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Abstract Optimal water allocation is an important means of improving water use
efficiency. However, since water allocation options are usually characterized by
multi-region, multi-principle and multi-criterion factors, decision-makers often have
difficulty in making objective decisions using them because the many available water
allocation options often make the ratings of the options so close to be ranked. This
study present a hierarchy variable sets (VS) model, based on the single-layer variable
sets model, for ranking the water allocation options of Jining City, China. The ratings
of the options are evaluated using a fuzzy rating interval (FRI) that can overcome
homogenization in the ratings. The structure of the model presented in this study is
clear with a simple procedure of computation and the result is rational. The case
study used illustrates that this model can help decision-makers know the rating of
water allocation options partially and overall. The computed result from this model
appears more convincing than a previous water allocation approach for the city based
on the maximum entropy principle.
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1 Introduction

Water scarcity is a worldwide issue. To solve this problem, improving water use efficiency is a
critical way. Optimization of water allocation can stimulate efficient utilization of water. Over
the past 50 years, many optimization techniques including linear programming, dynamics
programming, nonlinear programming, network flow programming, stochastic programming,
genetic algorithms, simulated annealing, and ant colony optimization have been widely
adopted for water allocation (Rani and Moreira 2010). Although optimization models can
automatically search for an “optimal” solution that meets all system constraints, they are hard
to adapt to the complexity of water resources system because they require mathematical
expressions of all aspects that can influence the decision-making process (Sechi and Sulis
2009). Thus decision-makers often make some finite water allocation options by means of
simulation, and select or rank the options according to decision objectives (Geng and Wardlaw
2013). In the process, the assessment of the allocation options is a key step. However, water
allocation option is characterized by multi-criterion, uncertainty and group-decision factors in
such a way that decision-makers are unable to easily select an option. They often need some
methods, such as fuzzy set analysis (Wang et al. 2011; Jafarzadegan et al. 2013), maximum
entropy model (Kim and Singh 2014), Grey correlation analysis (Tao et al. 2011) and TOPSIS
(Afshar et al. 2011; Islam et al. 2013) amongst others, to help them in selecting and ranking the
options. Amongst the methods, the fuzzy set analysis appears to be the most commonly
applied method and is, especially, suitable for handling uncertainty inherent in water allocation
problems (Hajkowicz and Collins 2007).

Fuzzy set analysis usually consists of three steps. Firstly, a criterion value is transformed
into a criterion relative membership degree (RMD). Secondly, a criterion weighting is deter-
mined and, finally, overall RMD of the option is calculated. In computing criterion RMD, the
criteria need to be categorized qualitatively and quantitatively. The quantitative criteria usually
contain the beneficial criteria, the harmful criteria and the intermediate criteria. Based on the
type of criteria, the corresponding formula is adopted (Chen and Hou 2004). The methods
available for evaluating the RMD in the qualitative criteria include pairwise comparisons
(Toosi and Samani 2012) and triangular membership function (Christodoulou and Deligianni
2010). Since the RMD formula of quantitative criteria differs from the qualitative criteria, a
unified RMD formula has been developed by Chen (2001) based on pairwise comparisons.

Criterion weighting is one of the hot topics on water resources options assessment and
reflects the preferences of decision-makers. The result of selecting the optimal option is
different when criteria weighting is different. Hence, the key for determining criteria weighting
is to express the preferences of decision-makers as much as possible. There are many methods
for identifying criteria weighting; these are classified into subjective methods, objective
methods and subjective-objective methods (Cheng and Chau 2001; Mutikanga et al. 2011).
In fact, an objective method is a kind of recessive subjective method because it needs to choose
options expressing the preferences of decision-makers to identify criteria weighting.

In many cases, the maximum principle of membership degree has been adopted in many
fuzzy optimization models to select the desired option such as theory of fuzzy optimum
selection for multi-stage and multi-objective decision-making system (Chen 1994) and fuzzy
optimizing dynamic programming for flood control system (Cheng 1999). However, this
principle is not suitable for option rating assessment because it has a mathematical logic
reasoning error in the condition of the fuzzy concept rating. Thus Chen (1997) presented the
rating of fuzzy optimal selection model, which used the rank feature value to select the optimal
option. After this, Chen and Guo (2006) created the theory of variable fuzzy sets (VFS)
according to the dynamic variability of fuzzy sets, which was developed into variable sets (VS)

2834 X.-Y. Wan et al.



(Chen et al. 2013a). Since this theory is physically clean and simple, it has been successfully
applied in the field of water resources (Chen et al. 2013a, b).

However, there are two drawbacks in the applications of VS. First, this theory has only been
used on single-layer multi-objective fuzzy optimization. Its application is rare in water
resources with multi-region, multi-principle and multi-criteria influences. Secondly, the rank
feature value may overcome the drawback that the maximum principle of membership degree
cannot be utilized to evaluate the option rating, but it leads to homogenization of option rating.
In other words, the membership degrees against every rating may be different between two
options but their rank feature values may be equivalent.

