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ESTIMATES FOR THE DEVIATIONS OF INTEGRAL OPERATORS IN
SEMILINEAR METRIC SPACES AND THEIR APPLICATIONS

V. F. Babenko,1 V. V. Babenko,2 O. V. Kovalenko,3 and N. V. Parfinovych4,5 UDC 517.5

We develop the theory of approximations in functional semilinear metric spaces that allows us to con-
sider the classes of multi- and fuzzy-valued functions, as well as the classes of functions with values
in Banach spaces, including the classes of random processes. For integral operators on the classes of
functions with values in semilinear metric spaces, we obtain estimates of their deviations and discuss
possible applications of these estimates to the investigation of the problems of approximation by general-
ized trigonometric polynomials, optimization of approximate integration formulas, and reconstruction of
functions according to incomplete information.

1. Introduction

The aim of the present paper is to develop some branches of the approximation theory in semilinear metric
function spaces. The research carried out in this direction can be motivated as follows: At present, the approx-
imation theory of functions taking numerical values is a well-developed part of analysis (see, e.g., the mono-
graphs [1–7]) and has numerous applications. For several last decades, the researchers made attempts to develop,
for various theoretical and practical reasons, the approximation theory of set-valued (see [8]) and fuzzy-valued
(see [9]) functions. It is quite natural that they first tried to generalize the existing methods developed for numerical-
valued functions to the new types of functions. As a rule, this led and still leads to significant difficulties.

Note that the development of approximation theory in semilinear metric spaces enables one, first, to consider
the corresponding problems for set- and fuzzy-valued functions, as well as for the functions with values in Banach
spaces (in particular, for random processes) and, second, these results can be used as a basis for the development
of computational algorithms aimed at the solution of various problems posed for these functions. In addition,
the possibility of generalization of the results known for numerical functions to the case of functions with values
in semilinear metric spaces is of significant theoretical interest.

We now briefly describe the structure of the present paper. In the second section, we present necessary re-
sults from the theory of semilinear metric spaces (L-spaces). In Sec. 3, we study the problem of estimation of the
deviations of integral operators in the spaces of functions with values in L-spaces. In the fourth section, we dis-
cuss possible applications of the obtained results to the problems of approximation by generalized trigonometric
polynomials, optimization of the formulas of approximate integration, and reconstruction of functions according
to incomplete information.
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2. Definitions and the Required Information about L-Spaces

2.1.

Definition 1. A set X is called a semilinear space if the operations of addition of its elements and multipli-
cation by a real number are defined in this set and, for all x, y, z 2 X and ↵,β 2 R, the following conditions are
satisfied:

(i) x+ y = y + x;

(ii) x+ (y + z) = (x+ y) + z;

(iii) 9✓ 2 X : x+ ✓ = x;

(iv) ↵(x+ y) = ↵x+ ↵y;

(v) ↵(βx) = (↵β)x;

(vi) 1 · x = x, 0 · x = ✓,

where ✓ denotes a neutral element of the space X specified by property (iii). It is easy to see that this element ✓
is unique.

In what follows, for ↵ 2 R and x 2 X, we sometimes write x↵ instead of ↵x and −↵x instead of (−↵)x.

In particular, the notation −x means (−1) · x.

Definition 2. An element x 2 X is called convex if, for all ↵,β ≥ 0,

(↵+ β)x = ↵x+ βx. (1)

By Xc we denote the subspace of all convex elements of the space X.

Remark 1. Some authors (see, e.g., [10]) include the condition X = Xc to the set of axioms of semilinear
space.

Definition 3. A semilinear metric space X with metric h = hX is called an L-space if it is complete and
separable and, moreover, for all x, y, z 2 X and ↵ 2 R,

h(↵x,↵y) = |↵|h(x, y),

h(x+ z, y + z)  h(x, y). (2)

Remark 2. In view of the triangle inequality (2), we obtain

h(x+ z, y + w)  h(x, y) + h(z, w) 8x, y, z, w 2 X.

Definition 4. An L-space X is called isotropic if inequality (2) turns into the equality for all x, y, z 2 X.

