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GENERALIZATIONS OF STARLIKE HARMONIC FUNCTIONS DEFINED
BY SALAGEAN AND RUSCHEWEYH DERIVATIVES

A. O. Pill-Szabo UDC 517.5

We investigate some generalizations of the classes of harmonic functions defined by the Saldgean and
Ruscheweyh derivatives. By using the extreme-points theory, we obtain the coefficient-estimates distor-
tion theorems and mean integral inequalities for these classes of functions.

1. Preliminaries

Let A denote a class of functions of the form
oo
f(2) =2+ axz®, (1)
k=2

which are analytic in an open unit disk U = {z € C: |z| < 1}.

A continuous function f = u + ¢v is a complex-valued harmonic function in a complex domain G if both u
and v are real and harmonic in G. In any simply connected domain D C G, we can write f = h + g, where
h and g are analytic in . We say that h is the analytic part and g is the coanalytic part of f. A necessary and
sufficient condition for f to be locally univalent and orientation preserving in D is that |h/(2)| > |¢'(2)| in D
(see [2]).

Let H denote the family of continuous complex-valued functions that are harmonic in U. By Sy we denote
the family of functions f € H of the form

f =h +9, h(Z) =z + Zakzka g(Z) = Zbkzka (2)
k=2 k=2

which are univalent and orientation preserving in the open unit disc U. Thus, f(z) is given by

(o] o0
F2) =24 ap+> bk, 3)
k=2 k=2
A function f of the form (3) is said to be in S}, () if and only if (see [2, 4, 5])

(%(argf(rei9>>>a, 0<O<2m Jzl=r<l, 0<a<l “)
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Similarly, a function f of the form (3) is said to be in Sj, («) if and only if

35 (w3 1 (<)) >0 00<om pirca

We note that (see [7]) a harmonic function f € S3; () if and only if

- Jnf(z)

iy o =<l where Jiuf(z) = 2h(2) - 2 (2).

Definition 1 [1]. For f € A, A >0, and n € N, the operator 73, 73 : A— A, is defined as follows:
ARf(2) = f(2),

D (2) = (L= NDRf(2) + A2 (DR f(2)) = Do (23 f(2)), z€U.

Remark 1. 1If f € A, then

o0
D f(= Z akzk, zeU.
k=2

Remark 2. For \ =1 in Definition 1, we get the Sildgean differential operator [13].

Definition 2 [12]. For f € A, n € N, the operator Z", Z#" : A — A, is defined as follows:
Af(2) = f(2),

(n+D)Z" T f(2) = 2(Z"f(2)) +nZ"f(2), z€U.

Remark 3. 1If f € A, then

" Z(n+k—1)
$74 f( ) =z+ Z (n'(k_l)')akzk, zeU,
s ! !

which is the Ruscheweyh differential operator [12].

Definition 3. Let v, A\ > 0 and n € N. By Z" we denote the operator given by " : A — A,
Lf(2) =L =NZ"f(2) + 72X [f(2), z€U.

Remark 4. 1If f € A, then

L"f(z Z{ ))\]n—l—(l—’y)W}akzk, z e U.

k=2

1585
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1586 A. 0. PALL-SZABO

We consider a linear operator %7} : H — H defined for a function f = h +g € H by
Lif =L "h+ (—-1)"Lnyg.

For a function f € H of the form (3), we have

Lhf(z) =2+ [ymk,n, )+ (1= y)uk,n)] apz
E—2

™Y [k, n, A) + (L= y)pk,n) bez", 2 €U,
k=2

where

B n _(n+k-1)
Definition 4. For —B < A< B <1andn € N, by 577?[(14, B) we denote the class of functions f € H of

the form (3) such that

L f(2) — L (=)

BE ) aggie| <" €Y ©6)

Remark 5. Dziok, et al. studied the case v = 0 in [3], while the case where v = 1 and A = 1 was studied

in [4].
Note that the classes S9 2 (A, B) for the analytic case, i.e., g = 0, were introduced by Janowski [8]. Jahangiri

[6, 7] and Silverman [14] studied the classes Si(a) = S%(2a — 1,1) and S5,(a) = Sk(2a — 1,1) for the
harmonic case.

