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SHARP REMEZ-TYPE INEQUALITIES ESTIMATING THE L,-NORM OF A
FUNCTION VIA ITS L,-NORM

V. A. Kofanov! and T. V. Olexandrova? UDC 517.5

Forany ¢ > p > 0, a = (r+1/q)/(r + 1/p), fp € [0,00], and B € [0,27), we prove a sharp
Remez-type inequality
ller + cllq

(r) H17a
F el (o,.2m0 By )

llzllq < lor |‘55H%p([0,27r]\3)||$
for 2m-periodic functions z € L7, which have zeros and satisfy the condition

l4llp -1z " = fo, (1

where ¢, is Euler’s perfect spline of order r, the number c is such that the function x = ¢, + ¢ satisfies
condition (1), B is an arbitrary Lebesgue-measurable set such that

o)

-1
el ,

—1/(r+1/p)
jB < 5(”% el )

the set By gy is defined by By (g) := {t € [0,27] : |, (t) + ¢| > y(5)}, and moreover, B, ) = .

We also establish sharp Remez-type inequalities of various metrics for trigonometric polynomials and
polynomial splines satisfying relation (1).

1. Introduction

Let G be a Lebesgue-measurable subset of the numerical axis and let L, (G) be a Lebesgue-measurable space
of functions z: G — R with finite norm (quasinorm)

1/p
</ x(t)|pdt> for 0<p < oo,
e}

vraisup |z(t)] for p= 0.
teG

HmHLp(G) =

By I; we denote a circle realized in the form of a segment [0, d] whose ends are identified. For the sake of brevity,
we write [|z||, instead of [|x||f,(1,,)-

For r €¢ N, G = R or G = I, by L. (G) we denote the set of all functions z € L (G) with locally
absolutely continuous derivatives up to the (r — 1)th order satisfying the condition (") € L. (G).

By ¢, (t), r € N, we denote the shift of the rth 27-periodic integral of the function ¢((t) = sgnsint with
mean value over the period equal to zero satisfying the condition ¢,.(0) = 0. For A > 0, we set

Par(t) == A""pr(N).
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The following theorem was proved in [1]:

Theorem A. Suppose that r € N and q > p > 0. Then, for any function x € L._(I2;) which has zeros,
the following sharp inequality is true in the class L (Iaz):

|zlly < sup ller +cllg

el el o (1.1)
cefo,k,] lpr +ellg P >

r+1/q
r+1/p

where o = and K, := ||¢r||o is the Favard constant.

In the proof of inequality (1.1) in [1], it was established that if, for a given function x € L_(I2,) which has
zeros, the number ¢ € [—K,, K,] is chosen to guarantee that the condition

[z lly _ [Iter + )+ llp
lz—llp ll(or + )l

is satisfied, then the inequality

H(‘Pr + C)in ”I

sl = g, ey Vel 11 a2
r p

is true.

An analog of inequality (1.1) in which the L,-norm of a periodic function is estimated via its local L,-norm
was established in [2]. Sufficient conditions under which the least upper bound in inequality (1.1) is attained
for ¢ = 0 were established in [3].

In the present paper, we generalize inequalities (1.1) and (1.2) to the classes of functions with given comparison
function. Moreover, these generalizations contain the “Remez effect.”” We now present necessary definitions.

A function f € L (R) is called the comparison function for a function = € L!_(R) if there exists ¢ € R
such that

min f(t) + ¢ < 2(f) Smax f(t) +¢. teR,
and the equality z(§) = f(n) + ¢, where £,n € R, yields the inequality |2/(£)| < |f’(n)| provided that the
indicated derivatives exist.

An odd 2w-periodic function ¢ € L (I3,) is called an S-function if it has the following properties: ¢ is
even with respect to w/2 and || is convex upward on [0, w] and strictly monotone on [0, w/2].

For a 2w-periodic S-function ¢, by S,(w) we denote the class of functions z € L. (I;) for which ¢ is
a comparison function. Note that the classes S, (w) were considered in [4, 5]. As examples of the classes S, (w),
we can mention the Sobolev classes L7 (I4) with comparison function ¢) ,, the bounded subsets of the spaces 75,
(trigonometric polynomials of degree at most 7) with comparison function sinnt, and S, , (27-periodic splines
of order r with defect 1 and nodes at the points k7 /n, k € Z) with comparison function ¢, ,.

