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Abstract

The essential matrix incorporates relative rotation and translation parameters of two calibrated cameras. The well-known
algebraic characterization of essential matrices, i.e. necessary and sufficient conditions under which an arbitrary matrix (of
rank two) becomes essential, consists of a single matrix equation of degree three. Based on this equation, a number of efficient
algorithmic solutions to different relative pose estimation problems have been proposed in the last two decades. In three views,
a possible way to describe the geometry of three calibrated cameras comes from considering compatible triplets of essential
matrices. The compatibility is meant the correspondence of a triplet to a certain configuration of calibrated cameras. The main
goal of this paper is to give an algebraic characterization of compatible triplets of essential matrices. Specifically, we propose
necessary and sufficient polynomial constraints on a triplet of real rank-two essential matrices that ensure its compatibility.
The constraints are given in the form of six cubic matrix equations, one quartic and one sextic scalar equations. An important
advantage of the proposed constraints is their sufficiency even in the case of cameras with collinear centers. The applications
of the constraints may include relative camera pose estimation in three and more views, averaging of essential matrices for
incremental structure from motion, multiview camera auto-calibration, etc.

Keywords Multiview geometry - Essential matrix - Compatible triplet - Polynomial constraints

1 Introduction

In multiview geometry, the essential matrix describes the
relative orientation of two calibrated cameras. It was first
introduced by Longuet-Higgins (1981), where the essential
matrix was used for the scene reconstruction from point cor-
respondences in two views. Later, the algebraic properties of
essential matrices have been investigated in detail in Faugeras
and Maybank (1990), Horn (1990), Huang and Faugeras
(1989). The well-known characterization of the algebraic
variety of essential matrices, which is the closure of the set of
essential matrices in the corresponding projective space, con-
sists of a unique matrix equation of degree three (Demazure

Communicated by M. Hebert.

The work was supported by Act 211 Government of the Russian
Federation, Contract No. 02.A03.21.0011.

B E. V. Martyushev
martiushevev @susu.ru

South Ural State University, 76 Lenin Avenue, Chelyabinsk,
Russia 454080

1988; Maybank 1993). Based on this equation, a number of
efficient algorithmic solutions to different relative pose esti-
mation problems have been proposed in the last two decades,
e.g. Nistér (2004), Stewénius et al. (2006, 2008), Kukelova
and Pajdla (2007).

The relative orientation of three calibrated cameras can
be naturally described by the so-called calibrated trifocal
tensor. It first appeared in Spetsakis and Aloimonos (1990),
Weng et al. (1992) as a tool of scene reconstruction from line
correspondences. The algebraic properties of calibrated trifo-
cal tensors were recently investigated in Martyushev (2017),
where some necessary and sufficient polynomial constraints
on a real calibrated trifocal tensor have been derived. A
3-view analog of the variety of essential matrices—the cali-
brated trifocal variety—has been introduced in Kileel (2017),
where it was used to compute algebraic degrees of various 3-
view relative pose problems. The complete characterization
of the calibrated trifocal variety is an open and challeng-
ing problem. For the uncalibrated case such characterization
consists of 10 cubic, 81 quintic, and 1980 sextic polynomial
equations (Aholt and Oeding 2014).
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Another way to describe the geometry of three calibrated
cameras comes from considering the compatible triplets of
essential matrices. The compatibility means that a triplet
must correspond to a certain configuration of three cali-
brated cameras. In the recent paper (Kasten et al. 2019a), the
authors considered compatible n-view multiplets of essen-
tial matrices, which are the natural n-view generalization of
the triplets, and proposed their algebraic characterization
in terms of the spectral (or singular value) decomposition of
a symmetric 3n x 3n matrix constructed from the multiplet.

On the other hand, the polynomial constraints on compat-
ible triplets of essential matrices have not previously been
studied. The present paper is a step in this direction. Its
main contribution is a set of polynomial constraints such
that any triplet of real and rank-two essential matrices that
fulfils these constraints is guaranteed to be compatible. An
important advantage of the introduced constraints is their suf-
ficiency even in the case of cameras with collinear centers.
The results of the paper may be applied to different computer
vision problems including relative camera pose estimation
from three and more views, averaging of essential matri-
ces for incremental structure from motion, multiview camera
auto-calibration, etc.

The rest of the paper is organized as follows. In Sect. 2,
we recall some definitions and results from multiview geom-
etry. In Sect. 3, we propose our necessary and sufficient
constraints on compatible triplets of essential matrices. The
constraints have the form of 82 cubic, one quartic, and one
sextic homogeneous polynomial equations in the entries of
essential matrices. Section 4 outlines two possible applica-
tions of the proposed constraints. In Sect. 5, we discuss the
results of the paper and make conclusions. The “Appendix”
includes some auxiliary lemmas that we used throughout the
proof of our main Theorem 5.

2 Preliminaries
2.1 Notation

We preferably use «, B, ... for scalars, a, b, ... for column
3-vectors or polynomials, and A, B, ... both for matrices
and column 4-vectors. For a matrix A, the entries are (A);;,
the transpose is A ', and the adjugate (i.e. the transposed
matrix of cofactors) is A*. The determinant of A is det A
and the trace is tr A. For two 3-vectors a and b, the cross
product is a x b. For a vector a, the entries are (a);. The
notation [a]« stands for the skew-symmetric matrix such
that [a]«b = a x b for any vector b. We use [ for the identity
matrix and | - || for the Frobenius norm.
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2.2 Fundamental Matrix

We briefly recall some definitions and results from multi-
view geometry, see Faugeras (1993), Faugeras and Maybank
(1990), Hartley and Zisserman (2003), Maybank (1993) for
details.