To solve the above two problems and match the structure of water resources option with
multi-region, multi-principle and multi-criteria factors, this paper developed the hierarchy
variable sets optimization model for water allocation options based on single-layer variable
sets optimization model (Chen et al. 2013b). The concept of fuzzy rating interval (FRI) (Xu
et al. 1999), which has been applied in the assessment of safety grade, is adopted to evaluate
the rating and its probability of option. Finally, the case study shows that the proposed model is
feasible and effective, and the evaluation results are reasonable.

2 Principle of Variable Sets

Chen et al. (2013a) developed the theory of VS from fuzzy systems to general systems, which
comprises fuzzy systems and crisp systems. This theory provides the opposite axiom and the
mathematical theorem of VS.

2.1 Opposite Axiom of VS

Let us suppose that there is an opposite fuzzy concept (object or phenomenon) in the universe
U, Â expresses characteristic of attractability and Âc states repellency. Hence, for any element
u(u∈U), μÂ uð Þ and μÂ

c uð Þ are RMDs of attractability and repellency, respectively, in the
continuous interval [0,1] (for Â) and [1,0] (for Âc). Mapping is defined as RMD function of u
to Â and Âc in Eq. 1.

μ
Â

uð Þ;μ
A^

c uð Þ : U→ 0; 1½ �
uj→μ

A^
uð Þ; μ

A^
c uð Þ∈ 0; 1½ � ð1Þ

Figure 1 shows the dynamic change of RMD function in the universe. Any element in their
opposite features is given as:

μ
A^

uð Þ þ μ
A^ c

uð Þ ¼ 1; 0≤μ
A^
uð Þ≤1; 0≤μ

A^ c
uð Þ ≤1 ð2Þ

Eqs. 1 and 2 and the continuous universe constitute the basic axiom of VS, i.e. the opposite
axiom of VS.

Fig. 1 Dynamic change of RMD function in the universe
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2.2 Variable Sets

2.2.1 Definition of Opposite Difference Function

Let

bD uð Þ ¼ μA
^ uð Þ−μA

^ c uð Þ ð3Þ

where bD uð Þ is opposite difference degree of u to Â and Âc. Its mapping is defined as the
opposite difference function of u to Â and Âc in Eq. 4.

bD : U → −1; 1½ �
uj→bD uð Þ ∈ −1; 1½ �

ð4Þ

The dynamic change in the universe is shown as in Fig. 2.

2.2.2 Definition of VS

Let

bV ¼ u;Uð Þju ∈ U ; bD uð Þ ¼ μbA uð Þ−μ
A
^ c uð Þ; bD ∈ −1; 1½ �

n o
bAþ ¼ uju ∈ U ; 0 < bD uð Þ < 1

n o
bA− ¼ uju ∈ U ;−1 < bD uð Þ < 0

n o
bA0 ¼ uju ∈ U ; bD uð Þ ¼ 0

n o
bA�1 ¼ uju ∈ U ; bD uð Þ ¼ �1

n o
ð5Þ

Here bV is defined as VS of U; Â+, Â−, Â0 and Â±1 are defined as the attracting (as priority)
domain, repelling (as priority) domain, gradual qualitative change boundary and sudden
qualitative change boundary, respectively.

Assume that C is a variable factor set of bV and is given as:

C ¼ C1;C2;C3⋯f g ð6Þ
where C1 is the variable factor 1 (time), C2 is the variable factor 2 (space) andC3 is the variable
factor 3 (condition). Let

bA− ¼ C bAþ� �
¼ uju ∈ U ; 0 < bD uð Þ < 1;−1 < bD C uð Þð Þ < 0

n o
ð7Þ

bAþ ¼ C bA−� �
¼ uju ∈ U ;−1 < bD uð Þ < 0; 0 < bD C uð Þð Þ < 1

n o
ð8Þ

Fig. 2 Dynamic change of opposite difference function
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The two subsets are defined as gradual qualitative change domains of bV about C, andbD C uð Þð Þ is the opposite difference function after transformation from u to C uð Þ . Let

bA þð Þ ¼ C bA þð Þ
� �

¼ uju ∈U ; 0 < bD uð Þ < 1; 0 < bD C uð Þð Þ < 1
n o

ð9Þ

bA −ð Þ ¼ C bA −ð Þ
� �

¼ uju ∈U ;−1 < bD uð Þ < 0;−1 < bD C uð Þð Þ < 0
n o

ð10Þ

Generally, these two subsets are defined as quantitative change domains of bV about C.

