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ON THE RATE OF CONVERGENCE IN THE INVARIANCE PRINCIPLE
FOR WEAKLY DEPENDENT RANDOM VARIABLES

A. K. Mukhamedov UDC 519.21

We consider nonstationary sequences of ¢-mixing random variables. By using the Levy—Prokhorov dis-
tance, we estimate the rate of convergence in the invariance principle for nonstationary ¢-mixing random
variables. The obtained results extend and generalize several known facts established for nonstationary
(-mixing random variables.

1. Introduction

Let {&in, £ = 1,2,...,k(n), n = 1,2,...} be a sequence of random variables (r.v.) in a probability
space {2, <, P} and let

Mb(n) = o{&pn,a <k <b}, 1<a<b<kn).
For any m > 1, we define (see [11])

a(m) = sup sup |P(ANB) — P(A)P(B)|,

k- AeMf(n), BeM ™) (n)

B(m)=E{sup sup |P(A/ME(m) - P(A)| },
ke aem ™ (n)
¢(m) = sup sup |[P(B/A) — P(B)|, P(A)>0.
k- AeMf(n), BeM ™) (n)
A sequence is said to be strongly mixing (s.m.), absolutely regular (a.r.), or uniformly strong mixing (u.s.m.)
if a(m) — 0, B(m) — 0, or p(m) — 0 as m — oo, respectively.
Let

Sin= &n:  Su=Skmm B, =ESL, B =B.,.  Sun=DB3,=0

n
J<k

Lns=B," Y Elnl®, E&n=0, ¢0)=1.
J<k(n)

By C(-) with or without indices, we denote positive constants (generally speaking, different in different
formulas) that depend only on the quantities in parentheses; by C' we denote an absolute positive constant.
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We now consider the following points:

2
maxlgigk an

tin =
2
max <;<k(n) Bip

from the interval [0; 1]. Further, we order these points and construct a continuous random polygon W,,(¢) on the
. . . S .
interval [0; 1] with vertices <t;m; B’m> . If some t;,, are identical, i.e.,

n

By ,=Bp,=...=B}, ki#k

then we choose any of these points <tkrn; ;Z”> .
n

Consider the space C[0; 1] of continuous functions on [0; 1] equipped with the norm
z(t)] = sup |z(t)],
0<t<1

which generates a o-algebra S¢. If W, is the distribution of the process {W,(t), ¢ € [0;1]} and W is the
distribution of the standard Wiener process {W (t), ¢ € [0; 1]}, then the weak convergence W), to W means that

lim P (W,(t) € A) = P(W(A))

n—00
for any Borel set A such that W(90A) = 0. This fact is usually called the invariance principle (IP). Donsker [8]
proved the IP for i.i.d. (independent identically distributed) random variables. At the same time, Yu. Prokhorov [16]
proved the IP for triangular arrays {&k,, k = 1,2,...,k(n), n = 1,2,...} of independent (in each series) r.v.
under Lundeberg’s condition:

1 n
An(e) = §ZE{X£H, | Xjn| >eBn} =0 as n—oo forall &> 0.
" k=1

Under Lundeberg’s condition, T. Zuparov and A. Muhamedov [26] and M. Peligrad and S. Utev [15] proved
the IP for nonstationary -mixing and «-mixing r.v., respectively.

By L(P;Q) we denote the Levy—Prokhorov distance between the distributions P and @ in C[0; 1] (see [3,
p. 327)):

L(P;Q)=inf{e >0: P(A) <Q(A")+¢c and Q(A) < P(A®)+¢ forall A€ 3¢},

where A° is a e-neighborhood of A. Thus, the IP can be rewritten as L (W,,; W) — 0 as n — oc.
It is known that

L(W,; W) =max{e: P(|Wn(:) = W()| >e)}. (1)

In order to estimate (1), it is sufficient to establish the estimate for P (||W,(-) — W (-)|| > €). The rate of
convergence in the IP was studied in detail in the case where the sequences of r.v. are independent. The first
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estimation in this case was proposed by Prokhorov [16]. He proved that
1/4, 2
L(W,;W)=o0 (Ln3 In Ln3> , T — 00.