A matrix P = [A a], where A is an invertible 3 x 3 matrix
and a is a 3-vector, is called the finite projective camera. A
camera P represents a perspective projection of 3-space onto
the image plane, which is the image of P, through the camera
center, which is the right null vector of P.

Let P = [A1 al] and P, = [Ag az] be finite projec-
tive cameras. Let O be a point in 3-space represented by
its homogeneous coordinates and g; be its jth perspective
image. Then,

q; ~ P;0Q, (1)

where ~ means an equality up to a non-zero scale. The epipo-
lar constraint for a pair (q1, g2) says

a3 Faq1 =0, )
where Sengupta et al. (2017), Kasten et al. (2019a)
Fyi = (AD T[4y '@y — AT a1 AT ©)

is called the fundamental matrix. By definition, F>1 must be
of rank two. The left and right null vectors of F»1, that is the
vectors

ey = A2A1_1a1 —ap and epp = A1A2_1a2 —aj “4)

respectively, are called the epipoles. Geometrically, ¢;; is the
perspective projection of the jth camera center onto the ith
image plane.

The following theorem gives an algebraic characterization
of the set of fundamental matrices.

Theorem 1 (Hartley and Zisserman 2003) Any real 3 x 3
matrix of rank two is a fundamental matrix.

2.3 Essential Matrix

The essential matrix E;; is the fundamental matrix for cal-
ibrated cameras P; = [R; t1] and P, = [Ry 1], where
R, Ry, € SO(3) and ¢, 1, are 3-vectors, that is

E2l = Ro[Ry th — R 111 R} . )

The proof of formula (5) can be found in Arie-Nachimson
et al. (2012).
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In general, the calibrated and uncalibrated camera matri-
ces are related by

P;j~K;PiH, (6)

where K ; is an invertible upper-triangular matrix known as
the calibration matrix of the jth camera and H is a certain
invertible 4 x 4 matrix. Then it can be shown that

Fa1 ~ Ky "En K[ )

Hence, the epipolar constraint for the essential matrix
becomes

Gy Engi =0, )

where §; = K;]qj.
The following theorem gives an algebraic characterization
of the set of essential matrices.

Theorem 2 (Demazure 1988; Faugeras and Maybank 1990;
Maybank 1993) A real 3 x 3 matrix E of rank two is an
essential matrix if and only if E satisfies

1
E'EET — 3 tr(ETE)E" = 0353. )

2.4 Compatible Triplets of Fundamental Matrices

A triplet of fundamental matrices {F1», F>3, F31} is said to
be compatible if there exist matrices By, B2, B3 € GL(3)
and 3-vectors by, by, b3 such that

Fij = B/ [bi — b;1«B; (10)
forall distincti, j € {1, 2, 3}. Itfollows from (10) that F';; =
F.l.

ij

Theorem 3 Let F = {F12, F23, F31} be atriplet of real rank-
two fundamental matrices with non-collinear epipoles, i.e.
exi < exj for all distinct i, j, k € {1,2,3}. Then, F is com-
patible if and only if it satisfies

Fl-j-F,'kF;kk = 03x3. (11)

Proof By the definition of epipoles, constraints (11) imply
(and are implied by)

ei—]r‘Fikekj =0 (12)

for all distinct indices i, j, k € {1, 2, 3}. Geometrically, con-
straints (12) mean that the epipoles e;; and e;; are matched
and correspond to the projections of the jth camera cen-
ter onto the ith and kth image plane respectively. The proof

of compatibility of three fundamental matrices with non-
collinear epipoles satisfying (12) can be found in Hartley
and Zisserman (2003). O

The main goal of this paper is to propose a generalized
analog of Theorem 3 for a triplet of essential matrices with
possibly collinear epipoles.

3 Compatible Triplets of Essential Matrices

A triplet of essential matrices {E|2, E23, E31} is said to be
compatible if there exist matrices Ry, R, R3 € SO(3) and
3-vectors by, by, by such that

Eij = Rilbi — bjlxR] (13)

for all distinct 7, j € {1, 2, 3}.
Given a triplet of essential matrices {E12, E23, E31}, let
us denote

03x3 E12 Ep3

E>; 0333 Ex3 |. (14
E31 E3p 0343

E =

The symmetric 9 x 9 matrix E (as well as its analog for funda-
mental matrices) has been previously introduced in Sengupta
et al. (2017), Kasten et al. (2019a,b) where some of its
spectral properties were investigated. The matrix E is called
compatible if it is constructed from a compatible triplet. In
Kasten et al. (2019a), the authors propose necessary and suf-
ficient conditions on the compatibility of matrix E (more
precisely, of an n-view generalization of matrix E) in terms
of its spectral or singular value decomposition. In particular,
these conditions imply that the characteristic polynomial of
a compatible matrix E must be of the form

pE() =202 = 2D - 2302 - 13, (15)

where A1, A», and A3 are possibly non-zero eigenvalues of E.

Condition (15) induces polynomial constraints on the
entries of matrix E. Namely, the coefficients of pg(}) in
26, 2% 22, A1, and A° must vanish. It is clear that these coef-
ficients are polynomials in the entries of matrices E1», E23,
E3p of degree 3, 5, 7, 8, and 9 respectively. For example,
the coefficient in A° equals —2tr(E12Ex3E31). Below we
propose a set of cubic polynomial equations on matrix E
such that constraint (15) is implied by these equations, see
Egs. (26)—(28).