2.3 Unity of Opposite Theorem Based on VS

To any element u in the universe U, if the transformation C after the opposite RMD functions
of u to Â are μbA C uð Þð Þ and μbA c

C uð Þð Þ , respectively. Then

μ
Â

uð Þ þ μ
Â

c uð Þ≡μ
Â

C uð Þð Þ þ μ
Â

c C uð Þð Þ≡1 ð11Þ

where 0≤μ
Â

uð Þ≤1; 0≤μ
Â c uð Þ≤1; 0≤μ

Â
C uð Þð Þ≤1; 0≤μ

Â c C uð Þð Þ≤1 .

3 Hierarchy VS Method

3.1 Hierarchy Structure of Water Allocation Option

There are usually many criteria to assess water allocation options, which form a hierarchy
assessment criteria system. This system is often divided into three levels; namely objective
level, principle level and criterion level as shown in Fig. 3. These are very necessary in
building a hierarchy assessment model for assessing water allocation options.

3.2 RMD of Criterion

For a water resources system, there are nwater allocation options uj ( j=1,2,⋯,n) for which the
ratings are categorized into c. M indicates the criteria set for assessing the rating of each option.

Objective

Criterion

Ci1

Principle

Bl

Principle

Bi

Principle

B1

Criterion

Cik

Criterion

C11

Criterion

C1s

Criterion

Cl1

Criterion

Clt

Objectiv evel

Principl evel

Criterio

e l

e l

n level

Fig. 3 Hierarchy criteria system
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According to the properties of criteria, l assessment principles were setup and the criteria setM
divided into l criteria subsets Mi, which meet:

ØM ¼ ∪
i¼1

l
Mi; Mi∩Mk ¼ ; i≠ k ð12Þ

where ⋃ and ⋂ represent union and intersection of sets, respectively, and Ø states empty set; i=
1, 2, ⋯, l; k=1, 2, ⋯, l.

Assuming the standard value of each criterion in criteria subsetMk is known to each rating,
the standard values matrix of the criteria can be obtained by:

Y k ¼
y k
11 y k

12 ⋯ y k
1c

y k
21 y k

22
⋯ y k

2c
⋯ ⋯ ⋯ ⋯
y k
mk1

y k
mk2

⋯ y k
mkc

2664
3775 ¼ y k

ih

� �
mk�c ð13Þ

where yih
k is the standard value of i criterion belonging to h rating, mk is the number of criteria

in criteria subset Mk, c is the number of option ratings, i=1,2, ⋯, mk, h=1,2, ⋯, c, and
k=1,2, ⋯, l.

If the value of i criterion is equal to the standard value belonging to h rating, its RMD
belonging to h rating is equal to 1. If the adjacent two ratings are regarded as opposite features,
then according to the unity of opposite theorem, there is

μh uð Þ þ μ hþ1ð Þ uð Þ ¼ 1 ð14Þ

Now under the k principle, the rating of each option is assessed. The k principle contains mk

criteria, and the criteria values matrix of all options is given as:

X k ¼
x k
11 x k

12 ⋯ x k
1n

x k
21 x k

22
⋯ x k

2n
⋯ ⋯ ⋯ ⋯
x k
mk1

x k
mk2

⋯ x k
mkn

2664
3775 ¼ x k

ih

� �
mk�n ð15Þ

where xij
k is the value of i criterion of j option with i=1,2,⋯,mk, j=1,2,⋯, n, and k=1,2,⋯, l.

Suppose that the value xij
k of i criterion of j option is between h rating and h+1 rating, then

the RMD μh(uij
k) of xij

k belonging to the h rating is:

μh u k
ij

� �
¼

y k
i hþ1ð Þ− x k

ij

y k
i hþ1ð Þ− y k

ih

ð16Þ

where yih
k and yi(h+1)

k are the standard values of i criterion belonging to h rating and h+1 rating,
respectively with h=1,2, ⋯, c.

According to Eq. 14, the RMD μ(h+1)uij
k of xij

k belonging to h+1 rating can be obtained, and
the RMD belonging to the other rating (<h or>h+1) is 0.
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Then the RMD μ(uj
k) of j option with mk criteria under k principle belonging to each rating

can be obtained by:

μ ukj

� �
¼

μ1 uk1 j

� �
μ2 uk1 j

� �
⋯ μc uk1 j

� �
μ1 uk2 j

� �
μ2 uk2 j

� �
⋯ μc uk2 j

� �
⋯ ⋯ ⋯ ⋯

μ1 ukmk j

� �
μ2 ukmk j

� �
⋯ μc ukmk j

� �
266664

377775 ¼ μh ukij

� �h i
mk�c

ð17Þ

3.3 Overall RMD Vector

According to the importance of each criterion, assuming the weighting vector of criteria setMk

under k principle is

W k ¼ wk
1 ;w

k
2;⋯;wk

mk

� �
¼ wk

i

� �
;

X
i¼1

mk

wk
i ¼ 1 ð18Þ

Then the overall RMD μh(uj
k) of j option belonging to h rating under k principle is:

μh ukj

� �
¼ 1

1þ dkhj
dkhþ1ð Þ j

� �α ¼ 1

1þ

X
i¼1

mk

wk
i 1−μh ukijð Þð Þ½ �pX

i¼1

mk

wk
i μh ukijð Þ½ �p

26664
37775
α=p

ð19Þ

where dhj
k is the weighting distance between the jth option and the hth rating, d(h+1)j

k is the
weighting distance between the jth option and the (h+1)th rating, and p is the parameter of
weighting distance. If p=1, it is called as Hamming distance. If p=2, we call p Euclidean
distance. α is the parameter of optimization principle. If α=1, it is least absolute. If α=2, we
call it least squarest.