2. Coefficient Estimates

Theorem 1. A function f € H of the form (3) belongs to the class 5‘;}[ (A, B) if it satisfies the condition

o

> (anlak| + Bilbr]) < B - A, (7)
k=2

where

= U(Aa Ba n,7v, A? k) + 0(17 1? n,7v, )‘7 k)7
ﬁk = 5(147 B7n777 )‘7 k) + 5(17 17”777 )‘7 k)a

(B—An+Bk—A
n+1

+ (L =7)u(k;n)

)
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(B+ Ay + Bk + A
n+1 '

+ (L=7)u(k,n)
Proof. 1t follows from Definition 4 that f € g‘%(A, B) if and only if

Ly f(2) — Lf(2)
B.,Zﬁﬂf(z) - AL f(2)

<1, zel.

It is sufficient to prove that
L f(2) — L f(2)| — |BL T f(2) — AL f(2)] <0, =z€U\{0}.
Letting |z] =7, 0 <r < 1, we get
L f(2) = Lif ()| — | BL f(2) — ALy f ()]

k—1
n+1

<y Wk,m Nk = DA+ (1= 7)ulk,n)

] axlr
k=2

2n+k+1
+1

WE

3 fntken ) 24 (k— DAL+ (L — k) ] byl — (B — A)r

Eond
||
N

n
NE

Eonl
[|
v

v (k,n, A) [(k — DAB + B — Al + (1 — y)u(k, n) <BZT_I; - A)] |ag|r*

+
WE

bl
||
N

v (k,n, A) [(k — 1) AB + B+ A] + (1 — v) p (k, n) (BZilfnLA)] Ibg|

<r

——

Z(ak|ak| + ﬁk‘bk’)Tk_l — (B — A)} <0,

k=2

whence f € g%(A, B).
Theorem 1 is proved.

Lemmal. IfA>1,v€[0,1], n>0, —-B<A<B<1,keN, k>2, then
akzk(B_A)a Bkzkj(B_A)a

where oy and By are defined in (7).

Proof. 1t is known that

n(k,n, A) = [1+ (k= DA > k™

1587
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1588 A. 0. PALL-SZABO

First, we prove that

(n+k—1)!

k,n)=-————> 1. 9
plhom) = S ="t ®
For the proof, we proceed by induction.
1. Let k > 2 be fixed and n = 0. Then
(k—1)!
k,0) = ——— =
#ks0) = G =)

Let £ > 2 be fixed and n = 1. Then we get

!

k) =" 52 & K>2k-1) & k>2
) =g 22 @ K2R Db e ke

2. Assume that the following formula holds for n =1 :

k=D 1 o k=) k= DI+ 1) = (4 DIk — 1)

P00 = T

3. Let n =1+ 1. Thus, it is necessary to prove that

CERY o (k) > (4 1)k — DI+ 2).

,u(k:,lJrl):m_

This is true, in view of the previous item:

I+ =00+E)({+k-—1)>1+E)(I+DNE-1!>{+2)I+DY(E—-1)
By using (8) and (9), we now prove that ay, > k(B — A):

ap =0 (A, B,n,v,\, k) +o(1,1,n,7, A\ k)

> ~vk"[(k — 1)A\B + B — A]
+(1—9)[(B—An+ Bk—Al+~k"(k—DA+ (1 —~)(k—1).
However,
E"[(k—1)AB+ B — A+ Ek"(k— 1)\

—k"[(B—A)+ (k—DAB+1)] > k"(B - A) > k(B — A)

>0
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and
(B—Amn+Bk—A+(k-1)
>Bk—1)+B—-A+k—-1=(-1)(B+1)+B-A4A
>(k—-1)(B-A)+B-A=k(B-A).
Hence,

ar > (B —A)k+ (1 —~)(B—- Ak =k(B - A).
We now prove that 8 > k(B — A):
Be =06 (A,B,n,v, A\ k) + 6 (1,1,n,7,\ k)
>vk"[(k—1)AB+ B+ Al + (1 —v)[(B+ A)n+ Bk + A
F k(= DA+ 2] + (1 —y)[2n + k + 1]
> Ak"[(k—1)(B+1) + B+ A+ 2]

+(1-N(B+An+2n+Bk+k+A+1].

But
(k—1)(B+1)+B+A+2=kB+k+1+A>k(B-A), B>-1, A>-1,

k+1+A>—-kA & kE(A+1)+A+1>20 & (E+1)(A+1)>0

and
(B+An+2n+Bk+k+A+1>Bk+k+ A+ 1> Bk— Ak,

because

E+A+1>—-Ak & k(A+1)+A+1>0 & (E+1)(A+1)>0.
Therefore,

By = (B — Ak + (1= 7)(B — Ak = k(B — A).

Lemma 1 is proved.