Apart from condition (15), there exists an additional
quadratic constraint on the eigenvalues of matrix E. Let
[X1] > |r2| and |[A1| > |A3]|. Then, by a straightforward
computation, one verifies that

@ Springer
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A =23 -2 =0. (16)
A symmetrized version of Eq. (16), which is independent of
the ordering on the set of eigenvalues, has the form
O3 =13 -2D03 - 2D -2 —-A1H=0. 17
Since the L.h.s. of Eq. (17) is a symmetric function in values
)»%, A%, and A%, it can be expanded in terms of the elemen-
tary symmetric functions, which are the coefficients in (15).
On the other hand, these coefficients can be represented as
polynomials in tr(E%f) for k = 1,2,3. Thus we obtain
an additional sixth degree scalar equation on matrix E, see
Eq. (30).

Finally, some of our polynomial constraints are easier to
formulate using a specific binary operation on the space of
3 x 3 matrices. Let A* be the adjugate of a matrix A, i.e. the
transposed matrix of its cofactors. Then for a pair of 3 x 3
matrices A and B we define
AoB=(A—-B)"— A" - B". (18)
An alternative expression for A ¢ B can be derived using the
well-known formula

1
A* = E(trzA—trAZ)I—AtrA+A2. (19)
Thus we get
AoB = (tr(AB) —trAu B)I + Atr B
+BtrA— AB — BA. (20)

It is straightforward to show that for any 3 x 3 matrices A, B,
C, D and any scalars 8 and y the following identities hold:

AoB=BoA, (1)
Ao (BB+yC)=B(AoB)+y(Ac ), (22)
(AoB)T =AT o BT, (23)
(CAD) o (CBD) = D*(A o B)C™, (24)
Aol =A—tr(A). (25)

Now we can formulate our polynomial constraints.

Theorem 4 Let {E12, E23, E31} be a compatible triplet of
essential matrices, matrix E be defined in (14). Then the
following equations hold:

tr(E12E23E31) =0, (26)
1

E;EijEjk - Etf(E;Eij)EjkﬂLE;}E;l = 033, 27

EJ Efj + ERE] + (EiEje) © Eyj = 03,3, (28)
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tr?(E?) — 16tw(E*) +24 Y " (E[ E;j) =0, (29)
i<j
tr3(E?) — 12tr(EX) tr(E*) + 32 tr(E®) = 0 (30)

for all distincti, j, k € {1,2,3}. There are in total 1 +6-9+
3.9 = 82 linearly independent cubic equations of type (26)—
(28).

Proof Let

Eij =UiE;U] (31)
where U; € SO(3). Itis clear that £ = {E», E»3, E31}isa
compatible triplet if and only if so is E = {Elz, 523, Egl }.
Also it can be readily seen that £ fulfils Egs. (26)—(30) if and
only if so does £

Given a compatible triplet {E2, E23, E31}, where each
E;; is represented by (13), we set U; = Rl.T. Then essential
matrices Ei i =UiE; UJT become skew-symmetric and can
be written in form

Eij = [b; — bjlx, Ejk =[b; — bilx,
Eyi = [br — bilx, (32)

where indices i, j, k are intended to be distinct. Denoting
bi—bj =c,bj —by = d yields by —b; = —c —d and hence
we can write

Eij=lclx, Ejx=Idlx, Ex=—lclx —Idlx. (33)
By substituting this into Eqgs. (26)—(28), we get
tr(Ei E jx Exi) = — tr(lelx [d)x [l + [clx[d]x[d]x)
=—tr(lclx(ed " — (dTe)D) + (cdT — (d e)Dd]x)
=0 tr([c +d]x) =0, (34)

~ 1 ~ ~ ~ ~ o~
(ELE;j — 3 tr(E; Ei)I)Ejx + ESS E
= (—[elxleclx + ! tr([clx[c]x)1)[d]« +ce " ([elx + [d1x)
2
= (—ccT + (o)l — %2(CTC)I)[d]X + cc[d]«
= —cc ' [d]x + cc[d]x = O3x3,

ENES + EYE] + (EyEp o B,

(35)

= —[dlxcc” —dd [clx + @dcT — (cTd)I) o ([c]x + [d]x)
= —[d]xcc” —dd [clx + (dcT) o [clx + (dcT) ¢ [d]«
—(c"d)([c]x + [d]x) = —[d]xcc’ —dd[c]«

—[clxde” —de[d]x = 03x3. (36)
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We used that [a]«[b]x = ba —(a'b)I and ([a]x)* = aa '
for arbitrary 3-vectors a and b. Equations (29)—(30) can be
verified in a similar manner, but the computation is more
complicated. Theorem 4 is proved. O

Remark 1 Constraint (11) for essential matrices is implied
by Eq. (27). Namely, multiplying (27) on the right by E;fk
gives (11).

We also note that Eq. (27) is a generalization of Eq. (9).
Setting k = i in (27) and taking into account that E;; = 0343
gives (9).

Theorem 5 LetE = {E|3, Ey3, E31} beatriplet of real rank-
two essential matrices. Then £ is compatible if and only if it
satisfies Eqs. (26)—(30) from Theorem 4.

Proof The “only if” part is by Theorem 4. Let us prove the
“if” part.

First of all, we simplify the triplet £ by using trans-
form (31). Each essential matrix from £ can be represented
in form E;; = [b;j]x R;j, where R;; € SO(3) and b;; is a 3-
vector. We set Uy = U1 R and Us = UpRy3 = Ui R12R»3.
Then,

Enn =U [1912]XR12U2T = [U1b12]x,
Ex = Us[b231x Ro3Uy = [U; Ri2boslx, 37
E31 = Us[b311x R31U{" = [Ui Ri2Ra3b31 1< Ui RUY

where R = Ri»Ry3R31. The matrix U; is chosen so that!
A 0

—n 20|, (38)
0 01

U RU| =

where A2 + ,u2 = 1 and also (UiR12R23b31)1 = 0. As a
result, it suffices to prove the “if”” part for the following triplet:

- [0 —n B 5 0 —» B2
En=|»v 0 —a1|, Exn=|y» 0 —-a,
|—B1 ar O B2 aa O

N [ vs —y3h Bs
Ezl=| A ysu O |, (39
| —B3r —B3u O

where A, i, @1, ..., y3 are some scalars. For the purpose of
completeness, we also write down the epipoles correspond-
ing to triplet (39):

! Here, we use that the essential matrices are real and hence so is matrix
R. In complex case, representation (38) holds if and only if the rotation
axis s of matrix R is subject to s T s % 0.