Any separable Banach spaces and any complete and separable quasilinear normed spaces are L-spaces
(see [11]). The space ⌦(X) of nonempty compact subspaces of a separable Banach space X equipped with
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an ordinary Hausdorff metric, the space ⌦

conv

(X) of convex elements from ⌦(X), and the spaces of fuzzy sets
(see, e.g., [12]) are also examples of L-spaces. All spaces mentioned above are isotropic. An example of non-
isotropic L-space was constructed in [13]. More examples of L-spaces are presented in [14–16].

Definition 5. We say that an element x 2 X is invertible if there exists an element x0 2 X such that
x+x0 = ✓. The element x0 is called inverse to x. By X inv we denote the set of invertible elements of the space X.

An element x is called strongly invertible if x0 = −x.

Remark 3. In any L-space, which is not only semilinear but also linear and, in particular, in any Banach
space, every element is convex and strongly invertible. In the space ⌦(X), any element of the form {x}, x 2 X,

is convex and strongly invertible. In the spaces of fuzzy sets, every function ux0 = χ{x0}, where χA is the
characteristic function of the set A, is also a convex and strongly invertible element.

The following statements are true (see [13, 14, 17]):

Lemma 1. If x 2 X inv, then the inverse element x0 is unique.

Lemma 2. If x 2 X inv \Xc, then x0 2 Xc.

Lemma 3. For all x 2 Xc and ↵,β 2 R,

h(↵x,βx)  |↵− β|h(x, ✓). (3)

If X is isotropic, then inequality (3) turns into the equality for x 2 Xc and ↵ · β ≥ 0.

Lemma 4. Let X be an isotropic L-space. Then, for any x 2 Xc \X inv,

h(x, x0) = d(x+ x, ✓) = 2h(x, ✓).

Lemma 5. For any x 2 X inv \Xc, the following equality is true: h(x0, ✓) = h(x, ✓).

We also need the following statement:

Lemma 6. If a convex element x of the isotropic space X is strongly invertible, then, for all ↵,β 2 R,
equality (1) is true and inequality (3) turns into the equality.

Proof. We first prove equality (1). If ↵ · β = 0, then the statement is obvious. At the same time, if ↵,β < 0,

then, by Lemma 2,

↵x+ βx = (−↵)x0 + (−β)x0 = (−↵− β)x0 = (↵+ β)x.

If ↵ · β < 0, then we can assume that β < 0 < ↵ and ↵+ β ≥ 0. Thus,

h(↵x+ βx, (↵+ β)x) = h(↵x+ (−β)x0, (↵+ β)x)

= h(↵x, (↵+ β)x+ (−β)x)

= h(↵x, (↵+ β − β)x) = 0,

and, hence, equality (1) is proved.
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We now prove inequality (3). By Lemma 3, it suffices to show that inequality (3) turns into the equality
for ↵ · β < 0. We can assume that β < 0 < ↵. Therefore,

h(↵x,βx) = h(↵x,−β(−x)) = h(↵x,−βx0)

= h(↵x+ (−β)x, ✓) = h((↵− β)x, ✓) = |↵− β|h(x, ✓),

Q.E.D.

2.2. Integration in the L-Spaces. Let (S,F) be a measurable space (i.e., S is a set and F is a σ-algebra
of its subsets) with full finite positive measure µ. By Lp(S), 1  p  1, we denote the spaces of functions
f : S ! R with the corresponding norms kfkLp(S).

Definition 6. Let X be an L-space. A function f : S ! X is called measurable if, for any element x 2 X,

the real-valued function t 7! h(f(t), x) is measurable.

For an L-space (X,h), by Lp(S,X), 1  p  1, we denote a space of measurable functions f : S ! X

such that h(f(·), ✓) 2 Lp(S). If f, g 2 Lp(S,X), then the function h(f(·), g(·))) is measurable (see [18],
Theorem 1.4.22) and belongs to the space Lp(S,X). Thus,

hLp(S,X)

(f, g) = kh(f(·), g(·))kLp(S)

is a metric in the space Lp(S,X).

