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Abstract The static frequency allocation in wireless communication became a major

concern for efficient spectrum utilization. Also due to spatio-temporal variation, some of

the frequency channels are not utilized efficiently. The prologue of open spectrum and

dynamic spectrum access (DSA) methodology provides the secondary (unlicensed) users,

supported by cognitive radios (CRs) to opportunistically utilize the unused spectrum bands.

When a primary user returns to the engaged spectrum band, secondary users should release

it immediately through proper handing off to another spectrum band available to the

network satisfying the quality of service (QoS) of both the network. Hence the focus of the

new spectrum management policies is DSA technology based on CR. Spectrum mobility is

considered to be the subsequent big challenge in CR technology. Spectrum mobility is

associated with spectrum handoff which is directly associated with link maintenance and

QoS. In this paper, we scrupulously investigate and analyze the probability of spectrum

handoff under diverse realistic primary and secondary user traffic models. We have

established a state of the art standard generalized form of probability of spectrum handoff

without switching delay considering secondary user call duration and residual time of

availability of spectrum holes as measurement metrics for diverse distribution functions

designed for tele-traffic analysis. We thoroughly investigate different distribution models
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for the residual time under both zero switching delay and finite switching delay conditions.

The switching delay (tr) between spectrum holes comprises of spectrum sensing time and

transition delay for realizing all the related parameters. A comprehensive simulation results

are presented to validate the generalized theory established in this paper.

Keywords Cognitive radio � Spectrum mobility � Spectrum handoff � Residual time �
Switching delay � Distribution model

1 Introduction

Spectrum is the most important resource of wireless technology. The spectrum allocated to

wireless application is so far static. However, recent research shows that a large portion of

the assigned spectrum is used sporadically leading to underutilization and wastage of

valuable frequency resources [1]. Even in a highly crowded area the occupancy is\35 %

of the radio spectrum below 3 GHz [2]. To address spectrum underutilization, cognitive

radio (CR) [3–5] is envisaged as a potential technology for dynamic allotment of unused

frequency bands, called white spaces or spectrum hole. To explore the potentiality of CR,

Federal Communications Commission (FCC) has approved the use of unlicensed devices

in licensed bands [3].

Cognitive radio is an intelligent wireless communication system that is responsive

towards surrounding; quickly learns and adapts the internal states according to the sta-

tistical fluctuations of the incoming radio frequency (RF) signal through required changes

in selected operating parameters in real time scenario [5–8]. There are two aspects of CR

(a) highly reliable and seamless communications everywhere and (b) efficient utilization of

the radio spectrum resource.

Spectrum mobility is a major component for successful implementation of CR. The

main purpose of spectrum mobility in cognitive radio networks (CRNs) is to perform

seamless channel switchover to maintain the ongoing secondary user (SU) communication

and, thereon confirming quality of service (QoS) and throughput [9]. Spectrum mobility is

divided into two processes: spectrum handoff and connection management. Spectrum

handoff is defined as the process of transferring ongoing communication from the current

channel to another free channel without disrupting the connection and ensuring quality of

service. Therefore, additional latency is associated with the SU communication which

sooner or later affects SU performance. It is the connection management process which

administers the protocol stack parameters depending on present scenario.

Call holding time and channel holding time plays a major role in determining the

performance metric of tele-traffic analysis of a system. The call holding time is defined as

the period from the instant the accepted call starts to the instant the call completes. The

channel holding time is defined as the period from the instant an active call occupies the

channel to the instant the active call releases the channel.

Most of the existing literature assumed the channel holding time as exponentially

distributed [10–14] for tele-traffic analysis. Channel holding time controls the other key

network design parameters such as call blocking probability, the probability of handoff etc.

[12]. Bolotin [15] found that channel throughput falls considerably under an exponential

call holding time distribution model compared to the actual measured call holding time

distribution. This observation is expected to be true for personal communication system
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(PCS) networks. In [16], Liu et al. presented the probability and time relationship model of

spectrum handoff considering both the distribution of CR user’s call holding time and

residual time of spectrum holes as Poisson’s random process. The residual time (h) of

spectrum hole indicates the remaining time at the current spectrum hole after the com-

mencement of the service call. However, Barcelò and Jordan [17, 18], based on some

experiments on the cellular telephone system have concluded that the negative exponential

distribution is not a good approximation of the channel holding time.

The traditional exponential distribution used for call holding time and channel holding

time may not be appropriate for hostile mobile environment [19]. It is mentioned that for

the holding time, Erlang function and Log–normal distribution functions are found to be

better approximation than the exponential.

A comprehensive study and an analytical model for spectrum handoff under CR

environment are very significant for implementation of efficient spectrum management.

However, a detailed study on the effect of various distribution models on probability of

handoff in CR is not reported so far to the best of our knowledge.

In this paper, we have introduced the probability and time relationship model of

spectrum handoff for diverse distribution of residual time of spectrum holes. We

establish a standard generalized analytical model for probability of handoff under

diverse distribution model for residual time of spectrum holes considering departure

rate of cognitive user to be as Poisson random process. We have considered the

following distribution functions for residual time of spectrum holes in our analysis: (1)

exponential, (2) Erlang-2, (3) Erlang-3, (4) Erlang-3, 23 and (5) Lognormal. In [16],

the authors have provided spectrum handoff analysis without switching delay. However,

switching delay is an important factor which is directly related to link failure and hence

the Quality of Service (QoS) [20]. In our model we have introduced a finite switching

delay (tr) which is assumed to be the combination of sensing time and transition delay

between spectrum holes. Any delay greater than switching delay will lead to degra-

dation of quality of service and link failure.