Using Eq. 19, the overall RMDs of j option for k principle in each criterion can be obtained,
which consists of the overall RMD vector after normalizing them to

μ! ukj

� �
¼ μ1 ukj

� �
;μ2 ukj

� �
;⋯;μc ukj

� �� �
, h=1,2, ⋯, c. In a similar way, Eqs. 13 to 19

can be used to get the overall RMD vector of j option with other principles, which formed the
overall RMD matrix:

μ uj

� � ¼
μ1 u1j

� �
μ2 u1j

� �
⋯ μc u1j

� �
μ1 u2j

� �
μ2 u2j

� �
⋯ μc u2j

� �
⋯ ⋯ ⋯ ⋯

μ1 ulj

� �
μ2 ulj

� �
⋯ μc ulj

� �
266664

377775 ¼ μh ukj

� �h i
l�c

ð20Þ

According to μ(uj) and the importance of each principle to the objective, Eq. 19 is used to
evaluate the overall RMD of j option on the objective belonging to h rating, μh(uj). The
difference now is that the weighting vector of Eq. 19 is about the principle and the RMD vector
is the overall RMD vector of j option with each principle.
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Then the overall RMD of j option μ! uj

� � ¼ μ1 uj

� �
;μ2 uj

� �
;⋯;μc u j

� �� �
was obtained

after normalized, and ∑
h¼1

c

μh u j

� � ¼ 1 .

4 Fuzzy Rating Interval

According to the overall RMD vector of an option, the fuzzy rating interval (FRI) of an option
and its median value are calculated. Using the median values, the options can be ranked. Fuzzy
rating interval (FRI) was presented by Xu et al. (1999) and was applied to evaluate the safety
rating. They indicate that fuzzy rating interval is not a crisp value but a fuzzy subset on the
rating universe. The method of fuzzy rating interval and rating probability is further illustrated
in the following section.

4.1 Fuzzy Rating Interval

Suppose that there is rating universe V={v1,v2,⋯,vc}, and h increases with vh (h=1,2,⋯,c)
increases, then the option rating declines. If wh<wh+1, then wh is smaller and the option rating
is higher. Corresponding to the universe V, the value universe Ω is:

Ω ¼ Ω12;Ω23;⋯;Ωc;cþ1

� 	 ¼ w1 ew2;w2 ew3;⋯;wc ewcþ1

n o
ð21Þ

To get Ω and fuzzy sets, the symmetrical closed triangular fuzzy number is constructed:

μFAh
wð Þ ¼

0 for w < wh

2 w−whð Þ
whþ1 −wh

for wh≤w < wh þ whþ1

2
2 w−whþ1ð Þ
wh −whþ1

for
wh þ whþ1

2
≤w≤whþ1

0 for w> whþ1

8>>>>>>><>>>>>>>:
ð22Þ

The fuzzy set determining the rating of an option in the universe Ω is defined as fuzzy
rating interval. If μh is known, the symmetrical closed triangular fuzzy number is used to
express the fuzzy rating interval as:

Hμh
¼ H−

μh
;Hþ

μh

h i
¼

X
h¼1

c

μh wh þ μh
whþ1−wh

2

� �
;
X
h¼1

c

μh whþ1 þ μh
whþ1−wh

2

� �" # ð23Þ

Then the probability that the rating is in this interval is 100 %. The median value of the
fuzzy rating interval is

HMμh
¼

X
h¼1

c

μh
wh þ whþ1

2
ð24Þ
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4.2 Probability of Rating

If H−
μh
;Hþ

μh

h i
⊆ wh;whþ1½ � , then the probability that the rating is equal to h is 100 %. If

H−
μh
;Hþ

μh

h i
⊆ wh;whþ2½ � , then the probability that the rating is equal to h is

πh ¼

Z whþ1

H−
μh

μFAh
wð ÞdwZ whþ1

H−
μh

μFAh
wð Þdwþ

Z Hþ
μh

whþ1

μFAhþ1
wð Þdw

ð25Þ

and the probability that the rating is equal to h+1 is

πhþ1 ¼

Z Hþ
μh

whþ1

μFAhþ1
wð ÞdwZ whþ1

H−
μh

μFAh
wð Þdwþ

Z Hþ
μh

whþ1

μFAhþ1
wð Þdw

ð26Þ

where μFAh
wð Þ is the membership function for evaluating the fuzzy rating interval as shown

in Eq. 22.
According to Section 3 and 4, the FRI computation steps of the water allocation option are

shown in Fig. 4.