We now present the definition and some properties of the Lebesgue integral for the functions f 2 L
1

(S,X)

(see [19] and [11], Sec. 5).

Definition 7. A surjective operator P : X ! Xc is called covexifying if

h(P (x), P (y))  h(x, y) for all x, y 2 X,

P ◦ P = P,

P (↵x+ βy) = ↵P (x) + βP (y) for all x, y 2 X and ↵,β 2 R.

Note that, for all x 2 Xc, we have P (x) = x (see, e.g., [15], Remark 4).
The operator conv : ⌦(Rm

) ! ⌦(Rm
), which associates each x 2 ⌦(Rm

) with its convex hull conv x,
is a covexifying operator.

Let X be an L-space and let P be a covexifying operator. A mapping f : S ! X is called simple if it has
an at most countable set of values {fk} on mutually disjoint measurable sets Sk whose union is equal to S. It is
said that a simple mapping is Lebesgue integrable if the series

X
k
h(P (fk), ✓)µ(Sk) converges. The Lebesgue

integral of a simple mapping f is defined as follows:

Z

S

f(s) ds :=
X

k

P (fk)µ(Sk),

where µ is the Lebesgue measure.
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For simple f and g, the following properties are true:

(i) for all ↵,β 2 R,
Z

S

(↵f(t) + βg(t)) dt = ↵

Z

S

f(t) dt+ β

Z

S

g(t) dt;

(ii) the function t 7! h(f(t), g(t)) is integrable and

h

0

@
Z

S

f(t) dt,

Z

S

g(t) dt

1

A 
Z

S

h(f(t), g(t)) dt;

(iii) the function P (f(·)) is integrable and

Z

S

f(t) dt = P

0

@
Z

S

f(t) dt

1

A
=

Z

S

P (f(t)) dt;

(iv) for continuous measurable sets S
1

and S
2

such that S = S
1

[ S
2

, the following relation is true:
Z

S

f(t) dt =

Z

S1

f(t) dt+

Z

S2

f(t) dt.

A function f 2 L
1

(S,X) is called integrable if there exists a sequence {fk} of simple functions convergent
to f in the space L

1

(S,X). By definition,
Z

S

f(t) dt = lim

k!1

Z

S

fk
(t) dt.

This definition is correct. It is known that any map f 2 L
1

(S,X) is integrable (see [11], Theorem 9).
It is clear that the properties (i)–(iv) of the Lebesgue integral for simple functions are true for any functions

from L
1

(S,X). Note that, in the case where X is a Banach space, the analyzed integral is a Bochner integral (see
[20], Secs. 3.7 and 3.8). For X = ⌦(Rm

), this integral coincides with the Aumann integral (see [11], Theorem 12).
We also need the following statement:

Lemma 7. Suppose that f 2 L
1

(S,R) and a 2 X is a convex strongly invertible element. Then

Z

S

f(s) · ads =

0

@
Z

S

f(s)ds

1

A · a.

Proof. We set S± = {s 2 S : ± f(s) > 0}. Thus, we get
Z

S

f(s) · ads =
Z

S+

f(s) · ads+
Z

S−

f(s) · ads

=

0

B@
Z

S+

f(s)ds

1

CA · a+

Z

S−

(−f(s)) · a0ds
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=

0

B@
Z

S+

f(s)ds

1

CAa+

0

B@
Z

S−

(−f(s))ds

1

CAa0

=

0

B@
Z

S+

f(s)ds

1

CAa+

0

B@
Z

S−

f(s)ds

1

CAa =

0

@
Z

S

f(s)ds

1

Aa.

