSTSoM) selection diversity

schemes are proposed in [3] where the first one provides the same performance as the

conventional GSC, and the second one provides slightly poorer performance, but neither

requires channel state information and both have much simpler implementations. GSC

selects Ls receive SNR branches out of L diversity branches and combines the Ls selected

signals using maximal ratio combining (MRC). Since MRC is generally affected by

channel estimation errors and with GSC, the weak signals which are prone to these errors

are excluded in combining. GSC (selecting Ls Rx branches out of L available ones) is

proved to outperform MRC with diversity order Ls.
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Proper modeling is essential in order to evaluate the behavior of transmission and

reception techniques in contemporary and future wireless systems [4]. In particular, fre-

quency and time selectivity should be properly modeled, channel state information must be

based on low velocities of the mobile receiver with adaptive control of transmission power/

rate parameters being considered, and coded block error probabilities or mutual infor-

mation being used to gauge performance [4]. In [5], performance analysis of MIMO

systems with arbitrary number of transmit antenna selection and orthogonal space–time

block coding in Rayleigh fading channels for imperfect CSI is presented. For the perfor-

mance analysis, the moment generating function of the system effective SNR as well as its

upper and lower bounds are derived. Using the approximate BER expressions and

imperfect CSI, an adaptive antenna selection scheme is developed for minimizing the BER.

The BER performance of multilevel QAM with pilot-symbol-assisted modulation

channel estimation in static and Rayleigh fading channels was evaluated in [6]. The impact

of noise and estimator de-correlation on the BER was examined. The influence of pilot-

symbol interpolation filter was also considered. In [7], on account of analyzing the per-

formance of joint transmit and receive antenna selection with orthogonal space–time

coding, characteristic functions of the joint output SNRs are used to analyze the perfor-

mance of MIMO systems with transmit and receive antenna selection.

The authors in [8] used an approach based on Moment Generating Function to study the

performance of MPSK with GSC and Equal Gain Combining (EGC) in various fading

channels with independent and identically distributed (i.i.d) branches. Analytical closed-

form expressions for the Bit Error Rate (BER), outage probability, and channel capacity of

MPSK schemes were derived. The case of imperfect channel estimation was also con-

sidered and system performance was evaluated.

In [9], the performance of OSTBCs with TAS in a Ricean fading channel is analyzed.

Out of a total of Lt transmit antennas, the receiver selects N antennas that maximize the

received SNR. A low-rate feedback channel from the receiver to the transmitter is available

to convey the indices of the selected transmit antennas.

Closed-form expressions were derived in [10] for single-user adaptive capacity of GSC,

taking into account the effect of imperfect channel estimation at the receiver. Besides the

various adaptation policies discussed in this paper, the impact of channel estimation on

capacity statistics and symbol error rate of GSC systems are also analyzed. It can be

deduced that the performance of generalized selection combining scheme is superior

compared to that of conventional selection combining, and almost similar to that of MRC.

An asymptotic framework is applied to derive new closed-form expressions for outage

probability and symbol error rate (SER) of amplify and forward (AF) relaying in MIMO

networks with two distinct protocols in [11]: (a) transmit antenna selection with receiver

maximal ratio combining (TAS/MRC), and (b) transmit antenna selection with receiver

selection combining (TAS/SC). The novelty in [12] lies in choosing correlation between

various Rayleigh fading MIMO channels in the context of MIMO systems employing

transmit antenna selection with maximal ratio combining. Closed-form expressions for

BER performance of orthogonal space–time block codes (OSTBC) MIMO and infinite

series expansions for BER of transmit antenna selection (TAS)/MRC are made.

Errors in the feedback channel heavily degrade the performance of closed-loop MIMO

systems. Examining the effect of imperfect TAS caused by feedback link errors on the

performance of TAS/OSTBC with receive antenna selection and TAS/OSTBC over slow

and frequency-flat Nakagami-m fading channels is the main objective in [13]. An upper

bound is also derived on the capacity which was compared to the results from Monte Carlo

simulations. The BER of BPSK in Rayleigh Fading using Alamouti transmission
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scheme and receiver selection diversity in the presence of channel estimation error was

illustrated in [14]. Two new selection schemes, space–time Sum-of-Squares selection

diversity and space–time Sum-of-Magnitudes selection diversity were proposed and pro-

ven to provide similar performance as SNR selection, but with much simpler implemen-

tations. The basic concepts of STBC and Code Matrix for various OSTBC systems were

discussed in [15, 16].

The contributions of our research work includes deducing closed-form expressions for

ergodic capacity for MIMO-OSTBC systems with generalized selection combining. Fur-

ther, comparisons in BER performance of full rate full diversity, rate � full diversity, and

half rate, full diversity systems are also made. The ideal modulation scheme to be chosen

for a particular range of SNRs are also found out. Closed-form expressions for ergodic

capacity for the cases of high SNRs and low SNRs, and upper bounds of ergodic capacity

are also derived.

1.3 Organization of the Paper

This paper is organized as follows: In Sect. 2, the system model is described and GSC

scheme is introduced. The model used to estimate channel gain is also described. In Sect. 3, a

SER analysis for GSC reception of MQAM in Rayleigh fading channels for various OSTBCs

is illustrated. The impact of channel estimation error on system performance is considered

and bounds on SER performance are also derived. In Sect. 4, approximate closed-form

expressions for ergodic capacity are derived. Bounds on ergodic capacity and its approxi-

mations in different SNR regions are also investigated and plotted. In Sect. 5, numerical

results are discussed. Finally, conclusions and future work are presented in Sect. 6.

2 System Model

Consider a system where OSTBC is applied to NT transmit and L receive antennas.