Lemma2. IfA>1,v>1,n>0, - B<A<B<I1, k€N, k>2, then
ap > k(B—A), pBr>k(B-A),

where oy, and By, is defined in (7).

1589



1590 A. 0. PALL-SZABO
Proof. First, we note that

_ )
(k=D in pneN k>2. (10)

ST

Let k& be fixed. If n = 0 then (10) holds.
Suppose that (10) is true for n. Then, for n 4+ 1, we obtain

m+k)l=Mn+k)n+k-1)!<(n+k)k"n(k-1)
< (n+DEE"nl(k —1)! =E"(n+ 1)1k — 1)L

Thus,

(B—An+Bk—-A
n+1

ap >vk"[(k—-1)(B+1)+ B — A] — (y — DE"

by virtue of (8) and (10).

However,
(B—An+Bk—A+k—1 _ _
| <(B-A)+((k-1)(B+1)
and, hence,
ap > [y—(v=D|[B—-A+ (k—-1)(B+1)k" > k(B — A),
Br > vk"[(k—1)(B+1)+ B+ A+ 2]
B+ A 2 B A+1
+(1—7)k:”( +An+2n+ Bk +k+ A+
n+1
>E'(k-1)(B+1)+B+A+2]>k(B—-A)
because

(B+An+2n+Bk+k+A+1<(n+1)[(k—1)(B+1)+B+A+2.

Lemma 2 is proved.

Theorem 2. If f € H has the form (3) and f satisfies condition (7), then f € Sy.

Proof. The theorem is true for the function f(z) = z. Let f € H be a function of the form (3). Assume that
kAZkandBBk >k,

there exists £ € {2,3,...} such that a # 0 or by # 0. Since the inequalities Ba

k=2,3,..., have been proved in Lemmas 1 and 2, in view of (7), we get

> (klag| + klbe]) < (11)
k=2
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and

W) = 19' ()] = 1= klagl =" = klbell=)*
k=2 k=2

>1— |2 > (klax| + klbe|)
=2

oo
> 1 LS (agdaud + i) 21— 121 >0, zeU
k=2
In this case, the function f is locally univalent and sense-preserving in U. Moreover, if 21,20 € U, 21 # 29,
then

Zk Zk k k

— 1 k- -1 k=1

L2 - E A7 < E |z1|7 |2 <k, k=2,3,....
71— 22 =1 =1

Therefore, by virtue of (11), we have

£ (21) = f(22)| = |h(21) = h(22)] = |g(21) — 9(22)]

o)

o
> zleQfZak(szzg) — Zbk(szzg)
k=2 k=2
e k k 0 k k
2] — % 2] — 2
> |21 — 2| (1—21%1 ;_; = |bl Zl_ 2)
P 1= 2 = 1— 22

> |21 — 2o (1—Zk|ak|—2k|bk|> > 0.
k=2

k=2

This leads to the univalence of f and, hence, f € Sy.
Theorem 2 is proved.

Let NV denote a class of functions f = h + g € H of the form (see [14])

Fz) === larl® + (=)™ > [bxl7", (12)
k=2 k=2

and let g;:w(A, B) denote the class ' N gﬁ(A, B).
Theorem 3. Let f = h+g be defined by (12). Then f € g;le(A, B) if and only if condition (7) is satisfied.

Proof. For the “if” part, see Theorem 1. For the “only if” part, we assume that f € g%N(A, B). Then,
by (6), we get

> (ot A k) a2 4 61, 1m A R 2
(B=A) =" |0 (A Bny, A k) a] 570 + 8 (A, Bunyy, A k) [or| 247

<1, zel.
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For z = r < 1, we obtain

ZOO 9 [U (la 17”777 Aak) ‘ak" -+ 5(1, 17”777 Aak) ‘ka Tk_l
= < 1.

(B - A) - Z:O:Q [U (A,B,’I’L,’}/,)\,ki) |ak| + 6(1473’”7'77)\7]{:) ’bk:“rk_l

The denominator of the left-hand side cannot vanish for r € [0, 1) and, moreover, it is positive. Thus,

[e.e]

Z(ak|ak| + Bilbe)r*t < B — A.
2

Hence, letting » — 17, we arrive at assertion (7).
Theorem 3 is proved.

3. Extreme Points

Definition 5. We say that a class F is convexif nf + (1 —n)g € F forall f and g in F and 0 < n < 1.
The closed convex hull of F denoted by ¢o F is the intersection of all closed convex subsets of H (with respect to
the topology of locally uniform convergence) that contain F.