The rest of the paper is organized as follows: In Sect. 2, the basics of spectrum mobility

and spectrum handoff is investigated. The motivation behind the work is also explained in

this section. In Sect. 3, we have introduced probability and time relationship model of

spectrum handoff for different distribution models and established a generalized standard

analytic form for the same. The algorithm for computer simulation of the analytical models

is presented in Sect. 4. We present the simulation along with analytical results in Sect. 5.

Also the results of spectrum handoff probability with and without switching delay are

included. An exhaustive comparison of these results for all considered distribution models

are explored in this Sect. 6 concludes the paper including future work directions.

2 Spectrum Mobility and Spectrum Handoff

Cognitive radio has four major tasks: spectrum sensing, spectrum management, spectrum

sharing and spectrum mobility. A comprehensive research has been conducted on spectrum

sensing over the last decade. Spectrum mobility necessitates much more attention for an

effective implementation of the secondary network. It is important to maintain uninter-

rupted communication of secondary user (SU) during the transition from one channel to

another free channel resulting in key issue of spectrum handoff.
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When an unused frequency band, as decided through spectrum sensing, is utilized by

cognitive user (or SU) and a licensed user arrives, then CR user shall perform one of the

following actions: (a) it continues the access if the primary user (PU) request band is non-

overlapping and (b) release the licensed channel immediately sensing incoming PU activity

in the same band. There may be two PU related procedures which can activate spectrum

handoff for the above cited issues [9].

Firstly, licensed user (PU) arrival in the licensed channel essentially compels CR user to

carry out spectrum handoff. Secondly, because of spatial movement of CR users, there is a

chance of spectrum overlap with an active band; hence spectrum handoff can occur

because of CR user mobility over the spatial domain.

While the impetus of CR technology is straight forward, the design and implementation

put greater challenges. Spectrum handoff is the most important intricacy and an intrinsic

capability parameter to support reliable service.

Figure 1 describes the mobility of spectrum holes. The yellow boxes symbolize spec-

trum which are being used by licensed users at any particular time instant, while the empty

slots indicate spectrum holes which can be used by unlicensed or cognitive users. The

arrow indicates the probable movement of spectrum holes to ensure seamless communi-

cation of secondary users without any link failure. Changing of its own operating fre-

quency band at different time instants is the key of spectrum handoff. In the next section

we derive the analytical expression for the probability of spectrum handoff for different

distribution models.

3 Derivation of Probability of Spectrum Handoff

Spectrum handoff is directly associated with the QoS and hence the system performances.

A spectrum handoff strategy in advance offers a better management of system perfor-

mance. In this section, we derive a state of the art standard form of spectrum handoff

probability considering one call service time of secondary cognitive user without switching

Fig. 1 Spectrum mobility at different time in different bands
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delay. While deriving the expressions following are the basic assumptions required to be

satisfied.

For CR User or Secondary User

The service call arrival and departure of cognitive user are both Poisson random process

[13]. The cognitive user is stationary i.e. the user does not change its geographical position

during one call duration. Also it is assumed that there are spectrum holes available during

this period.

Let us consider 1/l is the mean time of each call’s duration. Then, the probability

density function (pdf) of cognitive user’s call duration, approximating exponential distri-

bution model, is given as:

UðxÞ ¼ le�lx for x� 0

0 otherwise

�
ð1Þ

where l is the departure rate of cognitive user.

For Spectrum Holes

The holding time Hi of each spectrum hole is a continuous random variable and Hi

(where i = 0, 1, 2….) has the identical and independent distribution (i.i.d) corresponding

to the spectrum hole nomenclature as #0, #1, #2…. The cognitive user, in one service call

duration, uses these available spectrum holes in sequence. The probability density function

is indicated by W(x) and the mean value is presented by 1/k. The expectation of the i.i.d

random variable should be equal to the mean value and variance must have a finite value.

Mathematically,

E½Xi� ¼
1

k
\1 8i ½i ¼ 0; 1; 2. . .�

Var½Xi�\1 8i ½i ¼ 0; 1; 2. . .�

where E[.] is the statistical estimation parameter and Var[.] is the variance of the random

parameter and k is the average departure rate of spectrum hole.

Numbering of Spectrum Holes (#0, #1, #2,…)

It is assumed that the CR controller organizes the list of available spectrum holes

through proper spectrum sensing and decision rule. In a service call the cognitive user

starts accessing the spectrum holes with tag #0 and subsequent holes will be accessed in

sequence.

For Spectrum Switching Delay (tr)

We assume that the distribution of switching delay is characterized by call arrival

process of PU in the cognitive environment.

3.1 Spectrum Handoff Probability

During one service call holding time, the time relation between spectrum hole, holding time

and residual time is shown in Fig. 2a. As shown in Fig. 2a, h is residual time of accessed

spectrum hole when a service begins. Here a single service call duration time of cognitive

user is denoted by T0. In Fig. 2a, Hi denotes the holding time of spectrum hole #i occupied

by cognitive user corresponding to the service call duration time Ti of cognitive user.
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Fig. 2 Time relationship model of spectrum handoff; (a) without switching latency and (b) with switching
latency
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It is observed from Fig. 2a that if call service time T0 is less than the residual time h

then there is no handoff. The probability of no spectrum handoff or the probability of zero

occurrence of spectrum handoff is denoted by P0 which is obtained as:

P0 ¼ PrfT0 � hg ¼
ZZ
a\b

UðaÞWðbÞdadb ð2Þ

where /(x) is the probability density function (pdf) of cognitive user’s call duration and

w(x) is probability distribution function of residual time of spectrum holes. From the

property of density function we obtain that the area under the probability density function

is unity, i.e.
R1
0

W xð Þdx ¼ 1. If T0 is one service call duration time then from Fig. 2a it can

be seen that there will be multiple (say r times) spectrum handoffs within that time.

