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Abstract

Recently, cooperative and distributed processing has been attracted a lot of attention, especially in wireless sensor
networks, to prolong the network’s lifetime. So, distributed adaptive filtering, which operates in a distributed and adaptive
manner, has been established. In the distributed adaptive networks, in addition to filter coefficients, the length of the
adaptive filter is also unknown in general, and it should be estimated. The distributed incremental fractional tap-length (FT)
algorithm is an approach to determine the adaptive filter length in a distributed scheme. In the current study, we analyze the
steady-state behavior of the distributed incremental variable FT LMS algorithm. According to the analysis, we derive the
mathematical expression for the steady-state tap-length at each particular sensor. The obtained results indicate that this
algorithm overestimates optimal tap-length. Numerical simulations are provided to confirm the theoretical analyses.

Keywords Adaptive networks - DILMS algorithm - Distributed estimation - Fractional tap-length (FT)

1 Introduction

Wireless sensor network (WSN) has been adopted as one of
the most potential applications in many research fields,
such as environmental monitoring, factory instrumentation,
power transmission and distribution systems, and military
surveillance [1]. In many applications, the objective is to
estimate a desired unknown parameter employing mea-
surements collected from the sensor nodes and the dis-
tributed solution is usually used to estimate the parameter.
The distributed estimation extracts the information col-
lected from the sensors distributed in an area. The distri-
bution of the sensors, in addition to the temporal
dimension, provides spatial diversity to improve the
robustness of the processing tasks [2]. In the distributed
solution, each sensor node relies on its local measurements,
communicates with its immediate neighbors, and the pro-
cessing is distributed between all sensors. In this solution,
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the processing and communications measurements are
significantly decreased.

Recently, distributed adaptive estimation approaches (or
adaptive networks) have been proposed to solve the linear
estimation problem in a distributed and adaptive manner.
The distributed adaptive approach extends the adaptive
filters to the network domain, which is performed without
prior knowledge of data statistics. The adaptive networks’
performance strongly depends on the cooperation modes of
incremental and diffusion [3]. In the incremental scheme, a
cyclic path is needed, and the sensors communicate with
their neighbors inside the path. The incremental LMS
algorithm [4], incremental RLS algorithm [5], incremental
affine projection-based adaptive (APA) algorithm [6] are
distributed adaptive estimations that use incremental
cooperation. When more communications and energy
resources are accessible, a cooperative diffusion mode is
utilized. In this mode, each node communicates with all its
neighbors as managed by the network topology, and it is
not required any cyclic path. The diffusion LMS [7], dif-
fusion RLS algorithm [8], and diffusion APA [9] are dis-
tributed adaptive estimation algorithms that use diffusion
cooperation.

In most of the previous studies of distributed adaptive
estimation algorithms [4-9], the tap-length of the adaptive
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filters is constant for each node. This issue is not proper in
general because the optimal value of tap-length is variable
or unknown. The tap-length of a linear filter significantly
influences its performance. The deficient tap-length likely
increases the mean-squared error (MSE), whereas the
excess mean-squared error (EMSE) and computational cost
will be high when the tap-length is too large. Hence, there
is an optimal value for tap-length to balance the conflicting
requirements of performance and complexity. Furthermore,
in many applications, the optimal tap-length may be time-
variant. So, a variable tap-length algorithm is required to
determine the optimal length. In the single filter domain,
many algorithms have been introduced for this purpose
[10-21]. The most efficient algorithm among them is the
FT algorithm [21]. This algorithm, like the LMS and its
variants [22-24] is simple and has an excellent perfor-
mance. Thus, it is considered a popular algorithm, and in
the adaptive networks domain, it is more suitable than all
variable tap-length algorithms. In [25], the FT algorithm
has developed in the context of incremental learning for
distributed networks. Two recursive algorithms run con-
currently, one for estimating the tap-length and the other
for estimating the tap-weights. The authors in [25] only
provide a steady-state analysis to examine the steady-state
performance of the tap-weight vector. This issue is per-
formed by deriving the theoretical expressions for the
mean-squared deviation (MSD), MSE, and EMSE for each
node within the network. For this purpose, the authors
assume a fixed tap-length at the steady-state scenario, but
they have not provided any theoretical expression for this
steady-state tap-length. In this paper, we investigate a
theoretical expression for steady-state tap-length achieved
in the incremental structure tap-length adaption for each
node. The achieved results indicate that this algorithm
overestimates the optimal tap-length. Simulation results
validate the derived theoretical expressions.