This estimate was improved in the i.i.d. case by Heyde [10], Dudley [7], and other researchers. A. Borov-
kov [4] proved that

L(Wn W) =C(s)Ly[F), 2<s <3, )

It should be emphasized that the one probability space method was used in all estimates presented above.
R. Dudley [7] and A. Borovkov [4] showed that neither the Prokhorov method, nor the Skorokhod method can be
used to get (2) in the case where s > 5. J. Komlos, P. Major, and G. Tusnady (KMT) [13] proposed a method,
which allowed them to prove (1) in the i.i.d. case for all s > 2. Modifying the KMT method, A. Sakhanenko
[17-21] extended (2) to the general case.

The fact that (2) is the best possible estimate was proved by several authors: Borovkov [4], Sakhanenko [17—
21], T. Arak [1], Komlos, Major and Tusnady [14]. 1. Berkes and W. Philipp [2] and Borovkov, Sakhanenko [5],
Zuparov, and Muhamedov [26, 27] proposed the methods that can be used to obtain estimates for the Levy—
Prokhorov distances for different classes of weakly dependent sequences.

Yoshihara [25] obtained the first result:

L (W W) =0 (n—1/8 In/2 n>

for a.r. strictly stationary sequence {&, k € N} satisfying the inequality

i k- (B(k)” ) < oo,

k=1

under the condition of existence of the absolute moment of order 4 + 9, § > 0. Kanagawa [12] obtained the rate
of convergence for the u.s.m. and s.m. strictly stationary sequences of r.v..

By the Prokhorov method, the best estimate in the IP was obtained in [9] for the stationary case with s.m.
conditions, namely,

(i) if the coefficients (k) of s.m. exponentially decrease to zero and

0<a:E§%+2ZE§1§i<oo, (3)
=2

then

2s+1

L(Wp; W) =0 (n‘fi%w In* n)
(i) if the coefficients (k) of s.m. decrease to zero as follows:
a(k) < Cn~06=D/6=27 o0, 6> 1,

and condition (3) is satisfied, then

(s—2)(6—1

L (W W) = O(n 50572017 v/imn).
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For the u.s.m. case and weak stationary sequences {&, k € N}, S. Utev [23] showed that

n 1/(s+1)
L(Wn; W) = C(s; 9;0) (n_s/z ZE\&!5> , 2<s<5,
=1

under conditions (3) for
(k) < Ak g(s) > j(u)(j(u) — 1),
u=(245s)/2(b—s), and j(u)=2min{k € N: 2k > u}.
Zuparov and Muhamedov [27] announced the following estimate for nonstationary u.s.m. sequences:
L(Wai W) < Cls: 05 K) LT

for 2 < s < 6 and ¢(k) < Ak=9C); here, 0(s) > 2s.

1389

In the present paper, by using the Levy—Prokhorov distance, Bernstein’s method, the Berkes—Philipp approx-
imation theorems [2], Utev’s moment inequalities [24], and the results obtained by Sakhanenko [19], we find the
best possible rate of convergence for the IP and extend and generalize several known results for nonstationary

(p-mixing random variables.

The paper is organized as follows. Our main results are presented in Section 2. In Section 3, we give some

auxiliary lemmas. In Section 4, we present the proofs of our results.
2. Main Results

Theorem 2.1. Suppose that, for any numbers 6 and s such that

6 > max(4,s,s(s —2)/4), s>2,
the following conditions are satisfied:
o(1) < KT*G, K >0,
E |l <o, k=1,2,...,k(n), n=1,2,....
Then there exist a Wiener process {W (t), t € [0;1]} and a constant C(s;0; K) such that inequality

L’VLS
:1:5

P([Wa(t) = WD) > 2) < C(s;6; K)

holds for all x > 0.

