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Abstract
The j� l=Inverse Gamma (KMIG) and g� l=Inverse Gamma (EMIG) are recently introduced composite fading dis-

tributions for the precise design of the wireless systems, where multipath fading and shadowing occur concomitantly.

Further, these composite fading models are competent to be employed in the performance investigation of the digital

communication system as their mathematical formulations are quite tractable. Average symbol error probability (SEP) and

channel capacity analysis are important parameters to investigate the performance of a digital communication system. The

applicability of these fading models is illustrated by analysing the performance matrices of the digital communication

channels in the present work. Various performance matrices such as the average SEP, the channel capacity under different

adaptive schemes namely, optimum rate adaptation (ORA), channel inversion with fixed rate (CIFR) and truncated CIFR

are derived. The asymptotic analysis of KMIG and EMIG composite fading models over average SEP performance

matrices with coding gain and diversity gain is also carried out in this work. The simplified high and low signal-to-noise-

ratio solutions to channel capacity are also provided as a by-product. In addition, approximate analysis to ORA and CIFR

capacity are provided under realistic environmental conditions. The accuracy of the derived numerical formulations is

validated with the use of Monte–Carlo simulation. The results of present work will be advantageous in the modelling and

designing of popular wireless services such as vehicle-to-vehicle communication, wearable communication and wireless

power transfer related technologies.
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1 Introduction

The need of high data rate and continuous services is

increasing day by day with the proliferation of wireless

communication systems [1–4]. The quality of a wireless

communication system is severely degraded by a physical

phenomenon known as fading [5–7]. Multipath and shad-

owing are two detrimental effects on the quality of radio

signals received during wireless propagation [8, 9].

Therefore, there is a requirement of precise modelling of

the wireless system for faithful realization of the earlier

services and to get improved and reliable performance. In

recent years, numerous fading models were proposed by

researchers across the globe to meticulously design the

wireless systems [10–16]. The signals from various com-

ponents or routes meet at the receiver with different gains

and phases contribute in fading, is known as multipath

fading [17–19]. On the other hand, the shadowing results in

low speed changes of the mean signal power, which is

attributed by the topographical obstacles such as trees,

buildings along the path of the transmitter (Tx) and recei-

ver (Rx) [20–30].

The short term (small scale) signal fluctuations also

termed as multipath fading are modelled by the well-

known models such as Rayleigh, Rice (Nakagami-n), Hoyt,

Nakagami-m, and Weibull distributions. More specifically,
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these models are used for modelling of non-line-of-sight

(NLOS) scenarios, whereas Rician is used for line-of-sight

(LOS) components. In past years, researchers have pro-

posed some new versatile and flexible models namely

j� l, g� l and a� l to precisely analyze the effect of

small scale fading on the wireless channel. Furthermore,

these models can be modified to other convincing multi-

path distributions like Rayleigh, Rice (Nakagami-n), one-

sided Gaussian distributions by simple remodelling the

fading parameters [14, 17–19].

In the last few decades, the log-normal (LN) distribution

was the high priority choice of the research community to

model the effect of shadowing in the wireless propagation

environment [6]. A great magnitude of research has been

done so far in the domain of wireless system performance

analysis such as bit error rate and channel capacity analysis

over LN distribution [20–27]. The LN distribution also

finds its usage in satellite communication, radar commu-

nication to analyze the effect of fading and also in the field

of statistics [24, 25]. Despite of the wide popularity of the

LN, it is not much used by the researchers in composite

fading statistics due to its difficult mathematical repre-

sentation which results in numerical intractability

[20, 27, 28]. A substitute of LN known as Gamma distri-

bution, used for modelling of shadowing effect in realistic

environment such as j� l=Gamma, g� l=Gamma have

been proposed in [31–36]. In [37] and [38], authors have

investigated the performance of communication system

where shadowing is modelled with the use of gamma dis-

tribution. Although the Gamma distribution has well

ordered mathematical structure, it does not match the long-

tailed characteristics of LN distribution especially at the

high standard deviations [6].

Another distribution which shows near harmony with

the LN at high standard deviations is inverse gaussian (IG)

distribution [28, 39]. Although IG is highly suitable with

the LN distribution, but it fails in finding the exact closed-

form module for the analysis of wireless channel such as

optimum rate adaptation (ORA) capacity analysis and

probability density function (PDF) with selection combin-

ing diversity scheme [28]. Most of the composite fading

structures proposed by the research community with

gamma and IG distributions are expressed in either finite/

infinite series representations or sum of mixture of Gamma

and IG distributions, respectively [6]. Recently, a new

model which ensues the long-tailed characteristics of LN

distribution and has a sound competency over the gamma

and IG, known as inverse gamma (IGamma) distribution is

discussed in [6, 40, 41]. Apart from the communication, the

utility of the IGamma is also exploited in other fields such

as statistics, mathematics, and science [42]. In [29], authors

have justified the utility of inverse gamma in investigating

the performance of wireless system where shadowing is

predominant. Authors also used the empirical measure-

ments for performing set of goodness-of-fit tests which

supports the claim of inverse gamma distribution for

characterizing the shadowing effect in wireless channel

modelling. The research has been validated with the help of

the Cramer-von Mises test. In [6], authors have performed

the comparison of inverse gamma distribution with other

shadowed fading distributions based on the moment

matching methods together with the Kullback–Leibler

divergence for different fading scenarios.

The joint effect of shadowing and multipath must be

taken into consideration for the realistic modelling of the

digital communication systems. In such practical scenarios,

composite fading models are best fitted to analyze the

outcomes of the communication system in a more realistic

environment where multipath fading and shadowing co-

exists [14]. O. S. Badarneh in [43] suggested a–g–F and a–
j–F composite fading distributions. In [44], authors have

evaluated the capacity of the channel over the F composite

fading channel. The performance analysis of mobile

receiver with random way point mobility in internet of

thing network is examined over composite F fading model

by Badarneh et al. in [45]. In [46], authors have used

Fisher-Snedecor F composite fading models for analysing

the performance of a Non-Orthogonal Multiple Access

(NOMA) network. Bithas et al. in [47] have suggested a

new composite fading model to describe the received sig-

nal characteristics in Unmanned Aerial Vehicle (UAV)-

enabled communications scenario where shadowing co-

exists with the single and double-scattering propagation.