T oen= [—B3m B3 J/3]T,

en=[mpin] . en=[wpr] .

e31=[0 B3 V3]T,

ern = [a1 B1 1]
(40

e = [ B2 Vz]T

Let us define an ideal J C C[A, u, «y, ..., y3] generated
by all polynomials from (26)—(30) for triplet {E 12, 523, E 31}
and also by A2 + 2 — 1. The ideal J determines an affine
variety V(J) C C'°. The rest of the proof consists in showing
that each point of V(J) is either a compatible or degenerate
triplet of essential matrices. By degeneration we mean that
at least one essential matrix from the triplet is a zero matrix.
For the reader’s convenience, the main steps of the further
proof are schematically shown in Fig. 1.

We consider the three main cases: (i) u = 0, A = 1; (ii)
uw=0,r=—1; (i) u #O0.

Casel: £ =0, =1.

First we note that a polynomial ideal and its radical define
the same affine variety, whereas the algebraic structure of
the radical may be much easier. For example, the Grobner
bases of the ideal J and its radical +/J w.r.t. the same mono-
mial ordering consist of 217 and 62 polynomials respectively.
Besides, there exist a simple radical membership test allow-
ing to check whether a given polynomial belongs to the
radical or not, see Lemma 1 from the “Appendix”. The above
arguments should explain the use of radicals throughout the
further proof.

Let us define the polynomials

fi=a1 +ag, g3 = axf3,

=B+ B+ B3 gs=aarys,

B=vitr+r. & =PBFir2— By, (41)
g1 = a1fs, 86 = Pays — Bava,

82 = o1Yy3, 87 =By — By

Then, by the radical membership test, we get

figj € VI + (. h=1)

for all indices i and j.

First suppose that f; # O for a certain i. Then it follows
from (42) that o1 B3 = a1y3 = a2z = a3 = 0. If g A0
or oy # 0, then B3 = y3 = 0 and we get 17?31 = 0343 in
contradiction with the rank-two condition. Therefore «; =
ap = 0 and it follows from (42) that

(42)

Biy2 — Byt = Bayz — B3y2 = Biys — B3y1 = 0. (43)
The variables B3 and y3 cannot be zero simultaneously.

Without loss of generality, assume that y3 # 0 and introduce
parameter § = B3/y3. Then Eqgs. (43) imply B; = dy; for

@ Springer
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/—-Ideal J 1
Case I: Case II: Case III:
u=01=1 u=021=-1 ) u#0
T T a3 #0 — _
]notauf,_o\ ]auf,_o\ oranps 0 notall y; = 0 ally; =0
collinear compatible
compatible mpf;t @ Bif2 =0 Bif2 %0 Ej =03 @23 # 0 |—
triplet (67)
3 i
I I
: : Tl compatible
| | triplet (70) triplet (72) /| lallp;=0
| | or (71)
I I
I I
— ar#0 — compatible
@2 = ’8{ =0 orf #0 ﬁ3j 0 @1ps = 0[2& =0~ triplet (86)
a] =ay = 0 L —
S ~ =0}
(tzolmlp';lt(l;);e): compatible compatible compatible
“é’r% P 172 = triplet (75) 172 triplet (87) triplet (88)

Fig.1 To the proof of Theorem 5. Every real point of the variety defined by the ideal J is either a compatible triplet or a degenerate triplet with at
least one E;; = 03x3. The dashed arrow means correspondence to a particular case

all i. Using the radical membership test, one verifies that the
variables y; are constrained by

M +r2+y)=yr+r+y)
=2+ +y2—y) =0, 44)

thatis y3 = €1y1+e€2y2 withe; = £1. The triplet of essential
matrices has the form (67) and is compatible by Lemma 3.2
Now consider the case f1 = f, = f3 =0, that is

ajtar=B3+Bf+B=y+r+y;=0 45)

The triplet of essential matrices has the form (69) and is
compatible by Lemma 4.

CaselIl: n =0,A = —1.
Let J/ = J + (u, A + 1). The ideal ~/J’ contains the
following polynomials:

2 Here and below in the proof of Theorem 5, we refer to formulas and
lemmas stated in the “Appendix”.
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aifzyr,  oif3(a —az),
a3y, oif3(B1 — B2+ B3). (46)
@iBsys.  aiB3fiBa(Bifr +ad),

wherei = 1, 2. Supposing that o1 83 # 0 or ap 83 # 0 yields

vi=wm=y=a—a=—F5+pH
= BiBa(Bifa+a}) = Bi1B2(B1f2 +3) = 0. 47

The case 81 = B2 = 0 contradicts to the rank-two condition,
since leads to 531 = 03x3. If B1 = 0 and B> # 0, then
triplet {E 12, 523, Egl} has the form (70) and is compatible
by Lemma 4. Similarly, we get compatible triplet (71) in the
case B = 0 and B; # 0. Finally, if 8182 # 0, then it follows
from (47) that 818> + @ = 0 and so B, = —a?/pi. The
triplet { E 12, Egg, 531} has the form (72) and is compatible
by Lemma 4.

Now consider the case o183 = o83 = 0. There are two
possibilities. If B3 = 0, then ideal /J” + {B3) contains the
following polynomials:
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v +a2),  oy3(yi+r2—y3), 48) Case III: 11 # 0.