Incoming data from the data source is first encoded by the OSTBC encoder. The outputs of

OSTBC encoder consists of NT parallel streams which are then transmitted from NT

transmit antennas. Modulation and demodulation blocks have not been discussed in the

system model due to their irrelevance in performance analysis. The diversity order is equal

to NTL. For complex signal constellations, modulation techniques such as MPSK and

MQAM are used and for real signal constellations, MPAM is used.

2.1 System Model and Description

At the receiver, the received signal from each receiver antenna is first processed by a Space–

Time (ST) combiner. ST combiner computes the receiver decision variables. Then, the SNR

of the output signals is measured. Here, Ls signals having the largest SNRs are selected out of

L signals and combined using a MRC combiner as shown in Fig. 1. The combined signal is

used to make the final decision on the transmitted symbols, and the signal estimate is based on

the phase of the MRC combiner output. Then, coherent detection of MQAM for the case of

independent Rayleigh fading with equal SNR averaged over fading is considered. Further-

more, the case of imperfect channel estimation and effects of channel estimation errors on

system performance are considered. The GSC scheme is applied to an OSTBC-MIMO system

and SER expressions are derived for arbitrary L and Ls.
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2.2 Channel Estimation

The channel estimate, ĝj;i, can be obtained by transmitting pilot symbols. The channel

estimate is assumed to be a zero-mean complex Gaussian random variable correlated with

the true channel gain, gj,i. The channel gain and its estimates are related as gj;i ¼ kĝj;i þ dj;i

where k ¼ Rc

r2
ĝ

and dj,i = (xl,i ?jyl,i) [14]. The variance of real (or imaginary) component of

dj,i is r2
d ¼ ð1 � qÞr2

g [6], where channel estimation error, q is the squared amplitude of the

cross-correlation coefficient of channel fading, and its estimate is given by q ¼
E2 gĝ½ �

E gj j2½ �E ĝj j2½ � ¼
R2
c

r2
gr

2
ĝ

¼ r2
ĝ

r2
g
k2 [1]. The values of q range from 0 to 1, and are used to specify the

channel estimation error. With perfect channel estimation, q = 1. When channel estima-

tion deteriorates, q tends to 0.

3 SER of GSC for Various MIMO OSTBC Systems

The SER for GSC in a multipath fading environment is obtained by averaging the con-

ditional SER over the PDF of SNR of the MRC combiner output, cGSC , and is given as

Pe;GSC ¼ EcGSC PrðejcGSCÞ½ � ¼
Z1

0

PrðejcÞfcGSC cð Þdc;
ð1Þ

where Pr ejcGSCð Þ is the conditional SER, fcGSC ðcÞ is the PDF of cGSC , and c is a particular

value of random variable, cGSC:

3.1 SER of GSC for 8 3 L Half-Rate Full-Diversity OSTBC System

The performance of GSC OSTBC system can be improved by increasing the number of

transmit antennas to eight. This will increase the diversity order to 8Nr. Consider a system

where OSTBC is applied to eight transmit antennas and L receive antennas. The code

Fig. 1 A MIMO NT 9 L system using generalized selection combining with OSTBC encoder
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matrix for 8 9 L HRFD OSTBC system with complex signal constellations is expressed as

[16]

X ¼

s1 s2 s3 s4 s5 s6 s7 s8

�s2 s1 s4 �s3 s6 �s5 �s8 s7

�s3 �s4 s1 s2 s7 s8 �s5 �s6

�s4 s3 �s2 s1 s8 �s7 s6 �s5

�s5 �s6 �s7 �s8 s1 s2 s3 s4

�s6 s5 �s8 s7 �s2 s1 �s4 s3

�s7 s8 s5 �s6 �s3 s4 s1 �s2

�s8 �s7 s6 s5 �s4 �s3 s2 s1

s�1 s�2 s�3 s�4 s�5 s�6 s�7 s�8
�s�2 s�1 s�4 �s�3 s�6 �s�5 �s�8 s�7
�s�3 �s�4 s�1 s�2 s�7 s�8 �s�5 �s�6
�s�4 s�3 �s�2 s�1 s�8 �s�7 s�6 �s�5
�s�5 �s�6 �s�7 �s�8 s�1 s�2 s�3 s�4
�s�6 s�5 �s�8 s�7 �s�2 s�1 �s�4 s�3
�s�7 s�8 s�5 �s�6 �s�3 s�4 s�1 �s�2
�s�8 �s�7 s�6 s�5 �s�4 �s�3 s�2 s�1

2
666666666666666666666666664

3
777777777777777777777777775

16�8

:

This code matrix represents a half-rate code as eight symbols are transmitted in sixteen

time slots. It is a full diversity code as the difference matrix of two transmitted codewords

has rank one. Here, complex signal constellation modulation techniques (MPSK, MQAM)

are used. At the receiver, Maximum Likelihood (ML) detection is used. The decoding

complexity is minimum due to the orthogonality of the STBC used.

The received signal is processed by a Space–Time (ST) combiner which computes the

receiver decision variable as

y1;i ¼ r1;iĝ
�
1;i þ r2;iĝ

�
2;i þ r3;iĝ

�
3;i þ r4;iĝ

�
4;i þ r5;iĝ

�
5;i þ r6;iĝ

�
6;i þ r7;iĝ

�
7;i þ r8;iĝ

�
8;i

þ r9;iĝ
�
1;i þ r10;iĝ

�
2;i þ r11;iĝ

�
3;i þ r12;iĝ

�
4;i þ r13;iĝ

�
5;i þ r14;iĝ

�
6;i þ r15;iĝ

�
7;i þ r16;iĝ

�
8;i:

ð2Þ

Substituting received signal and channel estimate values into (2), and normalizing the

expression by dividing both sides of (2) by 8kr2
ĝ, the obtained expression is termed as. Here,