3. Estimates for the Deviations of Integral Operators

As usual, for p 2 [1,1], we set p0 = p/(p − 1). Let Q be a set, let (S,F) be the measurable space with
measure µ described above, let K,N : Q⇥ S ! R, and let φ : S ! X. Consider a problem of deviation of two
integral operators

(

eKφ)(t) =

Z

S

K(t, s)φ(s)dµ(s) and (

eNφ)(t) =

Z

S

N(t, s)φ(s)dµ(s), t 2 Q. (4)

Let Q = S = [0, 2⇡]d, d 2 N, and let µ be the Lebesgue measure. For the spaces of functions φ : Rd ! X

2⇡-periodic in each variable, we use the notation LX
p instead of Lp

�
[0, 2⇡]d, X

�
, Lp = LR

p . Note that the con-
volution operator is an important example of operators (4) in the spaces of functions 2⇡-periodic in each variable.
Namely, if K(t, s) = K(t − s) and N(t, s) = N (t − s), where K,N 2 L

1

, then operators (4) turn into the
convolution operators

(K⇤φ)(t) =
Z

S

K(t− s)φ(s)dµ(s) and (N⇤φ)(t) =
Z

S

N (t− s)φ(s)dµ(s), t 2 Q.

Theorem 1. Suppose that p 2 (1,1] and that K,N : Q⇥S ! R are functions such that K(t, ·), N(t, ·) 2
Lp0(S) for every t 2 Q. Then, for any function φ 2 Lp(S,X) and any t 2 Q, the inequality

h
⇣
(

eKφ)(t), ( eNφ)(t)
⌘
 kK(t, ·)−N(t, ·)kLp0 (S)

kh(φ, ✓)kLp(S) (5)

is true. In particular, for periodic functions and convolution operators,

h((K ⇤ φ)(t), (N ⇤ φ)(t))  kK −NkLp0kh(φ, ✓)kLp(S). (6)

If the space X is isotropic and the set Xc \X inv has a nonzero strongly invertible element a, then inequal-
ity (5) is unimprovable and turns into the equality for any function of the form

φt(s) = 't(s) · a, t 2 Q,

where

't(s) = |K(t, s)−N(t, s)|p0−1

sgn(K(t, s)−N(t, s)), s 2 S.
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Proof. By using the properties of the integral and covexifying operator, Lemma 3, and the Hölder inequality,
we get

h(( eKφ)(t), ( eNφ)(t)) = h

0

@
Z

S

K(t, s)P (φ(s))dµ(s),

Z

S

N(t, s)P (φ(s))dµ(s)

1

A


Z

S

h(K(t, s)P (φ(s)), N(t, s)P (φ(s)))dµ(s)


Z

S

|K(t, s)−N(t, s)|h(P (φ(s)), ✓)dµ(s)

 kK(t, ·)−N(t, ·)kLp0 (S)
kh(φ, ✓)kLp(S).

Inequality (5) is proved.
Further, assume that the space X be isotropic. We now show that inequality (5) is sharp. By using Lemma 6,

the definition of the function φt, and the fact that this function is convex-valued, we obtain

h(( eKφt)(s), ( eNφt)(s)) = h

0

@
Z

S

K(t, s)φt(s)dµ(s),

Z

S

N(t, s)φt(s)dµ(s)

1

A

= h

0

@

2

4
Z

S

K(t, s)'t(s)dµ(s)

3

5a,

2

4
Z

S

N(t, s)'t(s)dµ(s)

3

5a

1

A

=

������

Z

S

(K(t, s)−N(t, s))'t(s)dµ(s)

������
h(a, ✓)

=

Z

S

|K(t, s)−N(t, s)|p
0
dµ(s)h(a, ✓)

= kK(t, ·)−N(t, ·)kLp0 (S)

0

@
Z

S

|K(t, s)−N(t, s)|(p
0−1)pdµ(s)

1

A

1
p

h(a, ✓)

= kK(t, ·)−N(t, ·)kLp0 (S)
kh(φt(·), ✓)kLp(S).

Theorem 1 is proved.