Definition 6. Let F be a convex set. A function f € F C H is called an extreme point of F if f =
nfi + (1 —n)fo implies that f1 = fo = f forall f1 and fo in F and 0 < n < 1. We use the notation EF to
denote the set of all extreme points of F. It is clear that EF C F.

For the extreme points, we use the Krein—-Milman theorem (see [3, 4, 9]) which implies the following lemma:

Lemma 3 [3, 4]. Let F be a nonempty compact convex subclass of the class H and let J: H — R be
a real-valued, continuous, and convex functional on F. Then

max{J(f): fe€ F} =max{J(f): fe€ EF}.
Since H is a complete metric space, we can use Montel’s theorem [10].

Lemma 4 [3,4]. A class F C H is compact if and only if F is closed and locally uniformly bounded.

Theorem 4. The class g;_‘[ (A, B) is a convex and compact subset of H.

Proof. For 0 <n <1, let fi, fo € g’?’_‘lN(A, B) be defined by (2). Then

nfi(z) + (1 =n)fa(z) = 2 =Y _(nlarkl + (1 = n)|agkl)z"
k=2
—1)" > bkl + (1 =) |bok[z")
k=2

and

o0
S~ {on nlanel + (1= mlassl| + By byl + (1= ) bl 2|}
k=2
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_WZ{ak|a1k|+5k\b1k|}+ (1—mn Zak|a2k|+ﬁk|b2k|

<nB-A)+(1—-n)(B-A).

Therefore, the function ¢ = 7f; + (1 — ) f2 belongs to the class SVQN(A, B) and, hence, gﬁN(A, B) is
convex. N
On the other hand, for f € &}/(A4, B), |2| <rand 0 <7 < 1, we obtain

FE <+ (ag] + o)™ < v+ (alag] + Bilbrl) <+ (B — A).
k=2 k=2

This implies that g;f[ (4, B) is locally uniformly bounded. Let

oo o0
2) = z—l—Za&kzk + Zbe,kzk, 2eU, keN,

and let f € H. By using Theorem 3, we get
o
Z (ag|ae | + Brlber|) < B—A, keN.

k=2

If fo — f, then |acy| — \ak\ and |be | — |bx| as k — oo, k € N. This yields condition (7). Therefore,
fe SHN(A B) and the class S;_‘[N(A B) is closed. By Lemma 3, we can now say that the class ‘SHN(A B) is
a compact subset of .

Theorem 4 is proved.

Theorem 5. The set of extreme points of the class g;fl w(A,B) is

ESI (A, B) = {hy: k€ Ny U {g: ke {2.3,..}},

where

Bﬁ_Az’f, zelU, ke{23,...}. (13)
k

ge(z) = z+ (=1)"

Proof. If we use (7), then we can see that the functions of the indicated form are the extreme points of the
class SHN(A B). Suppose that f € ES;Q n(A,B) and f is not of the form indicated above. Thus, there exists
m € {2,3,...} such that
—A B-A

or 0 < |bm| < .

m m

0<lam| <
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B—A )
If 0 < |am,| < ——, then, setting
a

m

. |@m | o,

1
v = and <P=fn(f—nhm),

B-A 1
we obtain

0<n <L hmoeSin(AB), hm#ep, and f=nhy+(1-n)e.

Thus, f ¢ ESE (A, B).

Bm

Theorem 5 is proved.

For 0 < |by,| < , we get the same result.

If the class F = {fx € H: k € N} is locally uniformly bounded, then its closed convex hull is

COf:{Zﬁkfki anzl, g > 0, kGN}-

k=1 k=1

Corollary 1. Let hy and gy, be defined by (13). Then

o o
Sin (A, B) = {Z (Ml + Okgr) = Y (i +0k) =1, 61 =0, ng, 6 > 0, k € N} :
k=1 =1

For each fixed value of £ € N and z € U, the following real-valued functionals are continuous and convex

on H:

TWH) =lads TE =lbels TN =GN T =|Zhfe)|. fen.
The real-valued functional
2T 1/7
1 o\
J(f) = 2W/‘f<re )‘ de , fEH, v>1, 0<r<l1,

0
is continuous on ‘H. For v > 1, itis also convex on ‘H (Minkowski’s inequality).
Corollary 2. Let | € 572 ~ (A, B) be a function of the form (12). Then

B—-A B—-A
‘ak‘ S ) ’bk| S )
ag Bk

k=2,3,...,

where i and Py are defined by (7). The result is sharp. The extremal functions are hy, and gy, of the form (13).
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Theorem 6. Let f € g%N(A, B) and |z| =r < 1. Then

Bt sipelsr+ 2200
a9 (6%

r —

(B-A)pA+N)"+ A -7)(r+1)] ,

a2

r —

(B-A) (A +N)"+ A=) +1)] 5

<|L () <t -

The result is sharp. The extremal functions ho have the form (13).