The probability of r time spectrum handoff (Pr) can be obtained as:

Pr ¼ Prfh\T0; H1\T1; . . .; Hr�1\Tr�1; Hr [Trg
¼ Prfh\T0g � PrfH1\T1g � PrfHr�1\Tr�1g � PrfHr [Trg
¼ Prfh\T0g � ðPrfH1\T1gÞr�1 � PrfHr [Trg
¼ ð1� PrfT0 � hgÞ � ðPrfH1\T1gÞr�1 � ð1� PrfHr �TrgÞ
¼ ð1� P0Þ � ðPrfH1\T1gÞr�1 � ð1� PrfHr �TrgÞ
¼ ð1� P0Þ � ðPrfH1\T1gÞr�1 � ð1� PrfHr �TrgÞ

ð3Þ

3.2 Analytical Model of Probability of Handoff for Different Residual Time
Distribution

In this section we derive analytical models of probability of spectrum handoff under

diverse distribution model of residual time of spectrum holes without switching delay. We

consider the following five distribution model for our analysis: (1) exponential, (2) Erlang-

2, (3) Erlang-3, (4) Erlang-3, 23 and (5) lognormal. Poisson’s process is one of the most

celebrated model in tele-traffic analysis. However, Erlang family of distribution is con-

sidered as a convincing model for tele-traffic analysis and is widely used as a backbone

model for designing telecommunication switching systems. A correlated model of expo-

nential distribution is normal or log–normal function which is also found to be fit for

practical tele traffic analysis. The closeness of these mathematical distribution function to

the practical tele-traffic analysis motivates us to analyze their effect on spectrum handoff

and establish a closed form expression for standardisation of the same.

3.2.1 Poisson’s Random Distribution Process

Due to the memoryless property of exponential distribution, it is commonly used for

modeling the inter arrival time process. So we use this distribution as a reference in our

work. The probability distribution function (pdf) of residual time of spectrum holes with

exponential distribution is given as:

WðxÞ ¼ be�bx for x� 0

0 otherwise

�
ð4Þ

where (1/b) is the scale parameter.
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Therefore, from Eq. (2), the probability of ‘0’ times handoff (P0) and ‘r’ times handoff

(Pr) may be derived as:

P0 ¼ PrfT0 � hg ¼
ZZ
a\b

UðaÞWðbÞdadb ¼
Z 1

0

WðbÞ
Zb

0

UðaÞdadb

¼
Z 1

0

WðbÞ
Zb

0

le�ladadb ¼
Z 1

0

WðbÞð1� e�lbÞdb

¼
Z 1

0

WðbÞdb �
Z1

0

WðbÞe�lbdb ¼ 1�
Z1

0

be�bbe�lbdb

¼ 1�
Z1

0

be�ðbþlÞbdb ¼ 1� b
bþ l

ð5Þ

Now,

PrfH1\T1g ¼ 1� Prfh � T1g ¼ 1�
ZZ
p\q

UðpÞWðqÞdpdq

¼ 1�
Z 1

0

WðqÞ
Zq

0

le�lpdpdq ¼ 1�
Z 1

0

WðqÞdq �
Z1

0

WðqÞ e�lqdq

¼ 1� 1� b
bþ l

� �
¼ b

bþ l

ð6Þ

Similarly,

PrfHr �Trg ¼ b
bþ l

ð7Þ

Now from Eq. (3),

Pr ¼ 1� 1þ b
bþ l

� �
b

bþ l

� �r�1

1� b
bþ l

� �
¼ lbr

ðbþ lÞrþ1
ð8Þ

3.2.2 Erlang-m Distribution Process

Erlang distribution is a continuous probability distribution with wide applicability mostly

due to its relation to the exponential and Gamma distributions. The Erlang distribution was

developed by Erlang to examine the number of telephone calls [21] within any period of

observation with call arrival and termination rate as basic parameters. Erlang-m distribu-

tion is the distribution of the sum of m independent and identically distributed random

variables each having an exponential distribution. It is the result of a succession of

memory-less exponential stages. When m = l, the distributions of residual time has an

exponential distribution. The coefficient of variation (CV) for Erlang-m is always lower

than one [22]. Here the probability distribution function is given as:
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WðxÞ ¼ bm � xm�1

ðm � 1Þ! � e�bx for x� 0

0 otherwise

8<
: ð9Þ

where (1/b) is the scale parameter and m is a shape parameter.

The most appropriate function among the Erlangen family is the Erlang-3 compared to

Erlang-2 [19]. We consider both Erlang-3 and Erlang-2 for our analysis. The probability of

zero spectrum handoff (P0) for Erlang-3 is obtained as,

P0 ¼ PrfT0 � hg ¼
ZZ
a\b

UðaÞWðbÞdadb ¼ 1�
Z1

o

b3 � b2

2!
� e�bbe�lbdb

¼ 1�
Z1

o

b3 � b2

2!
� e�ðbþlÞbdb ¼ 1� b

bþ l

� �3
ð10Þ

Now,

PrfH1\T1g ¼ 1� Prfh � T1g ¼ 1�
ZZ
p\q

UðpÞWðqÞ dpdq

¼ 1�
Z1

0

WðqÞ
Zq

0

le�lpdpdq ¼ 1�
Z1

0

WðqÞdq �
Z1

0

WðqÞe�lqdq

¼ 1� 1� b
bþ l

� �3
 !