(81 + B2), Bryi(vi + 12 — y3). The ideal /J contains the following polynomials:

The case y3 = 0 contradicts to the rank-two condition. Thus, ~ H@2B3y1, na2ys, pazf3ys. (55)

o) +apy = By + B> = 0. It follows that, if ap = B = 0, then
o1 = B1 = 0. By the radical membership test, the variables
Y1, ¥2, and y3 are constrained by (44) and hence we get a
particular case (§ = 0) of triplet (67) which is compatible by
Lemma 3. On the other hand, if oo # 0 or 8 # 0, then we
get

ajta=p3+p=y+r—y:=0 (49)

The triplet {E 12, 523, 531} is a particular case (83 = 0)
of (69) which is compatible by Lemma 4.

The second possibility is 3 # 0 and a1 = ap = 0.
Denote J” = J' 4 (a1, ap) and define the polynomials

hy = B1B2B3 (B1(Br + B2 — B3) + vi(y1 +y2 + v3)),
hy = B1B2B3 (B2(B1 + B2 + B3) + v2(y1 + v2 + ¥3)), (50)
h3 = B1B2B3 (B3(=B1+ B2+ B3) + va(y1 + 2+ v3)).

Then, the radical membership test yields
hi e T (1)

for all i.
Consider the case 18, = 0. If B = 0, then ideal

' J"” + (B1) contains the polynomials

vi(B2+ B3), v1iBs(y1 — v2 — v3). (52)

The case y; = 0 leads to E 12 = 03%3 and hence contradicts
to the rank-two condition. Therefore we get

ap=wmx=Fi=R+B=y—1rn—-r3=0. (53)

The triplet {E 12, £~?23, E31} has the form (73) and is compat-
ible by Lemma 4. Similarly we get compatible triplet (74) if
B2 =0.

Finally, let 81 82 # 0. Thecase y1+y2+y3 = Oisimpossi-
ble, since ideal \/]” + (y1 4+ y2 + y3) contains B 8283 # 0.
Let us denote § = —1/(y1 4+ y2 + y3). Then it follows
from (51) that

Y1 =38B1(B1+ B2 — B3),
2 =862(B1 + B2 + B3), (54)
V3 = 8B3(=pB1+ B2 + B3).

The triplet {Elz, Ezg, 1:531} has the form (75) and is compat-
ible by Lemma 4.

Since & # 0, we have a3 = Bayz — B3ya = 0.

First, supposing that y; 7% 0for acertaini gives az 83 = 0.
If ap # 0, then B3 = y3 = 0 and hence 17?31 = 0343 In
contradiction with the rank-two condition. If oo = 0, then
ideal o/J + {a) contains a1, and a1y>. If ap # 0, then
Ezg = 0343 in contradiction with the rank-two condition.
Continuing this way, one concludes that 81 = 8, = 3 = 0.
The ideal /J + (a1, a2, B1, B2, B3) contains wy;y2y3. The
condition . # Oimplies thatatleastone y; = 0 and so atleast
one essential matrix E, ij is a zero matrix. This contradicts to
the rank-two condition.

Let y; = O for all i. The ideal /7 + (y1, y2, y3) contains
B3(ai A+ B+ a2). Since B3 # 0 (otherwise 531 = 03x3),
we conclude that oA + B + ap = 0. Denote J' = J +
(Y1, Y2, ¥3, ¥1A + P10 + «2) and define the polynomials

q3 = B3r — B1+ B2,

ri = puleip — i — B2+ B3),
r=oaf3+ Braz — oy B,

r3 = p(on(a) +az)

+ B2(B1 + B2 — B3)).

pP1=0a] —ag,
p2=pB1— P2+ Bs.
p3=ap— (A —1),
g1 =opu—f(—1),
92 = B3+ o —ay,

(56)
Then, by the radical membership test, we get
axB3pigjri € NI’ (57)

for all indices i, j, and k.

Suppose that ar 83 = 0. Since B3 # 0 (otherwise Egl =
03x3), we conclude that oy = 0. The ideal «/J’ + («2) con-
tains «1B>. Since B> # 0 (otherwise Ez3 = 0343), we
have a1 = 0. The ideal «/J + (a1, a2) contains ;. Since
u 7% 0, wehave B; = 0and thus Elz = 0343 in contradiction
with the rank-two condition.

Let ap 83 # 0. Then it follows from (57) that

pigir1 = 0. (58)

Each of the three cases p;y = g1 = 0, p1 = r; = 0, and
g1 = r1 = 0 is impossible, since leads to uazB3 = 0 in
contradiction with i # 0 and oz 83 # 0.

Assume that p; = 0, g1 # 0, and r; 7 0. Then it follows
from (57) that p; = O for all i. The triplet {Elz, 17723, 531}
has the form (86) and is compatible by Lemma 5.

Letg; = 0, py # 0, and r; # 0. Then we have g; = 0
forall j. The triplet { E1», Eo3, E31} has the form (87) and is
compatible by Lemma 5.
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Finally, if r1 = 0, p1 # 0, and g1 # 0, then r; = 0 for
all k. Taking into account that u # 0, after some compu-
tation, we conclude that the triplet {E 12, Egg, E31} has the
form (88) and is compatible by Lemma 5. We note that the
denominator p3 = a1 — B1(A — 1) in (89) does not vanish,
since otherwise \/J/ + (r1, rp, r3, p3) contains puop B3 % 0.