An important role in the approximation theory is played by the Remez-type inequalities

1T Lo (o) < C BT N Lo 12\ ) (1.3)

on the class T;,, where B is an arbitrary Lebesgue-measurable set B C lo,, uB < .
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The foundations of this direction were laid by Remez [6] who determined the sharp constant C(n, ()
in an inequality of the form (1.3) for algebraic polynomials. In inequality (1.3) for trigonometric polynomials,
two-sided estimates for the sharp constants C'(n, 3) were established in a series of works. Moreover, the asymp-
totic behaviors of the constants C'(n, 3) as 5 — 2m [7] and as 8 — 0 [8] are known. For the bibliography in this
field, see [7-10]. In [8], the inequality

nj
1T Lo (1) < <1 + 2tan? 4m> 1 T|| £oc (12 \B) (1.4)

was proved for any polynomial 7" € T;, with the minimal period 27 /m and any Lebesgue-measurable set B C Ia,
uB < 3, where 8 € (0,2wm/n). The equality in (1.4) is attained for the polynomial

T(t) = cosnz + % (1 —cosf/2).

Recently, a sharp constant for the Remez-type inequality (1.3) for trigonometric polynomials has been found
in [11].

In [12], the result obtained in [8] was generalized to the classes S,(w). As a consequence, an analog of
inequality (1.4) for polynomial splines and functions from the classes L’_(I2,) was obtained. In [13-17], some
sharp Remez-type inequalities of different metrics and Kolmogorov—Remez-type inequalities were proved for the
classes S, (w) and, in particular, for the differentiable periodic functions, trigonometric polynomials, and splines.
In addition, the relationship between the sharp constants for the Kolmogorov-type and Kolmogorov—Remez-type
inequalities was investigated in [17]. Furthermore, the relationship between the sharp constants in the Kolmogorov-
type inequalities for periodic functions and functions on the real axis was studied in [18].

In the present paper, we obtain sharp Remez-type inequalities of different metrics for the functions = € S, (w)
with given ratio of the L,-norms of their positive and negative parts (Theorem 1). As a consequence, we prove
these inequalities for functions from the classes L. (I2;), trigonometric polynomials, and polynomial splines
with given ratio of the L,-norms of their positive and negative parts (Theorems 2—4). Note that the corollary of
Theorem 2 contains inequality (1.1) with “Remez effect.”

2. Remez-Type Inequalities of Different Metrics on the Classes S, (w)

Theorem 1. Suppose that q,p > 0, q¢ > p, ¢ is an S-function with period 2w, and ( € [0,2w). If, for
a d-periodic function x € S,(w) with zeros, there exists ¢ € [—||¢|so, ||¢||oo] satisfying the condition

Izl z,(10) = 1@ + )£l L, (120) (2.1)
then, for any Lebesgue-measurable set B C 15, uB < 3, the following inequality is true:

H(p + CHLq(IQW)
)= lle + CHLp(12w\By<B))

2]l Lz Il 2, (1,\B)> (2.2)

where
By :={t€[0,2w]: [p(t) +c| >y}

and, moreover, y = y(f) is chosen such that uByg) = B.
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For any fixed ¢ € [—||¢||oo, [|¢lloc]), inequality (2.2) is sharp in the class of functions x € Sy,(w) with zeros
satisfying condition (2.1). Equality in (2.2) is attained for the function x(t) = ¢(t) + c and the set B = By,g).