¼ b
bþ l

� �3

ð11Þ

Similarly,

PrfHr �Trg ¼ b
bþ l

� �3

ð12Þ

Substituting the values of Eqs. (10)–(12) in Eq. (3), Pr can be calculated as,

Pr ¼ 1� 1þ b
bþ l

� �3
 !

b
bþ l

� �3ðr�1Þ
1� b

bþ l

� �3
 !

¼ b
bþ l

� �3r

1� b
bþ l

� �3
 !

¼ b
bþ l

� �3r

� b
bþ l

� �3rþ3
ð13Þ

For Erlang-2 the probability of zero handoff is obtained as

P0 ¼ PrfT0 � hg ¼
ZZ
a\b

UðaÞWðbÞdadb ¼ 1� b
bþ l

� �2

ð14Þ

Now

PrfH1\T1g ¼ 1� Prfh�T1g ¼ 1�
ZZ
p\q

UðpÞWðqÞdpdq ¼ b
bþ l

� �2

ð15Þ

Similarly, we can express
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PrfHr �Trg ¼ b
bþ l

� �2

ð16Þ

Therefore the generalized expression for probability of r handoff (r = 0, 1, 2….) Pr may be

given as,

Pr ¼ 1� 1þ b
bþ l

� �2
 !

b
bþ l

� �2ðr�1Þ
1� b

bþ l

� �2
 !

¼ b
bþ l

� �2r

� b
bþ l

� �2rþ2
ð17Þ

3.2.3 Erlang-m, n Distribution Process

Erlang-m, n distribution is basically a combination of Erlang-m and Erlang-n distributions with

same scale parameter. Erlang-m, n distribution displays a greater adaptability, fitting random

variables or coefficient of variation lower or greater than one [23]. The corresponding pdf is,

WðxÞ ¼ pbm � xm�1

ðm � 1Þ! � e�bxþ 1� pð Þbn � xn�1

ðn � 1Þ! � e�bx for x� 0

0 otherwise

8<
: ð18Þ

where m and n are shape parameters, and (1/b) is the scale parameter of the distribution

function, p and (1 - p) are the probability of traffic shared by Erlang-m and Erlang-n,

respectively.

Therefore, the probability of zero handoff, P0, may be obtained as

P0 ¼ PrfT0 � hg ¼
ZZ
a\b

UðaÞWðbÞdadb ¼
Z 1

0

WðbÞ
Zb

0

le�ladadb

¼
Z 1

0

WðbÞdb �
Z1

0

WðbÞe�lbdb

¼ 1�
Z1

0

pbm � b3�1

ð3� 1Þ! � e�bbþ 1� pð Þbn � b23�1

ð23� 1Þ! � e�bb

� �
db

¼ 1� p
b

bþ l

� �3

þ 1� pð Þ b
bþ l

� �23
 !

¼ 1� S

ð19Þ

where,

S ¼ p
b

bþ l

� �3

þ 1� pð Þ b
bþ l

� �23

ð20Þ

Now,

PrfH1\T1g ¼ 1� Prfh � T1g ¼ 1�
ZZ
p\q

UðpÞWðqÞdpdq

¼ p
b

bþ l

� �3

þð1� pÞ b
bþ l

� �23

¼ S

ð21Þ
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Similarly,

PrfHr �Trg ¼ p
b

bþ l

� �3

þ 1� pð Þ b
bþ l

� �23

¼ S ð22Þ

Using Eq. (3), the probability of r time spectrum handoff is obtained as

Pr ¼ 1�1þ p
b

bþl

� �3

þ 1�pð Þ b
bþl

� �23
 ! !

: p
b

bþl

� �3

þ 1�pð Þ b
bþl

� �23
 !r�1

� 1� p
b

bþl

� �3

þ 1�pð Þ b
bþl

� �23
 ! !

= S �Sr�1 � 1�Sð Þ¼Sr 1�Sð Þ

ð23Þ

3.2.4 Lognormal Distribution Process

The lognormal distribution provides a useful mathematical tool for modeling real traffic in

a mobile environment. The lognormal function has been proved to give one of the best

modeling for channel holding time [24, 25]. In the current analysis the residual time of

spectrum hole is assumed to be varying as per lognormal distribution.

The probability distribution function for lognormal distribution is given as:

WðxÞ ¼
1

x
ffiffiffiffiffiffiffiffiffiffi
2pr2

p : e�ðlog x � bÞ2=2r2 for x� 0

0 otherwise

8<
: ð24Þ

where b is the scale parameter and r is the shape parameter.

Therefore, the probability of ‘r’ time’s spectrum handoff is obtained as

Pr ¼ L r � ð1� LÞ ð25Þ

where

L ¼
exp �W2 lr2 exp bð Þð Þþ2W lr2 exp bð Þð Þ

2r2

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ W lr2 exp bð Þð Þ

p
0
BB@

1
CCA ð26Þ

Here W(lr2 exp (b)) is the Lambert-W function. The derivation of Eq. (25) is shown in

‘‘Appendix’’.

4 Algorithm for Simulation of Proposed Models

The algorithm for implementation of the proposed model is explained through the flow

diagram as shown in Fig. 3. The average departure rate of cognitive user (l), average
departure rate of spectrum hole (k) and threshold of switching time before link failure

(trmax) are initialised. The exponential distribution function for call service time (T0) is

generated. For the range of departure rate of spectrum holes and cognitive users the

distribution of residual time Hr
i; (i = 1, 2, 3, 4, 5) [i = 1: exponential; 2: Erlang-2; 3:
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Erlang-3; 4: Erlang-3, 23; 5: lognormal] is generated as per various distribution functions.