Open literature is flooded with many composite fading

models and every model has its merits and demerits. A

single fading model cannot be justifiable for each fading

scenario. The composite fading distributions available in

the literature lag in rendering extensive modelling of the

fading phenomenon. Moreover, there have been various

composite fading models based on different shadowing and

multipath fading distributions. However, these models lead

to the ambiguity in various performance matrices of

interest. In last few years some composite models using

IGamma for characterizing shadowing such as the KMIG

and EMIG have been proposed by the researchers [14, 15].

The fundamental statistics of KMIG and EMIG com-

posite fading models are explored in [40, 41], where the

authors have supported their work by the vast experimental

measurements in terms of traditional and growing wireless

applications. These applications includes vehicular and

wearable communication systems. The tractable solutions

of various analyses are also possible due to their straight

mathematical structure. In [41, 48, 49], the analytical

expressions for ergodic capacity and coherent bit error rate

for multiple amplitude modulation format are discussed

over aforementioned composite fading channels. The
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results are obtained in infinite summation terms, thus

truncation error is also included.

To the best of our knowledge, the available literature has

a huge scope in extensive performance investigation of the

digital communication system with inverse gamma shad-

owing based composite fading models. Keeping in view of

the above facts, the following performance investigation of

the digital communication system are carried outs in this

work:

• Unified analytical expressions for the average SEP with

coherent and non-coherent modulation schemes.

• The earlier proposed formulations contain infinite series

representation, thus truncation error is also provided.

• Asymptotic analysis is also provided for previously

discussed performance matrices along with coding and

diversity gains.

• Analytical expressions for the ORA, CIFR, and TIFR

channel capacity are derived.

• The expressions for ORA capacity contain single

infinite summation term, whereas the expressions

proposed in [41, 48] have multiple summation terms

and valid for integer parameters of ms.

• The closed-form results obtained under CIFR policy do

not show any impact of shadowing as the mathematical

notations are independent of shadowing parameter ms.

• Channel capacity analysis is also done with low and

high power to visualise and subsequently gain more

physical insight to the system performance.

• Further, ORA and CIFR results are simplified under

different fading conditions.

The remaining part of work is organized as follows. The

structure of KMIG and EMIG composite fading models are

explained in the Sect. 2. Performance evaluation under

average symbol error probability of composite fading dis-

tributions are given in Sect. 3. Asymptotic analysis is

carried out in Sect. 4. Channel capacity analysis under

various adaptive schemes like ORA, CIFR, and TIFR is

given in Sect. 5. Section 6 deals with the result and dis-

cussion . Finally, the concluding remark has been made in

Sect. 7.

2 Statistics of KPIG and EMIG composite
fading models

For j, l, ms, c, �c 2 Rþ, the instantaneous signal-to-noise-

ratio (SNR) PDF of KPIG composite distribution is given

as [40]

fYðcÞ ¼
exp �ljð Þll jþ 1ð Þl ms�cð Þmscl�1

B ms; lð Þ l jþ 1ð Þcþ ms�c½ �msþl

� 1F1 ms þ l; l;
l2jðjþ 1Þc

lðjþ 1Þcþ ms�c

� � ð1Þ

where B(.) signifies the Beta function [50, Eq. (8.384.1)]

and 1F1ð:; :; :Þ denotes the confluent hypergeometric func-

tion [50, Eq. (9.210.1)]. Invoking the identity [51,

Eq. (07.20.02.0001.01)], (1) can be re-written as

fYðcÞ ¼
X1
r¼0

ðms þ lÞrðljÞ
r
exp �ljð Þllþr jþ 1ð Þlþrðms�cÞmsclþr�1

r!ðlÞrBðms; lÞ l jþ 1ð Þcþ ms�c½ �msþlþr

ð2Þ

where ð:Þr represents the Pochhammer symbol [51,

Eq. (06.10.02.0001.01)].

For g, l, ms, c; �c 2 Rþ, the instantaneous SNR PDF of

EMIG composite distribution is expressed as [40, Eq. (13)]

fYðcÞ ¼
22ll2lhlðms�cÞmsc2l�1

Bðms; 2lÞð2lhcþ ms�cÞmsþ2l

� 2F1

ms þ 2l
2

;
ms þ 2lþ 1

2
;
2lþ 1

2
;

ð2lHcÞ2

ð2lhcþ ms�cÞ2

 !

ð3Þ

By utilising [51, Eq. (07.20.02.0001.01)], the PDF given by

(3) can be re-written as

fYðcÞ ¼
X1
r¼0

ðmsþ2l
2

Þrð
msþ2lþ1

2
Þrð2lHcÞ2r22ll2lhlðms�cÞmsc2l�1

r!ð2lþ1
2
Þrð2lhcþ ms�cÞ2rBðms; 2lÞð2lhcþ ms�cÞmsþ2l

ð4Þ

For both distributions, shadowing is associated with the

scale parameter given by ms. On the other hand, j (total

dominant to scattered power ratio), l (number of multipath

clusters arriving at the receivers), and g have two alternate

formates, where in format � I, g is given as the ratio of

scattered wave power between the in-phase and quadrature

components of each bunch of multipath with h ¼
2þ g�1 þ gð Þ=4 and H ¼ ðg�1 � gÞ=4. On the contrary, g
is defined as the correlation coefficient between the in-

phase and quadrature components in format � II [40] with

h ¼ 1=ð1� g2Þ and H ¼ g=ð1� g2Þ) are the multipath

parameters. In the present paper, format � I is used while

using the EMIG composite fading distribution for investi-

gating the various performance matrices.
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3 Average symbol error probability

The straightforward methodology to derive the average

SEP of a fading channel, is to take ensemble average of the

conditional SEP over fading SNR, c [28]

�Pe ¼
Z1

0

PeðcÞfYðcÞdc ð5Þ

where PeðcÞ is c-dependent instantaneous symbol error rate

(SER) of the modulation techniques [6, Eq. (17)].

3.1 ASEP of coherent modulation scheme

The generalised expression of the probability of error for

the coherent modulation schemes over additive white

Gaussian noise (AWGN) channel is given by [6, Eq. (18)]

PeðcÞ ¼ AP erfcð
ffiffiffiffiffiffiffiffi
BPc

p
Þ ð6Þ

where erfc(.) is the complementary error function and the

values of AP and BP for different modulation schemes are

given in [52, Table I] .