The remains of the paper are organized as follows. In
Sect. 2, we provide the background that includes the esti-
mation problem and its incremental-based solution. In part
3, we analyze the performance of distributed incremental
variable FT LMS algorithm. In this part, we also calculate
the mathematical expression for the steady-state tap-length
at each sensor. The comparison of the simulation results
and theoretical analyses is given in Sect. 4, while conclu-
sion remarks are presented in Sect. 5.

Notation: For ease of reference, the main symbols used
in this paper are listed in Table 1.
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2 Incremental FT-LMS algorithm

We consider N sensor nodes spatially distributed in a
region. The objective is to estimate the coefficients and the
length L, of an unknown vector wzm from multiple
measurements obtained from N sensors of the network. The
adaption rules for the coefficients and the length of w¢

opt

are decoupled, where the selection of each node does not
depend on the other. As we will present later, the tap-length
L is calculated using the tap-length estimation algorithm.
We also suppose that each node k has access to time
realizations {dy (i), u;,;} of zero-mean spatial data {dy, u;},
where d; and uy are respectively the scalar and 1 x L row
regression vector.

By collecting the measurement data and regression into
global matrices, the following definitions are made:

déCOI{dl,dz,...,dN} (N X l)
U2col{uj,uy,.. . uy} (N xL)

(1)

First, we consider the unknown parameter coefficients
estimation. The aim is the estimation of L x 1 vector w that
solves arg miny, J;.(W), where

Ju(w) = E{[|d — Uw|*} (2)

Let 1//,(5) be the local estimation of the unknown parameter
at node k in time instant i. In [4], a distributed incremental
LMS (DILMS) approach is reported to solve the above
optimization problem as follows:

v =)+ e (di(i) — ey )

ke N ®)

where the parameter y, is the proper selected positive local
step-size. Each sensor k emploies the local data di (i), uy;
and lﬁ}fll received from the sensor k — 1. Then, tﬁ,(\’}) is used
as the initial condition for the next time at sensor node
k=1.

Considering the tap-length L, the segmented cost func-
tion is defined as [25]:

I (W)2E{||d — Uywy |’} 4)

where 1 <M <L, Uy and w, respectively contain the

initial M column vectors of U and M elements of w such as:

wy=col{w(1),w(2),...,w(M)} (1 xM)
Uy=col{u;(1: M),us(1:M),...,uy(l: M)} (5)
(N x M)

where w(j) is the j’th element of w and u,(1 : M) consists
of the M initial elements of wu;. In [25], to explore the
optimal length L,,, the smallest difference of MSE esti-
mation is proposed as:
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Table 1 The main symbols Symbol

Description

Il

P
E{}
col{.}
0p71
01 5p
I
r(A)
O
()

Absolute operation

Squared Euclidean norm operation
Statistical expectation

Column vector

M x 1 zero vector

1 X M zero vector

L x L identity matrix

Trace of matrix A

Transposition

Conjugation for scalars and Hermitian transpose for matrices

min{ L | J" (w) — I (w) <&} (6)

where ¢ is a small positive value and it is predetermined by
the system requirements. The integer value A prevents the
tap-length to be suboptimal.

In [25], to solve the optimization problem (6) a solution
by developing the FT algorithm within the context of
incremental cooperation has been proposed. With the
assumption that £, ¢(i) denotes the local estimation of the
FT at sensor k in time instant i, in the specific topological
circle, sensor k receives the calculated FT ¢;_; (i) from
sensor k — 1 and updates its local estimation as:

b (1) = (b1 g () — o) =

(eSO w))" = (5Dl )] 7
where
ez(fﬁfgi ('/’1(21) = di(i) — uk,ilﬁ/(jl] (8)
and

el(clzk(z;ﬂ ('P;@l) = di (i)
—ui(1: L) — A (12 Li(i) — A)

In which u ;(1 : Lg(i) — A) and nlll(ﬁl (1: Li(i) — A) consist
of the initial Ly (i) — A elements of u;; and !//,(31 respec-
tively. In (7) o denotes the local leakage factor and y,
indicates the local step-size for ¢ /(i) adaption at sensor k.
lis (i) is no longer forced to be an integer value, and the
local estimation of integer tap-length L (i) is achieved
from the FT as follows:

V()] if |Li(i) — bep (i) > 0k
Li (i) ow

©)

L1 (i) = { (10)

where | .| indicates the floor operation, which rounds down
to the nearest integer, and J; is a small integer. Also the

tap-length during its evolution is conditioned to be not less
than a lower floor value L,;,, where L,;, > A (usually
Lyin = A+ 0+ 1), ie., when the tap-length fluctuates
under L,,;,, it is set to L,,;,. The necessity of this operation
is due to using Ly (i) — A as a tap-length in the incremental
FT algorithm.

With L, (i), the tap coefficients are then updated by (3)

in which the length of vectors uy; and l//,@1 are adjusted by
Li (7).

3 Steady-state analysis of incremental
variable FT LMS networks

In this part, we intend to obtain the mathematical expres-
sion for the steady-state tap-length of incremental FT
algorithm for each sensor node. First, we assume a linear
model as:

dk(l) = llLﬂp,kJ‘WZ + Vk(i) (1 1)

opt

where vy (i) is temporally and spatially white noise element
with zero mean and variance as,k and independent of u, ¢ ;
and dy(j) for all £, j. In (11), uy, 4« ; is a vector of length L.
Since in this scenario, the length of the vectors varies in
each iteration, so it is convenient to define an upper bound
for the length and pad the vectors by zeros to achieve this
length. So, we obtain vectors with the same length that
simplifies the calculations. Thus, we define the upper
bound for length L, as:

Ly > max{Lop, L(i)} ~ for all i (12)

By this definition, using w;, we denote the unknown

parameter w‘zﬂm, where w;,, is obtained by padding qum
with L, — Loy, zeros. In this way, we define the vector

'l’g,)b,kfl that is obtained by padding l//,(fz1 with Ly, — Li (i)
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zeros. Now we partition the unknown parameter wy,, into
three parts as:
w
w (13)
i

where W is the part modeled by l/lfi 1> and W is the part

modeled by lﬁ,@l such that:

W =0 (L) - A)
v (i) i . .
Ui = (L) = A1 L)

where ‘/’1@1 (1 : Lg(i) — A) consists of the initial L, (i) — A
elements of t//,(('zl and l//,(le(Lk(i) — A+ 1:L(i)) consists

(14)

of the last A elements of l//,@1 and w is the undermodeled

part. Now we define the vector WLl)b «—1> that computes the

difference among the estimated weight at sensor k — 1 and
the desired solution wy,, as:

! (i)

Vigk1 = Wy =V, 51 (15)
and it is partitioned into three parts as:

, TR
U (i .. s
Vigit = Wy — '/’Lfb,kfl =Y 'P;Ql

w 0L, L (i))x1
(i =(i)
W — l/’/izl '/,’61
R A ‘1}1(21 - ./”‘fl
w
k-1

(16)

For convenience of analysis, similar to w;, and W(Ll“)hkal,
we partition the regression vector uy,, x; with length L,
into three parts uy,, t; and #; ;. Considering the above
notations and replacing (11) and (15) into (8) and (9) and
padding all the vectors in (8), (9) and (11) with zeros to
make their length equal to L,;,, we have:

@ Springer

(L (2)

€L L ('/’k )= uanrkleOp, - “k,i'pl(clll + v (i)
W

(i)
=Ur, ki 0 — UL, ki Vi
(Lub—Lopr) X1 0L, —1.(i))x1
+Vk(i)
- uLuh-,kJ‘/Iy,,)h,kfl + (i)
— i) )+ i)

—(i) .
= uLubyk,l‘lﬁLub’k,l + Vk(l)
—(i)

k—1
Vi
(i)
Vi

o= =) _
= llk,['#kq + ukai!pk—l + uk.,i'pk_l + Vk(l)

and

0

= UL, k,iWL,

= uLub,k.i(wLub

= [ug; g U + vi (i)

A ”
— MY (1 L) — A) + vie(i)

i (i)
— Uz, ki [ '//k_l ]
01— Li(1)+a)x1

— WO
- uLuprk 5l WL

—l.lk’,'(l : Lk(i)

0
w
Lopt

=Ur, ki 0
(Lub*Lopt) x1

0 e :
=ty Wy U W U WA (D)
(18)
The main term in the FT updating (7), is written as:

L) 7.(1) \£\2 ; i
(s D)) = (e

Leli i i i
= (el(c,Z:(Z';(ll’l(cll) /ELIE() A('/’(>1)) (19)
Le(i L i
(e 0 ) + e A wll)
Substituting (17) and (18) in (19) results:

Li(i D 2

(ekLk< (l/’k 1)) (eiif&?_A('/’Ql))

o=@ .