The condition for zero handoff is checked and probability of zero handoff is obtained. The

process continues for first, second and third handoff and the respective probabilities are

acquired. The results are compared with the theoretical results for all the distribution

models. Individual probabilities of zero, first, second and third handoffs are also obtained

with respect to average departure rate of cognitive user (l), average departure rate of

spectrum hole (k).
The algorithm for simulating the probability of spectrum handoff with switching delay

(Fig. 2b) is also shown. After initializing the basic parameters as like the previous algo-

rithm, the switching delay distribution tr(i) is generated for all the distribution models used

and presented in this paper. The conditions for probability of handoff are checked and

probability of zero spectrum handoff is calculated. The results of probability of first,

Fig. 3 Flow diagram of algorithm for probability of spectrum handoff without switching delay

2530 W. Arif et al.

123



second and third handoffs for all the distribution models are obtained and are compared

with respect to average departure rate of cognitive user (l) and average departure rate of

spectrum hole (k).

Algorithm for  Spectrum Handoff Probability with switching delay tr(i)

Steps: 

1. Start 
2. Declare and initialize the variables 

μ % (average departure rate of  Cognitive user)      
λ %(average departure rate of spectrum  hole) 
tr(i)  % switching delay distribution 
trmax %(threshold of switching time before link failure) 

3. for (range of departure rate of spectrum hole& cognitive user) 
4.  Generate T0 : Poisson’s Process
5.  Generate tr(i) for Exponential, Erlang-2,Erlang-3 

   Erlang-3,23, Lognormal distributions 
6.  Generate range of residual time  

%   i=1: Exponential, 2:Erlang-2
                 3: Erlang-3, 4:Erlang-3,23, 5:Lognormal   

7. Check conditions for spectrum handoff  
8.  Calculate Pr : r=0,1,2,3,…
9. end  for (stop iteration )  % Monte Carlo Simulation
10. End  

Table 1 shows the statistical characteristic of various distribution functions presented in

this paper. The corresponding relationships between the scale and shape parameters for all

the distribution functions are stated in the table. The expectation or mean of the distribution

functions are obtained and summarized in the table. The expectation parameter is

important in analyzing the simulation model for probability of spectrum handoff.

5 Simulation Results and Discussion

The simulation results of the time relationship model of probability of spectrum handoff as

discussed in Sect. 3 is projected under this section. The Monte–Carlo simulation of all the

models is carried out in MATLAB�. In our simulation the distribution of one service call

Table 1 Statistical tools and relation between their parameters

Distribution function Probability distribution function f(x) Parameters Average E[Xi]

Scale Shape

Exponential be-bx 1=b – 1=b

Erlang-m bm � xm�1

ðm�1Þ! � e�bx 1=b m m=b

Erlang-m, n pbm � xm�1

ðm�1Þ! � e�bx þ 1� pð Þbn � xn�1

ðn�1Þ! � e�bx 1=b m, n ðpm þ ð1� pÞnÞ=b

Lognormal 1

x
ffiffiffiffiffiffiffi
2pr2

p � e�ðlog x � bÞ2=2r2 b r
e bþr2

2

� �
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duration of cognitive user is taken as Poisson’s random process and residual time of

spectrum holes are taken as mentioned in Sect. 3.2. We restrict our analysis up to third

spectrum handoff (zero to third) in this paper. The generalised expression derived is

capable of analysing and examining any number of spectrum handoff required. The range

of departure rate of cognitive user, l, is ranging from 1 to 720 calls/h and departure rate of

spectrum holes, k, ranges between 40 and 320 spectrum holes/h. The typical range of

values is assumed for a comprehensive analysis of the measuring parameter.

5.1 Comparison of Results for Exponential and Erlang-3 Distribution

The simulated and established theoretical results for exponential distribution and Erlang-3

distribution are shown in Figs. 4 and 5 considering l = 120 calls/h and average departure

rate of spectrum hole (k) varying from 40 to 320 spectrum holes/h.

From Figs. 4 and 5 it is observed that, in both the cases simulated results closely match

with theoretical results for the probability of zero spectrum handoff (P0), probability of first

spectrum handoff (P1) and second spectrum handoff (P2) under impact of parameter k.

Fig. 4 Impact of departure rate of spectrum holes (k) on the spectrum handoff for exponential distribution

Fig. 5 Impact of departure rate of spectrum holes (k) on the spectrum handoff for Erlang-3 distribution
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Similarly the simulated and theoretical results of probability of spectrum handoff for

exponential and Erlang-3 distribution under the impact of departure rate of cognitive user

(l) are shown in Figs. 6 and 7. The range of departure rate of cognitive user (l) is varying
from 1 to 720 calls/h and departure rate of spectrum holes (k) remains constant at

180 spectrum holes/h.

In both the cases the simulated results show close match with the theoretical results for

probability of zero to second handoff (P0 - P2). In Fig. 7, the simulated result of prob-

ability of zero to second handoff (P0 - P2) for Erlang-3 distribution is also found to be

closely matching with the theoretical results. However, for Erlang-3 distribution, the

simulated results are slightly deviating from the theoretical results due to the system

resource constrains.