5 Case Study

As a way of comparison, the water allocation method of this study was applied for water
allocation in the Jining City in Shandong Province, China, which has been studied previously

Referring to the standard values of all

ratings, calculate the RMD of each criterion

for each rating

Based on the RMD of each criterion for each

rating, evaluate the overall RMD of each

principle to each rating

Using the overall RMD to each rating under

each principle, compute the overall RMD to

each rating under all principles

According to the option rating, give the

value universe

Based on the overall RMD of each option

for each rating, compute the symmetrical

closed triangular fuzzy number

Using the symmetrical closed triangular

fuzzy number, express the FRI and its

median value

Compute the probability of each option

rating based on the FRI

Step 1. RMD calculation Step 2. FRI evaluation

Fig. 4 FRI computation process of water allocation option
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with the maximum entropy principle by Zhong et al. (2010). According to the water resources
distribution of the area, the Jining City is divided into three zones; namely east zone of lake,
west zone of lake and yellow river zone. Thirteen assessment criteria are employed, which
were categorized into the social-economic rationality, the ecological environment rationality,
the water resource combination rationality and the development and utilization efficiency
rationality. The option rating is divided into four grades. The value of the universe is given as:

Ω ¼ 0:5e 1:5; 1:5e2:5; 2:5e3:5; 3:5e4:5� 	 ð27Þ

The rating standard values of all the criteria are shown in Table 1. Rating I is the highest
grade, which reflects that the performance of water allocation option is optimal.

Using the actual situation of Jining City, Zhong et al. (2010) made eight water allocation
options for the target year 2015 from the perspectives of water supply, water demand and
environmental. The criterion values of all options are listed in Table 2. Obviously, these
options have the hierarchy structure of multi-region, multi-principle and multi-criteria. Hence,
the above presented hierarchy assessment model based on variable sets is used for selecting the
optimal option.

The options were assessed in turn according to each principle and each criterion. Finally,
the fuzzy rating interval (FRI) of each option was obtained. According to the median values of
the FRIs, all options were ranked. If the median value for FRI of an option is minimal, the
option is optimal for its rating and is the closest to the highest grade rating I. Referring to the
standard values of all the ratings, the relative membership degree (RMD) of each criterion for
each rating is calculated by Eqs. 14 and 16. The results are shown in Table 3. Here, only a list
of the RMDs for the criteria of option 1 on the east zone of lake is provided. As shown in
Table 3, the sum of the RMD for each rating is 1. For example, in option 1, the industrial
output values per cubic meter water for the east zone of the lake is 461.83 Yuan/m3. According
to the standard values of all the ratings in Table 1, the criterion value is between I rating and II

Table 1 Assessment criteria and rating standard values

Principles Criteria Rating

Criterion Unit I II III IV

Social-economic
rationality (B1)

Industrial output value per cubic meter
water (C11)

Yuan/m3 500 350 200 100

Water shortage rate in industrial (C12) % 5 10 25 35

Water shortage rate in Agriculture (C13) % 10 20 35 50

Ecological environment
rationality (B2)

Water shortage rate of Ecological
Environment (C21)

% 2 5 10 15

Water for Ecological Environment (C22) % 1 0.8 0.4 0.2

Groundwater overexploitation rate (C23) % 0 2 6 10

Water resource
combination
rationality (B3)

Groundwater (C31) % 20 35 45 60

Inter-basin water transfer (C32) % 0 1 5 10

Deep groundwater (C33) % 0 5 10 15

Development and
utilization efficiency
rationality (B4)

Other water resources (C41) % 90 80 70 50

Irrigation Water Use Efficiency (C42) – 0.8 0.6 0.4 0.2

Proportion of Surface water used (C43) % 50 60 70 80

Per capita water supply quantity (C44) m3/person 600 400 200 100

2842 X.-Y. Wan et al.
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rating. Thus, the RMD of this criterion belonging to I rating is 0.7455 while the one belonging
to II rating is 0.2545. Therefore, this criterion belongs more to I rating.

Based on the relative membership degree (RMD) of each criterion for each rating, Eqs. 19,
23 and 24 were used to evaluate the overall RMD of each principle to each rating, the fuzzy
rating interval and its median value. The results are listed in Table 4. Here, only the results of
option 1 are shown. According to Table 4, the performances of the same option under the
different principles in the same zone can be compared. For example, in the west zone of the
lake, the median values of the fuzzy rating interval (FRI) for all the principles are 3.082,
1.2246, 1.4453 and 1.8264, respectively. Thus in all aspects of option 1, the ecological
environment rationality is best for the west zone of lake. Its FRI is [1.1539, 1.2953]. Since
it is included in [0.5, 1.5], its probability belonging to rating I is 100 %. In contrast, the social-
economic rationality for the water shortage rate in agriculture of option 1 is highest in the west
zone of the lake and is up to 61.76 %.