Corollary. Under the conditions of Theorem 2.1, the following inequality takes place:

1
L(Wn; W) < C(s;0; K)Lag' .
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Theorem 2.2. Under the conditions of Theorem 2.1, for 6 > max(4,s,3s(s — 2)/4), there exist a Wiener
process {W (t), t € [0;1]} and a constant C(s;0; K) such that inequality

E|[|Wy(t) = W(@)||* < C(s;6; K) Ls
holds.

Remark. 1In [24], Utev proved that E ||[IW,,(t) — W (t)||* converges to zero. The inequality in Theorem 2.2
for a nonstationary sequence of ¢-mixing random variables is obtained for the first time.

Concerning the existence of sequences satisfying the conditions of Theorems 2.1 and 2.2, we can make the
following remarks:

In Theorem 3.3 from [6], Bradley proved that if X := (Xj, k € Z) is a Markov chain (not necessarily
stationary) and ¢ (n) < 1/2 for some n > 1, then ¢ (n) — 0 at least exponentially rapidly as n — oc.

By using a strictly stationary sequence of Markov chains

X :=(Xp, ke Z),

we construct a nonstationary sequence & := (&g, 1 < k < n) as follows: &1, = —Xop_1, 1 <2k —1 < n,
and Eopp = Xog, 1 < 2k < n, for every series. As X := (X, k € Z), strictly stationary sequences satisfy the
-mixing condition exponentially rapidly as n — oo. Thus, the sequence & := ({ip, 1 < k < n) also satisfies
the ¢-mixing condition exponentially rapidly as n — oo. In addition, if £ |Xx|®, s > 2, then the nonstationary
sequence & := (&kn, 1 < k < n) satisfies the conditions of the main theorems.

3. Auxiliary Lemmas

Lemma 3.1 (see [11]). Let the rv. £ and 1 be measurable with respect to the o -algebras Mf and M :J(:;),

respectively, where k > 1 and k + 7 < k(n). If E|{|P < oo and E|n|? < oo for p > 1 and q > 1 such

1 1
that — 4+ — =1, then
p q

|BE -1 — E¢ - En| < 208 (1)E¥ |€PEx |n|f.

Lemma 3.2 (see [2]). Let {(Sk,01), k > 1} be a sequence of complete separable metric spaces. Also let
{Xk, k > 1} be a sequence of random variables with values in Sy, and let { By, k > 1} be a sequence of o -fields
such that Xy, is By -measurable. Suppose that, for some @y, > 0,

|[P(AB) — P(A)P(B)| < ¢rP(A)
forall B € By, A€ |J Bj. Then, without changing the distribution, we can redefine the sequence { Xy, k > 1}
i<k
on a richer probability space together with a sequence {Yy, k > 1} of independent random variables such that
Y. has the same distribution as X}, and

P (ok(Xp, Yi) > 690r) <6p, k=1,2,....

Lemma 3.3 (see [24]). Let { Xy, k > 1} be a sequence of random variables satisfying the u.s.m. condition

1
and let o(p) < T Then there exists a constant C(¢(p)) depending only on ¢(p) and such that, for all t > 1 and
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all 1 < q < t, the following inequality takes place:

t q

E max ZX]- < (C(p(p)t))* pE max |X| —{-1121]?0( E ZXj

Lemma 3.4 (see [19]). Let {X, k > 1} be a sequence of independent random variables such that
n
EX,=0 and Y EXj=1.
Suppose that
to =0, tk_ZE . k=1,2,...,n,
and

n
ns — ZE‘X‘S
=1

k

Let S(t) be a continuous random polygon with vertices (tk, S(ty) = Z . Xj> . Then, for any numbers s > 2
]:

and b > 1, there exists a Wiener process {W (t), t € [0, 1]} such that the inequality

P(IS() ~ W) = Crstr) < (@;ﬁ)bw (s x> 2)

is true for all x > 0.