Proof. We only prove the right inequality. The proof of the left inequality is similar and, hence, omitted.
We have

FEI <+ (lag] + [br))r*

k=2

o0
r+ Y (ak| + [bgl)r
k=2

1 & 1 &
<r4 | — ) aolag] + Y Balbrl | r?
(wé ol 3, 2 P
1 — B-—A
§T+£Z(ak|ak|+ﬁk|bk|)r2ST‘F ; ,
k=2

azs <ag, ay< P, P2 <P forall k2>2.

Another proof can be obtained by using Lemma 3 with extreme points.
Theorem 6 is proved.

Corollary 3. If f € g%N(A, B), then U(r) C f(U(r)), where

B-A
a2

r=1-—

and  U(r):={z€C: |z| <r<1}.

Corollary 4. Let 0 <r < 1and € > 1. If f € S\ (A, B), then

o) faos L [los (o)
0 0
21

/‘fyf re’ d9</‘$Hh2 (re ))gdﬂ, €=1,2,....

0
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4. Radii of Starlikeness and Convexity

We note that a harmonic function f € &3, («) if and only if

D f(2)

LaTe)

>a, |zl=r<1,

where
Luf(z) = 2l (2) — 29'(2).

For 0 < a <1, f € &85 (a) is equivalent to 23, f(2) € S5, (a).
Let B C H. We now define the radius of starlikeness and the radius of convexity of the class B:

R} (B) := }ngg (sup{r € (0,1] : fis starlike of ordera € U (r)}),

R, (B) = }IelfB (sup{r € (0,1] : f1is convex of orderav € U (r)}).

Theorem 7. Let 0 < o < 1 and let oy and By, be defined by (7). Then

1
x (Sn . l—a . ay, B -1
RQ(SHN(A’B))_ég§<B—Amln{k—a’k+a}> '

Proof. Let f € gﬁN(A, B) be of the form (12).
We note that f is starlike of order « in U(r) if and only if (see [7])

2 (k—a k+ a
Z(l_a\ak\ - |b)’“g1. (14)

k=2

In addition, it follows from Theorem 3 that

> (5250

g i) <1

k=2
Since a < Bk, k= 2,3, ..., condition (14) is satisfied if
k—« k1 (073 k+ a k—1 Bk
- < d B < k=23,...
1-a' —B-A4 an 1—a ~“B-A 3

or

1
-« ay Bk k=1
< — =
r_( —Amln{k—a7k+a}> , k=23,

Hence, the function f is starlike of order « in the disk U (r*) , where

st (LT s ar B =
" '—lgzl2 B-—A m E—a' k+a ’
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It follows from the function

fr=hi(2) + gi(z) = 2 —

that the radius 7* cannot be made larger.
Theorem 7 is proved.

Similarly, we get the following theorem:

Theorem 8. Let 0 < o < 1 and let oy and By, be defined by (7). Then

R, (St(4,B)) = jnt (Elf_—il min { K (;i )’ k(kﬁj— ) }) o

We now examine the closure properties of the class ggfl (A, B) under the generalized Bernardi-Libera—Livingston
integral operator L.(f), ¢ > —1, which is defined by

where

Lo(h)(z) = 0%1 / Chdt and  Log)(z) = / £ g (8 dt.
0 0

Theorem 9. Ler f € S}, (A, B). Then L.(f) € S},(A, B).

Proof. 1t follows from the representation of L.(f(z)) that

L@ =5 [t [ + 5] ai
0
c+1 Zc—l = k r — -
= — t t— Y apt’ |dt+ [t | t+ (1) btk>dt
3l ( St e [ (e

0 0

—Z—ZAkZ +( ZBkZ

where

Therefore,

o0

Z(ak|Ak|+ﬁk\Bk!)§Z(akz la k\+ﬂkc+1 | k\)

k=2 k=2
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<> (aklar| + Brlbrl) < B — A
=2

Since f € g%(A, B), by Theorem 1, we conclude that L.(f) € §7’15(A, B).

o =

=)

S O 03

12.

13
14

Theorem 9 is proved.
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