Similarly, the performances of the same option in the different zones under the same
principle can be compared. For example, under the social-economic rationality principle, the
median values of fuzzy rating interval (FRI) for option 1 in all zones are 3.0282, 2.6242 and
3.4011. All the ratings are low. In all zones, the industrial output value per cubic meter water at
the east zone of the lake is lowest and the water shortage rates in industrial and agriculture are
minimal. However, the water shortage rates in industrial and agriculture are more important
than the other criteria and its performance in this zone is highest. Additionally, the performances
of the different options in the same zone under the same principle can also be compared.

Table 3 RMD of each criterion of option 1 belongs to each rating in the east zone of the lake

Principles Criteria RMD

Principle Preference Criterion Preference I II III IV

Social-economic
rationality (B1)

0.3918 Industrial output value per cubic
meter water (C11)

0.3733 0.7455 0.2545 0 0

Water shortage rate in industrial
(C12)

0.1345 1 0 0 0

Water shortage rate in
agriculture (C13)

0.4913 0 0 0 1

Ecological
environment
rationality (B2)

0.0929 Water shortage rate of ecological
environment (C21)

0.1465 1 0 0 0

Water for ecological environment
(C22)

0.2206 0 0 0.19 0.81

Groundwater overexploitation
rate (C23)

0.6329 1 0 0 0

Water resource
combination
rationality (B3)

0.3191 Groundwater (C31) 0.2969 0 0 0.262 0.738

Inter-basin water transfer (C32) 0.1562 1 0 0 0

Deep groundwater (C33) 0.5469 1 0 0 0

Development and
utilization
efficiency
rationality (B4)

0.1962 Other water resources (C41) 0.3337 1 0 0 0

Irrigation water use efficiency
(C42)

0.2436 0.5 0.5 0 0

Proportion of surface water used
(C43)

0.1280 0 0 0 1

Per capita water supply quantity
(C44)

0.2946 0 0.167 0.833 0
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Using the overall relative membership degree (RMD) to each rating under each principle and
the overall RMD to each rating under all principles, the fuzzy rating interval (FRI) and the median
value of FRI were obtained from a combination of Eqs. 19, 23 and 24. The results are shown in
Table 5. According to the results, options in the same zone can be ranked. For example, in the west
zone of the lake, the median value of FRI of option 7 is 1.0213 and is minimal in all eight options,
which illustrates that the performance of the option is best. In contrast, the performance of option 8
is worst for the water resource combination of this option and is not rational. Its groundwater rate
for water supply is high. Especially, there is some proportion of deep groundwater. In addition, the
performances of the same option in different zones are compared. For example, the performance
of option 1 is better in the east zone of the lake than that in the two others.

Based on the overall relative membership degree (RMD) of each option to each rating
under all the principles, Eqs. 19, 23 and 24 can be used to evaluate the overall RMD of each
option to each rating in all zones, the fuzzy rating interval (FRI) and the median value of FRI.
The differences are that the importance of principle wk needs to be replaced with the
importance of zone ws, and that the overall RMD of each principle ukj needs to be replaced
with the overall RMD in each zone vsj. Here k is the principle number, s is the zone number
and j is the option number. The results are shown in Table 6.

As shown in Table 6, the median value of fuzzy rating interval (FRI) of option 7 is minimal
in all eight options while option 7 is optimal. This result is the same as that of Zhong et al.
(2010), but the ranking of eight options is different. For example, in this paper the worst option
is the option 8 but, in contrast, the worst option is the option 1 in Zhong et al. (2010). The two
options can be emphatically analyzed using the criteria values listed in Table 2.

According to Table 5, in the west zone of the lake, the median values of FRI of option 1 and
option 8 are 2.1488 and 3.1892, respectively. The ones in the east zone of the lake are 1.6505
and 1.9037, respectively. The ones in the yellow river zone are 2.6237 and 2.6035, respec-
tively. Obviously, the main difference between the two options is from the west and the east
zones of the lake, especially the west zone of the lake but the difference in the yellow river
zone is small. Thus, it enabled analyses of the difference between the two options in the west
and east zones of the lake. Table 7 lists the overall RMD of each principle, the FRI and the
median value of FRI of option 1 and option 8 in the west zone and the east zone of the lake.