3.1.1 ASEP of coherent modulation scheme for KMIG
composite fading model

By putting the value of (2) and (6) into (5), one obtains

�Pcoh
e ¼

X1
r¼0

ðmsþlÞrðljÞ
r
exp �ljð Þllþr jþ1ð Þlþrðms�cÞms

r!ðlÞrBðms;lÞ

� AP

Z1

0

clþr�1erfcð
ffiffiffiffiffiffiffiffi
BPc

p
Þ

l jþ1ð Þcþms�c½ �msþlþr dc

ð7Þ

Employing simple variable transformation along with the

identity [53, Eq. (2.8.3.4)], (7) can be written as

�Pcoh
e ¼

X1
r¼0

ðms þ lÞrðljÞ
r
exp �ljð Þðl jþ 1ð ÞÞlþrAP

r!ðlÞrBðms; lÞ
ffiffiffi
p

p
ðlþ rÞðBPms�cÞlþr

� C
2lþ 2r þ 1

2

� �

3F1 ms þ lþ r; lþ r; lþ r þ 1

2
; lþ r þ 1;

�lðjþ 1Þ
BPms�c

� �

ð8Þ

where pFqð:; :Þ is the generalised hypergeometric function

[50]. The above expression is analytical solution of the

average SEP of KMIG composite fading model for dif-

ferent coherent modulation schemes, where Cð:Þ denotes

the Gamma function [50, Eq. (8.310.1)]. Truncating the

infinite series given by (8) after p� 1 terms, one obtains

the following error metric

T ¼
X1
r¼p

ðms þ lÞrðljÞ
r
exp �ljð Þðl jþ 1ð ÞÞlþrAP

r!ðlÞrBðms; lÞ
ffiffiffi
p

p
ðlþ rÞðBPms�cÞlþr

� C
2lþ 2r þ 1

2

� �

3F1 ms þ lþ r; lþ r; lþ r þ 1

2
; lþ r þ 1;

�lðjþ 1Þ
BPms�c

� �

ð9Þ

Both Gauss hypergeometric and Gamma functions in (9)

have monotonically decreasing nature with respect to r,

then (9) can be upper bounded by the inequality as given

below with the use of basic definitions of pochhammer

symbol and gamma function [54, 55]

T �
AP exp ð�ljÞðlðjþ 1ÞÞlCðlþ 1

2
Þ

l
ffiffiffi
p

p
Bðms; lÞ BPms�cð Þl

X1
r¼0

ðms þ lÞrðlþ 1
2
Þr

r!ðlþ 1Þr
l2jðjþ 1Þ
BPms�c

� �r

� 3F1 ms þ lþ p; lþ p; lþ pþ 1

2
; lþ pþ 1;

�lðjþ 1Þ
BPms�c

� �

ð10Þ

The infinite series expression in the above equation(10) can

be represented in closed-form upper bound with the use of

generalized hypergeometric function [50] as follows

T �
AP exp ð�ljÞðlðjþ 1ÞÞlCðlþ 1

2
Þ

l
ffiffiffi
p

p
Bðms; lÞ BPms�cð Þl

2F1 ms þ l; lþ 1

2
; lþ 1;

l2ðjþ 1Þ
BPms�c

� �

� 3F1 ms þ lþ p; lþ p; lþ pþ 1

2
; lþ pþ 1;

�lðjþ 1Þ
BPms�c

� �

ð11Þ

3.1.2 ASEP of coherent modulation scheme for EMIG
composite fading model

By putting the value of (4) and (6) into (5) and after certain

simple mathematical manipulations, one obtains
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�Pcoh
e ¼

X1
r¼0

Apð2lÞ2lþ2rhlH2rðms�cÞmsðmsþ2l
2

Þrð
msþ2lþ1

2
Þr

r!Bðms; 2lÞð2lþ1
2
Þr

�
Z1

0

c2lþ2r�1erfcð
ffiffiffiffiffiffiffiffi
BPc

p
Þ

ð2lhcþ ms�cÞmsþ2lþ2r
dc

ð12Þ

After necessary change of variables in integral part of (12)

and following the similar approach as in Sect. 3.1.1, it

insinuates

�Pcoh
e

¼
X1
r¼0

Apð2lÞ2lþ2rhlH2rCðlþ rÞCð4lþ4rþ1
2

Þ
2
ffiffiffi
p

p
r!CðlÞBðms; 2lþ 2rÞðlþ rÞðBPms�cÞ2lþ2r

� 3F1 ms þ 2lþ 2r; 2lþ 2r;
4lþ 4r þ 1

2
; 2lþ 2r

�

þ 1;
�2lh
BPms�c

�

ð13Þ

Truncating the infinite series given by (13) with p number

of terms, results to the following error metric

T ¼ Apð2lÞ2lhl

2
ffiffiffi
p

p
CðlÞðBPms�cÞ2l

X1
r¼p

Cðlþ rÞCð4lþ4rþ1
2

Þ
r!Bðms; 2lþ 2rÞðlþ rÞ

2lH
BPms�c

� �2r

� 3F1 ms þ 2lþ 2r; 2lþ 2r;
4lþ 4r þ 1

2
; 2l

�

þ 2r þ 1;
�2lh
BPms�c

�

ð14Þ

After following the similar approach as in the 3.1.1, the

closed-form upper bound expression for the truncation

error in (14) is given as follows

T � Apð2lÞ2l�1hlffiffiffi
p

p
ðBPms�cÞ2lBðms; 2lÞ

� 3F1 ms þ 2lþ 2p; 2lþ 2p; 2lþ 2pþ 1

2
; 2lþ 2pþ 1;

�2lh
BPms�c

� �

� 4F2 lþ 1

4
; lþ 3

4
;
ms þ 2lþ 1

2
; l; l

�

þ 1

2
; lþ 1;

4lh
BPms�c

� �2
!

ð15Þ

3.2 ASEP of non-coherent modulation scheme

Sometimes, it becomes tedious to trace the phase of the

received signal while analysing the performance of a

communication system. In such cases, non-coherent mod-

ulation schemes play a pivotal role in the faithful imple-

mentation of the system. In the past, a lot of research has

been done in the field of non-coherent modulation schemes

for different fading channels [27, 28, 56, 57]. In the fol-

lowing sections, we presents the analytical solutions for

different non-coherent schemes over aforementioned

composite fading models. The instantaneous SEP expres-

sion for non-coherent policies is defined as [6, Eq. (26)]

PeðcÞ ¼ An expð�BncÞ ð16Þ

where the parameters An and Bn covering a wide range of

non-coherent modulation formats are listed in [56,

Table 2].