We prove Theorem 1 in the form of a series of lemmas, which are also used in the proofs of the other theorems.
We set

Eo(#)oo := algff{ [ — alloo-

Lemma 1. Under the conditions of Theorem 1,

2+l < [1( + €)oo (2.3)

and, in addition,
d > 2w. 2.4)
Proof. We fix a function x € S,(w) and a number ¢ € [—||¢||c, [|¢|lo] satisfying the conditions of The-

orem 1. Assume that inequality (2.3) is not true for the function z. Since ¢ is the comparison function for the
function x, we have Fy(r)s < Fp(¢)so. Hence, the assumption made above means that exactly one inequal-
ity (2.3) is not true. Thus, let

loilloo < I+ slloe and oo > (e + €)oo
Then there exists a > 0 such that
1@+ a)tlloo <N+ 0)tlloos @+ a)-lloo = (¢ + ¢)-[lo- 2.5)

It is clear that  + a € S,(w). By m we denote the point of minimum of the function ¢ + ¢ and assume
that ¢1(t2) is the left (right) zero of this function nearest to m. In view of the second relation in (2.5), there exists
a shift z(- 4+ 7) of the function x such that

z(m+7)+a=¢(m)+c.
In addition, since ¢ + c is the comparison function for the function x, we get
z(t+7)+a<pt)+c<0, te(ti,ta).
In view of a > 0, this yields the estimate
lzllz, 10 > 1@+ a)-llL, ) = (0 + )=l ()

which contradicts condition (2.1). Thus, inequality (2.3) is proved. Relation (2.4) directly follows from (2.1)
and (2.3) in view of the inclusion = € S, (w).

Lemma 1 is proved.

For f € Lila,b], by r(f,t), t € [0,b — a], we denote the permutation of the function |f| (see, e.g., [19]
Sec. 1.3) and set r(f,t) =0 for t > b — a.
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Lemma 2. Under the conditions of Theorem 1,

£ £
/rp(:ci,t)dt < /rp(goi,t)dt, £>0, (2.6)
0 0

where T is the restriction of x to 15 and ¢ is the restriction of ¢ + ¢ to Ia,. In particular,
||33i\|Lq(1d) <|l(p+ C):i:HLq(Izw)' 2.7)
Proof. To prove (2.6), we note that, in view of (2.3), for any y+ € [0, ||Z+|/~ ), there exist points

thely, i=12...,m, m>2 yfeh, j=12
such that
Yyt = fi(ﬁt) = @ﬁ:(yj':)

Since ¢ + c is the comparison function for x, we find

|7, ()] <

Pe(y)]
We now show that if the points 65 € [0, d] and 65 € [0, 2w] satisfy the condition

yr = r(T+,07) = r(px.03),
then
7' (2, 60) | < |1 (02,65 )]-
Indeed, this directly follows from the theorem on the derivative of permutation (see, e.g., [19], Proposi-

tion 1.3.2). According to this theorem, we get

-1
1
G(ur)] | = Ir(es03)].

m

-1 2
7' (2, 07) | = [Z!xgz(ti)\‘l] <>
j=1

=1

By using the relation
r(T+,0) = (T2l < [P+l = 7(P+,0),

which follows from (2.3), and the fact that the L.,-norm is preserved by permutations, we conclude that the
difference

AE(t) = 1(Ts,t) — 7(Ps, 1)

changes sign on [0, c0) at most once (from minus to plus). The same is also true for the difference

AZ(t) = 1P (T4, t) — rP (P, t).
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We set

Hence, 1.+(0) = 0. Since permutations preserve the L,-norm, in view of (2.1) and (2.4), we get

1(d) = 12, 1,y — 10211, 100y = O-
Moreover, I’ (§) = AF(£) changes sign (from minus to plus) at most once.
Thus, I1(£) <0, £ > 0, which is equivalent to (2.6). By virtue of the Hardy-Littlewood—Pdlya theorem (see,

e.g., [19], Theorem 1.3.1), inequality (2.6) yields inequality (2.7).
Lemma 2 is proved.

Lemma 3. Under the conditions of Theorem 1,

1%L, (1\B) = [0+ €l L, (12\B, (5))- (2.8)

Proof. As above, let & be the restriction of x to I; and let @ be the restriction of ¢ + ¢ to Is,. For any
measurable set B C Iz, we have uBB < 3, in view of the well-known property

B
/ ()P dt < / rP(Z,1)dt. (2.9)
B 0

Further, since permutations preserve the L,-norm, we find

d

B
ol ) = [ loOPd = [latypar = [ (@t~ [zt
I, B 0 0

By using (2.1) and the inequality

13 3
/rp(x,t)dt < /rp(go,t)dt, €0,
0 0

which follows from (2.6) according to Proposition 1.3.6 in [19], we obtain

2w B 2w
ol ) = [ (@t~ [r@nde= [wna= [ e
0 0 5 12\Bys)

This yields (2.8).
Lemma 3 is proved.
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Proof of Theorem 1. 'We fix a d-periodic function x € S, (w), which has zeros and satisfies condition (2.1)
with some ¢ € [—||¢]|c0, ||¢]|oc]- By Lemmas 2 and 3, this function admits estimates (2.7) and (2.8), which directly
imply inequality (2.2). It is clear that this inequality is sharp.