Consider the deviation in the integral metric. For p, q 2 [1,1], by Lq,p(Q ⇥ S) we denote a collection of
functions K(·, ·) such that

��kK(t, s)kLq(Q)

��
Lp(S)

= kK(·, ·)kLq,p(Q⇥S) < 1.
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Theorem 2. Suppose that p, q 2 [1,1) and K,N 2 Lq,p0(Q ⇥ S). Then, for any function φ 2 Lp(S,X),

the following inequality is true:
���h( eKφ, eNφ)

���
Lq(Q)

 kK −NkLq,p0 (Q⇥S) · kh(φ, ✓)kLp(S). (7)

In particular, for functions periodic in each variable,

kh(K ⇤ φ,N ⇤ φ)kLq
 (2⇡)d/p

0kK −NkLqkh(φ, ✓)kLp . (8)

If the space X is isotropic and the set Xc \ X inv contains a nonzero strongly invertible element a, then
inequalities (7) and (8) are unimprovable for p = q = 1.

Proof. By using the properties of the metric in X and the integral, the generalized Minkowski inequality,
and the Hölder inequality, we obtain

���h( eKφ, eNφ)
���
Lq(Q)

=

������
h

0

@
Z

S

K(·, s)P (φ(s))dµ(s),

Z

S

N(·, s)P (φ(s))dµ(s)

1

A

������
Lq(Q)



������

Z

S

|K(·, s)−N(·, s)|h(P (φ(s)), ✓)dµ(s)

������
Lq(Q)


Z

S

h(P (φ(s)), ✓)kK(·, s)−N(·, s)kLq(Q)

dµ(s)

 kK −NkLq,p0 (Q⇥S)kh(φ, ✓)kLp(S).

Inequality (7) is proved. Inequality (8) follows from inequality (7).
We now establish the unimprovability of inequality (8) for p = q = 1. For " > 0, by F" we denote the

Steklov function for the function F 2 L
1

:

F"(t) =
1

(2")d

Z

[−","]d

F (t− s)dµ(s).

We set

φae(s) =
1

(2")d
χ
[−","]d(s) · a,

where a 2 Xc is strongly invertible and such that h(a, ✓) = 1. In view of the isotropy of the space X and
Lemma 7, we conclude that

�������
h

0

B@
Z

[0,2⇡]d

K(·− s)φae(s)dµ(s),

Z

[0,2⇡]d

N (·− s)φae(s)dµ(s)

1

CA

�������
L1

= 1/(2")d

�������
h

0

B@
Z

[−","]d

K(·− s)adµ(s),

Z

[−","]d

N (·− s)adµ(s)

1

CA

�������
L1
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= 1/(2")d

�������
h

0

B@

2

64
Z

[−","]d

K(·− s)dµ(s)

3

75a,

2

64
Z

[−","]d

N (·− s)dµ(s)

3

75a

1

CA

�������
L1

= 1/(2")d

�������

�������

Z

[−","]d

(K(·− s)−N (·− s))dµ(s)

�������
· h(a, ✓)

�������
L1

= kKh −NhkL1 .

Since kh(φae, ✓)kL1 =1 and kK"−N"kL1 !kK−NkL1 as " ! 0, inequality (8) is unimprovable for p = q = 1 .

Theorem 2 is proved.

4. Applications

4.1. Trigonometric Approximations. If the kernel N of the convolution operator is a trigonometric polyno-
mial, then, for any function φ 2 LX

1

, the convolution N ⇤φ is a generalized trigonometric polynomial with coeffi-
cients from the space X. In view of inequalities (6) and (8), the estimates for the approximation of the kernel K by
the polynomial N yield estimates for the approximation of the function K ⇤ φ by generalized trigonometric poly-
nomials of the form N ⇤ φ, φ 2 LX

1

. The quantities kK−NkLp were investigated by numerous mathematicians.
Thus, sharp, asymptotically sharp, or exact-order estimates of these quantities are known in many cases. Numerous
results obtained in this direction and also the corresponding references can be found in the monographs [1–7].

In what follows, we consider the one-dimensional case in more detail. We set

Φ

X
p :=

�
φ 2 LX

p : kh(φ, ✓)kLp  1

 
.

We write Φp instead of ΦR
p . Also let N 2 L

1

be a given real-valued kernel. Consider the problem of approxima-
tion of the classes

K ⇤ ΦX
p =

�
f = K ⇤ φ : φ 2 Φ

X
p

 
.