Fig. 6 Impact of departure rate of cognitive user (l) on the spectrum handoff for exponential distribution

Fig. 7 Impact of departure rate of cognitive user (l) on the spectrum handoff for Erlang-3 distribution

A Comprehensive Analysis of Spectrum Handoff Under… 2533

123



5.2 Results for Different Distribution Functions Under Zero Switching Delay
with Varying Departure Rate of Spectrum Holes (k)

We have compared spectrum handoff probability varying from zero to third (P0, P1, P2 and

P3) under different realistic distribution model of residual time of spectrum holes which is

shown in Figs. 8, 9, 10 and 11. In this analysis we have kept average departure rate of

cognitive user (l) constant at 120 calls/h and vary average departure rate of spectrum hole

(k) from 40 to 320 spectrum holes/h.

As observed in Fig. 8, with the increased departure rate of spectrum holes (k), the mean

departure time of spectrum holes (1/k) decreases and hence the probability of spectrum

handoff increases. As a result, the probability of zero spectrum handoff (P0) decreases as

shown in Fig. 5. Erlang-3, 23 offers 14.09 % higher probability of no handoff with respect

Fig. 8 Impact of departure rate of spectrum holes (k) on zero spectrum handoff (P0)

Fig. 9 Impact of departure rate of spectrum holes (k) on probability of first handoff (P1)
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to exponential distribution. The same for Erlang-2, Erlang-3 and Lognormal is 8.71, 11.89

and 3.37 % respectively as compared to exponential distribution.

From Fig. 9 it is observed that the probability of first spectrum handoff (P1) increases up

to a certain level of departure rate of spectrum holes (k). This is because of large value of k
indicating fast moving rate of spectrum holes; resulting in increase of P1. For the expo-

nential and lognormal distribution, P1 increases till k & 120 spectrum holes/h and for

Erlang-2; Earlang-3 and Erlang-3, 23 distribution P1 increases till k & 140 spectrum

holes/h after which P1 tends to settle down to minimal variation.

We observe from Figs. 8 and 9 that Erlang-3, 23 offers minimum probability of first

handoff (P1) under the presented scenario. Likewise, the impact of departure rate of

spectrum holes (k) on P2 and P3 are shown in Figs. 10 and 11. In both the cases it is

observed that the probabilities of spectrum handoff are less in Erlang-2 distribution as

compared to exponential distribution but the values are minimum in Erlang-3, 23 distri-

bution as compared to all other distribution mentioned here.

Fig. 10 Impact of departure rate of spectrum holes (k) on probability of second handoff (P2)

Fig. 11 Impact of departure rate of spectrum holes (k) on probability of third handoff (P3)
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Table 2 shows a comparison of average percentage improvement in probability of

handoff (one to third) of Erlang-2; Eralng-3; Erlang-3, 23 and lognormal distribution with

respect to exponential distribution. The result shows Erlang-3, 23 offers superior

improvement as compared to other distribution models used in this paper.

5.3 Results for Different Distribution Functions Under Zero Switching Delay
with Varying Departure Rate of Cognitive Users (l)

The impact of departure rate of cognitive user (l) on spectrum handoff is important to

asses. In this section we have fixed the departure rate of spectrum holes k = 180 spectrum

holes/h and varied the departure rate of cognitive users from 1 to 720 calls/h. The results

are shown in Figs. 12, 13, 14 and 15, which compares probability of zero to third handoff

(P0 * P3) under different distribution strategies.

The result of probability of zero handoff (P0) in Fig. 12 shows an increase rate of

spectrum handoff with respect to average departure rate of cognitive user (l). This is

because as the value of l increases, the mean departure time of cognitive user (1/l)
decreases resulting in reduction of probability of spectrum handoff.

As a result, the probability of no spectrum handoff (P0) increases. The result in Fig. 12

shows that Erlang-3, 23 model tenders 15.71 % higher probability of no handoff compared

to exponential distribution whereas the same for Erlang-2, Erlang-3 and Lognormal is 9.77,

12.66 and 2.22 %, respectively. Under the presented scenario the result obtained for

Erlang-3, 23 is better in comparison with other distribution functions applied in the work.

Table 2 Percentage improvement of spectrum handoff probability (zero to third) for different distribution
models compared to exponential distribution under the impact of departure rate of spectrum holes (k)

Distribution functions Erlang-2 Erlang-3 Erlang-3, 23 Lognormal

Improvement (in %)

P1 1.5205 2.4602 4.1487 1.4399

P2 10.7328 14.1093 18.4488 -0.2629

P3 17.3448 24.0880 29.3706 -1.4979

Fig. 12 Impact of departure rate of cognitive user (l) on probability of zero handoff (P0)
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Figure 13 shows that probability of first handoff (P1) increases up to certain value of

departure rate of cognitive user (l) after which it decrease for all the distribution

approaches. The peak values of probability of first handoff for the applied distribution,

namely, exponential, Erlang-2; Erlang-3; Erlang-3, 23 and lognormal, are measured to be

at l = 221, 201, 201, 201 and 241 calls/h, respectively. Though the maximum value of

probability of first handoff is observed in case of Erlang-3, 23 but considering the entire set

of results it is inferred that Erlang-3, 23 offers best output in terms of utilization of band

with minimum handoff.

Likewise, the characteristic curves for probability of second (P2) and third handoff (P3)

are shown in Figs. 14 and 15 respectively. The patterns of the results show much similarity

with that of P1 in Fig. 13 but with different instantaneous values. In both the cases, Erlang-

3, 23 distribution provides better result as compared to others in terms of probability of

handoff.

The average percentage improvement in spectrum handoff probability (one to third) of

various distribution models with respect to exponential distribution is summarized in

Table 3. The result shows Erlang-3, 23 offers better result in terms of probability of

handoff (one to third) compared to other distribution functions used in this paper.