Theorem 1 is proved.

3. Remez-Type Inequalities of Different Metrics for the Functions x € L7_(I2)

Recall that the symbol ¢, (t), » € N, denotes a shift of the rth 27-periodic integral with zero mean value
over the period of the function ¢(¢) = sgnsint satisfying the condition ¢,(0) = 0. It is clear that the spline

oxr(t) = A" (A), A >0,

is an S-function with period 27 /.
For r € N, p > 0, and f, € [0, 00], we consider a class

fo Lo (Ing) == {x € L (Ins) : Izl _ f,,}.

1,
It is clear that, for given p and f,, there exists a unique number ¢ € [—K,, K] for which
or +c€ f Ll (I2r). (3.1)
Theorem 2. Suppose that r € N, p, ¢ > 0, ¢ > p, f, € [0,00], and B € [0,2r). For any function

x € fpLL (Iax) with zeros and any measurable set B C Ioy such that pB < /X, where X is chosen to
guarantee that

lallp = lar + A"l tp |2 (32)
and the number c satisfies condition (3.1), the following inequality is true:
jEet
ol < T o= o, 2] 63
Pr Lp(I2r\By(g)) >
where
r—+1/q
= B, :={tel: t )
=)y y = A€ Lon |or(t) +¢| >y}

and, in addition, y = y(f3) is chosen such that 1By = .

Inequality (3.3) is sharp in the class of all pairs (x, B) formed by a function x € f, L. (I2), which has
zeros, and a measurable set B C Ia; for which uB < /)X, where \ satisfies condition (3.2). The equality
in (3.3) is attained for the pair (x, Bygy), where x(t) = ¢r(t) + c.

Proof. We fix a function x € f, L] (I,) satisfying the conditions of the theorem. Since inequality (3.3) is
homogeneous, we can assume that

Hx<’“> — 1. 3.4)

oo
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Thus, in view of (3.1), (3.2) and the definition of the class f, L. (I2x), we get

losllp = || (orr +A7€)| . (3.5)

LP(I27r/)\)

For functions z € f, L. (I2,) satisfying this condition, inequality (1.2) holds

Hx:t” < ||(SD7" + C)in
T (e +o)xlg

11—«
2" .

[EYM

By using this inequality, relations (3.4) and (3.5), and the following obvious equality:

= AP + sl p >0, (3.6)
b e+ ey, »

[(orr #3770,

we arrive at the estimate

. (3.7

T4 SH oxr+A"c ‘
ol < || (exs ) Lo(Isn )

In particular, in view of (3.4) and (3.7) (for ¢ = o), the function x satisfies the conditions of the Kolmogorov

comparison theorem [20]. According to this theorem, the spline ¢(t) = ¢, ,(t) is the comparison function for
the function z, ie., x € S, <E) Hence, in view of (3.5), the function x satisfies all conditions of Theorem 1.

A
By virtue of this theorem, for ¢ > p and an arbitrary measurable set B C I, uB < /), the inequality

HSO)‘VT + A_TCHLQ(I%T/)\)

[zlq < — 2 2, (12 \B)
orr + X7l (1 42

is true. It follows from the last inequality (for ¢ = p) and conditions (3.2) and (3.4) that

—r
belratan 2 e 37l )

Combining the obtained lower estimate with inequality (3.7), in view of the obvious relation

- _ y\—(r41
H(P)\,r A TCHLP (IQW/A\L’JA(B)—) =2 /p)H(P,« * C”LP(Izw\By(fU)
1
and the definition a = — +1/ q7 we obtain
r+1/p
zlq < [, +)\_TC||L11(127F/)\) - llor + cllq
« — — « - « .
HHUHLP(I%\B) s + A TCHLP (I%/A\By@) lor + CHL,,(I%\By(ﬁ))

