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Abstract Constant multiplier performs a multiplication of a
data-input with a constant value. Constant multipliers are es-
sential components in various types of arithmetic circuits,
such as filters in digital signal processor (DSP) units and they
are prevalent in modern VLSI designs. This study presents
efficient algorithms and their fast hardware implementation
for performing multiplying-by-(2+1), or (2*£1)N, operation
with additions. No multiplications are needed. The value of
(2"£1)N can be computed by adding (+N) to its k-bits left-
shifted value 2N. The additions can be performed by the full-
adder-based (FA-based) ripple carry adder (RCA) for simple
architecture. This paper presents the unit cells for additions
(UCAs). Results show that the UCA-based RCA achieves
34 % faster than the FA-based RCA. Further, in order to im-
prove the speed performance with lower hardware cost, this
paper also presents a simple and modular hybrid adder with
the proposed UCA concept, where the hybrid adder takes the
lower-bit carry lookahead adder (CLA) as a module and many
of the CLA modules are serially connected in a fashion similar
to the RCA. Results show that the proposed hybrid adder
achieved speed performance improvement while maintaining
its modular and regular structure.
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1 Introduction

Constant multiplier performs a multiplication of a data-input
with a constant value. Constant multipliers are essential com-
ponents in various types of arithmetic circuits, such as filters
in digital signal processor (DSP) units, dominate the hardware
complexity of digital filters [1]. In addition, they are prevalent
in modern VLSI designs.

The multiplication by a fixed-point constant can be done
“multiplier-less” using additions and shifts only. In such filters
the number of adders determines the implementation cost.
Since the shifters are implemented as hard-wired inter-block
connections, they are considered “free” in transposed imple-
mentation of an FIR filter; each input is multiplied by several
coefficients [1-3]. Constant multiplier design has been inves-
tigated for several decades. However, the emphasis was
placed on minimizing the number of additions required to
achieve the multiplication of a given constant [4].

In this study, the emphasis is placed on performing the
constant multiplication with a faster adder in only one addition
operation. This paper targets the development of the multipli-
cation of a constant (2*+1). The value of (2*+1)N can be
computed by adding N to its k-bit left-shifted value 2*N. On
the other hand, The value of (25-1)N can be computed by
subtracting N from its k-bits left-shifted value 2N, or adding
(-N) to 2*N. The additions can be performed by a simple
ripple carry adder (RCA), or a higher speed carry-lookahead
adder (CLA).

The unit cells for additions (UCAS) are introduced in this
study to construct the UCA-based RCA. Results will show
that the UCA-based RCA achieves approximately 34 % faster
than Full-adder-(FA)-based RCAs. In order to further improve
the speed performance, a simple and modular hybrid adder is
also presented, where reasonably smaller bit size of CLA is
used as a module and many modules are serially connected in
a fashion similar to the RCA.
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In the next section, the conventional multiplication of a
constant (2+1) using FA-based RCA is discussed.
Section III presents the proposed UCA-based RCA structures
for (25+ 1)N operation. Section IV describes a hybrid adder for
the constant multiplication. Finally, a brief concluding remark
is given in Section V.

2 FA-based RCAs for (2+£1)N Operations

Let N=(a,.1ap»...3¢9) be an n-bit number. For the (2k+ )N
operation, there exists a number m such that n=mxk (if n<
mXk, sign extension is applied). Thus, N can be expressed as
(Am-lAm-2~ . .A()), where Ai:(a(i+1)k_1 .. .aikﬂaik), i:O, l, ...,ImM-
1, and the 25+ 1)N operation can be performed by adding N to
its k-bits left-shifted value 2N, i.e., (1+2")N=N+2*N, where
2N=(Am.1Ame...A0) and 0=(0..00).

N 0 Ami ... A Ai Al .. AL Ay
+2ka Ami Ama ... Ai Ay A ... Ay O
(1+2)N S Sm-1 - Siy1 S Sii ... S S

(1)

The 3N operation is performed by 3N=N+2 N,

N 0 ap-1 aAdp—2 ... A1 Q
+2N a2,y a2 a3 ag 0 (2)
3N Sn Sn—=1 Sp—2 ... S1 Sp

and the 9N=N+8 N operation with k=3 is operated as

N 0 0 0 Azm-1 a3i1283i1 133 azaz ajag
+ 8N agm-1 w2  Am-3  Am4 a3i-1 A3i2 433 ap 00 0
9N S3m+2  S3m+1  S3m S3m—1 S3i+283i+183i S382 8180

On the other hand, (2%1)N=2N+(-N)=2*KN+N*+1,
where N* is the bit-complement of N, i.e., N¥=(A,.
l’Am—Z’-“AO’) and Ai’=(a(i+1)k_1’...aikﬂ’aik’), i:0,1,...,
m-1. Thus, (2-1)N operation can be performed by
adding the k-bits left-shifted value 2N to N* with an
initial carry of 1. For example, the 7 N operation is
performed as follows,