We introduce the following notation:
Ein(@) = EnI {[jn] < CxBn} = Egnl {|§n] < C2Bn},  &jn(z) = &jn — &n(2),

where > 0 is an arbitrary real number,

b+k b+k b+k
Skn Z fjn, S}m b .TU Z §]n S]m b .CI? Z fjn Sn .%') = Sk(n)n((),l‘),
Jj=b+1 j=b+1 j=b+1
k(n)+1
Bl%n(b) = ESI%n(b)v Bl%n(bax) = Eslgn(ba l‘), B?l(l‘) = ES’?],(:B)7 Pt = Z ‘pl/t(i)v
=0

b

Lns=B;" > Elgul’,  Lns(a,b) = B,* > Elgu(@)l’, s>2,

J<k(n) j=at1
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We now define the positive integers m; by using the following algorithm:

moy = 0,
2
m+1
miy1=min<{m: m; <m<n: FE Z Ekn(x) | > h(n) for i=1,2,...,M —1,
k=m;+1

where M — 1 is the last number for which we can define m;_1, i.e.,
k(n) 2
El Y &al@)] <hn),

Jj=mpr—1+1

where h(n) is a sequence of positive numbers.
By n; and n;(z), respectively, we denote

m= Y &n and  m@)= Y &nl(x)

iZMj_1+1 i:m]-_1+1

The positive integers [; are described by using the outlined algorithm:

l0:O>
I+1 2
lipp=min{l: L<l<M:E[ > )| >T(n)p for i=1,2,...,N—-1,
k=l;+1

where M — 1 is the last number for which we can define Iy_1, i.e.,

2

E Z nj(z) | <T(n),

J=In-1+1

where T'(n) is a sequence of positive numbers. The sequences 7'(n) and h(n) are selected in what follows.
By v; and ;(x), respectively, we denote

;-1 ;-1
Z i and Pj(x) = Z ni(x).
i=l;_ 141 i=l;_ 141
Lemma 3.5. The following inequalities are true:
‘B,%n(b) - Blzn([% ZU)‘ < C(‘PS>B7%x2_8LnS(b>7 “4)

k
< 2, 2—s
1I§I}ca§XN ; Dy — D¢j 7)) < Clps)Byw™ *Lys, o)
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k
max | Br, — ;ij<w> < C(p2)N - h(n), 6)
Egi(z) <T(n)+0-h(n), 0] <C(p2), (7
_ | Bi(x) _\ Bax)
M < C(p2) h(n) N < C(p2) T(n) ®)
Proof. 1t is obvious that
btk i 2 btk 2
|Bin(0) = Bin(b,)| = |E [ D (&) +&n(@) | =B | D &nla)
j=b+1 j=b+1

IN

Y EBan@én@)|+| Y E&n(@)En(e)

b+1<i#j<b+k b+1<i£j<btk

b+1<ij<b+k

We now estimate the first term on the right-hand side of the inequality. The other terms can be estimated
similarly. By virtue of Lemma 3.1 and the Holder inequality, we find

Y Ba@éa@)| < X @M — i) EY (@) PECTV & ()T
b+1<i#j<b+k b+1<iAj<b+k
k(n)
< C | Y 9'o(i) | BRa® " Lys(b)
1=0
< C(@S)BixQ_sts(b).