By virtue of (3.4), this estimate yields (3.3). Thus, it is clear that inequality (3.3) is sharp.
Theorem 2 is proved.
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1
Corollary 1. Suppose that r € N, p,g >0, ¢ > p, a = ! 1 1§q7 B € [0,27), and the number ¢ € [0, K,]
r p
realizes the upper bound
ler +cliq

sup
c€[0,K] lor + CH%PU?“\Bz(B))

where
By = {t € Irr: |on(t) + | >y}
and, moreover, y = y(f) is chosen such that uBg(ﬁ) = .

Then, for any function x© € L%_(Ia;) with zeros and an arbitrary measurable set B C Ior, uB < 3/\, where
A is chosen to guarantee that

- - (r)
lally = l[oxr +A7"elly, 1,0 2| (3.8)
and c satisfies the condition
4 llp lz— N5 = 1(or + )4 llp [1(0r + )=l
the following inequality is true:
lor + | l—a
el < @l iy |2 (39)

—la
el g,

Inequality (3.9) is sharp in the class of all pairs (x, B) formed by a function x € L_(I2,) with zeros and
a measurable set B C Ian such that uB < [/, where \ satisfies condition (3.8). Equality in (3.9) is attained

for the pair <a:, BS(B))’ where x(t) = ¢, (t) + C.

Remark 1.
1. For =0, Theorem 2 and Corollary 1 were proved in [1].

2. For functions = € L7_(I2,) satisfying the condition ||z ||, = ||z_||,, the constant in inequality (3.3) is
equal to zero.

3. For functions of constant sign x € L_(I2;) with zeros, inequality (3.3) turns into the inequality for the
best one-sided approximations by the constant

Ey(z)1.q) = gglg{ux — |y VtEG £ (x(t) — )+ >0}, (3.10)

i.e., the norms ||z, and [|x||f,(z,,\p) in inequality (3.3) for these functions are replaced by Ef(z),
and E(jf(x) L,(I>-\B)» Tespectively. Moreover, the constant ¢ in this inequality is replaced by the Favard
constant f,.
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4. Remez-Type Inequalities of Different Metrics for Trigonometric Polynomials

Recall that T;, is a space of trigonometric polynomials of degree at most n. For p > 0, f,, € [0, 00|, we set

T
fpTn = {TeTn: 1Tl _ f,,}.
1Tl

Theorem 3. Suppose that n,m € N, p,q > 0, ¢ > p, and f, € [0,00]. If the trigonometric polynomial
T € f,T, with the minimal period 2m/m has zeros, then, for any measurable set B C Ior, pB < m B,
n
B € [0,27), the following inequality is true:

nyit lsin0) e
T, < (=) "— 4 T : 4.1)
H Hq <m> Hsm(-) _’_CHLP(I%\By(ﬁ)) H ”LP(IQW\B)

where the number c € |—1, 1] satisfies the condition
sin(-) + ¢ € fpTh, 4.2)

and By := {t € Iz : |sint + c| > y}; moreover, y = y(f3) is chosen to guarantee that 1 Bygy = [3.
Inequality (4.1) is sharp in the following sense:

ITlq _ [sin(-) + cllq
sup sup =y, = — ,
(n,m)ENn,m (T,B)EP (n/m) P qHT||Lp(]27r\B) H Sln(') + C||Lp(I2Tr\By(5))

(4.3)

where Ny, ., is the set of pairs (n,m) of natural numbers such that m < n and P}" is the set of pairs (T, B)
formed by the polynomial T € f,T,, with zeros and the minimal period 27 /m and a measurable set B C I,

uB< 2 p.
n
Proof. We fix a polynomial T' € f,T,, satisfying the conditions of Theorem 3. For the sake of brevity,
we set p(t) := sinnt and ¥(t) := p(t) + ¢, t € R. In view of the homogeneity of inequality (4.1), we can
assume that
1T Ly (o ) = NN L1y ) 4.4)
In view of condition (4.2) and the definition of the class f,, T},, this yields the equality
1T Ly (Fy ) = 1L () 4.5)
We now show that