Note that the functions from K ⇤ Φ

X
p are convex-valued. It is known (see, e.g., [1, 21–24]) that many important

classes of numerical functions are classes of the form K ⇤ Φp.

Let f 2 LX
p and H ⇢ LX

p . We set

E(f,H)LX
p
= inf

⌧2H
kh(f, ⌧)kLp and E

�
K ⇤ ΦX

p , H
�
LX
p
= sup

φ2ΦX
p

E(K ⇤ φ, H)LX
p
. (9)

Quantities (9) are called the best approximations of the function f and the class K⇤ΦX
p by the set H in the metric

of the space LX
p , respectively.

If a mapping A : LX
p ! H is given, then we set

U
�
K ⇤ ΦX

p , A
�
Lp

= sup

φ2ΦX
p

kh(K ⇤ φ, Aφ)kLp
.

The quantity U
�
K ⇤ ΦX

p , A
�
Lp

is called the approximation error of the class K ⇤ Φ

X
p by a given approximating

method.
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For a given collection A of mappings A : LX
p ! H, the quantity

E
�
K ⇤ ΦX

p ,A
�
Lp

= inf

A2A
U(K ⇤ ΦX

p , A)Lp

is called the best A-approximation of the class K ⇤ ΦX
p by the set H.

By HT,X
2n−1

⇣
n = 1, 2, . . . , HT,R

2n−1

= HT
2n−1

⌘
we denote the set of generalized trigonometric polynomi-

als T (t) of degree at most n− 1, i.e., the set of functions of the form

T (t) =
a
0

2

+

n−1X

k=1

ak cos kt+ bk sin kt, ak, bk 2 X.

In this section, as A, we use a collection of mappings of the form T ⇤ φ, T 2 HT
2n−1

, φ 2 LX
p .

Definition 8 (Nikol’skii [21]). Let 'n(t) := sgn sinnt. We say that a kernel K satisfies the condition N⇤
n if

there exist a polynomial T ⇤ 2 HT
2n−1

and a point ✓ 2 [0,⇡/n] such that

(K(t)− T ⇤
(t))'n(t− ✓) ≥ 0

for almost all t.

It is known that almost all kernels important for the approximation theory satisfy the condition N⇤
n (see [21–

24]).
If the kernel K satisfies the condition N⇤

n, then [21]

E
�
K, HT

2n−1

�
L1

= kK − T ⇤kL1 = kK ⇤ 'nkL1 .

This result and Theorems 1 and 2 yield the following corollary:

Corollary 1. If p = 1 or p = 1 and the kernel K satisfies the condition N⇤
n, then

E
�
K ⇤ ΦX

p , HT
2n−1

�
Lp

 E
�
K ⇤ ΦX

p ,A
�
Lp

= kK − T ⇤kL1 = kK ⇤ 'nkL1 ,

where T ⇤ 2 HT
2n−1

is the polynomial of the best L
1

-approximation for the kernel K.

By using inequality (6), we obtain the following generalization of Theorem 1 in [25]:

Corollary 2. Let p > 1 and K 2 Lp0 . Then

E
⇣
K ⇤ ΦX

p , HT,X
2n−1

⌘

L1
 E

�
K ⇤ ΦX

p ,A
�
L1

= E
�
K, HT

2n−1

�
Lp0 .

The cases of sharpness of the estimates for the best approximations, which follow from the analyzed corollaries
will be considered elsewhere. Here, we only note that the estimate established in Corollary 1 is sharp in the case
where X = ⌦(Rd

) (see [26]) and also if X is a Banach space.
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4.2. Errors of Approximate Integration. By applying Theorem 1 to integral operators with the kernels

K 0
(t, s) =

Z

Q

K(u, s)dµ(u) and N 0
(t, s) =

nX

j=1

cjK(tj , s),

where tj 2 Q, cj 2 R, j = 1, . . . , n, we arrive at the following estimates for the errors of the formulas of
approximate integration of functions of the form (

eKφ)(t) :

Corollary 3. Let p 2 (1,1] and tj 2 Q, cj 2 R, j = 1, . . . , n. Then, for any function φ 2 Lp(S,X) such
that kh(φ, ✓)kLp(S)  1, the following inequality is true:

h

0

B@
Z

Q

(

eKφ)(t)d⌫(t),
nX

j=1

cj( eKφ)(tj)

1

CA 

�������

Z

Q

K(t, ·)d⌫(t)−
nX

j=1

cjK(tj , ·)

�������
Lp0 (S)

.