N* 1 1 1 Am-1” e 832 Wil A7 az’ay’a;’ap’
+8N a1 8m2 Am3  A3m4 . A3l A3 833 ap 00 0
TN S3mi2 S3mt1 S3m  S3m-1 S3i+2 S3i+1 S3i 8382 S180

Figure la shows a full-adder (FA) cell [5, 6]. A FA cell
takes two data inputs, a;; and a;, and a carry input bit ¢;_i,

@ Springer

and produces a carry output bit ¢; and a sum bit s;, for i=0~
n, where a_;=0 and c_;=0. The logic functions are

Si = ajaj.; bci ()
¢i = (aiPaj.1)cio + ajai

The point-to-point delays of the FA and HA (Half-adder)
cells are

ACC(FA) = Acatry*in*tcrcan'yfout( FA) — 2 AnanND2

Acs(FA) = Acarry—to—sum(FA) = Axor (6)
Aic(FA) = Sinput-to—carry( FA) = Axor + 2ANAND2

Acetia) = Qica) = Anor2 Aes(ra) = Axor

Figure 1b shows an (n+1)-bit FA-based RCA for 3 N op-
eration. The RCA is comprised of (n-2) FAs and 2 HAs con-
nected in series. The critical path includes the input-to- carry
of the right-most HA (Ajua)), the carry-to-carry
(Aceray) of (n-2) FAs, and the carry-to-sum (Acgmua))
of the left-most HA, i.e.,

Arca(ra)en) = Qicna) + (0172) Ace(pa) + Aes(a) 7)
= Anorz2 + 2(n—2) Ananp2 + Axor

In general, the critical path delay of the (km)-bits FA-based
RCA for (2+1)N operation can be expressed as

ARCA(FA)((:}“‘)N) = Ajeria) + (km—k—1)Ace(pa) + (k=1) Accria) + Acs(ria)
= kAxor2 + 2(km—k—1) Axanpz + Axor

(8)

Similarly, the critical path delay of the (km)-bits FA-based
RCA for (2-1)N operation can be expressed as

ARCA(FA>((2k-1)N) = Aicay + (km—k—1)Ace(pa) + (k=1) Aceriays + Aes(ria)*
= Ajpy + [2(km—1)—k] Axanpz + Axnor

©)

The term, (HA)* in (9), indicate a HA resulted from a FA
with an input “1”, where Aic(HA)*:Ainv+ANAND23 A-

cc(HA)*— Ananpz and Acs(HA)*: Axnor.
By (8) and (9), with k=3, the delays of the RCA in Fig. 1c
and d for 9 N and 7 N operations respectively are

Arca(ra)on) = 3Anor2 + 2(3m—4)anp2 + Axor  (10)

Agca(raymN) = Ainy + (6m=5) Ananpz + Axnor (11)

Finally, Fig. le illustrates the (3 m)-bits FA-based RCA
with dual mode for both 7 N and 9 N operations, where
mode=0 for 9 N operation and mode=1 for 7 N operation.
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Figure 1 FA-based RCA: a FA
cell; b for 3N; ¢ for 9N; d for 7N;
and e for dual mode — 7N and 9N.

3 3y

S3m+2  S3m+1 S3m

1 1

1

S3m-1 S3m2 S3m3 Ss S4 S3 85 818
(©)

A3m-1
|

A3m0 A3
|

H

S3m+2 S3m+l S3m  S3m-1 S3m2 S3m3 S5 S4  S3 S, 88
(d)

Ay Ao Az a a a 0 for 9N

3Im 1 3!|n 2 3:11 3 5 4 3 mode 1 for IN

S3m+2 S3m+1 S3m

Similarly, one can easily realize a (km)-bits FA-based RCA
for (2"+£1)N operations.

3 UCA-based RCAs for (2"+1)N Operations

This section presents the UCA-based RCAs for *+1)N
operation. The implementation concept is readily applied
for (251N operations.

3.1 UCA-based RCA for 3 N Operation

Consider the 3 N operation, as illustrated in (2). By Shannon
expansion theorem, the carry and sum functions in (5) can be

re-written as

¢i = a;’(ai-iCio1) + ai(ai- + ci)

=a; W01 +a;Wli;

S3m-1 S3m2 S3m-3 Ss Sy S3 8, ;S
(e)
si = a;®u;, where u; = a1 e (13)

where WO0;_;=a;_;c;.; and W1;;=a;.;tc;.;. To construct the
carry propagation paths, we consider both W0; and W1;, in
the next stage. By (12), we can easily derive

WO0; = aj¢; = ai(ai’WOH + aiWIH) = a;W1i-;; and
W1, =a+c¢ =a +a, W0 +a;Wli—; = a; + W0,

(14)