1T lloo < (19l oo- (4.6)

Indeed, assume the contrary, i.e., that there exists 7 € (0, 1) such that

Tt lloo < |94l co-
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Moreover, one of these inequalities turns into the equality. Thus, let

VT4 oo < M9t lloes 17T lloo = l¢~loo-

Then the polynomial %) is a comparison function for the polynomial 47" (see the proof of Theorem 8.1.1 in [21]).
Let m be a point of minimum of the function ) and let ¢; (t2) be the nearest (to m) left (right) zero of this
function. Passing, if necessary, to the shift of the polynomial 47", we can assume that

VT [loo = =~T'(m).
Since 1 is a comparison function for the polynomial +7', we find

VT(t) <(t) <0, te(trt2)

This yields the estimate

1Tz, 2 /m) > VT Lp2m/m) 2 10 NlL, 20 /m)s

which contradicts (4.5). Thus, inequality (4.6) is proved.
This inequality and the proof of Theorem 8.1.1 in [21] imply that ¢(¢) = sinnt is a comparison function
for the polynomial T'(t), i.e., T € S, <E> Hence, in view of (4.4), the polynomial 7" satisfies all conditions of
n

Theorem 1 and, therefore, also the conditions of Lemmas 1-3.
Further, we establish the inequality

1/
Il < (%) "l sing) + clly: @7

Indeed, by virtue of inequality (2.7), we obtain

HTHLq(IQﬂ/,n) S HSO + CHLq(IQW/n)

This immediately yields (4.7) because the polynomial 7" is 27w /m-periodic and the function ¢ is 27 /n-periodic.
We now prove the inequality

m\1/p .
1T sty = () I5in0) + llyitomns, ) (438)

for any measurable set B C Io;, uB < m B.
n

Let T be the restriction of the polynomial 71" to I, /m and let @ be the restriction of ¢ + ¢ to 5. /,. By using
inequality (2.9), in view of the fact that permutation preserves the L,-norm, we get

2

”T”IEP(I%\B) :/|T(t)|pdt—/yT(t)|pdt
0 B
2m B

rP(T,t) dt

> /TP(T, P dt —

0
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2w /m B/n
=m /rp(T,t)dt—/rp(T,t)dt
0 0

Thus, by virtue of (4.4) and the inequality

3 3
/rp(T,t) dt < /rp(gb,t) dt, £>0,
0 0

which follows from (2.6), according to Proposition 1.3.6 in [19], we arrive at the following lower estimate:

2 /n B/n
71,1y 2| [ o0~ [ r(ot)ar
0 0
2m/n
—m/rpgo, t)dt = /rp +c,t)d
B/n
m m
== £) + [P dt = — | sin(- P
O B R YO R
IQTr\By(n)

where
By(n) :={t € Inz: |sinnt + ¢| > y}

and, moreover, y = y(f) is chosen such that B, (n) = (3. The obtained estimate yields inequality (4.8). Com-
bining (4.7) and (4.8), we arrive at inequality (4.1). It is clear that (4.1) is sharp in a sense of (4.3).
Theorem 3 is proved.

Corollary 2. Suppose that n,m € N, q,p >0, ¢ > p, 8 € [0,27), and the number ¢ € [0, 1] realizes the
upper bound

|| sin(-) + cllq
ceo.1) 1sin() +ell, (o \Be

)

(/3))

where By := {t € Iz : [sint + c| > y} and, moreover, y = y(B) is chosen to guarantee that 1By gy =B
Then, for any trigonometric polynomial T' € T,, with zeros and the minimal period 2w /m and any measurable

set B C Ipr, uB < m B, the following inequality is true:
n

1_1 sin(-) + ¢
iy < (L) Ay, (4.9)
m [sin(-) + CHLP(I%\BS(
Inequality (4.8) is sharp in the following sense:
ITlq _ Isin(-) + €]l

sup sup :
(nm)eNn m (TB)eQy (/M)VP=VAT ||,y llsin) + el (Ior\BE /3))
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where Ny, ., is the set of pairs (n,m) of natural numbers such that m < n and Q)" is the set of pairs (T, B)
formed by a polynomial T € T, with zeros and the minimal period 2w/m and a measurable set B C Iy,

uB< g,
n
Remark 2.
1. For =0 and m = 1, Theorem 3 and Corollary 2 are proved in [1].