3.2.1 ASEP of non-coherent modulation scheme of KMIG

By using the PDF of KMIG given in (2) and (16) into (5), it

results

�PNCoh
e ¼

X1
r¼0

ðmsþlÞrðljÞ
r
exp �ljð Þllþr jþ1ð Þlþrðms�cÞmsAn

r!ðlÞrBðms;lÞ

�
Z1

0

clþr�1expð�BncÞ
l jþ1ð Þcþms�c½ �msþlþr dc

ð17Þ

Now, employing the identity [55, Eq. (2.3.6.9)] and [50,

Eq. (9.210.2)], (17) can be written in simplified form as

�PNCoh
e ¼

X1
r¼0

ðljÞr

r! expðljÞ

1F1 lþ r; 1� ms;
Bnms�c

lðjþ 1Þ

� �

þ

Bnms�c
lðjþ 1Þ

� �ms Cð�msÞ
Bðms; lþ rÞ

1F1 ms þ lþ r;ms þ 1;
Bnms�c

lðjþ 1Þ

� �

8>>><
>>>:

8>>>>>>>><
>>>>>>>>:

ð18Þ

Truncating the infinite series given by (18) with p number

of terms, will results in the following truncation error

metric

Wireless Networks (2021) 27:1251–1267 1255
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T ¼
X1
r¼p

ðljÞr

r! expðljÞ

1F1 lþ r; 1� ms;
Bnms�c

lðjþ 1Þ

� �

þ

Bnms�c
lðjþ 1Þ

� �ms Cð�msÞ
Bðms; lþ rÞ

1F1 ms þ lþ r;ms þ 1;
Bnms�c

lðjþ 1Þ

� �

8>>><
>>>:

8>>>>>>>><
>>>>>>>>:

ð19Þ

Following the similar approach as in the Sect. 3.1.1 and

with the use of generalized hypergeometric functions [50],

the closed-form upper bound expression for the truncation

error of (18) can be given by following inequality

T � exp ð�ljÞ1F1 lþ p; 1� ms;
Bnms�c

lðjþ 1Þ

� �
1F1 1; 1; ljð Þ

þ e�ljCð�msÞ
Bðms; lÞ

� Bnms�c
lðjþ 1Þ

� �ms

1F1 ms þ lþ p;ms þ 1;
Bnms�c

lðjþ 1Þ

� �

1F1 ms þ l; l; ljð Þ
ð20Þ

3.2.2 ASEP of non-coherent modulation scheme of EMIG

Substituting the PDF of EMIG given by (4) and (16) into

(5), with following the same approach as in Sect. 3.2.1, it

follows

�PNCoh
e ¼

X1
r¼0

AnCðlþ rÞH2r

r!CðlÞhlþ2r

1F1 2lþ 2r; 1� ms;
Bnms�c
2lh

� �

þ

Bnms�c
2lh

� �ms Cð�msÞ
Bðms; 2lþ 2rÞ

1F1 ms þ 2lþ 2r; 1� ms;
Bnms�c
2lh

� �

8>>><
>>>:

8>>>>>>>><
>>>>>>>>:

ð21Þ

The truncation error for infinite series representation given

by (21) is obtained while truncating it to p number of

terms, it follows

T ¼
X1
r¼p

AnCðlþ rÞH2r

r!CðlÞhlþ2r

1F1 2lþ 2r; 1� ms;
Bnms�c
2lh

� �

þ

Bnms�c
2lh

� �ms Cð�msÞ
Bðms; 2lþ 2rÞ

1F1 ms þ 2lþ 2r; 1� ms;
Bnms�c
2lh

� �

8>>><
>>>:

8>>>>>>>><
>>>>>>>>:

ð22Þ

With the same methodology as in the Sect. 3.1.1 and with

the use of generalized hypergeometric functions [50], the

closed-form upper bound expression for the truncation

error of (21) can be given by following inequality

T � An

hl
1F1 2lþ 2p; 1� ms;

Bnms�c
2lh

� �
2F1 l; 1; 1;

H2

h2

� �

þ AnCð�msÞCðms þ 2lÞ
hlCð2lÞ

Bnms�c
2lh

� �ms

1F1 ms þ 2lþ 2p; 1� ms;
Bnms�c
2lhÞ

� �

� 2F1

ms þ 2l
2

;
ms þ 2lþ 1

2
;
2lþ 1

2
;
H2

h2

� �

ð23Þ

4 Asymptotic analysis

Asymptotic analysis is one of the vital analysis of the

wireless communication system at high SNR. This helps in

predicting the slope and shifting of the curve. It also assist

in investigating the different performance metrics of the

digital communication channel in the absence and presence

of the diversity [58, 59] in a convenient way. In the fol-

lowing sections, we present the origin envelope as well as

power PDFs of KMIG and EMIG composite fading mod-

els. Closed-form asymptotic solutions of BER for the

aforementioned composite fading models is also presented.

4.1 Origin PDF of KMIG

The origin envelope PDF of j� l distribution is well

defined in [59] as

fXðxÞ �
2llðjþ 1Þlx2l�1

CðlÞ expðljÞ�x2l þ u ð24Þ
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where u is the higher order terms. The IGamma random

variable (RV) with shape parameter ms and scale parameter
ms

Xs
, where Xs is set equal to unity (i.e. Xs ¼ 1) [14] is given

as follows

fWðwÞ ¼
mms

s

CðmsÞ
w�ms�1 exp

�ms

w

� �
ð25Þ

The composite envelope PDF of KMIG channel at origin is

calculated by averaging conditional PDF of j� l fading

distribution with respect to random variations of mean

signal power of IGamma fading distribution [14] as follows

fXðxÞ �
Z1

0

2llð1þ jÞlx2l�1mms
s w�ms�1

CðlÞCðmsÞeljð
ffiffiffiffi
w

p Þ2l
expð�ms

w
Þdwþ u

ð26Þ

Applying transformation of variables and with the inclu-

sion of the identity [50, Eq. 2.3.3.1], the above expression

is modified as

fXðxÞ �
2llð1þ jÞlx2l�1

ml
s eljBðms; lÞ

þ u ð27Þ

The expression for origin SNR density function of the

KMIG distribution is obtained by the use of [60, Eq. (2.3)]

fYðcÞasym � PcQ�1 þ u ð28Þ

where P ¼ llð1þ jÞl

ml
s eljBðms; lÞ

and Q ¼ l.