By (13), the functions u; can be expressed as

U = [ai-1Cio1 + a1 cic ] = [WOi- + Wiy ]
= W0, "Wl (15)
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Figure 2a shows a UCA cell for 3 N operation. The cell is
comprised of three blocks: Carry Propagation Path (CPP)
block, Function u; Generation (FUG) block, and Sum Gener-
ation (SMQG) block. The critical path of an n-bit UCA-based
RCA, as illustrated in Fig. 2b, includes an NAND gate in
cell#1, (n-3) UCAs in cell#2 to cell#(n-2), and the inverter,
NOR?2, and XOR gates in cell#(n-1), where Ayca=Anora2,
i.e., the delay is

Agcaea)sn) = Ananpz + (1=2) Axorz + Ainy
+ Axor (16)

3.2 UCA-based RCA for 5 N Operation

Consider the 5 N operation, as shown in (1) with k=2, where
Ai=(ai+1,2), i=0,1,...,m-1, and n=2 m. (Note that a zero is
added as the most significant bit if n is not an even number.)
Two additions, (aj+1+ai.1+Co;) and (ay;+azi»+Coj.1), are per-
formed. By (5),

Coi = ;" (@2i2C2i-1) + @zi(@zi2 + C2i-1);

Soi = 2Pz, Where Ui = ai2DCoi-1; (17)
Coit1 = Ait1 (A2i-1C2i) + Azig1(A2i-1 + C2i);
S2it1 = A2i41@W2i11, Where upiy1 = az-1Dcy;;

Figure 2 UCA-based RCA: a
UCA cell for 3N; and b (n+1)-bit
RCA.
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By (17), plugging c,; to ¢,i+1, we have

Coir1 = @1’ Ai-1[ai’(a2i2C2i-1) + A(azi2 + C2i1)] +
agi+1(A2i-1 + azi’(a2i2C2i-1) + azi(@zi2 + C2i-1));
= i1’y (a2i182i2C2i-1) + @21 @2i[azi-1 (a2i2 + C2i1)]+
@918’ [A2i-1 + @2i-2C2i-1] + @zir182ifazi-1 + Azi-2 + Coi1]
= ai11 ag’ WO002i-1 + agiy1’aWO0lai-1+
agiy1a9; W10si-1 + azi1a2iW1llpi
(18)
where
W005i-1 = api-1ai2C2i-1;  WOlai-p = api-1(azi2 + Cai1);

W109i-1 = azi-1 + agi2C2i-1; Wllai = a1 + agia + i1

The 2-bits UCA cell for 5 N, referred to as a UCA2 cell can
be derived as in the following property.

Property 1 The logic functions of the CPP block are
expressed as

WO009i11 = agiy1 ag Wllaig

WO0loir1 = azig1 (a2 + W10-) (18)
W02 = azip1 + (a2 WOlpig)

Wlloip1 = asip1 + az + W00y
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and the functions u,; and u,;; of the FUG block are and since
Ugi = (W002i-1"WO01lsi-1) + (W105i-1"W1liy) (20) WO005-1 W019i—;” = 0 and W10 W1l-;” = 0, thus
Ugi1 = a2’ [WO005i-1 " W102i-1] + ai[WO Lo "Wl ] Uy = (WO005 1" WOl 1) + (W1051 W1l 1)
Similarly,

Proof Consider W005;:1=a5;1122iCoi+1, With Coi41 in (18), we
obtain W00,;1=a5;1122;W115; ;. Similarly, one can easily de-

rive the remaining terms in (19). By (17), Ugiy1 = i1 BCoi = i1 B[azi” (a2i-22i-1) + i (@22 + C2i-1))]

= &’ [a2i1D (@i 2C2i1)] + aiazi1 D (@2 + C2i1)]
= ;" [W005i-1 "W 10i1] + a2i[WO 12 "W 115 ]

Ugi = A 2PCoi-1 = (A2i2C2i-1)D(a2i2 + C2i1)

= [a2i-1®(a2i2C2i-1) | [a2i-1 ©(a2i2 + €2i-1)] Figure 3a shows the UCA2 cell, where the CPP block can
= (WO002i-1"W10i-1 )& (W01 "Wl ) be realized by using NAND2/NOR?2 gates, as illustrated in
= (W002i-1"'W102i-1 )" (WOLoi-1 "W 1lsi)+ Fig. 3b. The critical path, as indicated in red, of the (2 m)-bits
(W009i-1 "W 102i—1) (WO01gi-1’"W 1l )’ UCA2-based RCA in Fig. 3¢ includes an INV and an NOR2

gate in cell #0, two NOR2 gates in each of cells #1 to #(m-2),
and the FUG and SMG blocks in cell #(m-1). Thus, the prop-