2. For the polynomials 7" € T;, satisfying the condition |||, = ||7-||,, the constant ¢ in inequality (4.1)
is equal to zero.

3. For sign-preserving polynomials 7" € T,, which have zeros, inequality (4.1) turns into the inequality for
the best one-sided approximations by a constant [see (3.10)], i.e., the norms || T4 and ||T'|z,(1,,\B) in
inequality (4.1) for these polynomials should be replaced by E(‘J)E (T)q and ESE (T') L, (1,,\B)> TESPeCctively.
Moreover, the constant c in this inequality is equal to 1.

5. Remez-Type Inequalities of Different Metrics for Splines

Recall that S, , is a space of 27-periodic splines of order = with defect 1 and nodes at the points k7 /n,
k € Z. For p > 0 and f, € [0, 0], we set

fp S i= {s S L f,,}.

o ”S—Hp

Theorem 4. Suppose that n,m € N, p,q > 0, ¢ > p, and f, € [0,00]. If a spline s € f, Sy, with the

minimal period 27 /m has zeros, then, for any measurable set B C Ior, uB < m B, the following inequality
n

is true:

1 1

N\ +c

fslly < (2) 7 e ey ), G0
m ”807' + CHLP(I27r\By(B))

where ¢ € [—K,, K| satisfies the condition
Pnr + nce fp Sn,ra (5.2)

and By = {t € Iar: |@r(t) + c| > y}; moreover, y = y(B) is chosen to guarantee that pB,z) = [3.
Inequality (5.1) is sharp in the following sense:

sup sup ||5||q — HQOT +C||q , (53)

(nm)ENmm (s,B)esm (n/m)YVP=Va|ls||L g, gy or +ellL,(1a\B, 4)

where Ny, , is a set of pairs (n, m) of natural numbers such that m < n and S]" is the set of pairs (s, B) formed

by a spline s € f, Sy, with zeros and the minimal period 2w /m and a measurable set B C Iay, pB < m 5.
n

Proof. We fix a spline s € f, Sy, satisfying the conditions of Theorem 4. For the sake of brevity, we set
o(t) == pnr(t) and P(t) = @nr(t) + n "¢, t € R. In view of the homogeneity of inequality (5.1), we can
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assume that
SN Ly (o ) = 1N L (Ep ) (5.4

Thus, in view of (5.2) and the definition of the class f, S, ., we arrive at the equality

ISy Ty o) = V=l Ly (11 )- (5.5)
We now show that

l[s£]lo0 < [+ |oo- (5.6)

Indeed, assume the contrary, i.e., that there exists 7 € (0, 1) such that ||ys+|ec < [[#+]|cc and, in addition,
that one of these inequalities turns into the equality; e.g., that

[vs4lloc S 1Y+l and  [[vs—[lec = [|¥—lco-
Then
Eo(78)oo < Eo(¥)0 = ||<Pn,7“||oo

and, by virtue of the Tikhomirov inequality [22]

< EO(S)oo

—_ )
e ||90n,r”oo

o

where F()so is the best uniform approximation of the function = by constants, we arrive at the inequality

nySm <1

[e.e]

Thus, the spline s satisfies the conditions of the Kolmogorov comparison theorem [20]. By this theorem,
the spline ¢ is the comparison function for the spline vs. Let m be the point of minimum of the function 1/ and
let ¢1 (t2) be the left (right) nearest (to m) zero of this function. Passing, if necessary, to a shift of the spline ~s,
we can assume that

75— lloo = —ys(m).
Since the spline v is the comparison function for the spline s, we get
vs(t) S P(t) <0, ¢ e (t,t2).
This yields the estimate
Is-Ilz,@r/m) > 1Vs-1lL,@n/m) = 1= L, @2x/n)>

which contradicts (5.5). Thus, inequality (5.6) is proved.
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By using inequality (5.6), we find