Mean y01;i

� �
¼ E y01;i

h i
¼

ĝ1;i

�� ��2þ ĝ2;i

�� ��2þ ĝ3;i

�� ��2þ ĝ4;i

�� ��2þ ĝ5;i

�� ��2þ ĝ6;i

�� ��2þ ĝ7;i

�� ��2þ ĝ8;i

�� ��2
4r2

ĝ

¼ ai;

Variance y01;i

� �
¼ r2 ¼ E y

02
1;i

h i
�E2 y

0

1;i

h i
¼

16r2
d þ 2r2

n

� �
16qr2

g2

ai:

The variances of the real (or imaginary) components of gj,i and nj,i are denoted as r2
g and

r2
n, respectively. The average SNR per symbol of the received signal is defined as

�c ¼ 8r2
g=r

2
n. The variance may be simplified to

1�qð Þ�c0þ1

q�c0 ai: Defining the effective SNR as

�cc ¼ q�c
1�qð Þ�cþ1

. Then, the SNR of y01;i is given by
a2
i

2 r2ð Þ, where r2 is the variance of the real (or

imaginary) components of y01;i. Substituting this variance in the SNR expression, the SNR

of y01;i reduces to
�ccai
2
: At the MRC combiner, the selected Ls ST combiner outputs are

combined and cGSC is defined as sum of the SNR of y01;i, i.e.,
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cGSC ¼ �cC
2

XLs
i¼1

ai: ð3Þ

As ĝ1;i and ĝ2;i are independent, zero-mean complex Gaussian random variables, ai has a

Chi square distribution (central) with four degrees of freedom and its PDF is given by [3]

f aið Þ ¼ ai expð�aiÞ; 8ai [ 0: ð4Þ

The joint PDF of the ordered set {a1, a2, …, aL} in GSC is expressed using order

statistic as [17]

fa L½ � ¼
L!f ða1Þf a2ð Þ � � � f ðaLÞ; a1 [ a2 � � � [ aL
0; otherwise:

�
ð5Þ

Substituting (4) into (5), and combining the product of exponentials in the form of

exponential of their sum, we have

fa L½ � ¼
L!
QL

i¼1 ai exp �
PL

i¼1 ai
� �

; a1 [ a2 � � � [ aL
0; otherwise:

�
ð6Þ

Using the joint PDF of a½L�; the SER expression is modified as

Pe;GSC ¼
Z 1

0

Z a1

0

Z a2

0

� � �
Z aL�1

0

Pr ejcGSC½ �fa½L� ða1; a1; . . .; aLÞdaLaL�1. . .a1: ð7Þ

Let a L½ � be an ensemble with a1 [ a2 � � � [ aL; which is a column vector represented as

[17]

a L½ � ¼ a1 a2 � � � aL½ �T :

Using virtual branch relation, a½L� ¼ TVBv½L�: Here, TVB is the upper triangular matrix

represented as [18]

TVB ¼

1
1

2
� � � 1

L

0
1

2
� � � 1

L

0 0 . .
. ..

.

0 0 0
1

L

2
66666664

3
77777775
:

Transforming the expression in (7), the SER expression can be modified as

Pe;GSC ¼
Z 1

0

Z 1

0

Z 1

0

� � �
Z 1

0

Pr½ejcGSC�fv L½ � v1; v2; . . .; vLð ÞdvLdvL�1. . .dv1; ð8Þ

where v[L] = {v1, v2, …, vL} is a new set of independent variables. Using the distribution

theory for transformation of random vectors,

fv L½ � v1; v2; . . .; vLð Þ ¼ Jfa L½ � a1; a2; . . .; aLð Þja L½ �¼TVBv L½ �
;

where J is the Jacobian of the virtual branch transformation defined as

J ¼ TVBj j ¼
QL

n¼1
1
n
¼ 1

L! :
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Here, the transformation matrix, TVB, is a upper triangular matrix. Hence, its determi-

nant is equivalent to the product of the main diagonal elements. Substituting the value of J

in the joint PDF of v[L], we have

fv L½ � v1; v2; . . .; vLð Þ ¼
YL
i¼1

ai exp �
XL
i¼1

ai

 !
: ð9Þ

For coherent detection of MQAM modulation, conditional SER is expressed as [18]

Pr eMQAM jcGSCð Þ ¼ q

p

Z p=2

0

exp � cMQAM

sin2 h
cGSC

� 	
d/� q2

4p

Z p=4

0

exp � cMQAM

sin2 h
cGSC

� 	
d/;

ð10Þ

where q ¼ 4 1 � 1ffiffiffi
M

p
� �� �

, and cMQAM ¼ 3
2ðM�1Þ Substituting (9) and (10) in (8), SER

expression for L = 3, Ls = 2 case with QAM modulation is given as

Pe;GSC ¼ 0:1781

p

Zp=2

0

2

0:25�c0

sin2 /
þ 1

� �2
0:5�c0

3 sin2 /
þ 1

� �d/�
Zp=4

0

1

0:25�c0

sin2 /
þ 1

� �2
0:5�c0

3 sin2 /
þ 1

� �d/
2
64

3
75:

Similarly, SER expression can be derived for higher order modulation schemes (M = 8,

16, 32) and multiple receive antennas (L = 4, 5, 6).