Since . .
agation delay is

WO002i-1 Wllsi-y = W00z, W105i-1’WO0l2i-;” = W102-,

W109i-1 WO1gi-1 = WOlzi-q, and W00 W1laiy” = Wllaiy’, Arcaueaz)sN) = Ay + Anora + (m=2) Aycaz
ugj = WO002i-1 WOlsi-1” + W102-1 "W+
WO002i-1 WO lgi g + W105- Wllyiy’ + Arugsn) + Asma (21)
Figure 3 5N operation: a & b By ay A i

UCAZ2 cell; and ¢ UCA2-based

RCA. : '
woom—;rG: @ { W00,
WOlzm‘i‘G:_(I_‘ i W01,
W10, —.-@ i
- W10,
Wity ([ |
: - i Wil

W00,

| WO,

f W10,

s W112i-1

U,
2i+1 Uy;

Sain Sai

(a)

aZml-l ?2m-2 Bm-3 Ay 4

weacu I
[] = e

L]

Som+1 | ] ] T Y Y

$2m Som-1 Sam-2 82m-3 S2m-4 S5 Sy S35, S; S

(c)
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3.3 UCA-based RCA for (2°+1)N Operation

We first construct the CPP block and then the FUG and SMG
blocks

CPP Block Let 1j be a binary number, eithera O ora I,

#q = # = “”’(Logic AND operation), if r; = 0,

#i = # = “+ ”(logic OR operation), ifr; = 1. (22)
Thus, W01, in (19) can be expressed as
W(riro)oiyy = azigi#o (a2t W(ri’ro’)o ) (23)

where r;” and 1y’ are the bit-complement of r; and r,
respectively.

Figure 3b shows the block diagram of the UCA2 cells,
where the CPP block is highlighted. The CPP block contains
4 carry propagation paths, Pa, a=0~3, and each path contains

the index of the path output Wab. For example, the output
W10 of the path pa which includes both gates J21 and J20.
Here, W10 means a=1 and »=0, i.e., J21 is an OR gate (be-
cause a=1) and J20 is an AND gate (because b=0). Fig. 4aisa
symbolic representation of that in Fig. 3b.

Similarly, the CPP block of the UCAk cells for "+ 1)N
operation can be expressed as

W(Th11170) 411
= ak(iJrl)—l#rk—l ( . -#rl (aki#rOW(rk_l ’.. 'ro’)kifl) (24)

Figure 4b shows the symbolic representation of the logic
function for the CPP block of the UCAk cell and its delay is

AUCA(k):kANORz-

FUG and SMG Blocks Let U(x0) and U(x1) be defined as

(AR 2]

follows: (“x” means “don’t care term”)

2 gates, Jab, b=0 or 1. The gate type of Jab is determined by U(x0) = WO003i-1'W10si1, U(x1) = WOLyi-i"Wllaiy (25)
Figure 4 Symbolic i dy;
regresentation: a for SN; and b for
W10y, —| 21 71320 ]\ W10,
Wy, — 531 71930 Wi,
| |
S2i+1  Sp;
(a)
k-1 Akirl A
al T W00.0,,
W00..0, | |3 D—I AV
¥ ' WOl..1,.
WO]"lki+k-lD—< D:' I:l: kil
. — W10..0,.
WI10..04441 ﬂ "' D—:':L: . il
: 3 ' WIl.1,.
Wl 1 is 1ki+k-1 4| I ﬂﬂ e 000 ki-1
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U(x0) takes the terms Wx0, while U(x1) is formed by the
terms Wx1. Let V(0x) and V(1x) be defined as

V(OX) = W002i_1 ,W0121_1 , V(IX) = W102i_1 W1 12i_1 (26)

Thus, (19) can be expressed as

Ugit] = azi’U(XO) + aZiU(xl) (27)
Ug = A\ (OX) + V (1X)
Figure 5a is the symbolic representation of FUG and SMG

blocks of UCA2 cell for 5 N operation, where U(x0)* is an

AND3 gate with 3 inputs a;’, W00,;.;°, and W10,;_;, and

U(x1)* is that with a,;, WO15;.1’, and W11,; ;. Thus, the delay

path, as shown in Fig. 5b, includes an AND3, a OR2, and a

XOR, and it can be implemented with an INV, an NAND?3, an

NAND2, and a XOR as follows,

Arugisny = Ay + Ananps + Ananpz; Asmac

= Axor (28)

Similarly, the UCA3 cell for 9 N operation, the FUG block
can be expressed as follows,

Uit = a3ir1 a3’ U(x00) + a3y ’asU(x01)4
a3i+1agi’U(X10) + a31+1a3iU(x1 1)
Ugi+1 = a3i’[V(0xO) + V(lXO)] + as; [V(OXI) + V(le)]
uz = V(0x0) + V(1x0) + V(0x1) + V(Ix1)