4.2 Origin PDF of EMIG

Theorigin envelopePDFofg� l distribution is given in [59] as

fXðxÞ �
4
ffiffiffi
p

p
l2lhlx4l�1

CðlÞCðlþ 1
2
Þ�x4l

þ u ð29Þ

with the use of similar method as in previous Sect. 4.1, the

power PDF of EMIG in closed-form can be written as

fYðcÞasym � AcB�1 þ u ð30Þ

where A ¼ 2
ffiffiffi
p

p
l2lhlCðms þ 2lÞ

CðlÞCðmsÞCðlþ 1
2
Þm2l

s

and B ¼ 2l.

4.3 Coherent ASEP

Substituting (28) and (6) into (5) and by utilising the

identity [53, Eq. 2.8.2.1], one can find the closed-form

asymptotic solution of the KMIG composite fading channel

for coherent average SEP

�Pcoh;asym
e �

ApPCð2lþ1
2
Þffiffiffi

p
p

QðBpcsÞQ
ð31Þ

In the above expression (31), cs ¼ Es

N0
is the unfaded SNR,

where Es is the energy per symbol, N0 is the one-sided

power spectral density of AWGN channel. Similarly, the

closed-form asymptotic solution of EMIG fading channel is

obtained by plugging (30) and (6) into (5) and by utilising

the identity [53, Eq. 2.8.2.1] as

�Pcoh;asym
e �

ApACð4lþ1
2
Þffiffiffi

p
p

BðBpcsÞ
B

ð32Þ

In [61], Wang and Giannakis illustrated that diversity gain

(DG) and coding gain (CG) can be employed for the

characterization of average SEP. Authors has also sug-

gested that these gains are influenced by the asymptotic

power PDF around the origin. Furthermore, CG and DG

can be calculated in the following manner

Pe ¼ Gc�cð Þ�Gd ð33Þ

whereGc is the CG andGd is the DG [61]. So comparing (32)

with (33), for the coherent modulation scheme over KMIG,

the DG is given asGd ¼ l, where the CG is given as follows

Gc ¼ Bp

ffiffiffi
p

p
l

ApPCð2lþ1
2
Þ

 !1
l

ð34Þ

Similarly for EMIG , the DG is given as Gd ¼ 2l, where
the CG is given as follows

Gc ¼ Bp

ffiffiffi
p

p
2l

ApACð4lþ1
2
Þ

 ! 1
2l

ð35Þ

4.4 Non-coherent ASEP

By putting (28) and (16) into (5) and with the use of [50,

Eq. 3.381.4], one can obtain the closed-form solution over

KMIG as follows

�PNcoh;asym
e � AnPCðQÞ

ðBncsÞ
Q ð36Þ

Similarly, the closed-form expression of EMIG composite

fading channel for non-coherent average SEP can be

obtained by putting (30) and (16) into (5) and by the use of

identity [50, Eq. 3.381.4] as follows

�PNcoh;asym
e � AnACðBÞ

ðBncsÞB
ð37Þ

So with the use of (36) in (33), the DG over KMIG is given

by Gd ¼ l, where the CG is given as follows

Gc ¼
Bn

ApPCðlÞ
	 
1

l
ð38Þ

Similarly for the EMIG the DG and CG are given by

comparing (37) with (33), which gives Gd ¼ 2l and CG is

given as follows
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Gc ¼
Bn

ApACð2lÞ
	 
 1

2l
ð39Þ

5 Channel capacity

Shannon’s channel capacity describe the relation of

capacity of a channel in the form of amount of data that a

channel can supports with minimum probability of error

[28, 30]. The amount of information that a channel can

transmit/receive is a function of the fading state of the

channel [12, 18]. Capacity of a fading channel reduces if

the transmitter power does not changes. Adaptive trans-

mission policies can help in minimizing the effect of fading

on channel’s ability to carry the information. Channel state

information(CSI) plays a vital role in improving the system

efficiency as far as channel capacity is concerned [6, 28].

Different adaptive transmission policies which depends on

CSI are given in the following Subsections with complete

analysis.

5.1 Optimum rate adaptation

ORA transmission scheme is implemented in the scenario

where receiver has the perfect information of the CSI.

Transmitter power does not changes and the rate of trans-

mission depends on the channel conditions in the case of

ORA scheme. Thus, the ORA transmission policy over a

fading SNR is obtained by the following relation [6, 26]

CORA ¼
Z1

0

WCawgnfYðcÞdc ð40Þ

where Cawgn ¼ log2ð1þ cÞ and channel bandwidth in Hz is

represented by W

5.1.1 ORA for KMIG fading model

With the use of (2) in (40) and applying some mathematical

manipulations, we find that

CORA ¼
X1
r¼0

Wðms þ lÞrðljÞ
r
exp �ljð Þðms�cÞms

r!ðlÞrBðms; lÞ logð2Þ l jþ 1ð Þ½ �ms

Z1

0

clþr�1 log cþ 1ð Þ

cþ �cms

lð1þ jÞ

� �rþmsþl dc
ð41Þ

By the help of the identity [55, Eq. (2.5.10.56)] in (41), the

expression results into

CORA; ¼
X1
r¼0

A

wðms þ lþ rÞ � wðmsÞ

�

ðlþ rÞ
ðms þ lþ rÞ 1� ms�c

lðjþ 1Þ

� �

3F2 lþ r þ 1; 1; 1; 2;ms þ lþ r þ 1; 1� ms�c
lðjþ 1Þ

� �

8>>><
>>>:

8>>>>>><
>>>>>>:

ð42Þ

where

A ¼ Wðms þ lÞr exp �ljð ÞðljÞrBðlþ r;msÞ
r!ðlÞrBðms; lÞ log 2ð Þ

and wð:Þ is the psi function [50].