3.2 SER of GSC for 4 3 L Full-Rate Full-Diversity (FRFD) OSTBC system

The code matrix for a 4 9 L FRFD OSTBC system with real signal constellations is given

as [16]

S ¼

s1 s2 s3 s4

�s2 s1 �s4 s3

�s3 s4 s1 �s2

�s4 �s3 s2 s1

2
664

3
775

4�4

:

Signals s1, s2, s3, and s4 corresponding to four information symbols are transmitted

simultaneously during four consecutive symbol intervals. The corresponding received

signals in these four intervals in the ith branch can be expressed as

r1;i ¼ h1;is1 þ h2;is2 þ h3;is3 þ h4;is4 þ n1;i

r2;i ¼ �h1;is2 þ h2;is1 � h3;is4 þ h4;is3 þ n2;i

r3;i ¼ �h1;is3 þ h2;is4 þ h3;is1 � h4;is2 þ n3;i

r4;i ¼ �h1;is4 � h2;is3 þ h3;is2 þ h4;is1 þ n4;i

9>>=
>>;
; ð11Þ

where hj;i, j = 1, 2, 3, 4 and i = 1, 2, … , L since there are 4 transmit and L receive

antennas. The average SNR per symbol of received signal is defined as �c0 ¼ 4r2
h=r

2
n,

where variances of hj,i and nj,i are denoted as r2
h and r2

n respectively. In matrix form, (11)

can be written as
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r1;i

r2;i

r3;i

r4;i

2
664

3
775 ¼

h1;i h2;i h3;i h4;i

h2;i �h1;i h4;i �h3;i

h3;i �h4;i �h1;i h2;i

h4;i h3;i �h2;i �h1;i

2
664

3
775

s1

s2

s3

s4

2
664

3
775þ

n1;i

n2;i

n3;i

n4;i

2
664

3
775:

Let us assume H0 = XHH, where X ¼
P4

j¼1 hj;i
�� ��2� �

HHH
� ��1

: Since H matrix is

known, HHH is represented as

4

1

2

,

4

1

2

,

4

1

2

,

4

1

2

,

=

∑

∑

∑

∑

=

=

=

=

j
ij

j
ij

j
ij

j
ij

h

h

h

h

HHH

Substituting HHH in X, X can be computed as a 4 9 4 Identity matrix. For decoding of

transmitted symbols, s0 = H0r, and is given by

s0 ¼
X4

j¼1

hj;i
�� ��2

 ! s1

s2

s3

s4

2
664

3
775þ

h1;in1;i þ h2;in2;i þ h3;in3;i þ h4;in4;i

h2;in1;i � h1;in2;i � h4;in3;i þ h3;in4;i

h3;in1;i þ h4;in2;i � h1;in3;i þ h2;in4;i

h4;in1;i � h3;in2;i þ h2;in3;i � h1;in4;i

2
664

3
775:

Variance of s0 can be computed as, var(s0) ¼ r2 h1;i

�� ��2þ h2;i

�� ��2þ h3;i

�� ��2þ h4;i

�� ��2� �
; where

r2 is the AWGN variance. The expression of Average SNR is given by �ci ¼ �c0ai; where ai

is defined as ai ¼ h1;i

�� ��2þ h2;i

�� ��2þ h3;i

�� ��2þ h4;i

�� ��2� �
. At the MRC combiner, the selected Ls

ST combiner outputs are combined and the sum of the SNR of selected branches is

represented as

cGSC ¼
XLs
i¼1

�ci ¼ �c0

XLs
i¼1

ai: ð12Þ

The PDF of ai has a Chi square distribution. The PDF of SNR can be written in terms of

the PDF of ai as f cið Þ ¼ f aið Þ
�c0

: Using virtual branch relation c½L� ¼ TVBv½L�, the ordered c L½ �
are transformed into new set of independent variables v L½ �. The joint PDF of all SNR

branches in GSC can be expressed as

fc L½ � ¼
L!

�c0ð ÞL
YL

i¼1
ai exp �

XL

i¼1
ai

� �
: ð13Þ

For coherent detection of MPAM, conditional SER is expressed as [18]
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PrðejcGSCÞ ¼ R

Zp=2

0

expð�Kð/ÞcGSCÞd/; ð14Þ

where K uð Þ ¼ 3
M2�1ð Þ sin2 /

and R ¼ 2 M � 1ð Þ=Mp. Substituting (13) and (14) into (8), the

SER expression for GSC with MPAM becomes

Pe;GSC ¼ R

Z1

0

Zp=2

0

exp �Kð/Þ�c0

XLs
i¼1

ai

" #
fv½L� ðv½L�Þd/dv½L�:

The joint PDF of independent random variable v[L] for L = 2 is given as

Pe;GSC ¼ 1:5

p �c0ð Þ2

Z1

0

Z1

0

Z3p=4

0

exp � v1 þ v2ð Þ
5 sin2 /

� �
v1 þ

v2

2

� � v2

2

� �
exp

�v1 � v2

�c0

� 	
d/dv2dv1:

Substituting the joint PDF in the SER expression, the SER for L = 2, Ls = 2 case with

QAM modulation is given by

fv½L� ðv1; v1; � � � ; vLÞ ¼ v1 þ
v2

2

� � v2

2

� �
exp � v1 þ v2ð Þ=�c0ð Þ: ð15Þ

The integral in (15) can be further simplified as

Pe;GSC ¼ 7

24 �c0ð Þ2p

Zp=2

0

1

1
5 sin2 /

þ 1
�c0

� �2
d/:

Similarly, SER expression can be derived for higher order modulation schemes (M = 8,

16, 32) and multiple receive antennas (L = 3, 4, 5).