Figure 5c illustrates the delay path for 9 N operation, where
Usito, in (29), can be realized by four AND4 gates and one
OR4 gates. However, the term a3;.1’a3;"U(x00) can be realized
by an AND2 with a3;,;” and a3;” and an AND3 which takes the
output of AND2 and two inputs of U(x00). Since the function
AND?2 with a3;;” and a3;” can be pre-calculated and the
AND?2 gate will not be in the critical path, as shown in
Fig. 5c. The OR4 is realized by a NOR2 followed by a
NAND?2. This results in an INV, an NAND3, an NOR2, and
an NAND?2 included in the critical path of the FUG block of
the UCA3 cell, i.e.,

Apugon) = Ay + Axanps + Anorz

+ Ananp2; Asma

= Axor (30)
Similarly, the delay path in Fig. 5d for UCA cell is,
Arvcamy = Ay + 2Ananps + Anors; Asme

= Axor (31)

3.4 Performance Evaluation

The proposed design methodology is mainly about the struc-
ture of hardware implementation which is based on the newly

(29)  developed equations. The actual realization of the proposed
o MG blocks or SN b Delay uexoye|[upxye] [ viox || viax)
paths for 5N; ¢ for 9N; and d for | | [ l
o Agiep [ OR2 ay | OR2
XOR XOR
I
Syi+1 SIZi
(a)
[ ] [ww] awoz [ v ] [ mv | awoa [ v | | v |
| AND3| INANDi AND3 INANDi | AN03|
lorz | 7 [nanod | ons | [vor2|  [ons | LJ‘:}
=] (o] [or]
XOR XOR
(b) (© (d)
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UCA, for example, may vary significantly. Therefore, the fol-
lowing performance comparisons were conducted assuming
the same type of hardware realization. Thus, the speed perfor-
mance estimation only consider the total gate delay in the
critical path under the same conditions, where the path delays
and loading effects were not considered for this rough estima-
tion. In fact, the performances are evaluated based on the gate
delays of the standard cells in TSMC 0.18 pm CMOS process
technology, as tabulated in Table 1 [2], where the cell height is
5.04 pm.

The delays of UCA-based RCAs are, n=2", t>4, where
(At (k-1)Anor2) is in Cell#0 for 5 N and 17 N operations,

Agcauea)@n) = Ananbz + (n-2) Anorz + Ainy + Axor
Agcawea)eny = (173) Axorz 4 2Ainy + Ananps + Ananpz + Axor
Agcawea)yam) = (0=5) Anora + 2 iy + 2Axanps + Anors + Axor

(32)
By (8), the delays of FA-based RCAs are, n=2", >4,

Agrca(ra)en) = Anorz + 2(n—2) Axanoz + Axor
Arca(rayen) = 2An0r2 + 2(n—3) Ananpz + Axor (33)
Agca(ra)amn) = 4Anorz + 2(0—5) Ananp2 + Axor

Based on (32), (33), and Table 1, the delays of both FA-
based RCAs and UCA-based RCAs for 3 N (k=1), 5 N (k=2),
and 17 N (k=4) with the 16~1024 bits were computed and the
values were tabulated in Table 2. Results show that UCA-
RCA for 17 N operation has slightly better than that for 5 N
operation. This is so simply because (2Anor2 1T AnanD2)=
0.1176 ns and (Ananp3+Anorz)=0.1044 ns, where the dif-
ference is about 0.01 ns.

Based on Table 2, Fig. 6a and b plot the delays of both FA-
based RCA and UCA-based RCA, respectively, for 3 N, 5 N,
and 17 N operations. Results show that their delays are almost
the same for the same size with the same approach.

Table 2 tabulates the normalized speed performance, where
the delay of FA-based RCA is normalized and set to 1. The
delay ratios of UCA-based UCAs for various bit sizes are
shown in Fig. 6¢. Results show that the delay ratios are ap-
proximately 65 % which can be simply calculated from the

Table 1  Cell delay data [2]

Delay (ns) Delay (ns)
NAND2 0.0324 NOR2 0.0426
NAND3 0.0453 NOR3 0.0591
AND2 0.0841 OR2 0.0656
XOR 0.1447 XNOR 0.1453
INV 0.0261

delay ratio of UCA cell (Anoro) over a FA cell 2AnanD2),
i.e., Anor2/(2AnanD2)=0.0426/0.0648=0.66=66%.

Even though the proposed UCA-based RCAs are
about 34 % faster than the FA-based ones, their speed
performance is still too slow particularly for wider bit
sizes. The following section attempts to further improve
the speed performance.

4 Hybrid Adders for Q2*+1N Operations

As mentioned, the RCA achieves lower hardware cost,
while the CLA offers high speed performance. In order
to achieve higher speed performance for the additions, a
hybrid adder combining RCA and CLA (or generate-
propagate adder), as shown in Fig. 7, is presented.
The adder is simple and modular, where the lower bit
CLA is taken as a module.