Table 4 Overall RMD of option 1 to each rating in each zone under each principle

Zones Principles Overall RMD FRI Median
value of
FRIZone Preference Principle Preference I II III IV

West zone
of lake

0.4 B1 0.3918 0.3048 0.0287 0 0.6665 [2.7972, 3.2592] 3.0282

B2 0.0929 0.9238 0 0.004 0.0722 [1.1539, 1.2953] 1.2246

B3 0.3191 0.8458 0 0.0173 0.1369 [1.3125, 1.5781] 1.4453

B4 0.1962 0.5765 0.0875 0.2691 0.0669 [1.5348, 2.1180] 1.8264

East zone
of lake

0.5 B1 0.3918 0.0562 0.4065 0.3942 0.1431 [2.2963, 2.9521] 2.6242

B2 0.0929 0.9391 0.0154 0.0455 0 [1.0485, 1.1643] 1.1064

B3 0.3191 0.8546 0 0.1194 0.026 [1.1894, 1.4442] 1.3168

B4 0.1962 0.5908 0.2146 0.1946 0 [1.3203, 1.8873] 1.6038

Yellow
River

0.1 B1 0.3918 0.0175 0.2732 0 0.7093 [3.1901, 3.6121] 3.4011

B2 0.0929 0.8966 0 0 0.1034 [1.2175, 1.4029] 1.3102

B3 0.3191 1 0 0 0 [1.0000, 1.0000] 1

B4 0.1962 0.0671 0.0671 0 0.8658 [3.5438, 3.7852] 3.6645
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As shown in Table 7, in the west and east zones of the lake, there is a remarkable difference
in water resources combination between the option 1 and option 8 but there is not much

Table 5 Overall RMD of each option to each rating in each zone under all principles