The above expression can be further reduced with the

help of basic mathematical simplifications [50], the final

solution for the ORA can be re-written as

CORA; ¼
X1
r¼0

W exp ljð Þ ljð Þr

r!logð2Þ

wðms þ lþ rÞ � wðmsÞ

�

ðlþ rÞ
ðms þ lþ rÞ 1� ms�c

lðjþ 1Þ

� �

3F2 lþ r þ 1; 1; 1; 2;ms þ lþ r þ 1; 1� ms�c
lðjþ 1Þ

� �

8>>><
>>>:

8>>>>>><
>>>>>>:

ð43Þ

The above mathematical notation can be further re-ex-

pressed under high SNR, deducing (41) at high values of

SNR i.e. c[ [ 1 such that log2ð1þ cÞ � log2ðcÞ, one

obtains

CHP
ORA �

X1
r¼0

Wðms þ lÞrðljÞ
r
exp �ljð Þðms�cÞms

r!ðlÞrBðms; lÞ logð2Þ l jþ 1ð Þ½ �ms

�
Z1

0

clþr�1 log cð Þ

cþ ms�c
lðjþ 1Þ

� �msþlþr dc

ð44Þ

With the help of the identity [55, Eq. 2.6.4.7], (44) can be

re-written as given below

CHP
ORA �

X1
r¼0

W expð�ljÞðljÞr

r! logð2Þ

log
ms�c

lðjþ 1Þ

� �
þ wðlþ rÞ � wðmsÞ

� �
ð45Þ
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Similarly, at the low values of SNR, i.e. c\\1,

log2 ð1þ cÞ � c log2 ðeÞ, now with the use of previous

relation in (41), the ORA capacity can be calculated by

finding the 1st order moment of KMIG distribution by the

use of n ¼ 1 in [40, Eq. (8)]

CLP
ORA � W log2ðeÞms�c expð�ljÞBðms � 1; lþ 1Þ

lðjþ 1ÞBðms; lÞ
1F1ðlþ 1; l; ljÞ

ð46Þ

With some basic mathematical manipulation, the above

solution can be modified as given below

CLP
ORA � W log2ðeÞms�c expð�ljÞ

ðjþ 1Þðms � 1Þ
1F1ðlþ 1; l; ljÞ

ð47Þ

Further, at ms [ [ 1 (47) reduced to

CLP
ORA ’ W log2ðeÞ�c expð�ljÞ

ðjþ 1Þ 1F1ðlþ 1; l; ljÞ ð48Þ

5.1.2 ORA for EMIG fading model

Substituting the PDF relation (4) into (40) and following

similar step as in Sect. 5.1.1, one obtains

CORA ¼
X1
r¼0

Wðmsþ2l
2

Þrð
msþ2lþ1

2
ÞrH2rðms�cÞms

r!ð2lþ1
2
ÞrBðms; 2lÞ log ð2Þð2lÞmshmsþlþ2r

�
Z1

0

c2lþ2r�1 logðcþ 1Þ
ðcþ ms�c

2lhÞ
2lþ2rþms

dc

ð49Þ

By the help of the identity [55], the above expression can

be re-written as

CORA ¼
X1
r¼0

Â

wðms þ 2lþ 2rÞ � wðmsÞ

�

ð2lþ 2rÞ
ðms þ 2lþ 2rÞ 1� ms�c

2lh

� �

3F2 2lþ 2r þ 1; 1; 1; 2; 2lþ 2r þ ms þ 1; 1� ms�c
2lh

� �

8>>><
>>>:

8>>>>>><
>>>>>>:

ð50Þ

where Â ¼ WCðlþ rÞH2r

r!CðlÞ logð2Þhlþ2r
.

By following the same method as in the Sect. 5.1.1, the

above expression at high values of SNR can be re-written

as

CHP
ORA �

X1
r¼0

WCðlþ rÞH2r

r!CðlÞ logð2Þhlþ2r
log

ms�c
2lh

� �
þ wð2lþ 2rÞ � wðmsÞ

� �

ð51Þ

The solution to ORA capacity at low SNR is determined by

evaluating the 1st order moment of the EMIG distribution

[40, Eq. (19)]

CLP
ORA � W log2ðeÞms�c

ðms � 1Þhlþ1 2F1 lþ 1

2
; lþ 1; lþ 1

2
;
H2

h2

� �

ð52Þ

Similar to KMIG, (52) at high value of shadowing

parameters ms takes the structure

CLP
ORA � W log2ðeÞ�c

hlþ1 2F1 lþ 1

2
; lþ 1; lþ 1

2
;
H2

h2

� �
ð53Þ

The approximate expressions given by (48) and (53) are

evolved while considering ms [ [ 1, as quite prominent

case seen in the practical urban scenarios. These results are

independent of shadowing parameter and thus set the lower

limit of the spectral efficiency (i.e. minimum achievable

capacity) in terms of ms under low-power regime and

similar observation can be made from the Fig. 1. The above

derived expressions have generic nature, thus can be

transformed to the ergodic capacity analysis for variety of

fading distributions by selecting suitable values of param-

eter as given in [40, Table I]. The suitability of the previous

relations in different propagation environments have been

examined through measurement data, such as wearable off-

body communication (i.e., for car parking LOS environ-

ment where ms is having the value 100 for both fading

Fig. 1 ORA capacity versus ms under low-power regime
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models [40, Table II]), device-to-device (D2D) communi-

cation (i.e., for indoor non-LOS environment where ms=50

for EMIG fading model [40, Table IV]), and vehicle-to-

vehicle (V2V) communication (i.e. for LOS environment

where ms=100 for aforementioned composite fading mod-

els [40, Table V]).

5.2 Channel inversion with fixed rate

More power is given to the channel which having low SNR

and vice versa. By following this approach the received

power can be made constant. In other words we can say

that power given by the transmitter is inversely propor-

tional to the SNR of the fading channel. In this case fading

channel is assumed as the time-invariant AWGN channel

by the Tx and Rx, which further helps in reducing the

dependency on the behaviour of fading channel [6, 28].

The channel capacity with CIFR adaptation scheme is

defined as [26, Eq. (17)]

CCIFR ¼ W log2

�
1þ 1

E½Y�1�|fflfflffl{zfflfflffl}
I0

�
ð54Þ

5.2.1 CIFR for KMIG fading model

Solution of I0 in (54) is obtained by putting n ¼ �1 in [40,

Eq. (8)]