4.1 UCA-based Hybrid Adder for 3N Operation

For 3N operation, by (14), the carry-out bits at the first 4
stages of the CPP blocks can be written as follows,

w 00 = a()W 1—I

WOl = a1W10 = apa; + a]WO,]
W 0= ajay+ apa,W 1
W03 = araz + apajaz + a1a3W0_1

W 1= a+ W 0
Wll = a +W00 =a; + 30W171
W ly = a,+ apa; + a;W 0
W13 = a3+ aja; + a0a2W 1_1

(34)
Thus, both W05 and W15 can be written as
W03 = Ro; + RgoWO0-; W13 = Qg + QpoW1 (35)
where
Rgo = aja3, Ro1 = axa3 + apajas, Qyp = apaz, Qp
= a3 4+ ajap (36)

Table 2  Performance evaluation for RCAs

Bits 16 32 64 128 256 512 1024

3N Operation FA  1.09 2.13 42 835
UCA 0.8 148 284 5.57 11.02 2193 43.74
SN Operation  FA 1.07 2.11 4.18 833 16.62 3321 66.39
UCA 0.83 1.51 287 5.60 11.05 21.96 43.77
17N Operation FA  1.03 2.06 4.14 829 16.58 33.17 66.35
UCA 082 150 286 559 11.04 21.94 43.76

16.65 33.24 66.41
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Figure 6 Speed performance: a
FA-based RCA; b UCA-based
RCA;and ¢ comparison.

Propagation Delays (ns)

1.0

0.6
0.4
0.2

Normalized Ratios

Similarly, both W0, and W1, are expressed as

W07 =Ry + RjpW0; W1y

=Q + QW13 (37)

where

Rip = asaz, Ry = asas + azasaz, Qg = asas, Qo

= a7 + asag

By (35), both W0, and W15 in (37) can be re-written as

W07 = Ry1 + RioRo1 + RigRooWO0- (38)
Wil7 = Q1 +Q10Qo1 + Q10Qoo W11

Figure 8a shows a 32-bits hybrid adder, where each CLA
unit processes 8-bit data. Each CLA unit, adopting the parallel
prefix adder structure [7, 8], is comprised of two 4-bit RQ
generator units (RQGUs, or RQGU-4), a 2-bit CLA (or

337828 3783 3317856 als'flz all'aB a7ia4 aziao
i _peu p6U | [pcu | [ peu |
! <
;IBCLA-4] BCLA-4r_ BCLA-4 ]Bcuu
Ly ! ! ¥ :
- - e B CLA-4 “c,
Ce3 Ca7 C31 Ci5 Jc;, e, ey
i[sum ] [suml [suml |SUM| :
v v 3 s AhEhiiy TRl
S637Sa8  S477S33 S3-S;6  S157S12 S11Sg $7784  S37Sp

Figure 7 Hybrid adder — RCA & CLA.

______ ==l

17N
30
20
III g
| ] ]| III 0

64 128 256 512 1024 16 32 64 128 256 512 1024
Bit Size Bit Size
(a) (b)
RCA(FA)

1024
Bit Size

(©)

CLA-2), and two 4-bit Function U generation units (FUGUs,
or FUGU-4). The RQGU-4, as shown in Fig. 8b, realizes the
functions in (34) and it replaces both PG unit and Block CLA-
4 (BCLA-4) in the conventional CLA structure. The CLA-2,
as illustrated in Fig. 8c, implements the functions in (35) and
(38), and the FUGU-4 in Fig. 8d, is for the functions in (34)
and (15). Note that ¢;=(WO0;,W1;) in Fig. 8a, The delays of
these units can be expressed as

ARQGU—4 = Axanps + ANANDz; ACLA—z = 2 Axanps;
Arucu-4 = Ananps + Ananpz + Ay + Anorz; Asum = Axor;

The critical path of the 32-bit hybrid adder includes a
RQGU-4, four CLA-2 s, a FUGU-4, and a SUM, i.e.,

Anyain)2) = Aroeu—4 + 4AcLa2 + Arucu-4 + Asum
= 1OANANDs + 2AnanD2 + Ay + Anorz + Axor

In general, for n=2", >3, the delay

Anyanm) = Arqau-4 + (n/8) Acra2 + Arvcu-4 + Asum

39
= (n/4 4 2) Ananps + 2Ananp2 + Ay + Anorz + Axor (39)

Similarly, the 4-bit CLA module of the hybrid adder in
Fig. 8 can be replaced by 8-bit one. The delay is
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(b) (C)

ApyaiN)m) = Areu-g + (n/16) AcLa—2 + Arucu-s

+ Asum (40)

where

Arqcu-s = Aanps + Aors;

41
Arucu-s = Aanps + Aora + Amy + Anorz- (41)

The CLA module of the hybrid adder may include
multi-level structure similar to the conventional CLA.
For example, the CLA module of the 64-bit hybrid ad-
der in Fig. 9 is with 2-level CLA structure. Let L de-
note as the number of levels in the CLA module. Thus,
the delay of such hybrid adder is, r=m*2%, m=4 or 8,
L>2, and n>2r,

ApyaeN)m = Arocu-m + 2(L—1)Apcra—2 + (n/1) AcLa—2+
ApuGU-m + Asum

(42)

59-as6

Figure 9 Sixty-four-bits hybrid %1720

(d)

Figure 8 Proposed hybrid adder for 3N operation: a 32-bit hybrid adder; b RQGU-4; ¢ CLA-2; and d FUGU-4 & SUM.