To summarize, we have shown that a triplet of real rank-
two essential matrices {E 12, E23, E3 1} that has the form (39)
and fulfils Egs. (26)—(30) is compatible. Formula (31) implies
that the triplet { E12, E»3, E31} is compatible too as required.
Theorem 5 is proved. O

Remark 2 Although the 82 cubic equations from Theorem 5
are linearly independent, some of them may be algebraically
dependent and therefore redundant for some applications.
It is clear that if an ideal generated by a certain sub-
set of Egs. (26)—(30) equals the ideal J defined in the
proof, then Theorem 5 remains valid for this subset. The
equality of ideals is readily verified by computing their
reduced Grobner bases. In this way we found that Eq. (26)
and the 27 equations of type (27) for indices (i, j, k) €
{(1,3,2), (3,2, 1), (2, 1, 3)} are redundant and may be omit-
ted. Theorem 5 holds for the remaining 56 equations.

We also note that Eq. (29) only affects the compatibility of
triplets with collinear epipoles, that is without Eq. (29) The-
orem 5 remains valid for a triplet of real rank-two essential
matrices with non-collinear epipoles.

4 Applications

Among the possible applications of Theorem 5 we outline
the following two ones.

4.1 Incremental Structure from Motion

In incremental structure from motion a set of essential matri-
ces arises from independently solved two-view relative pose
estimation problems. Due to the noise in input data, scale
ambiguity, and other factors, the estimated essential matri-
ces are hardly compatible. Their rectification (averaging) is
one of the possible approaches to overcome the incompati-
bility. In Kasten et al. (2019a), the authors proposed a novel
solution to the essential matrix averaging problem based on
their own algebraic characterization of compatible sets of
essential matrices. Although the method from Kasten et al.
(2019a) demonstrates good results outperforming the exist-
ing state-of-the-art solutions both in accuracy and in speed, it
is not applicable to the practically important case of cameras
with collinear centers.

The introduced polynomial constraints (26)—(30) can also
be used to solve the rectification problem. In the simplest
form it can be stated as follows: given a triplet of essential
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matrices & = {E 12, Ezg, 12"31}, find a compatible triplet £
and scale factors A = {A12, A23, A31} so that |A||> = 1 and
£ is the closest to (C:'A = {A]zEAlz, )»2311223, A3l E31} w.r.t. the
Frobenius norm. Thus, we arrive at the following polynomial
optimization problem:

min € — &4 |17
A€ (59)
subjectto £ € V(J), ||A|* =1,

where J is the homogeneous ideal generated by all forms
from (9), (26)—(30) and V(J) is the corresponding projec-
tive variety. Problem (59) can be further solved by using
iterative methods for constrained optimization, e.g. sequen-
tial quadratic programming (SQP), augmented Lagrangian
method, etc.

To confirm the proposed approach, we modeled a scene
consisting of six points viewed by three fully calibrated
cameras with collinear centers. The scene and camera con-
figuration is detailed in the following table:

Distance to the scene 1

Scene depth 0.5
Baseline length 0.2

Image dimensions 752 x 480
Field of view 60°

Here, the baseline length is the distance between the first
and third camera centers. The second camera center varies
randomly around the baseline middle point with an amplitude
of 0.02. To each image we added a zero-mean Gaussian noise
of standard deviation varying from O to 1 pixels.

First, the standard 5-point algorithm (Stewénius et al.
2006) was applied to each image pair to estimate the triplet
of essential matrices €. The sixth point was used to resolve
the multiplicity. Each essential matrix from & was normal-
ized to the unit Frobenius norm. Then, problem (59) was
solved by the SQP resulting in a compatible triplet £ and a
set of scale factors A = {A;;}. The results for 103 trials per
each noise level are shown in Fig. 2. Note that the estimated
essential matrices for the noise-free case are guaranteed to
have collinear epipoles as they differ from the ground truth
only by scales. As it can be seen, the algorithm handles the
collinear case without a modification.

4.2 Three-View Auto-Calibration

Let {F1», F>3, F31} be a compatible triplet of fundamental
matrices and K; be the calibration matrix of the ith camera.
Then we can write A; A E;j = Kl.T F;j K ; for certain scalars
A1, A2, and Az, cf. (7). Substituting this into Egs. (26)—(30),
we get by a straightforward computation the following equa-
tions:
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Fig. 2 Left: residuals ||€ — fA | at varying levels of Gaussian image
noise. Here, £, is the triplet of pairwise estimated essential matrices
each of which is scaled with respective A;; € A, £ is the averaged com-
patible triplet. Both triplets are normalized to the unit Frobenius norm.
For each noise level, the box shows values from lower to upper quartile,
the line inside indicates the median, the whiskers show data within 1.5x

tr(C1 F12C2F23C3F31) =0, (60)
1
F;jCiFijCjFji — 5 tr(C; F;j Ci Fij) Fix
+CI FF = 03,3, (61)
CkFj Ffs + FiFij Ci+ (FijCiFjx) o Fiy = 0353, (62)
tr}((CF)?) — 12tr((CF)?) tr((C F)™*)
+32t((CF)®) =0, (63)

where C; = 1;(det K;)"!(K;K,"), C = diag(Cy, C2, C3),
and F is the symmetric 9 x 9 matrix constructed from Fjj,
F>3, and F3| similarly as in formula (14). It is clear that
KiK Z.T = C;/(C;)33 and therefore the calibration matrix can
be estimated from C; by the Cholesky factorization.

Given F2, F>3, and F31, only matrices C; are constrained
by Egs. (60)—(63) and hence these equations can be used
to solve the camera auto-calibration problem in three and
more views. We note that Eq. (63) is sextic, Eq. (60) is cubic,
Eq. (61) is quadratic, and Eq. (62) is linear in the entries of
matrix C. The auto-calibration constraint corresponding to
Eq. (29) is of degree 10 in the entries of C. We do not write
it here.