3.3 SER of GSC for 8 3 L Full-Rate Full-Diversity (FRFD) OSTBC System

For real signal constellations and Nt = 8, the code matrix is expressed as [16]

X ¼

x1 x2 x3 x4 x5 x6 x7 x8

�x2 x1 �x4 x3 �x6 x5 x8 �x7

�x3 x4 x1 �x2 x7 x8 �x5 �x6

�x4 �x3 x2 x1 x8 �x7 x6 �x5

�x5 x6 �x7 �x8 x1 �x2 x3 x4

�x6 �x5 �x8 x7 x2 x1 �x4 x3

�x7 �x8 x5 �x6 �x3 x4 x1 x2

�x8 x7 x6 x5 �x4 �x3 �x2 x1

2
66666666664

3
77777777775

8�8

:

Here, the (i, j)th element of matrix represents transmission from antenna j during the ith

time slot. The corresponding received signals in the ith branch can be expressed in matrix

form as:
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r1;i

r2;i

r3;i

r4;i

r5;i

r6;i

r7;i

r8;i

2
66666666664

3
77777777775
¼

h1;i h2;i h3;i h4;i h5;i h6;i h7;i h8;i

h2;i �h1;i h4;i �h3;i h6;i �h5;i �h8;i h7;i

h3;i �h4;i �h1;i h2;i �h7;i �h8;i h5;i h6;i

h4;i h3;i �h2;i �h1;i �h8;i h7;i �h6;i h5;i

h5;i �h6;i h7;i h8;i �h1;i h2;i �h3;i �h4;i

h6;i h5;i h8;i �h7;i �h2;i �h1;i h4;i �h3;i

h7;i h8;i �h5;i h6;i h3;i �h4;i �h1;i �h2;i

h8;i �h7;i �h6;i �h5;i h4;i h3;i h2;i �h1;i

2
66666666664

3
77777777775

s1

s2

s3

s4

s5

s6

s7

s8

2
66666666664

3
77777777775
þ

n1;i

n2;i

n3;i

n4;i

n5;i

n6;i

n7;i

n8;i

2
66666666664

3
77777777775
;

where gj;i, j = 1, 2, … , 8, i = 1, 2, … , L, as there are 8 transmit and L receive antennas.

The average SNR per symbol of received signal is defined as �c00 ¼ 8r2
h=r

2
n; where the

variances of hj,i and nj,i are denoted as r2
g and r2

n respectively. Let us assume H0 = XHH,

where X ¼
P4

j¼1 hj;i
�� ��2� �

HHH
� ��1

: Now, HHH is represented as

8

1

2

,

8

1

2

,

8

1

2

,

8

1

2

,

8

1

2

,

8

1

2

,

8

1

2

,

8

1

2

,

=

∑

∑

∑

∑

∑

∑

∑

∑

=

=

=

=

=

=

=

=

j
ij

j
ij

j
ij

j
ij

j
ij

j
ij

j
ij

j
ij

h

h

h

h

h

h

h

h

HHH

For decoding, we can compute s0 = H0r. Now, Variance (s0) = r2 h1;j

�� ��2þ�

h2;j

�� ��2þ h3;j

�� ��2þ h4;j

�� ��2þ h5;j

�� ��2þ h6;j

�� ��2þ h7;j

�� ��2þ h8;j

�� ��2Þ; where r2 is the AWGN variance.

The expression of Average SNR is �ci ¼ �c
0
0ai; where ai ¼ r2 h1;j

�� ��2þ h2;j

�� ��2þ h3;j

�� ��2þ�

h4;j

�� ��2þ h5;j

�� ��2þ h6;j

�� ��2þ h7;j

�� ��2þ h8;j

�� ��2Þ: At the MRC combiner, the selected Ls ST combiner

outputs are combined, and cGSC is the sum of SNRs of the selected branches, i.e.,

cGSC ¼
XLs
i¼1

�ci ¼ �c00
XLs
i¼1

ai:

Using similar analysis as the last case, SER expression for L = 2, Ls = 1 case with

QAM modulation is obtained as

Pe;GSC ¼ 7

24 �c00
� �2

p

Zp=2

0

1

1
5 sin2 /

þ 1
�c0
0

� 	
1

10 sin2 /
þ 1

�c0
0

� 	d/: ð16Þ
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3.4 SER of GSC for 3 3 L 3/4 Rate Full-Diversity OSTBC System

For complex signal constellation and Nt = 3, the code matrix is expressed as [16]

X ¼

x1 x2 x3

�x�2 x�1 0

x�3 0 �x�1
0 x�3 �x�2

2
664

3
775:

The corresponding received signals in the ith branch can be expressed as

r1;i ¼ h1;ix1 þ h2;ix2 þ h3;ix3 þ n1;i;

r2;i ¼ �h1;ix
�
2 þ h2;ix

�
1 þ n2;i;

r3;i ¼ h1;ix
�
3 � h3;ix

�
1 þ n3;i;

r4;i ¼ h2;ix
�
3 � h3;ix

�
2 þ n4;i:

The corresponding received signals in the ith branch can be expressed in matrix form as

r1;i

r�2;i
r�3;i
r�4;i

2
664

3
775 ¼

h1;i h2;i h3;i

h�2;i �h�2;i 0

�h�3;i 0 h�1;i
0 �h�3;i h�2;i

2
664

3
775

x1

x2

x3

2
4

3
5þ

n1;i

n�2;i
n�3;i
n�4;i

2
664

3
775;

where hi,j, j = 1, 2, 3 and i = 1, 2, … , L as there are 8 transmit and L receive antennas.

Average SNR per symbol of the received signal is defined as �c
00
0 ¼ 3r2

h



r2
n, where variances

of hj,i and nj,i are denoted r2
h as r2

n and respectively. Let us assume H0 = XHH, where

X ¼
P4
j¼1

hj;i
�� ��2

 !
HHH
� ��1

: Now, HHH is represented as

HHH ¼

P3
j¼1 h2

j;i

���
��� 0 0

0
P3
j¼1

h2
j;i

���
��� 0

0 0
P3
j¼1

h2
j;i

���
���

2
6666664

3
7777775
:

For decoding, we can compute s0 = H0r. The variance (s0) ¼ r2 h1;i

�� ��2þ h2;i

�� ��2þ h3;i

�� ��2� �
.