4.2 UCA-based Hybrid Adder for (25+1)N Operation

Similar to the derivation process for 3 N operation in
(35)-(38), the following component delays can be derived
from Property 1 for 5 N operation, where

ArqGu-4(sN) = Areau-43N) = ANanDs + Ananp2;
Apugu-4(s8) = 2ANaNDs + 2ANaND2 + ANy;

Arqau-s(sn) = Arqau-sN) = ANanps + Ananpz + 2ANoRr2
Arucu-s(sN) = 2ANaNDs + 2ANaND2 + 2AN0R2 + Avy;

(43)

Similarly, one can also derive for 17 N operation as

ArQGu-4178) = ArQGU-4(3N) = Ananps + ANanD2;

Apucu-4178) = 3ANaND3 + Ananpz + Ay + Anors;
Arcu-s(178) = Arau-8(3N) = Ananps + Ananpz + 24AN0r2;
Apucu-s(178) = 3ANaND3 + Ananp2 + 2Anor2 + Ay + Anors-

(44)

For 9N operation with k=3, the UCA3 cells are employed
and each cell contains 3 bits. Thus, the delays are

55785y As51~fgg 52 A58 37184 aslao

adder with 2-level CLA module.
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Table 3 Performance
comparison (a) 4-bit modules
Bits 16 32 64 128 256 512 1024
3 N Operation L=1 0.55 0.73 1.09 1.82 3.27 6.17 11.94
L=2 0.68 0.86 1.22 1.95 3.40 6.30
L=3 0.81 0.99 1.35 2.08 3.53
L=4 0.94 1.12 1.48 221
L=5 1.07 1.25 1.61
5 N Operation L=1 0.95 0.77 1.13 1.85 3.30 6.20 12.00
L=2 0.71 0.90 1.26 1.98 343 6.33
L=3 0.84 1.03 1.39 2.11 3.56
L=4 0.97 1.16 1.52 224
L=5 1.10 1.28 1.65
17 N Operation L=1 0.66 0.84 1.20 1.93 3.38 6.27 12.07
L=2 0.79 0.97 1.33 2.06 3.50 6.40
L=3 0.92 1.10 1.46 2.18 3.63
L=4 1.05 1.23 1.59 231
L=5 1.18 1.36 1.72
Bits 32 64 128 256 512 1024
(b) 8-bit modules
3 N Operation Bits 32 64 128 256 512 1024
L=1 0.72 0.90 1.26 1.99 3.44 6.34
L=2 0.85 1.03 1.39 2.12 3.57
L=3 0.98 1.16 1.52 225
L=4 0.89 1.07 1.43
5 N Operation L=1 0.76 0.94 1.30 2.02 347 6.37
L=2 0.89 1.07 1.43 2.15 3.6
L=3 1.01 1.2 1.56 228
L=4 1.14 1.33 1.69
17 N Operation L=1 0.83 1.01 1.37 2.1 3.55 6.44
L=2 0.96 1.14 1.5 223 3.68
L=3 1.09 1.27 1.63 2.36
L=4 1.22 14 1.76

ArQGu-3(9N) = 2ANAND2;

Arqcu-6(oN) = Aanpa + Aors = Ananpz + Anorz + Aors
Apucu-3on) = 3AnanD2 + Ay + Anorz + 2ANANDS;
Arucu-soN) = 2ANaND2 + 2AN0R2 + Ay + Ananps + Aors-

(45)

Similarly, for (2°+1)N operations, the k-bit cells, UCAk
cells, are employed. Thus, the hybrid adder may include the
k-bit CLA modules.

4.3 Performance Evaluation
This section roughly estimates the speed performances of the

FA-based RCAs, UCA-based RCA, and the hybrid adders
with various bit sizes for 3N, 5N, 9N, and 17N operations.

However, the performance evaluation process is readily ap-
plied for any bit sizes and (2"+1)N operations.

The speed performance is roughly evaluated based on the

gate delays of the standard cells listed in Table 1, where the
AND (NAND) and OR (NOR) gates are limited to their fan-
ins up to 3. Thus, the ANDS5 and OR4 gates in (41) are imple-
mented in two-level logic gates, i.e., AND5=(AND3)

*(AND2), and OR4=(OR2)+(OR2).
The delays of the RQGU-4 and RQGU-8 for 3N, 5N, and
17N operations are the same. By Table 1,

ArqGu-4 = Ananps + Ananpz = 0.0777ns
Arqcu-s = Aanps + Aora

= Ananps + Ananpz + 2Anor2 = 0.1629ns

Arqcu-3 = 2AnanD2 = 0.0648ns
ArqGu-6 = Ananp + Anorz + Anors + Ay = 0.1602ns

(46)
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Based on (39, 40, 41, 42, 43, 44, 45, and 46), the delays of
the hybrid adders are calculated and tabulated in Table 3.