5 Discussion

In this paper we propose new necessary and sufficient con-
ditions on the compatibility of three real rank-two essential
matrices (Theorems 4 and 5 ). By compatibility we mean the
correspondence of the essential matrices to a certain configu-
ration of three calibrated cameras. The conditions have form
of 82 cubic, one quartic, and one sextic homogeneous poly-
nomial equations. We would like to emphasize that (i) these
equations relate to the calibrated case only and in general do
not hold for compatible triplets of fundamental matrices; (ii)

2789
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interquartile range, and the dots outside the whiskers are outliers. Right:
average rotational and translational errors against Gaussian image noise.
Each point on the diagram is a median of 10 trials. The absolute rota-
tions R; and translations f;, with Ry = I and #; = 0341, are recovered
from the compatible triplet £. The rotational and translational errors are
averaged over the 2nd and 3rd views

the sufficiency of the equations covers the case of cameras
with collinear centers.

The possible applications of the constraints may include
multiview relative pose estimation, essential matrix aver-
aging for incremental structure from motion, multiview
auto-calibration, etc. Regarding the auto-calibration, it is
worth mentioning that some of our equations [Eq. (62)] turn
out to be linear in the entries of matrix incorporating the cal-
ibration parameters. This unexpected result could be useful
in developing novel auto-calibration solutions.

Appendix

We collect here several technical lemmas that we used in the
proof of Theorem 5.

Recall that the radical of an ideal J, denoted Na ,18 given
by the set of polynomials which have a power belonging to
J: OR to the ideal J:

Vi= {p| pk € J for some integer k > 1}.

It is known that ﬁ is an ideal and the affine varieties of J
and +/J coincide. The following lemma gives a convenient
tool to check whether a given polynomial is in the radical or
not.

Lemma1 (Cox et al. 2007) Let J = {(p1,...,ps) C
Cl&y, ..., E,’L] be an ideal. Then a polynomial p € </J if and
Onlyl:fl€J=<p1’~--ap571_rp>Cc[éla--~a$nar]'

By Lemma 1, a polynomial p € +/J if and only if the
(reduced) Grobner basis of J is {1}. In the proof of The-
orem 5, we used the computer algebra system Macaulay2
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(Grayson and Stillman 2002) to compute the Grobner bases.
The computation time did not exceed 3 seconds per basis.

Lemma 2 Let essential matrices E1p, E3, E31 be repre-
sented in form E;j = [b;j]xR;j. If the matrices R;j and
vectors b;j are constrained by

Ri2R3R31 =1,
R5b12 + Razbs1 + by3 =0,

(64)
(65)
then the triplet {E12, E23, E31} is compatible.

Proof Let R;; and b;; satisfy Eqs. (64)—(65). Then Eq. (13)
has the following possible solution for R; and b;:

Ry =1, by =0,
Ry=R),, by=—bp, (66)
Ry =R31, b3 = Ryb3.

It follows that the triplet {E1>, E23, E31} is compatible.
Lemma 2 is proved. O

Lemma 3 The following triplet of essential matrices with
collinear epipoles is compatible:

E31 = (e1y1 + e2y2)[s]x,
(67)

E = yilslx, Ez = ylslx,

where ¢; = £1, s = [0 1) 1]T, and § is an arbitrary param-
eter.

—1 0 0
0 —cos g sin g
0 sinyg cos Yy

2 . . .
cos Yy = T and sin Yy = % The essential matrices
from triplet (67) can be written in form E;; = [b;;]x R;j,

where matrices R;; and vectors b;; are defined as follows

Proof We denote Ry = , where

1-8

b R Ry, eo=1
12 = —€2Y19, 12 = . 5
v I, otherwise
Ry, €1 =1
byz = —€1yss, Ro3 = ., (68)
v I, otherwise
Ro, €16 =—1
b31 = (e2y1 +€1y2)s, R31 = _—
I, otherwise

It is straightforward to verify that constraints (64)—(65) hold.
By Lemma 2, triplet (67) is compatible. Lemma 3 is proved.
O

Lemma4 The following triplets of essential matrices are
compatible:

@ Springer

1.
[0 —»1 B 0 —»m B
En=|»n 0 —ar|, Ex=|y. 0 o],
| —B1 a1 O —p2 —a1 0O
0 vi+v2—B1— B
Eszi=|-vi—v2 O 0 ; (69)
| B1+ B2 0 0
2.
00 0
Epp=100 —a; |,
[ Oa; O
[0 0 B 008
Er»y = 0 0 —aj|,E3 =000 ]; (70)
| —Brar O p200
3.
T 0 0 B 00 0
Enp=| 0 0 —a;|,Exn=[{00 —o |,
| —Brar O Oa; O
[0 0-p
E3i;=| 0 0 0 [; (71)
| —B10 0
4.
2
— o
0 0 B 00 -3k
Ep=| 0 0 —a|, Ex3x=|0 0 —a |,
2
__ﬂl a; 0 7;—:0(1 0
[ 0 ot
Bi
E3 = 0 0 0 ; (72)
ot2+/32
| ]/31 -0 0
5.
0 —y»—y30 0 —»n B
Ep=|»n+ty 0 0, Ex=| r» 0 0/,
o 0 0 B 0 0
[0 w3 —B]
E3=|-y3 0 0 |; (73)
| =B2 0 0 |
6.
T 0 —y1 B1] 0 —-y—-wm0
Ep=|v 0 0|, Ez=|71+73 0 0],
| —B1 0 0 0 0 0
[0 3B
E3=|-y3 0 0 |; (74)
L B 00
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7. 5. for triplet (74):
- [ 0 _07/1 "?)1 - 0 _(;/2 %2 Eip = 1[0 = b2]x1, Ez3 = 1[by — b3]x D3,
=7 s B =| »n )
Ez1 =D — 1 2
g 0 0 g0 0 31 3[b3 — 011, (82)
[ 0 nps where by = [0 =1 —1] " by = [0 =1 1]
E3=|-y3 00 [, (75)
00
B3 Further, let
where
cos @ = aiz — ﬁ’? ing; = 20 pi
1 — L £
vi = 8B1(B1 + B2 — B3, af + 7 P+ B 3)
v2 = 8B2(B1 + B2 + B3), (76) B —v} : 2Bvi
cos Y = ———, siny; = — 3
v3 = 8B3(=pB1 + B2 + B3), ,Bi + v ﬁi + v
and parameter § is subject to The essential matrices from triplets (72) and (75) admit the
representation E;; = [b;;]x R;;, where the matrices R;; and
S(y1+y+y3) =—1. (77) vectors b;; are defined below in (84) and (85) respectively:

Proof Triplets (69)—(71), (73), and (74) are compatible by
definition as the corresponding essential matrices can be rep-
resented in form (13). Namely,

1. for triplet (69):

E1p = 1[b1 — 01«1, Ex =1I[0—b3]«/1,

E3; = 1[b3 — b1]x1, (78)
T T
where by = [a1 1 v1] . b3 = [1 =2 —12]
2. for triplet (70):
E1p = D1[0 — b2lx 1, Ez3 = I[by — b3]x1,
E31 = I[b3 — 0]« Dy, (79)
. T
where Dy = diag(l, —1,—1), by = [@1 00] , b3 =
T
[0-B,0] ;
3. for triplet (71):
E1p = 1[by — bylx1, Ex =1[by — 0]« Dy,
E3 = D1[0 —Db1]x1, (80)
where b = [O Bi O]T, by = [—al 0 O]T;
4. for triplet (73):
Ep = D3[by — balx1, Ex = 1I[by —0]x1,
E3; = I[0 — b1]x D3, (81)

where D3 = diag(—1, —1,1), by = [0 B —y3] ', b2 =
[062 9]

1.
—o ] [cosg; sing; 0
bip=|-B1], Rip = | sing; —cosg; O |,
0 | 0 0 -1
__02‘1_ [—cosg; —sing; 0
byy=| 2L |, Ry; = | —sing; cosg; 0O
B
0 o0 0 -1
[ o 10 0
byy= |-t | Ry=|0-10 (84)
Bi
0 | 0 01
2.
0] —1 0 0
bp=—|pB1], Rip=] 0 cosy sinyq |,
L V1| | 0 sinyr —cos iy |
(0] —1 0 0 ]
byy=—|B2 |, Rz =| 0 cosynp sinyn |,
L V2] | 0 sinyp —cosy |
(0] 1 0 0
b1 =—| B3|, R31 = |0 —cosy3 siny
L V3] | 0 —siny3 —cosy3
(85)

It is straightforward to verify that constraints (64)—(65) hold
for both cases. By Lemma 2, triplets (72) and (75) are com-
patible. Lemma 4 is proved. O

Lemma5 The following triplets of essential matrices are
compatible provided that \* + u? = 1:
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1. 1.
0 O 1 o] cosp) sing; O
E12:,3] 0 0 —2=1 s b12:_ ﬁl s R12= Sin¢1 —Cos ¢y 0 s
—12=L ¢ 0 0 0 -1
M
o
0 0 +
P x/—31 b= |p1+B3|, Ri=I,
Erz; = 0 0 _,BIT s 0
A1
—Bi—=B P15~ O 0
0 01 bsyi=— 1|83, R31 = Ry, (90)
Es;1=83] 0 0 0]; (86) 0
-2 —u0
: where o] = ;61’\7_1,
) 2.
0 0 B2+ B3r| o
Ep = 0 0 - , b1y — _
2= |B+Br|, Ro=I,
—B2 — B3r ay 0 0
0 0 xl_ ' [oep ] cosgy singy 0O
Ex=p|0 0 B E bn=—|81, Ry; = | singy —cos¢gy O |,
—121 0 0 0 0 -1
n | LY
0 01 0]
E3=p|0 0 0], 87) b1 =— 1|83, R31 = Ra3, o1
—A—un0 | 0
where oy = (B2 + B3(A + 1))%" where o = (B2 + f3 (4 + 1))%’ “2= ’32%;
3. 3.
0 0 B [a17] [cosg; sing; 0]
Ep=| 0 0 —aj |, bip=—1{B1 |, Rip=|sing; —cosg; 0 |,
—ﬂl al 0 L 0 . L 0 0 —1_
0 0 B2 [ [cosgy singy 0]
Exy = 0 0 oA+ Biu |, byy=—|pB|, Ry3 = | singy —cosgp 0 |,
—B2 —ah — Biu 0 | 0] L 0 0 —1]
0 0 1 0 A po
Ezi=p81]0 0 0], (88) bs1=|B3|, Ry = (RioR»3) = | -p 20/,
-2 —n0 0 0 01
(92)
where

(a1 =D+ B (air 4 pi)

B2 = ,
arp—pi(r—1)

) ) (89)
8 (a7 + B — 1)
3=
aipn—pi(h—1)

(x.z—ﬁz .

Proof Throughout the proof, cos ¢; = a’_2+ ,31.2 and sing; =

az;i%"_z. The essential matrices from triplets (86), (87),

aﬁd 688) can be written in form E;; = [b;j]x R;j, where

the matrices R;; and vectors b;; are defined below in (90),
(91), and (92) respectively:

@ Springer

where B, and B3 are defined in (89).

By direct computation, constraints (64)—(65) hold for all
three cases. By Lemma 2, triplets (86)—(88) are compatible.
Lemma 5 is proved. O
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