= (llk,il/’;f;; - “k-i"‘?(‘) (20)
X (Zﬁk,iWk_] + ﬁk.i%k_l

+ l.l.k,i\x/ + 2iik,i w +2vk(i))

2

By multiplying the parentheses in (20), we get:
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S ) = (B0 )
(@i, — 20
+2ﬁk,i¢/(illik,i$/(il - Zlik,iJ-}(ilﬁk,iW (21)
. 2
+ |:l'l'k_il)/.,(j>1:| - [ﬁk.i‘ﬂz

(i
2 Wi, — 2 Wi ;W

For the ease of presentation, we define the following
parameters:

N0
A = 2vi ()it
C = 2y, gy,

=() 17 2 (22)
E= |:ﬁk,i'l’k—1:| ; F = [iig ;W]

B = 2Vk (l)llkJW

—(0)
D = 2u i, iy ;W

I =(i) e .
G= 2uk,iwukﬁ,~lﬁk71, H = 211](7inlk7iW

From (7), (21) and (22) we have:

U (i) = (b p (i) — o)

(23)
~WA-B+C—D+E—F+G-H|

Now, according to the update equation, we analyze the
steady-state performance. For simplicity of analysis, the
following assumptions are made.

1. The regressors uy, ;; are spatially and temporally
independent.

2. The components of uy,;; are obtained from white
Gaussian random process with zero mean and
variance ai_’k. The covariance matrix of wy,;; is
Ru,k = 0'37](1.

3. In the steady-state, the tap-length in node k approx-
imately converges to the constant value Li(c0). Also
we assume that at steady-state, Ly(co0) > L. This
overestimate phenomenon will be justified by the
results of the analysis.

4. The elements of the unknown parameter are obtained
from the zero-mean random sequence with variance
o2.

5. We assume that in the

(i) =6 77
| %
—-(i) ~-(i)

k—1 k—1

steady-state

_ 2 2 i
} = O-E,kfll’ where GE,kfl is the

— (i) (i)
variance of the elements of ¥,_, and y,_,.

As a result of these assumptions, we can say that t//,(('z] and

consequently J(Lly),,.k—l (or %81 and J,(il) are independent
from wug,, x; and v (7).

Considering the assumptions 1-5 and performing the
mathematical expectations from both sides of (23) in
steady—state, we have:

E{ls(i)} = (E{l15(])} — o)
—wE{A—B+C—-D+E—-F+G—H},i— o
(24)

With the assumption of L;(c0) and Ly (00) as steady-state
tap-length of nodes k and k — 1 we have:

Li(o0) = (Ly—1(00) — o)
—WE{A~B+C—D+E—F+G—H},i— oo
(25)

To continue, we evaluate the moments in (25). From the
assumptions 1-5 and their results we have:

E{A} = EQu(iicihy 1} = 2E{n ()} Ediie ¥y 1} = 0
E{B} = E{2vi(i)iic,#) = 2E{vi ()} E{ii#} = 0
E{C} = E{2iix 9y i, 1)
2B (i ) E(Py  VE G, ) =0

E(D} = E{2uig i, i W} = 2E g VE{fh, 1} Eiig }E{W) = 0

i) - £ ) = (el i | B

L= =)
= E(tr{tx i, _ ¥y, })
Lo =0
= E(tr{dx ¥, ¥, _0xi" })
oo =) =)
= E(tr{dx; Uy W1 })
. T () =)
= tr(E{uk-,iTuk,i}E{'/’k—l'pkfl})
() ()"
= tr(og IaE{W, W, })

s (i) =2(0) 2
= o E(tr{d 1 }) = o E{ Wi
.2 .
E{F} = E{ [, W] } = op E{||W]"}
(26)
According to assumption in the steady-state, L (00) > Loy,
so, in steady-state w =0 and it is resulted that in the

steady-state the terms G and H will disappear. From this
and substituting(26) in (25) result:
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iy 2
Li(00) = (Lir(o0) =) ~ b (EQWA ) (o)