Fig. 13 Impact of departure rate of cognitive user (l) on probability of first handoff (P1)

Fig. 14 Impact of departure rate of cognitive user (l) on probability of second handoff (P2)
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5.4 Results for Different Distribution Functions with Nonzero Switching
Delay with Varying Departure Rate of Spectrum Holes (k)

In this section we investigate the variation of probability of spectrum handoff with respect

to departure rate of spectrum holes (k) for various distribution functions with non-zero

switching delay (tr).

In this case, we keep l constant at 120 calls/h and typical switching delay tr = 5 ms

(switching delay varies considerably across different implementation strategies). We vary

departure rate of spectrum holes (k) from 40 to 320 spectrum holes/h for simulation.

From Figs. 16, 17, 18 and 19, results of probability of zero handoff to third handoff

(P1 - P3) are compared for exponential, Erlang-2; Erlang-3; Erlang-3, 23 and lognormal

distribution of residual time considering switching delay tr in between the spectrum holes.

The average value of probability of zero handoff (P0) with respect to departure rate of

spectrum holes (k) with non-zero switching delay is greater than the value obtained without
the switching delay, as shown in Figs. 8 and 16 because switching delay enhances the

residual time distribution. The result explains, the value of probability of zero handoff (P0)

is maximum for Erlang-3, 23 distribution compared to all other distribution functions used.

For probability of zero handoff (P0), Erlang-3, 23 offers 9.34 % improvement with respect

to exponential distribution whereas Erlang-2, Erlang-3 and lognormal offers an improve-

ment of 5.94, 7.73 and 0.96 % as compared to exponential distribution respectively.

Table 3 Percentage improvement of spectrum handoff probability (zero to third) for different distribution
models compared to exponential distribution under the impact of departure rate of cognitive user (l)

Distribution functions Erlang-2 Erlang-3 Erlang-3, 23 Lognormal

Improvement (in %)

P1 15.5615 23.2289 31.8254 2.3862

P2 32.7177 44.5149 53.2163 3.9708

P3 10.8377 15.3960 19.3717 -0.5777

Fig. 15 Impact of departure rate of cognitive user (l) on probability of third handoff (P3)
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Due to the similar reasons the average values of probability of first, second and third

(P1, P2 and P3) comes out to be less in comparison to the results obtained without tr as

shown in Figs. 17, 18 and 19. Erlang-3, 23 offers minimum value of probability of handoff

(P1, P2 and P3) as compared to other distribution functions used in this paper.

The results in Table 4 highlight the average percentage of improvement in probability

of spectrum handoff (one to third) for Erlang-2; Erlang-3; Erlang-3, 23 and lognormal

distribution functions in comparison with exponential distribution. Presented result in

Table 4 specifies the superior performance improvement of Erlang-3, 23 in terms of

number of spectrum handoff (one to third) in comparison to other distribution models used

in this work.

Fig. 16 Impact of departure rate of spectrum holes (k) on probability of zero spectrum handoff (P0) with
switching delay

Fig. 17 Impact of departure rate of spectrum holes (k) on probability of first handoff (P1) with switching
delay
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Fig. 18 Impact of departure rate of spectrum holes (k) on probability of second handoff (P2) with switching
delay

Fig. 19 Impact of departure rate of spectrum holes (k) on probability of third handoff (P3) with switching
delay

Table 4 Percentage improvement of spectrum handoff probability (zero to third) with non-zero switching
delay for different distribution models compared to exponential distribution under the impact of departure
rate of spectrum holes (k)

Distribution functions Erlang-2 Erlang-3 Erlang-3, 23 Lognormal

Improvement (in %)

P1 3.8001 6.0258 8.1361 0.4842

P2 13.1701 18.5949 21.7480 -0.0229

P3 20.2064 26.9535 33.3235 -2.3352

2540 W. Arif et al.

123



5.5 Results for Different Distribution Functions Under Nonzero Switching
Delay with Varying Departure Rate of Cognitive User (l)

In this section we investigate the variation of probability of spectrum handoffs keeping

departure rate of spectrumholes (k) fixed at 180 spectrumholes/h and switching time tr = 5 ms

and varied the departure rate of cognitive users from l = 1–720 calls/h. For different distri-

butions of residual time (exponential, Erlang-2; Erlang-3; Erlang-3, 23 and lognormal) the

comparison of probability of spectrum handoff, zero to third, (P0 - P3) are obtained consid-

ering switching delay tr and are presented in Figs. 20, 21, 22 and 23, respectively.

Table 5 shows the probability of zero spectrum handoff for various distribution func-

tions with zero and non-zero switching delay. The results show Erlang-3, 23 offers

maximum probability of zero spectrum handoff under both switching delay conditions as

compared to other distribution functions used and presented in this paper.

The result exhibits that Erlang-3, 23 is best performing distribution which offers

maximum value of probability of no handoff (P0). Erlang-3, 23 shows 22.74 % higher

Fig. 20 Impact of departure rate of cognitive user (l) probability of zero handoff (P0) with switching delay

Fig. 21 Impact of departure rate of cognitive user (l) on probability of first handoff (P1) with switching
delay
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probability of no handoff with respect to exponential distribution, whereas, Erlang-2,

Erlang-3 and lognormal offers 13.95, 18.42 and 4.65 % improvement over exponential

distribution respectively.