Inequality (4) is proved. Inequality (5) can be obtained in a similar way.
We now prove inequality (6). To do this, we estimate the difference

N
B)(z) =Y Duj(x)| for k=N.
j=1

The other cases are proved similarly. It is clear that
N
Bi(z) = E | Y (%(z) +m,(x))

J=1
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By Lemma 3.1, we get

2
N N
=) Eyi(x)| = (Z(%( + 1, ( ) ZE%
j=1 j=1
<120 ) B@y(a) +my (@) (W) + m(2))
1<<ISN

N N
<2|) E@Wj(x) +m,(2)) ( > E@i(x) +7nk(f€)))‘

j=1 l=5+1

<2 iv:E (im(x)) (le: m(fc))

j=1 i=l;+1

<2 (i+ 1)@ ?({)N - h(n)
< C(@Q)N . h(n)

Proof of inequality (7). By the definitions of random variables ;(x) and 7;;(x), we obtain

By, 1n() < h(n)

and
Ey2(z) < T(n) < E (j(x) +m, (2))?
< By (x) + 2B (x)m, () + Enj, («)

L
<T(n)+2E ( > 771'(95)) m; (x) + B, (x)

i=lj_1+1

N
<T(n)+2) "2 E 0 (2)E'Pnf 1 (x) + Enj 1 (x)
=1

T(n) + C(p2)h(n).

Relations (4) and (5) imply that

>ZD1/}J C(p2)N - h(n)
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=2

-1
> Dy;(x) — C(pa)N - h(n)

i=1

v

(N =1)-T(n) = Clp2)N - h(n).

Hence, we get the second inequality in (8). Since h(n) = o(T'(n)), the first inequality in (8) is estimated similarly.
Therefore, Lemma 3.5 is proved.

4. Proofs of Theorems

()
By,

) is denoted by W, (t). Let W and Wm(t) be random polygons with vertices

Proof of Theorem 2.1. 'We denote by W,,,(t) a random polygon with vertices (tkn;
Sy ()

n

> . A polygon

with vertices <tmkn;

S i) ) S i)

bnygens B, bmgns B |
respectively, where z@-(m), 7 =1,2,..., N, are independent r.v. whose marginal distributions coincide with the
distributions of r.v. ¢;(x). A polygon with vertices

k

YD Y i)
S s

is denoted by Wz (t).
It is obvious that

P([Wa(t) = W) > z)

X

6

) +P (HWm(t) —W,m(t)u > E)

<P (HWn(t) — Wha(8)]| > 6

P (HWm(t) — W) > g) P <Hﬁm(t) . Wm(t)H > %)

+P (HWM(t) - an(t)“ > %) P (’)an(t) - W(t)H > %) - 26:13 )

To prove Theorem 2.1, we now estimate each term on the right-hand side of (9). Without loss of generality,
we can assume that L, < 1. Let

2(t— 2

s) _2
T(n)=C(s,0,K)Bix =2 LL*, t>s.
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Then

B2 (t=s) —-2_
N < C(s,6, K) T"(Ej;) <« C(s.0, Ky 350 1,77

Estimate P;. ltis clear that

x Lns
= n - Wng —) <P n B, < .
Pu= P (IW,0) = Waal0)] > §) < P (e 16| > CuBie ) < 022

Estimate P>. By virtue of the Chebyshev inequality and Lemmas 3.3 and 3.5, for ¢ = 2 and t > s, we get

_ B,
P =P (me(t) — Woa(t)|| > %) <y rp < max [ Sgn(2) — S, (2] > 0"’“"12 )
J<N

mj_1<k<m;

1
<C Y E max  [Sin(x) = Smy_n(@)['

.ftB;L <N mj,lgkgmj
Lu(@) | 1 (T())*
nt\T n 2
<oten o [Eatel 1 (1]
Lns
< C(s,0,K) .
:LxS
Estimate P3. It is obvious that
P —P(HW () - W (t)H > f) < P | max ZM >
3 — nr nx 6/) = k<N |4 Bn 6
i<k
We now estimate Ps. By analogy with P», we obtain
= = €T Lns
P=pP (me(t) - Wm(t)H > g) < C(s,0,K) .