Hk»féﬂk—lﬁk—r ~BiBuBN-1- -

BisiBrse—r  £=1,...,N

— E{||W|*}},i — oo (32)
{73 se=gafi + Meafirr + -+ Mev—1fics
If (Lx—1(00) —A) > Ly, then in the steady-state W =0, + I nfiez + fiot
but, if (Ly_i(c0) —A) <L,,, then W consists of L, — )
Li—1(00) 4+ A nonzero elements of w{,,» S0 we have: with
2 (Lopt — Li—1(00) + A)a2 if Loy < Lg—1(00) < Loy + A
E{|[w[} =1 " 7 ' (28)
0 if Ly (OO) > L(,p, + A
In fact, if L;(c0) and Ly_;(oc0) are not exactl.y equal, but Bo=1-2102,
are almost equal. We can temporarily assume ’ (33)
- + 120%  (Li_1(00) 4 2)
Li(00) = Ly_1(00), and rewrite (27) as: PO g \Fe—1
(i) 2 o and
B} — BN )
: fi =202, (1 = a2 )|
= —o(k/ﬂ))ko-ik i — 00 k Hi uk Hye u,k
| + 1200 13 L1 (o0) (34)

Now if we assume that L;_j(0c0) > (L, +A), then
according to (28) discrepancy is seen between the parties of
(29). Because of this assumption, the left-hand side of (29)
is higher than zero, but the right-hand side has a negative
value. Thus, we conclude that L, < Li—1(00) < (Lo + A)

will hold true. According to this and by defining Py, x—1 =
J(ij?k_, and partitioning of Py, i similar to J(L?hk_] in

(16) into three parts Pk, L I'ik, 1 and 15/(, | We can rewrite
(27) as:

Li(o0) = (Li—1(00) — o)

oo . (30)
=7k {E{ Pt} = (Lopr — Li—1(00) + A)o}

In order to evaluate the term E{||P;_, ||2} we need the
steady-state MSD of the deficient length DILMS algorithm.
In [26], we have introduced the concept of deficient length
DILMS algorithm and derived an expression for its steady-
state MSD. The main results are included in appendix A to
make the paper self-contained. Here we rewrite the
resulting MSD that appears in appendix A, (71), as:

E{|[Pr, 17} = (1 = Tet) s (31)
In comparison with (71) here the subscript L, in
E{||PL{W,,<,1||2} is modified as L,,, since here we are

assuming that the length of the unknown parameter equals
to Ly, . In (31), I and si are defined as:

@ Springer

= ﬂl%"'g,kai,kLk—l (00)

By comparing (33) and (34) with (66) and (69), we observe
that in (33) and (34), M has changed to L;_; (c0), since here
in the steady-state the length of adaptive filter in sensor
k — 1 is equal to L;_;(c0), while in appendix A, length M
is considered for the adaptive filter of each sensor. Also
||WL0PI_M||2 in (69) has changed to ||WH2 in (34), since

according to partitioning in (13), here w;_ s is equivalent

opt

to w, which is also consistent with w = 0 in the steady-
state. Now using (31)-(34) we want to compute

E{||Pr_ ||2} In order to do so, first we divide the steady-
state MSD into three parts as:

b . 2 .. 2
E{IPry 117} = E{I[Pet [} + E{[[Pea [}

.2 (35)
+ E{[[Per] }
Using the assumption 5, and since Py_; = ¢, | = w =0,
we have:
So2
E{[|Pea[|"} = (Li-1(00) — Aoz,
.. 2
E{|[Pi1["} = Aoz (36)

Yk—1
2
E{[[Pe][ } =0

Substituting (36) into (35), we get:
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E{||Pr, 1]’} = Li—i(o0)ay, | (37)  Li(00) = hpLy—1(00) + gk (47)

From (37) and (36) we have: It should be noted that (47) is a coupled equation: it con-

A tains Ly (00) and Ly (00), i.e., information of two different

E{”P.kfl ||2} - Li]gj{”pw“ki1 ||2} (38) locations. To mitig?te this issue, we use ring topology [4]-
k-1(0) [6]. Thus, by iterating (47), we have:

According to (31), the eqution (38) is rewritten as:

.. 2 A .
E{||P_ =—(1-11
{IPe-1 "} LH(OO)( K1) Sk (39)
or
. 2 1.
E{|Bii |7} = AL — Tp) s (40)
where
PN Sk . .
=—— =11 I1
Sk Lo 1(00) k2f e+ Weafir +
+ Ty 1fis (41)
+ enfi o + i
with
: Ji 22 2
= = o 0 42
fk Lk,1<OO) i v.kY uk ( )

Substituting (40) into (30) results:
Ly(00) = Ly (00) — o
— 90 {A(L =TI y) s (43)
= (Lopt = Li-1(00) + A)ay}
Equation (43) can be arranged as the following:
Li(00) = (1 = 107 ,05) Li—1(00)
+ 9405, 0o Lop + A — %(1 —Th) ') — o
0 (44)

In the resulting equation, Il ; depends on f5; and according
to (33) depends on L;_(c0). But, on the other hand, as
previously explained, we know
Lopt < Li—1(00) < (Lops + A), and in practice A< L,,; thus,

Li—1(00) is very close to L,,. The equation (33) can be
rewritten as:

Br=1- Z,ukaiﬁk + .”lzai,k(vat +2) (45)
By defining A; and g as:
hy=1-— ykaﬁ’kag

8k = Yk (46)
2 2 A -1
O-u,ko-o{LUI’t +A - ; (1 - Hk,l) sk} — Ok

o

(44) can be written as:

Li(00) = hiLy(c0) + g1
Ly (00) = hyLi(00) + &2

Li—2(00) = hg—aLi—3(c0) + gk (48)
Li—1(00) = hg—1Lx—2(00) + gk—1

Ly(o0) = hyLy-1(c0) + gn
Observe that according to (48), Ly_;(o0) can be express in
term of L;_3(c0) as:
Ly—1(00) = M 1hp—2Lg—3(00) + hy—18k—2 + 81 (49)
By iterating in this manner, we have:
Lk,I(OO) = I’lkflhkfz. . .hll’lN/’lel. . .hkLk,I(OO)
Fhi_1hi—o. . .hyhy_i. . B8k
th—1hg—z. . hihyhy 1. . a8y
+...+ hkflhk72- . .hthgN,1 (50)
Fhethgo. . hign + i1z, . hog
Hhe_1hi_s. . .hahsgo + . ..
+hi—1hi—28k—3 + Mi—18k—2 + 8k—1
We use N quantities for each sensor k as:

GroZhy—1hi—a. . .hihyhy_y. . .

(51)
hk+éhk+f—la 621571\7
and my, is defined as:
m=Groge + Gragirt + - - - (52)
+ GiN-18k—3 + GiNgk—2 + 8k—1
From (50)-(52) we have:
Li—1(00) = G 1Li—1(00) + my (53)

From (53), we illustrate the desired steady-state tap-length
as:

Lk,l(oo) = (] — kal)flmk (54)

The equation (54) renders a mathematical expression of the
steady-state tap-length. Because of the complicated form of
the obtained results for the steady-state tap-length, it is
almost difficult to make beneficial information about the
steady-state tap-length of each sensor node. To achieve a
clear view of the steady-state tap-length, we simplify the
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equation (54). For this issue, we assume that all sensors
employ the same step size for the tap-length adaption, i.e.,
Ve = v, VkeN, then, we assume that R, = 051. With these
assumptions, we have:

he = 1 — yaa? (55)

Furthermore, we assume yoﬁag < 1 such that:

Gy =hihy. . .hy
2 2\N 2 2 (56)
:(1 - ”/GuO'o) ~ 1 —N’))O'MO'U
Also, my, can be approximate as:
mi % YL 8k = Nyoaog (Lo + ) 57)
—y@2 Ay (1= Th )™ s — 0 o
Substituting (56) and (57) in (54) result:
Ly—1(00) = (Lopr + A)
A E |
- 1—-1II;,) s
No2 ;( a) (58)
_ Zﬁcvzl %k
Nyola?

Since the value of steady-state tap-length in (58) rarely is
an integer, the steady-state tap-length usually varies nearby
this value. The last two terms of the right-hand side of (58)
are small and can be ignored. So, the steady-state tap-
length is close to the value L,,; + A, as will be presented in
the simulations. This gives the result that the incremental
FT algorithm overestimates the steady-state tap-length, and
the third assumption is confirmed.