Fig. 22 Impact of departure rate of cognitive user (l) on probability of second handoff (P2) with switching
delay

Fig. 23 Impact of departure rate of cognitive user (l) on probability of third handoff (P3) with switching
delay

Table 5 Comparison of values of zero spectrum handoff probability at an arbitrarily chosen value of
l = 301 calls/h under zero and tr = 5 ms switching delay

Probability of zero spectrum handoff (P0) Exponential Erlang-2 Erlang-3 Erlang-3, 23 Lognormal

P0 under zero switching delay (Fig. 12) 0.6261 0.6999 0.7343 0.7587 0.6213

P0 under non zero switching
delay (Fig. 20)

0.6458 0.7634 0.8158 0.8636 0.6813
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As shown in Figs. 21, 22 and 23, the values of probability of first, second and third (P1,

P2 and P3) are increasing initially up to a certain value of l in the range between 0 and

80 users/h and decreasing thereafter. The result shows that Erlang-3, 23 distributions offers

minimum values of probability of first spectrum handoff compared to other distribution

functions considered in this paper.

Percentage improvements in probability of handoff (one to third) for various distribu-

tion functions in comparison with exponential distribution are summarized in Table 6. The

results in Table 6 reflect that Erlang-3, 23 offers better result in terms of spectrum handoff

(one to third) compared to all other distribution models used in our work.

5.6 Probability of Spectrum Handoff Versus Number of Handoff

We also investigate the variation of probability of spectrum handoff with respect to the

number of handoffs (restricted to 10) for all the distribution models. The result is shown in

Fig. 24. The variation of the same for different departure rate of spectrum holes and

cognitive user for exponential and Erlang-3, 23 are also acquired for a more realistic

implication of the models. The aim is to understand the effect of number of handoffs on

probability of spectrum handoff.

In Fig. 24 the probability of spectrum handoff in exponential, Erlang-2; Erlang-3 and

Erlang-3, 23 distributed environment is compared to the number of handoff as parameters

with k = 320 spectrum holes/h and l = 120 calls/h.

Table 6 Percentage improvement of spectrum handoff probability (zero to third) with non-zero switching
delay for different distribution models compared to exponential distribution under the impact of departure
rate of cognitive radio (l)

Distribution functions Erlang-2 Erlang-3 Erlang-3, 23 Lognormal

Improvement (in %)

P1 18.3465 26.2154 35.1720 2.6509

P2 35.3709 46.3750 55.7942 3.9708

P3 47.6060 58.1802 66.2212 6.7667

Fig. 24 Probability of spectrum handoff (Pr) versus number of handoffs (r) for various distribution model
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The probability of spectrum handoff at r = 0 (i.e. probability of zero spectrum handoff)

is the highest in case of Erlang-3, 23. However, its value reduces considerably and acquires

the least value from first handoff onwards which establishes the efficiency of Erlang-3, 23

model over the other distribution models used in our analysis. It may also be observed that

the total number of handoff is reduced considerably if Erlang-3, 23 distribution is applied

in the spectrum handoff model as compared to other distribution models presented in this

research work.

Figures 25 and 26 show the result of Pr for different values of departure rate of spec-

trum holes (k) and cognitive users (l) which also establishes the superior performance of

Erlang-3, 23 distribution function in spectrum handoff estimation.

Fig. 25 Probability of spectrum handoff (Pr) versus Number of handoffs (r) with different departure rate of
spectrum holes (k) for exponential and Erlang-3, 23

Fig. 26 Probability of spectrum handoff (Pr) versus number of handoffs (r) for different departure rate of
cognitive user (l) for exponential and Erlang-3, 23
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6 Conclusion

The probability of spectrum handoff is one of the fundamental components to critically

analyze the performance of the spectrum mobility and spectrum management in a cognitive

radio network (CRN). In this paper, we have investigated important distribution functions for

tele-traffic analysis and their impact on a spectrum handoff in CR.We have established a state

of the art generalized structure to estimate the spectrum handoff for diverse distribution

models which has practical significance for implementation of system design.We presented a

detailed comparison of percentage improvement of probability of handoff (zero to third) for

various distribution models with respect to exponential distribution. In all our results Erlang-

3, 23 distribution function confirms better performance as compared to exponential, log-

normal and other Erlangian family such as Erlang-2 or 3.We also have analyzed the effect of

switching delay in the measurement of spectrum handoff. However, in many practical sce-

narios lognormal-3 and Hyper-Erlang are found to be promising distribution model which

will be included in our future work for analysis of spectrummobility. Spectrum handoff with

multiple users and inter cell spectrum handoff under random user-mobility scenario are two

important research challenges to be addressed in the domain of spectrum mobility in CR.

Appendix: Derivation of Probability of ‘r’ Times Spectrum Handoff
for Lognormal Distribution

The probability of zero spectrum handoff for lognormal distribution of residual time is

calculated as:
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indicates the Laplace transform of lognormal distribution and which is approximated as [25],
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where W(.) is the Lambert W function which is defined as the solution of the equation

W(x) � exp(W(x)) = x, where exp(W(x)) is an exponential function and W(x) is any

complex number.

Hence

P0 ¼ 1�
Z1

0

1

b
ffiffiffiffiffiffiffiffiffiffi
2pr2

p � e�ðlog b � bÞ2=2r2e�lbdb

¼ 1�
exp �W2 lr2 exp bð Þð Þþ2W lr2 exp bð Þð Þ

2r2

� �
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Similarly,

PrfH1\T1g ¼ 1� Prfh � T1g ¼ 1�
ZZ
p\q
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Also we can express,

PrfHr �Trg ¼
exp � W2 lr2 exp bð Þð Þþ2W lr2 exp bð Þð Þ

2r2

� �
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Therefore from Eq. (3), the generalized expression for probability of r handoff (r = 0, 1,

2,….) Pr is obtained as Pr = (1 - 1 ? L) (L)r-1 (1 - L) = Lr(1 - L) (Eq. 25).
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