Estimate P,. 1t is clear that

([t Tt ) < (e |3 (2 52 >

<N
RN IR Bn Bn

By using the Berkes—Philipp approximation theorem (see Lemma 3.2) and Lemmas 3.3 and 3.4, we get
vilz) i) @
B, B, 6N

P4§ZP<

JE<N
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> 6@(19))

>6 or 36Nep(p) <,

Pi(e)  U(x)
B, B,

gZP<

J<N

X
< 6Np(p) for
#(p) 6Ny (p)

where

p= jH%l]IVl(mj —mj_1).

To obtain the estimate

we find p from the condition

Hence,

_Bt=2(stl) 2 #(s—2) ot 7
p>C(s,0,K) | max |x~ 2 Lpd *;2 2 Lpg~ )

Estimate P5. 1t is clear that

P (HWm(t) W (1) ] > f)

< P | max

W x
< - z() .
= \/ZKND@E‘(@ i<k B 5

<P glgaj%c Z

1397
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Thus, by Lemma 3.3, we obtain

t

E | max Z Yy() <C(t,0,K).

=Nk \/ZKND@(@

Since

Bn—\/szNDTZj(UC) B%—ZjSND%Zj(JE)

Bn B, <Bn + \/ Z]SN Dij(x))

and
Dy);(z) = Dy;(x),

it follows from Lemma 3.5 that

> Dypj(x) = B2(1+o(1)).

J<N

. . 2 _ N .
As aresult, it suffices to estimate B, ngN Dipj(x). Let

Thus, Lemma 3.5 implies that

B — ngN Dyj(x)
zB?2

< Clen) <Nh(n) -;Z%x?—SLns> _ o) ( h(n)

s 1
< C(t, ()02) (fl‘_tLﬁs + $1_5Lns> .

This yields
= —~ x
(T

s 1 t
< C(t, 802) <37_tL1%s + xl_sLns>

L?’lS LTLS t
o8+ ().

Itis clear thatif 0 < x < 1, then

Lns
Ps < C(t, p2)

xs

xT'(n)

A. K. MUKHAMEDOV

(10)

11

(12)
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Ly
Now let > 1. Thus, to estimate P5 < C(t, g02) , the second term of inequality (12) should satisfy the
condition

L
This inequality holds for = > Ls(t D=7 . Hence, inequality P, < C(t, g@)% is true for all x > 0.

Estimate Pg. By using Lemma 3.4, we obtain

t

Py =P (|Wastt) - weo)]| > £) < c(l)t SF %i(@)

6

We now estimate

Since Jj(x) are independent r.v. whose marginal distributions coincide with the distributions of r.v. v;(z),
by Lemmas 3.3 and 3.5, we find

lj

2 Byl < S @) + (D)

J<N JSN \i=lj1

ZE!ém )"+ N(T(n)? ] . (13)

Hence, it follows from Lemma 3.5 and the definition of 7'(n) that

Py= P ([ Watt) - W) > 2)

1 1 [T\ Lng
< C(t, ) (thnmth( E(;;)> ) <Ot o) — - (14)

xS

We now demonstrate the possibility of splitting of the above-mentioned isolated groups, namely, as n — oo,
the conditions

B2 T(n), h(n)— oo, T(n)=o(B?), h(n)=o(T(n)), and Lps—0

should be satisfied, and explain the necessity of curtailing in order to prove Theorem 2.1. These conditions are
clear in the stationary case. In this case, the following asymptotic relations are true, i.e.,

s—2 t—s
L,s~n~ 2 for s>2, T(n) ~nt=2 forsome t, t>s,
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and
22— (35—2)t+2s—4 3s — 24+ 1/9s2 — 28 36
h(n) ~n 2t(t-2) forsome ¢, t>ty= i * Z S+ > s,
t(s—2) t(s—2) —92
P> n20t-2) N K< nst-2) and 6 > max (4, s, 8(84)> .

To obtain the required estimate for P> and Py, it is necessary to have a moment of ¢, which is larger than s. This
is why, curtailing is necessary.
Theorem 2.1 is proved.