I0 ¼
�
lð1þ jÞ

ms�c

�

expð�ljÞ
Bðms; lÞ

Bð1þ ms; l� 1Þ1F1ðl� 1; l; ljÞ
ð55Þ

After incorporating the value of I0 from (55) into (54) and

with some basic mathematics yields

CCIFR ¼ W log2�
1þ ms�cBðms; lÞ expðljÞ

lðjþ 1ÞBðms þ 1; l� 1Þ1F1ðl� 1; l; ljÞ

�

ð56Þ

with the use of identity, expð�xÞ1F1ðâ; b̂; xÞ ¼ 1F1ðb̂�
â; â;�xÞ [51, Eq. (07.20.17.0013.01)] and basic definition

of beta function i.e. Bða; bÞ ¼ CðaÞCðbÞ
Cðaþ bÞ [50], the Eq. (56)

can be written as

CCIFR ¼ W log2

�
1þ �cðl� 1Þ

lðjþ 1Þ1F1ð1; l;�ljÞ

�
ð57Þ

The expression (57) can be re-written for high values of

received SNR with some basic mathematical approxima-

tion as given below

CHP
CIFR ¼ W log2

�
�cðl� 1Þ

lðjþ 1Þ1F1ð1; l;�ljÞ

�
ð58Þ

Similarly, at low SNR, the CIFR capacity can be written in

closed-form with basic mathematical approximations

CLP
CIFR ¼ W�cðl� 1Þ log2ðeÞ

lðjþ 1Þ1F1ð1; l;�ljÞ ð59Þ

For l [ [ 1, (57), (58), and (59) can be simplified as

CCIFR � W log2

�
1þ �c

ðjþ 1Þ1F1ð1; l;�ljÞ

�
ð60Þ

CHP
CIFR � W log2

�
�c

ðjþ 1Þ1F1ð1; l;�ljÞ

�
ð61Þ

CLP
CIFR � W�c log2ðeÞ

ðjþ 1Þ1F1ð1; l;�ljÞ ð62Þ

The above results are derived under the case when l
[ [ 1 (i.e., number of multipath clusters are very high)

which is often seen in dense urban environment where

multipath components are dominant. It is observed form

the Fig. 2(a–c) that the approximate results given by (60),

(61), and (62) converge to (57), (58), and (59) at higher

values of multipath parameter l.

5.2.2 CIFR for EMIG fading model

Substituting n=�1 into [40, Eq. (19)] and using basic

definition of Beta and Gamma function [50], the solution to

I0 for EMIG distribution is obtained as

I0 ¼
2lh

ð2l� 1Þ�chl 2F1 l� 1

2
; l; lþ 1

2
;
H2

h2

� �
ð63Þ

Further, putting (63) into (54), it follows that

CCIFR ¼ W log2

�
1þ

ð1� 1
2lÞ�chl�1

2F1 l� 1
2
;l; lþ 1

2
; H

2

h2

	 

�

ð64Þ

Furthermore, CIFR under EMIG composite fading model

at high and low SNR can be calculated with the similar

approach as in Sect. 5.2.1 which results in the following

expressions

CHP
CIFR � log2

� ð1� 1
2lÞ�chl�1

2F1 l� 1
2
; l; lþ 1

2
; H

2

h2

	 

�

ð65Þ

CLP
CIFR � Wð2l� 1Þ�c log2ðeÞ

2lh1�l
2F1 l� 1

2
; l; lþ 1

2
; H

2

h2

	 
 ð66Þ

The closed-form expressions obtained in (57), (58), (59),

(64), (65), and (66) do not contain shadowing parameter

ms, thus CIFR policy is independent of shadowing.
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5.3 Truncated CIFR

A large amount of transmitted power is consumed in the

case of CIFR for recouping the critical fading in the

wireless channel. TIFR is the improved version of CIFR

scheme, such that it regress the fading only above a cut-off

fading threshold (c0) [60]. The solution of the outage

capacity is given as [26, Eq. (26)]

Cout ¼ W log2 1þ 1R1
c0

fYðcÞ
c

dc

2
6664

3
7775 1� Poutðc0Þð Þ ð67Þ

5.3.1 TIFR for KMIG fading model

By using (2) into integral part of (67) and employing the

identity [50, Eq. (3.194.2)], the integral is simplified as

Z1

c0

fYðcÞ
c

dc ¼ n

¼
X1
r¼0

ðms þ lÞrðljÞ
r
expð�ljÞ

r!ðlÞrBðms; lÞðms þ 1Þðc0Þmsþ1

ms�c
lðjþ 1Þ

� �ms

� 2F1 lþ r þ ms; 1þ ms; 2þ ms;
�ms�c

c0lðjþ 1Þ

� �

ð68Þ

Now, substituting the value of (68) into (67) and with some

mathematical manipulations, reduced expression for outage

capacity is given as follows

Cout ¼ W log2 1þ 1

n

� �
1� Poutðc0Þð Þ ð69Þ

where Pout is the outage probability of KMIG as given in

[40, Eq. 5].

Fig. 2 CIFR capacity versus

multipath parameter l
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The TIFR capacity expression for KMIG fading channel

is derived by considering the maximum value of outage

capacity over range of c0

CTIFR ¼ maxc0Cout ð70Þ

The high and low SNR solution for the outage capacity are

obtained by basic mathematical approximation in (69).

After following the same method as in the Sect. 5.2.1,

results into

CHP
out � �W log2 nð Þ 1� Poutðc0Þð Þ ð71Þ

CLP
out �

1

n

� �
log2ðeÞ 1� Poutðc0Þð Þ ð72Þ

5.3.2 TIFR for EMIG fading model

By substituting (4) into (67), and with the help of similar

methodology as given in the previous Sect. 5.3.1, one can

obtain the final expression for outage capacity as

Cout ¼ W log2 1þ 1

v

� �
1� Poutðc0Þð Þ ð73Þ

where Pout is given by [40, Eq. 14] and v is defined as

follows

The TIFR capacity expression for EMIG fading channel is

derived by considering the maximum value of outage

capacity over range of c0 as given in (70). The high and

low SNR solution for the outage capacity are obtained with

the use of simple mathematical approximations in (73),

with following the methodology stated in Sect. 5.2.1.

6 Results and discussion

In this section, the proposed analytical formulations of

KMIG and EMIG composite fading channels are validated

through numerical and simulated results. In addition, we

present multiple plots of various performance matrices to

visualize the impact of fading parameters. It is noted from

the plots that Monte-Carlo simulation (generated by con-

sidering 106 number of random variables) and proposed

analytical results perfectly coincide for wide range of the

considered system parameters. It is also observed that the

derived expressions are containing simplified mathematical

functions which are directly available in MATLAB. For the

simulation of the provided analytical results (expressions

with infinite summation), we have considered 25 number of

summation terms such that the relative error of 10�6 is

achieved.

The average SEP of KMIG and EMIG composite fading

channels for different fading scenarios are depicted in

Figs. 3 and 4. In Fig. 3, the average SEP of KMIG com-

posite fading model is demonstrated for M-ary phase shift

keying (MPSK) with constellation size M = 8, 16, and 32.