The expression of Average SNR is �ci ¼ �c
0
0ai; where ai ¼ h1;i

�� ��2þ h2;i

�� ��2þ h3;i

�� ��2� �
: At the

MRC combiner, the selected Ls ST combiner outputs are combined, and cGSC is the sum of

SNRs of the selected branches, i.e.,

cGSC ¼
XLs
i¼1

�ci ¼ �c000
XLs
i¼1

ai:

Using similar analysis, SER expression for L = 2, Ls = 1 case with QPSK modulation

is given by

Pe;GSC ¼ 7

24 �c000
� �2

p

Z3p=4

0

1

0:5
sin2 /

þ 1
�c00
0

� �
0:5

2 sin2 /
þ 1

�c00
0

� �d/: ð17Þ
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3.5 Derivation of Bounds on BER Performance

In this section, upper and lower bounds on BER system performance are derived.

Specifically, one lower bound and three upper bounds are derived using different

approaches. The BER expression for Nt = 2, L = 2, Ls = 2 case with BPSK modulation is

expressed as

Pe;GSC ¼
Z1

0

Z1

0

1

p

Zp=2

0

exp � cGSC
sin2 /

� �
d/

0
B@

1
CA v1 þ

v2

2

� � v2

2

� �
exp �v1 � v2ð Þdv2dv1: ð18Þ

The Q-function is represented as Q xð Þ ¼ 1
p

Rp=2

0

exp � x2

2 sin2 /

� �
d/: Therefore, (18) can be

equivalently written as

Pe;GSC ¼
Z1

0

Z1

0

Q
ffiffiffiffiffiffiffiffiffiffiffiffi
2cGSC

p� � v1v2

2
þ v2

2

4

� 	
exp �v1 � v2ð Þdv2dv1: ð19Þ

Upper Bound 1:

Using identity Q xð Þ� 1
2

exp � x2

2

� �
; 8 x� 0, the upper bound is derived as

Pe;GSC

� �
UB1

� 1

2

Z1

0

Z1

0

exp �cGSCð Þ � v1v2

2
þ v2

2

4

� 	
exp �v1 � v2ð Þdv2dv1: ð20Þ

The integral in (20) can be further simplified to [19]

Pe;GSC

� �
UB1

� 7

48 �c
2
þ 1

� �2
:

Upper Bound 2:

Using identity Q xð Þ\ 1

x
ffiffiffiffi
2p

p exp � x2

2

� �
; 8 x [ 0 [22], the upper bound is derived as

Pe;GSC

� �
UB2

\
1ffiffiffiffiffiffi
2p

p
Z1

0

Z1

0

1ffiffiffiffiffiffiffiffiffiffiffiffi
2cGSC

p exp �cGSCð Þ v1v2

2
þ v2

2

4

� 	
exp �v1 � v2ð Þdv2dv1:

Upper Bound 3:
A loose upper bound on BER can be calculated by integrating (20) over the whole space

Pe;GSC

� �
UB3

�
Z1

0

Z1

0

1

p

Zp=2

0

exp � 0:5�c

sin2 /
a1 þ a2ð Þ

� �
d/

0
B@

1
CA2!a1a2 exp �a1 � a2ð Þda2da1:

ð21Þ

The integral in (21) can be further simplified to [19]
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Pe;GSC

� �
UB1

� 1

2p

Zp=2

0

1

0:5�c
sin2 /

þ 1
� �2

d/:

Lower Bound:

Using identity Q xð Þ[ 1

x
ffiffiffiffi
2p

p 1 � 1
x2

� �
exp � x2

2

� �
; 8 x [ 1 [22], the lower bound is

derived as

Pe;GSC

� �
LB

[
1ffiffiffiffiffiffi
2p

p
Z1

0

Z1

0

1ffiffiffiffiffiffiffiffiffiffiffiffi
2cGSC

p 1 � 1

2cGSC

� 	
exp �cGSCð Þ

v1v2

2
þ v2

2

4

� 	
exp �v1 � v2ð Þdv2dv1:

Similarly, bounds on SER can be derived for different values of L and Ls.

4 Ergodic Capacity of GSC for MIMO-OSTBC Systems

Channel capacity is the maximum rate at which information can be transmitted with low

probability of error. For fading channels, the channel coefficients change over time, and it

is possible to average over their statistics by coding over large blocks of data.

4.1 Calculation of Ergodic Capacity for 2 3 L, 4 3 L and 8 3 L OSTBC
Systems

The ergodic capacity of a MIMO fading channel using STBC is obtained by averaging

capacity over PDF of SNR of the MRC combiner output, cGSC , and is given as

C ¼ K

T
EcGSC log 1 þ cGSC

Nt

� 	� �
; ð22Þ

where cGSC is the SNR of the MRC combiner output. Here, K is the number of symbols

transmitted, and T is the number of time slots. So, K
T

denotes the STBC rate. The capacity in

(22) can be equivalently expressed as

C ¼ K

T

Z1

0

log 1 þ cGSC
Nt

� 	
fcGSC cð Þdc

2
4

3
5: ð23Þ

Substituting the PDF of SNR of MRC combiner output in (23), the capacity expression

becomes

C ¼ K

T

Z1

0

Za1

0

Za2

0

� � �
ZaL�1

0

log 1 þ cGSC
Nt

� 	
fa L½ � a1; a2; . . .; aLð ÞdaLdaL�1 � � � da1: ð24Þ

Transforming the ordered random variables into independent random variables, the

integral in (24) can be modified as
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C ¼ K