4 Simulation results

In this part, simulations are presented to verify the theo-
retical results of the paper. Numerical simulations are made
under three low noise, high noise, and large step sizes for
tap-length adaption conditions.

4.1 Low-noise scenario (SNR=20dB)

We assume a network with N=12 nodes exploring an
unknown parameter with length L,,=20. The elements of
the unknown parameter are obtained from a white and
zero-mean random sequence with variance ¢2=0.01. The
regressors are independent zero-mean Gaussian variables,
and their covariance matrix is R, = I. The observation
noise is zero-mean white Gaussian and scaled to have the
SNR=20dB. The step size for the DILMS algorithm is set to
1,=0.05 for all nodes. The parameters of the incremental
FT algorithm are chosen as d;=1, 0,=0.001, 7,=6, A=6 with
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Fig. 2 Evolution of the integer tap-length in low-noise scenario

initial tap-length that are set in the minimum value L,,;,=8.
Figures 1 and 2 respectively show the evolutions of the
fractional and integer tap-length, under a low noise con-
dition for node k=1. To obtain the integer values for the
theoretical tap-lengths, we applied the floor operator |.]| to
(54). As shown in the figures, this node converges to a
steady-state tap-length that corresponds well with the value
obtained for the theoretical steady-state tap-length. We
observe through the simulations that this is true for all
nodes.

4.2 High-noise scenario (SNR=0dB)

In this case, a high-noise environment is considered for
simulations. The parameters used in the simulations are the
same as that of the previous case, but the observation noise
is scaled to reach the SNR=0dB. The step size of the
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Fig. 4 Evolution of the integer tap-length in high-noise scenario

DILMS and tap-length adaption algorithm are set to
14,=0.001, and v,=2, respectively. The evolutions of the
fractional and integer tap-length, under this condition, are
shown in Figs. 3 and 4 for node k=1. It is observed that the
simulation results support the theoretical analyses.

4.3 Large step size for tap-length adaption

The simulation setup of this scenario is the same as that of
the first scenario, except that, in this case, we use a sig-
nificant value for the tap-length adaption step size y,=30.
However, increasing the step size 7, increases the con-
vergence rate, but a large y, causes a significant fluctuation
of the evolution curve. The evolution curves of the frac-
tional and integer tap-length, under this condition, are
presented in Figs. 5 and 6 for node k=1. It is easily seen
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from the figures that the steady-state tap-length fluctuates
are about the theoretical values.

Table 2 shows the simulation results for different SNR
values and compares them with the theoretical results. All
parameters are following the previous experiments except
for 14=0.001 and 7y,=2. As the table shows, for different
values of SNRs, the theoretical results are well compatible
with the simulation results.

Table 3 also shows the results for different L, values
and compares them with the theoretical results. In this
simulation, 1;=0.001 and y,=10. As shown, first, the sim-
ulation results are compatible with the theoretical results.
Secondly, all these results show that the length of the
steady-state is overestimated almost as much as A. This
overestimation of length is important because it shows that
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Table 2 The steady-state tap-length performance in different SNRs

Length (Theoretical) Length (Simulations) SNR (dB)
25.7374 26.0317 —4
25.8715 25.7825 -2
25.8979 25.5523 0
25.9145 25.3627 2
259152 25.3960 4
25.9320 25.3807 6
25.9452 25.3675 8
25.9403 25.3026 10
25.9460 25.2738 12
25.9483 25.3649 14
25.9485 25.2994 16
25.9493 25.2700 18
25.9491 25.2947 20
25.9496 25.2510 22
25.9497 25.3360 24

Table 3 The steady-state tap-length performance in different values
of Lopt

Length (Theoretical) Length (Simulations) Lop:
25.9896 25.5805 20

55.9891 55.6295 50

105.9875 105.6483 100
133.9862 133.5513 128
261.9831 261.9681 256
517.9772 518.2319 512

length is not estimated deficiently. As shown in [26],
deficient length estimation increases the steady-state error.
On the other hand, a length much larger than the optimal
value increases the computational complexity, which is not
proper for a network of low-power sensors. However, the
overestimation of the length is not significant and almost
equal to A, which is much smaller than the optimal length.