Eo(8)oo < Eo(¥)oo = [[n,rlloo-
Applying the Tikhomirov inequality, we obtain

< Eo(s)oo

< —— <1
oo H‘Pn,rHoo

Hsm

Therefore, the spline s satisfies the conditions of the Kolmogorov comparison theorem [20]. According to this
theorem, the spline ¢ is the comparison function for the spline s. Hence, s € S¢,(E> and, in view of (5.5),

the spline s satisfies the conditions of Theorem 1 and, thus, also the conditions of Lemmas 1-3.
We prove the inequality

m\ 1/a

Islly <n 7" (2) e + el (57
Indeed, by virtue of inequality (2.7), we get

HSHLq(IQﬂ—/m) S H<)07’L77' + TL_TCHLq(]Qﬂ./n)'

This directly yields (5.7) because the spline s is 27 /m-periodic and the spline ¢, , is 27 /n-periodic.

We now prove the inequality

_p(mN\1/p
sl Ly (1ym ) = (g) H<Pr+CHLq(12,T\By(B)) (5.8)

for any measurable set B C Io;, uB < m B, B € [0,2m). Let 5 be the restriction of the spline s to I /m and
n

let 7 be the restriction of the spline 1) to I, /n- As 1n the proof of Theorem 3, by using inequality (2.9) and taking
into account the fact that permutations preserve the L,-norm, we obtain

27r/m ﬂ/n
Islf 1y 2| [ s 0rde~ [ r(s)ae].
0 0

Further, by using (5.4) and the inequality

3 3
/rp(s,t)d g/ P(,t)dt, &> 0,
0 0

which follows from (2.6) according to Proposition 1.3.6 in [19], as in the proof of Theorem 3, we obtain the
following lower bound:

27 /n B/n 2m/n

11Z ) = /rp(w,t)dt—/rp(w,t)dt —m / PP (D, t) dt

0 0 B/m
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- /rp(w,t) dt = = pp / lor(nt) + c[P dt
n n
Iz \Byg)(n)

- p
" rpﬁH(SOT * C)HLP(I%\B?;(B))’

where
By(ﬁ)(n) = {t € Iz : |pr(nt) +¢| >y}

and y = y(f3) is chosen to guarantee that By (g)(n) = S.

The obtained lower bound is equivalent to (5.8). Inequality (5.1) directly follows from (5.7) and (5.8). It is
clear that inequality (5.1) is sharp in the sense of (5.3).

Theorem 4 is proved.

Corollary 3. Suppose that n,m € N, q,p > 0, ¢ > p, B € [0,27), and the number ¢ € [0, K,| realizes
the upper bound

wp —ller +ell

cefo.i6,] 19+ ellz, (e )

)

where By := {t € sz : |pr(t) + c| > y} and, in addition, y = y(B) is such that 1By g = 8.
Then, for any spline s € Sy, , with zeros and the minimal period 27 /m and an arbitrary measurable set
B C Iy, uB < — j3, the following inequality is true:
n

1 1 =
n\i % ler + 2l
Ise < ()" " orar sl eny (5.9)
"L (T \By )
Inequality (5.9) is sharp in the following sense:
[1llq ler +€llg
sup sup = - )
(mm)eNnm (s,B)exm (n/m)VP=Ya|[s||p gy llor + el Ly 122\ By 5)

where Ny, , is the set of pairs (n, m) of natural numbers such that m < n and X is a set of pairs (s, B) formed

m
by a spline s € Sy, , with zeros and the minimal period 2w /m and a measurable set B C I, pB < — 3.
n

Remark 3.
1. For 8 =0 and m = 1, Theorem 4 and Corollary 3 were obtained in [1].

2. For the splines s € S, satisfying the condition ||s;||, = ||s—||, the constant ¢ in inequality (5.1) is
equal to zero.

3. For splines of constant sign s € S, , with zeros, inequality (5.1) turns into the inequality for the best
one-sided approximations by a constant [see (3.10)], i.e., the norms ||s||; and |[s[|z,(7,,\p) in inequal-
ity (5.1) for these splines should be replaced by E(}—L(s)q and E(;—L(s) L,(Is\B)> Tespectively. Moreover,
the constant c in this inequality is equal to the Favard constant K.
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