T

Z1

0

Z1

0

Z1

0

� � �
Z1

0

log 1 þ cGSC
Nt

� 	
fv L½ � v1; v2; � � � ; vLð ÞdvLdvL�1 � � � dv1: ð25Þ

Substituting PDF of independent random variables in (25), the capacity expression for

L = 2, Ls = 2 case is given as

C ¼ K

T

Z1

0

Z1

0

log2 1 þ cGSC
2

� �
v1 þ

v2

2

� � v2

2

� �
exp �v1 � v2ð Þdv2dv1; ð26Þ

where cGSC ¼ �c
2

PLs
i¼1 vi: Now,

• for a 2 9 L antenna system, �c
00
0 ¼ 2r2

g

.
r2
n;

• for a 4 9 L antenna system, �c
00

0 ¼ 4r2
g

.
r2
n;

• for a 8 9 L antenna system, �c
00

0 ¼ 8r2
g

.
r2
n:

4.2 Approximations of Ergodic Capacity in Different SNR Regions

The ergodic capacity of MIMO OSTBC system can be approximated to different values in

different SNR regions. Some approximations are based on properties of logarithmic series,

which are used in capacity calculations. The expression of SNR can be approximated for

high, low, and intermediate SNR values.

High SNR Approximation:

For,
cGSC
Nt

	 1

ln 1 þ cGSC
Nt

� 	
ffi ln

cGSC
Nt

� 	
: ð27Þ

Using (27), at high SNR values, the capacity expression in (26) can be approximated as

C ¼ K

T

1

ln 2ð Þ

Z1

0

Z1

0

ln
cGSC

2

� �
v1 þ

v2

2

� � v2

2

� �
exp �v1 � v2ð Þdv2dv1:

Low SNR Approximation 1:

For,
cGSC
Nt

� 1

ln 1 þ cGSC
Nt

� 	
ffi cGSC

Nt

� 	
� 1

2

cGSC
Nt

� 	2

: ð28Þ

Using (28), at low SNR values, the capacity expression in (26) can be approximated as

C ¼ K

T

1

ln 2ð Þ

Z1

0

Z1

0

cGSC
2

� �
� 1

2

cGSC
2

� �2
� �

v1 þ
v2

2

� � v2

2

� �
exp �v1 � v2ð Þdv2dv1:

Low SNR Approximation 2:

For
cGSC
Nt

� 1,
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ln 1 þ cGSC
Nt

� 	
ffi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cGSC
Nt

� 	s
: ð29Þ

Using (29), at low SNR values, the capacity expression in (26) can be approximated as

C ¼ K

T

1

ln 2ð Þ

Z1

0

Z1

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cGSC

2

� �r
v1 þ

v2

2

� � v2

2

� �
exp �v1 � v2ð Þdv2dv1:

4.3 Derivation of Tighter Upper Bound on Ergodic Capacity

The Upper Bound on ergodic capacity of MIMO STBC system is derived using the

following identity:

E ln 1 þ cGSC
Nt

� 	� �
� 1 þ E ln

cGSC
Nt

� 	� �
: ð30Þ

Using (30), the capacity expression in (26) can be upper bounded as

C� K

T

1

ln 2ð Þ 1 þ
Z1

0

Z1

0

ln
cGSC

2

� �
v1 þ

v2

2

� � v2

2

� �
exp �v1 � v2ð Þdv2dv1

2
4

3
5:

5 Numerical Results

In this section, numerical SER results for GSC are shown for OSTBC with MQAM

modulation in Rayleigh fading channels, and performance comparison is made with MPSK

modulation scheme. The expressions for ergodic capacity of 2 9 L, 4 9 L and 8 9 L

MIMO OSTBC systems are derived and compared. Performance comparison of HRFD and

FRFD OSTBC systems are made. Bounds for SER performance and ergodic capacity are

derived and plotted. Furthermore, approximations of ergodic capacity in different SNR

regions are derived and plotted. The impact of channel estimation error on SER perfor-

mance for GSC scheme is discussed, and the SER is computed in the presence of channel

estimation errors.

Figure 2 shows average SNR as a function of SNR per symbol for a 4 9 4 HRFD

OSTBC system with imperfect channel estimation (q = 0.9). The performance degrades as

compared to the perfect channel estimation case. The fading estimation error parameter, q,

is assumed to be 0.9 for the imperfect channel estimation case. The parameter q may take

any value between 0 and 1. At 10-2 SER, Ls = 2 provides 6.5 dB gain in performance

compared to the Ls = 1 case. At 10-2 SER, Ls = 3 gives 1.5 dB gain compared to the

Ls = 2 case. This shows that selection of more number of antennas result in smaller gain in

performance.

Figure 3 shows performance comparison of MQAM and MPSK for 4 9 3 HRFD

OSTBC system with perfect channel estimation. At 10-2 SER, 16-QAM provides 5.75 dB

gain in performance than 16-PSK, but QAM provides only an extra 0.5 dB gain in per-

formance than QPSK. At 10-2 SER, 8-PSK provides 7 dB gain in performance than

16-PSK. SER system performance degrades for higher order modulation schemes for both
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MQAM and MPSK. As expected, SER performance for various systems improves with

increase in average SNR.

A comparison of SER for imperfect and perfect CSI systems versus SNR per symbol for

Nt = 4, 8 and Nr = 4 HRFD OSTBC system antenna systems is plotted in Fig. 4. The

fading estimation error parameter, q, is assumed to be 1 for the perfect channel estimation

case. For the imperfect CSI case, q is assumed to be 0.9. At 10-2 SER, Nt = 4, perfect CSI

case requires 2 dB lower SNR than Nt = 4, imperfect CSI case. At 10-4 SER, Nt = 8,

perfect CSI case has 1.5 dB gain in SNR than Nt = 4, perfect CSI case. System perfor-

mance degrades with imperfection in channel estimation and improves with increase in the

number of transmit antennas.