Results show that the delays are indeed improved as the
number of levels, L, increases. For example, for 17 N operation
with 1024 bits, the delays was improved from 66.51 ns for the
FA-based RCA to 43.64 ns for the proposed UCA-based RCA,
as shown in Table 2, Further, the delay is reduced to 12.07 ns
and 6.44 ns for the proposed hybrid adders with 4-bits and 8-
bits modules, respectively, as illustrated in Table 3 and plotted
in Fig. 10a. The delays can be further decreased to 2.31 ns and
1.76 ns by using the proposed hybrid with 4-levels of 4-bits and
8-bits modules, respectively, as plotted in Fig. 10b.

4.4 Discussion

The proposed UCA design concept has the advantages of
better speed performance than the conventional FA design
approach. This sub-section compares the speed performance
of the UCA-CLA and conventional CLA (CV-CLA). The de-
lays of both BCLA-4 and CLA-4 [5-7] are

AcLa-4 = Aanps + Aors = Ananps + Ananpz + Axors + Anorz
Apcra—a = Aanps + Aora = 2(Ananp2 + ANor2)

For n-bit CV-CLAs, n=4', with CLA-4 and BCLA-4 mod-
ules, the delay is

Acv-ra = Apgu + 2(t=1) Apcra-4 + Acra-4 + Asum (47)
70
- FA-based RCA
z 60 N
v 50
7 UCA-based RCA
& 40 i
= Hybrid Adder
S 30 (4-bit)
E" 20 Hybrid Adder
& (8-bit)
a 10
0
16 32 64 128 256 512 1024
Bit Size
(a)
14
For 17N operation
= 12
= - With 4-bits module
« 10
>
1
v 8
2 ~ With 8-bits module
S 6 4
5
o 4
s
& 2
0

Number of Levels

(b)

Figure 10 Propagation delays for 17N operation with 1024 bits: a
Various adders; and b Hybrid adders with 4-bits and 8-bits modules.
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Table 4 Performance comparison (CLA Modules)

CLA-4 module Normalized ratio

Bits 16 64 256 1024 16 64 256 1024

CLA 077 107 137 1.67 1 1 1 1

3N 055 08 1.1s 145 071 079 084 0.87
5N 058 088 1.18 148 076 083 086 0.89
17N 066 096 126 156 085 089 092 093

and the delay of an n-bit UCA-CLA is

Auca-ca = Argau-4 + 2(t2) Apcra-a + Acra-4
+ Arugu-4 + Asum (48)

Note that the delay (Arocu-atArucu.4) in UCA-CLA is
compared with (Apgu+2Agcra-4) in CV-CLA. Table 4 com-
pares the speed performance of CV-CLA and UCA- CLA for
3N, 5N, and 17 N operations with various bit sizes.

The UCA-CLAs for 3N, 5N, and 17N operations respec-
tively achieve approximately 30 %, 25 %, and 15 % less delays
than CV-CLA for 16-bit addition, and about 13 %, 11 %, and
7 % for 1024 bit addition. As mentioned, the delay of FUGU-2"
block increases with k considerably. Thus, the proposed UCA-
CLAs may gain the advantage of better speed performance for
lower values of k. The proposed simple and modular UCA-
RCA are perfectly applied for those constant multiplications
with smaller bit sizes, such as 3 N, 5 N, and 7 N operations
for arithmetic coding, Booth encoding, and the divider design
[9] as a cost-effective solution. For higher speed performance,
the proposed UCA-CLA can also be applied.

5 Conclusion

Constant multiplier performs a multiplication of a data-input
with a constant value. They are essential components in var-
ious types of arithmetic circuits, such as filters in digital signal
processor (DSP) units and they are prevalent in modern VLSI
designs. This study has presented efficient algorithm and fast
hardware implementation for (2°+1)N operation with addi-
tions. No multiplications were needed.

The salient features of the proposed UCA design concept
came from the use of the carry function of (12) instead of (5),
thus improving the propagation delay path and achieving
34 % in speed performance improvement. The design concept
is perfectly applied for the RCA design for faster speed. The
proposed UCA-HyA provides a cost-effective solution for
constant multiplication, and the proposed UCA-CLA further
improves the speed performance.
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In addition, the study presents the hardware implementa-
tion for (2°+1)N operation, how to apply the proposed UCA
design concept for any other form of constants with one addi-
tion also leads a very interesting topic for future research.
Finally, as mentioned in [2], the constant divider can be de-
veloped in a similar way.
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