The figure shows the exact result obtained by numerically

solving (7), the analytical result (8), and the Monte-Carlo

simulation are in perfect agreement. The asymptotic results

obtained in (32) are also included in this figure. The fading

parameters, such as j = 1.2, l = 2, and ms = 4 are con-

sidered. It is clearly evident from the figure that average

SEP degrades with constellation size which supports the

theoretical concepts, as constellation size increases, the

Euclidean distance between symbols decreases which fur-

ther results in a higher probability of error. It is clearly

visible that the asymptotic plots are in perfect agreement

with the simulation results. Performance of the EMIG

v ¼
X1
r¼0

Cðlþ rÞH2r
2F1 ms þ 2lþ 2r;ms þ 2r þ 1;ms þ 2r þ 2;

�ms�c
c02lh

� �

CðlÞr!Bðms; 2lþ 2rÞðms þ 2r þ 1Þhlþ2rð2lhÞmsðms�cÞ�ms

ð74Þ

Fig. 3 Average SEP of KMIG composite fading channel for MPSK

with different constellation sizes
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composite fading channel is evaluated under coherent

binary phase shift keying (BPSK) and non-coherent dif-

ferential binary phase shift keying (DBPSK) modulation

scheme with ms ¼ 1:1 and l ¼ 1:4 in Fig. 4. It is clearly

visible that the numerical solutions are in agreement with

the analytical results obtained through (13) and (21). As we

know that coherent modulation schemes are superior to

non-coherent modulation schemes and similar observation

has been made from the figure. It is perceived from the

figure that the channel conditions improve with the g (0.1

to 0.9), as the average SEP plot shows a downward shift.

In Fig. 5, coding and diversity gain are given as a

function of number of multipath clusters (l). It is visible

from the plot that, the coding gain decreases gradually with

the parameter l while the diversity gain improves. This

also validate the previously obtained expression of the

diversity gain as it is directly proportional to the parameter

l. On the other hand coding gain is dependent on all other

fading parameters ðj; landmsÞ as clear from the figure as

well as from the numerical expressions. Superiority of

Fig. 5 Coding and diversity gain as a function of number of multipath

clusters

Fig. 6 Channel capacity of KMIG composite fading channel under

ORA scheme with j = 1,5 and ms = 0.92,6Fig. 4 Average SEP of EMIG composite fading channel for BPSK

and DBPSK with different values of fading parameters (l =1.4, ms=

1.1 and g = 0.1 & 0.9)

Fig. 7 Channel capacity of KMIG composite fading channel under

ORA and CIFR with low SNR approximations
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coherent modulation schemes over non-coherent is also

validated form this figure which supports the theoretical

concept.

Figures 6, 7, 8, 9 deal with the channel capacity analysis

of KMIG and EMIG composite fading channels under

different adaptation schemes. Figure 6 indicates the effect

of fading on the channel capacity under ORA scheme over

KMIG composite distribution. The analytical solutions are

plotted with the help of (43) and validated with Monte

Carlo simulations. The analysis of the results is done at the

single value of l and different values of j and ms. It is

clearly detectable from the figure that channel capacity

enhances by decreasing the value of ms and increasing the

values of j from 1 to 5, satisfying the theoretical concepts.

Furthermore, the high SNR approximation result (45) is

included in this figure. The result perfectly coincide to the

analytical result at high-power. Low SNR approximation of

ORA (47) and CIFR (59) adaptation schemes are compared

under different fading conditions over the KMIG com-

posite fading model in Fig. 7. It is clearly evident from the

plot that CIFR scheme has significant variation by

increasing the value of shadowing parameter j from 0.5 to

3.5 while no such variation is noticed in the case of ORA. It

is also observed that low-power ORA analysis is inde-

pendent of fading parameter j.
Figure 8 depicts the analytical result of CIFR capacity

for EMIG composite fading model obtained through (64) at

different values of multipath parameters, i.e. g and l while

shadowing parameter ms is kept constant. An increase in

the values of g and l must ensure the improvement in

channel capacity, and it is perceived from the figure that

increase in the values of g (0.1 to 0.5) and l (1.5 to 5.5), the

capacity curve under CIFR shifts upwards. High SNR

approximations with the help of derived analytical result of

(58) are also shown in the figure. It is inferred from the

figure that as the channel condition becomes more severe,

the high-power solution converges toward much higher

values of SNR, which in turn supported from the obser-

vations noticed in the Fig. 6.

Channel capacity under CIFR and TIFR for KMIG

composite fading model is compared in Fig. 9 with dif-

ferent values of shadowing parameter ms. It is a well-

known fact that the TIFR is superior to CIFR adaptation

scheme, and similar observation is evident from the fig-

ure for same values of fading parameters, satisfying the

theoretical concepts. It is also clear from the figure that

increasing the value of shadowing parameter ms from 2 to

30 shows a significant impact on TIFR schemes, whereas in

the case of CIFR no such impact is visible (as can be

verified from the derived result 57 that is independent of

shadowing parameters). On the other hand, it is noted that

CIFR converges to TIFR at high SNR showing a similar

impact on the capacity of the system.

7 Conclusion

In this paper, the performance analysis of wireless channels

over composite KMIG and EMIG fading models has been

carried out. First, the novel analytical expressions for

average SEP under coherent and non-coherent modulation

schemes, such as MPSK, BPSK, DBPSK, etc., was

developed for the KMIG and EMIG composite fading

Fig. 8 Channel capacity of EMIG composite fading channel under

CIFR scheme with g ¼ 0:1; 0:5;ms ¼ 2:5 and l ¼ 1:5; 5:5

Fig. 9 Channel capacity under CIFR and TIFR schemes for KMIG

composite fading channel with ms ¼ 2; 30; j ¼ 2 and l ¼ 3
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models. Moreover, the effect of fading parameters on

channel conditions were demonstrated with the help of

asymptotic solutions with coding and diversity gain. A

comparative analysis among various adaptation schemes of

the channel capacity, such as ORA, CIFR, and TIFR has

been carried out. While considering practical cases

approximate results are obtained for ORA (under low-

power regime) and CIFR (specifically for KMIG model).

The significant effect of composite fading conditions on the

performance of wireless channels has been identified for

different values of SNR. All the results have been com-

pared with Monte-Carlo simulations and with the exact

results to authenticate the correctness of the proposed

analytical solutions. Finally, the results of the current paper

are of significant importance as these solutions can be

utilized in the investigation of the traditional as well as

modern wireless systems.
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