5 Conclusions

In this paper, we investigated the performance of the dis-
tributed incremental variable fractional tap-length (FT)
LMS algorithm. Since in this scenario, the length of the
vectors varies in each iteration, so we defined an upper
bound for the size and padded the vectors by zeros to
achieve this length. We obtained the vectors with the same
sizes that simplified the calculations. Based on these
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findings, we analyzed the incremental variable FT LMS
algorithm and derived the mathematical expression for the
steady-state tap-length at each sensor node. The most
important result is that this algorithm overestimates the
optimal value of the tap-length. Computer simulation
results confirmed the mathematical analysis and the
derived closed-form expression of tap-length.

Appendix A.

In [26], we have presented the concept of a short-length
DILMS algorithm, and we have provided an expression for
its steady-state MSD. This steady-state MSD is needed for

. . 2. . .
the evaluation of the term E{||P_1||" } in (30), so the main
results are included here. For this aim, we assume a set of N
sensors in order to find an L,y X 1 unknown vector WZW

with unknown length L, from multiple measurements
collected at N sensor nodes in the network. As previously
mentioned, to find the length of the unknown parameter, a
variable tap-length algorithm is needed. But, we assume
that such an algorithm is not applicable for reasons such as
energy storage (since energy consumption is an essential
issue in WSNs). So, at each sensor, a conjectural length M
for the unknown parameter is considered. More clearly,
each sensor is equipped with an adaptive filter with M
coefficients (M <L,,). Now at each sensor node, only the
algorithm (3) is applicable in which all vectors have length
M.

Now, we present a steady-state analysis for this deficient
length case. To perform this analysis, first, we partition the
unknown parameter WZUW as follow:

Wi
o (59)

where w), is the partition of WZ’W that is modeled by l//,({o in

each sensor, and w;

opt

»m 1s the partition of wzam that
excluded in the estimation of wzom. The partitioning sim-

plifies the work with the variable-length vectors. Regarding
the partitioning and using the data model (11), the update
equation (3) is expressed as:

i i * = (i)
lﬁ](c) = ./,]((l] - lukuk,l'u[,(,p;kyil/IL,,],,,kf1 (60)
+ v (i)uy

where the vector W(LI(?p"k_l with length L,,, computes the

difference among the weight at sensor k — 1 and w7 as:
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'ﬁl(clz 1 _ Wit

E(i) .
Lopk—=1 = o
" WL, —M

(61)
O<L0m*M)><1

By padding the L,,, — M zeros in vectors with length M in
(60), and subtracting the unknown parameter Wzom from

both of its sides results in:

—(9) A\ T7(0) . w;
Vipx =MW, oy + evi(i) o (62)
(Lop—M)x1
where
. u;
Ar(i) = I, — 1% U, ki (63)
(Lopt—M)x 1

To demonstrate the steady-state MSD, first we write the

=)
¥,

2
&l as:

—() 2 _ ) NP )
||l/’L(,p,,k|| =y Lﬂ,,,,kq/\ k(l)Ak(l)'/’L,,[,,_kq
+ﬂkvk(i)$*(Li) k1 Nk (@) s
" O(Lwﬂ -M)x1 (64)
() [ ki Orx(r,,—m) ]Ak<i)_2,),,hk—l

2

v (i) [

Considering the assumptions 1, 2, and employing the
mathematical expectations from both sides of (64), after
some tedious algebra leads to:

Iy = BE ) )
+ (e = BV, -m|* +

where

Bi=1-2m05, + oy, (M +2) (66)

e =1+ oy, M

and

T = :ugo-%,kai,kM (67)

Now we write (65) in the brief form of below:

B, 1) = BB, ) + (68)

where

o= (= BVL,-ul* + (69)

According to the steady-state analysis, as (i — 00) in (68),

and assuming Py = Eioc) o (68) is rewritten as:
opt 5

E{||Pr,,, &I"} = BE{IIPL,41 17} + i (70)

This equation has a similar structure with (47), therefore in

the same manner that was used for the solving of the
recursive equation (47) we have:

E{||Pr, 1|’} = (1 = Thp) s (71)
where
2B 1 Bia- - -BiBuByi--- (72)
BeiiBrii—rs, €=1,..,N
and
si2Mafi + s firr + -+ Myt fics + en fia
+ fi-1
(73)
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