Fig. 2 SER of QPSK versus
SNR for 4 9 4 Half Rate-Full
Diversity OSTBC system with
imperfect channel estimation

Fig. 3 Performance comparison
of MQAM and MPSK for 4 Tx
and 3 Rx system with perfect
channel estimation
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Figure 5 shows SER as a function of Average SNR of QPSK for different antenna

configurations with perfect channel estimation for HRFD MIMO-OSTBC systems. The

fading estimation error parameter, q, is assumed to be 1, for the perfect channel estimation

case. At 10-4 SER, 8 9 2 antenna system provides 6 dB gain in performance than the

2 9 2 system. At 10-4 SER, 8 9 4 antenna system provides 6 dB gain in performance

compared to the 8 9 2 system.

Figure 6 shows performance bounds on BER of BPSK for 2 9 2 antenna systems with

perfect channel estimation for which fading estimation error parameter, q, is assumed to be

1. For SER, three upper bounds and one lower bound are derived and plotted. In all cases,

the number of selected receive antennas, Ls, is considered as two. At lower values of SNR,

Upper Bound 1 is a tighter upper bound, while at high SNR, Upper Bound 2 is a tighter

upper bound on SER. Upper Bound 3 is a loose upper bound computed by performing

Fig. 4 Comparison of SER of
imperfect and perfect CSI system
versus SNR per symbol for
Nt = 4, 8 and Nr = 4 half rate-
full diversity MIMO OSTBC
systems

Fig. 5 SER versus average SNR
of QPSK for different antenna
configurations for HRFD OSTBC
systems
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integration over the whole space. Lower bound is tighter for lower SNR values as com-

pared to higher SNR values. Theoretical result lies between upper and lower bounds for all

SNRs.

Figure 7 shows approximations of ergodic capacity in different SNR regions for 2 9 1

space–time diversity system with perfect channel estimation. One high SNR approximation

and two low SNR approximations are derived and plotted. For lower SNR values in the

range of -5 to 0 dB, theoretical capacity can be approximated as Low SNR Approxi-

mation 2. For intermediate SNR values in the range 0 to 7 dB, theoretical capacity can be

approximated to Low SNR Approximation 1. For SNR values higher than 7 dB, theoretical

capacity can be approximated as High SNR approximation.

An upper bound on ergodic capacity for different antenna systems with perfect channel

estimation is derived and plotted in Fig. 8. Here, the number of transmit antennas is taken

as two, and fading estimation error parameter, q, is assumed to be 1. As the number of

receive antennas is increased, the upper bound is further tightened. Furthermore, upper

bound is tightened more with increase in the value of Average SNR. At 30 dB SNR, L = 4

system has 14 bits/s/Hz gain in capacity than the L = 1 system.

Figure 9 shows SER of QPSK as a function of SNR per symbol for different code rates

system with perfect channel estimation for L = 2, Ls = 2. Here, q is assumed to be 1, as it

is a perfect channel estimation case of transmit antennas. Performance of STBC system

improves with code rate. For 8 transmit antennas, full rate system gives 12 dB gain over

half rate systems. For the same code rate, Nt = 8 has 3 dB gain over Nt = 4 system. For

similar values of code rate, system performance improves with increase in the number of

transmit antennas. This shows the effect of transmit antenna diversity on system

performance.

Figure 10 shows SER of MPAM as a function of SNR per symbol FRFD systems with

imperfect channel estimation. FRFD systems are not possible for complex signal con-

stellations for more than two transmit antennas. So, MPAM modulation scheme is used.

System performance is almost the same for both 4 and 8 transmit antenna case up to

q = 0.9. After this value, performance improves with increase in the number of transmit

Fig. 6 Performance bounds on
BER of BPSK for 2 9 2 antenna
system with perfect channel
estimation
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antennas. At q = 0.5, the SER for L = 3 case is 0.0185 lower than its value for L = 2

case, whereas the SER for L = 4 case is 0.0034 lower than its value for L = 3 case.

6 Conclusions and Future Work

In this paper, analytic SER and ergodic capacity results were derived for MIMO OSTBC

systems with a generalized selection combining (GSC) scheme. Approximate closed form

expressions for SER and ergodic capacity of GSC for Half Rate–Full Diversity, Full Rate–

Full Diversity and 3/4 Rate-Full Diversity OSTBC were derived. The results of the analysis

showed that system performance improves with increase in diversity gain. It was observed

that performance of STBC depends on the code rate. Thus, performance of full rate system

Fig. 7 Approximations of
ergodic capacity in different SNR
regions for 2 9 1 space–time
diversity system with q = 1

Fig. 8 Upper bound on ergodic
capacity for different antenna
systems with q = 1
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is found to be better than 3/4 rate, which in turn is better than the half rate OSTBC. It was

observed that the performance of MQAM scheme is better than the MPSK modulation

scheme. Results demonstrated that system performance degrades with higher order mod-

ulation. It was analyzed that SER performance for generalized selection combining

degrades with increase in channel estimation error.

This paper can be further extended to include Space–Time Codes for Multi-User MIMO

systems. For complex signal constellations, non-orthogonal STBCs with minimum

decoding complexity can be analyzed for signal encoding in order to achieve full diversity

and full rate, simultaneously. In future, the SER of new receive selection schemes, such as

Fig. 9 SER of QPSK versus
SNR per symbol for different
code rates system with perfect
channel estimation for L = 2,
Ls = 2

Fig. 10 SER of MPAM versus
SNR per symbol for FRFD
system with imperfect channel
estimation
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Generalized Space–Time SoS selection diversity and Generalized Space–Time SoM

selection diversity can be measured and compared to the conventional GSC for more than

two antennas.
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