As indicated above, the Levy—Prokhorov distance between the distributions W,, and W is determined in (1).
1

Selecting ¢ = = = L;%" in relation (1) and Theorem 2.1, respectively, we obtain the proof of the corollary.

Proof of Theorem 2.2. The method used to prove Theorem 2.2 remains the same as in Theorem 2.1. Here,
we only list the places where it is necessary to make certain changes.
As in the proof of Theorem 2.1, the following inequality is true:

E ”Wn(t) - W(t)HS < E ”Wn(t) - an(t)Hs +E HWmc(t) _an(t)us

s

—

VE HWm(t) W) +E Hﬁm(t) W (t)

6
+E H/Wm(t) — Wa(t) =Y E. (15)
=1

B[ Wty - W)

Thus, in order to prove Theorem 2.2, we estimate each term on the right-hand side of (15) and take x = L,llés

Hence, we get

A= 3t—2
T'(n) = B?LLZE?Q) , h(n) = T(n)LiLés _ B%Lrsigfz)’
B, — iy h(n) 1
N = LU s(t—2) M) s
T(n) ne ’ T(n) ns

Estimate E;. ltis clear that

By = E|Wy(t) — Wae(D)|° < E (kma(x \gknyS/B;> < Lns.

<k(n)

Estimate Eo. Based on the moment inequality, Lemmas 3.3 (for ¢ = 2 and ¢ > s) and 3.5, and the definition
of T'(n), we get the following inequality:

By = E [Waa(t) = Waa(8)||” < B [Wia(8) = Waa ()|

< ZE( max_ | Sgn(z) = S, 1n(2)|’ /B;;> "

j<N mjflgkgmj
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s/t

<C Z E <Blt max ‘Skn(x) - Sm]-_m(x)‘t>

<N n Mj—1<k<m;

< C(t,0,K) (Lnt(a:) + (ﬁ?) F;)S/t

n

< C(s,0,K)Lys. (16)

Estimate E3. It is obvious that

S

$ nm.(a:)

< F NS

< Emac| D =
i<k

By = B |[Woa(t) = Woa(t)

We now estimate E3. By analogy with 5, we obtain
_ S
Ey=E me(t) - Wm(t)H < (5,0, ) Lps.

Estimate E4. By Lemmas 3.2, 3.3, and 3.5, following the paper [24], we can estimate E4 as follows:

S

Ey < E | max Z(W_W>

k<N |4 B, B,
J<k

< N°max E () — {p\](az) S

J<N n B,
< N° <(6g0(p))3 + %ax <E %B(:) - %B(:) , 6p(p) < wg:) - %B(:) < 1))

~ ¢
+ N°max E i@ ¥5(@)
J<N n B,

Yi(x) (=)
B, B,

< S S
<CN (s@ (p)+rjn<6}§P<

> 6@(19)) - (Tlgg)yﬂ) < Lps.

In this case, the mixing coefficients decrease as N*p(p) < Lys. In turn,

2t 3t—2

N*p(p) < Lnd ?p ™ < Lyps = p > Lyd™ 7

for 0 > max (4, s, 38(84_2)> .
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Estimate Ex. It is obvious that

s

B|Waa(t) — Woa (1)

B |3, D) @\

i<k ngN D@Ej(ﬂf)

By Lemma 3.5 and inequalities (10), (11), we get

E HWm(t) — Waa(t)|| < C(s, 2

s B — \/Zj<N DQZj(m)
) B

< <h(") + x2—SLns> < Lys.

n

Estimate Eg. Due to moment inequality and similar estimates for (13), (14), and (16), by Lemmas 3.3
and 3.4, we obtain

B[ Woatt) - w (o) < B [Woalt) - wio)||

t\ S/t
<Yk ¥;(2) _
=N \/Zj<ND¢j(Hf)
% s/t
< C(t K, 0) [ Lo + (Tg;)) < C(t K, 0) L.

Theorem 2.2 is proved.
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