If the space X is isotropic and the set Xc \X inv contains a nonzero strongly invertible element a, then this
inequality is unimprovable.

We now illustrate the application of this corollary to the problems of optimization of the formulas of ap-
proximate integration on the classes of periodic functions of one variable. For t = {t

1

, . . . , tn} 2 [0, 2⇡),

c = {c
1

, . . . , cn} 2 Rn, and a continuous function f, we set

Mt,c(f) =
nX

j=1

cjf(tj).

Let

R(f,Mt,c) =

2⇡Z

0

f(t)dµ(t)−Mt,c(f), R
�
K ⇤ ΦX

p ,Mt,c

�
= sup

f2K⇤ΦX
p

|R(f,Mt,c)|,

and

Rn

�
K ⇤ ΦX

p

�
= inf

t,c
R
�
K ⇤ ΦX

p ,Mt,c

�
.

In the problem of the best quadrature formula in the class K ⇤ Φ

X
p , it is necessary to determine the quantity

Rn

�
K ⇤ ΦX

p

�
and collections t and c realizing the infimum on the right-hand side of the last equality.

For numerical functions, this problem is well studied (see, e.g., [7, 27]). In particular, the exact value of the
quantity

����
Z

2⇡

0

K(t)dµ(t)−
Xn

j=1

cjK(tj −·)
����
Lp0

was found in many cases. Hence, by virtue of Corollary 3, this also gives estimates for the quantities Rn

�
K ⇤ ΦX

p

�
.

4.3. Errors of Reconstruction of the Functions. Applying Theorem 1 to the integral operators with kernels

K(t, s) and N(t, s) =
nX

j=1

cjK(tj , s),
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we get the following estimates for the errors of the formulas of approximate reconstruction of the value of a function
of the form (

eKφ)(t) at the point t according to its values at the points tj :

Corollary 4. Let p 2 (1,1] and tj 2 Q, cj 2 R, j = 1, . . . , n. Then, for any function φ 2 Lp(S,X) such
that kh(φ, ✓)kLp(S)  1 and any t 2 Q , the following inequality is true:

h

0

@
(

eKφ)(t),
nX

j=1

cj( eKφ)(tj)

1

A 

������
K(t, ·)−

nX

j=1

cjK(tj , ·)

������
Lp0 (S)

.

We also consider the problem of reconstruction of the function eKφ according to its values at n points tj 2 Q

in the integral metrics. The method of reconstruction is specified as follows: We choose n functions cj : Q ! R
and set

Φ(t) =

nX

j=1

cj(t)( eKφ)(tj).

By using Theorem 2, for the integral operators with kernels K(t, s) and

N(t, s) =

nX

j=1

cj(t)K(tj , s),

we obtain the following assertion:

Corollary 5. Let p, q 2 [1,1), tj 2 Q, and cj 2 L1(Q), j = 1, . . . , n. Then, for any function φ 2
Lp(S,X) such that kh(φ, ✓)kLp(S)  1, the following inequality is true:

������
h

0

@
(

eKφ)(·),
nX

j=1

cj(·)( eKφ)(tj)

1

A

������
Lq(Q)



������
K(·, ·)−

nX

j=1

cj(·)K(tj , ·)

������
Lq,p0 (Q⇥S)

.

The problem of reconstruction of functions and operators according to the available incomplete information is
important both from the theoretical and from the practical point of view. The corresponding optimization problem
is also of high importance. For the general approaches to the solution of these problems and their specific solutions,
see the monographs [28, 29]. The problem of the optimal reconstruction of operators in L-spaces was considered
in [13–15, 17].

The discussion of these and similar problems in semilinear metric spaces will be continued elsewhere.
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