Options Zones Overall RMD FRI Median value
of FRI

Zone Preference I II III IV

1 West zone of lake 0.4 0.6124 0.0016 0.0108 0.3752 [1.9068, 2.3908] 2.1488

East zone of lake 0.5 0.5903 0.1873 0.204 0.0184 [1.3632, 1.9378] 1.6505

Yellow river zone 0.1 0.4219 0.0553 0 0.5228 [2.3509, 2.8965] 2.6237

2 West zone of lake 0.4 0.5518 0.0021 0.0084 0.4377 [2.0801, 2.5839] 2.3320

East zone of lake 0.5 0.4972 0.2444 0.2431 0.0153 [1.4596, 2.0934] 1.7765

Yellow river zone 0.1 0.4219 0.0553 0 0.5228 [2.3509, 2.8965] 2.6237

3 West zone of lake 0.4 0.7761 0.2223 0 0.0016 [1.0530, 1.4012] 1.2271

East zone of lake 0.5 0.5076 0.1374 0.3543 0.0007 [1.5491, 2.1471] 1.8481

Yellow river zone 0.1 0.9206 0.0419 0 0.0375 [1.0797, 1.2291] 1.1544

4 West zone of lake 0.4 0.9431 0.0548 0 0.0021 [1.0073, 1.1149] 1.0611

East zone of lake 0.5 0.4341 0.1191 0.4468 0 [1.7138, 2.3116] 2.0127

Yellow river zone 0.1 0.9206 0.0419 0 0.0375 [1.0797, 1.2291] 1.1544

5 West zone of lake 0.4 0.6142 0.0291 0.0120 0.3447 [1.8357, 2.3387] 2.0872

East zone of lake 0.5 0.5622 0.2802 0.1572 0.0004 [1.3054, 1.8862] 1.5958

Yellow river zone 0.1 0.4531 0.0186 0 0.5283 [2.3459, 2.8611] 2.6035

6 West zone of lake 0.4 0.9395 0.0215 0 0.039 [1.0808, 1.1962] 1.1385

East zone of lake 0.5 0.3553 0.5346 0.1101 0 [1.4669, 2.0427] 1.7548

Yellow river zone 0.1 0.944 0.0137 0 0.0423 [1.0872, 1.1940] 1.1406

7 West zone of lake 0.4 0.9829 0.015 0 0.0021 [1.0045, 1.0381] 1.0213

East zone of lake 0.5 0.4293 0.5425 0.0282 0 [1.3386, 1.8592] 1.5989

Yellow river zone 0.1 0.9440 0.0137 0 0.0423 [1.0872, 1.1940] 1.1406

8 West zone of lake 0.4 0.2678 0.0002 0.0070 0.7250 [2.9879, 3.3905] 3.1892

East zone of lake 0.5 0.1313 0.835 0.0324 0.0013 [1.7615, 2.0459] 1.9037

Yellow river zone 0.1 0.4531 0.0186 0 0.5283 [2.3459, 2.8611] 2.6035

Table 6 Overall RMD of each option to each rating in all zones

Options Overall RMD FRI Median value
of FRI

Ranking

I II III IV

1 0.8365 0.0315 0.0381 0.0939 [1.2449, 1.5339] 1.3894 5

2 0.7337 0.0633 0.0627 0.1403 [1.3926, 1.8266] 1.6096 7

3 0.8315 0.0485 0.12 0 [1.1426, 1.4344] 1.2885 2

4 0.7979 0.013 0.1891 0 [1.2275, 1.5549] 1.3912 6

5 0.8184 0.0798 0.0222 0.0796 [1.2045, 1.5215] 1.3630 4

6 0.7121 0.278 0.0092 0.0007 [1.0907, 1.5063] 1.2985 3

7 0.7396 0.2599 0.0005 0 [1.0682, 1.4536] 1.2609 1

8 0.075 0.6167 0.0008 0.3075 [2.2811, 2.8005] 2.5408 8
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difference in other principles. In the option 8, the deep groundwater needs to be explored since
its proportion is high. This proportion is 14.7 % in the west zone of the lake and 6.1 % in the
east zone of the lake. These circumstances are not propitious for groundwater resources
protection. Since the water resources combination is more important, the option 8 is worse
than the option 1 overall. This reflects that the ranking of options in this paper is more rational
than indicated in Zhong et al. (2010).

In addition, Table 6 indicates that the median values of FRI for several options are very
similar. The ratings of the options tend to be the same in such a way that the differences among
the options are not obvious. For example, the median values of FRI of option 1 and option 4
are respectively 1.3894 and 1.3912, very close, both between rating I and rating II, and closer
to rating I. However, the probability that option 1 belongs to rating I is 98.3 % and larger than
the option 4 belonging to rating I. Hence, to a certain degree, the probability of the rating can
reflect the difference between the two similar options.

However, through the case study, some limitations of the approach that needs to be pointed
out as follows: 1) if the system is divided into more than three levels, both the complexity of
water allocation assessment and the computation burden will be markedly increased; 2) before
the assessment of water allocation options, the criterion should be independent, otherwise the
interrelations between them may distort the real effect of the primary ones; and 3) on
application, it is better to develop the software in advance according to the method presented
in this paper for convenient use by a decision-maker.

6 Conclusions

In this paper, the optimal selection model based on variable sets has been improved from single
layer to multiple layers and adapted to the structure of water resources option with multi-

Table 7 Comparison of option 1 and option 8 in the west zone of lake and the east zone of lake

Zones Principles Options Overall RMD FRI Median value
of FRI

I II III IV

West zone
of lake

B1 1 0.3048 0.0287 0 0.6665 [2.7972, 3.2592] 3.0282

8 0.4047 0.0001 0.0032 0.592 [2.5396,3.0254] 2.7825

B2 1 0.9238 0 0.004 0.0722 [1.1539, 1.2953] 1.2246

8 0.9121 0 0.0011 0.0868 [1.1823, 1.3429] 1.2626

B3 1 0.8458 0 0.0173 0.1369 [1.3125, 1.5781] 1.4453

8 0.0596 0 0.0029 0.9375 [3.7595, 3.8771] 3.8183

B4 1 0.5765 0.0875 0.2691 0.0669 [1.5348, 2.1180] 1.8264

8 0.6738 0.0371 0.2214 0.0677 [1.4375, 1.9285] 1.6830

East zone
of lake

B1 1 0.0562 0.4065 0.3942 0.1431 [2.2963, 2.9521] 2.6242

8 0.0724 0.8204 0.1072 0 [1.8797, 2.1899] 2.0348

B2 1 0.9391 0.0154 0.0455 0 [1.0485, 1.1643] 1.1064

8 0.9381 0.0139 0.048 0 [1.0512, 1.1686] 1.1099

B3 1 0.8546 0 0.1194 0.026 [1.1894, 1.4442] 1.3168

8 0.0696 0.6912 0.1828 0.0564 [1.9856, 2.4664] 2.2260

B4 1 0.5908 0.2146 0.1946 0 [1.3203, 1.8873] 1.6038

8 0.7249 0.0863 0.1888 0 [1.2482, 1.6796] 1.4639
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region, multi-principle and multi-criteria influences. The FRI has been utilized to describe
option rating to overcome the disadvantage that the ratings are very close among several
options. The procedure for the option assessment used in this paper is clear and simple, and
provides a rational assessment of the results.

The results from the case study employed indicate that the hierarchy optimal selection
model based on variable sets cannot only be used for the overall option assessment, but also for
single assessment such as single zone and single principle. Therefore, this model can help
decision-makers rank water resources options overall or partially to meet the demands of
different interests. Additionally, by comparison with the maximum entropy model, this
hierarchy optimal selection model is deemed more reliable because it overcomes the inherent
weakness of the principle of maximal membership for ranking the options.

According to the assessment result, the major conclusions regarding policy implications for
water allocation for the Jining City are as follows: 1) reducing the water shortage in agriculture
and improving the industrial output value per cubic meter water are two crucial ways for
promoting the socioeconomic rationality of the city; and 2) it is very necessary for improving
water resources composition rationality of the city to reduce the exploitation of groundwater,
especially deep groundwater.
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