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ESTIMATES FOR THE DEVIATIONS OF INTEGRAL OPERATORS IN
SEMILINEAR METRIC SPACES AND THEIR APPLICATIONS

V. F. Babenko,! V. V. Babenko,” O. V. Kovalenko,® and N. V. Parfinovych*> UDC 517.5

We develop the theory of approximations in functional semilinear metric spaces that allows us to con-
sider the classes of multi- and fuzzy-valued functions, as well as the classes of functions with values
in Banach spaces, including the classes of random processes. For integral operators on the classes of
functions with values in semilinear metric spaces, we obtain estimates of their deviations and discuss
possible applications of these estimates to the investigation of the problems of approximation by general-
ized trigonometric polynomials, optimization of approximate integration formulas, and reconstruction of
functions according to incomplete information.

1. Introduction

The aim of the present paper is to develop some branches of the approximation theory in semilinear metric
function spaces. The research carried out in this direction can be motivated as follows: At present, the approx-
imation theory of functions taking numerical values is a well-developed part of analysis (see, e.g., the mono-
graphs [1-7]) and has numerous applications. For several last decades, the researchers made attempts to develop,
for various theoretical and practical reasons, the approximation theory of set-valued (see [8]) and fuzzy-valued
(see [9]) functions. It is quite natural that they first tried to generalize the existing methods developed for numerical-
valued functions to the new types of functions. As a rule, this led and still leads to significant difficulties.

Note that the development of approximation theory in semilinear metric spaces enables one, first, to consider
the corresponding problems for set- and fuzzy-valued functions, as well as for the functions with values in Banach
spaces (in particular, for random processes) and, second, these results can be used as a basis for the development
of computational algorithms aimed at the solution of various problems posed for these functions. In addition,
the possibility of generalization of the results known for numerical functions to the case of functions with values
in semilinear metric spaces is of significant theoretical interest.

We now briefly describe the structure of the present paper. In the second section, we present necessary re-
sults from the theory of semilinear metric spaces (L-spaces). In Sec. 3, we study the problem of estimation of the
deviations of integral operators in the spaces of functions with values in L-spaces. In the fourth section, we dis-
cuss possible applications of the obtained results to the problems of approximation by generalized trigonometric
polynomials, optimization of the formulas of approximate integration, and reconstruction of functions according
to incomplete information.
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2. Definitions and the Required Information about L-Spaces
2.1

Definition 1. A set X is called a semilinear space if the operations of addition of its elements and multipli-
cation by a real number are defined in this set and, for all x,y,z € X and o, B € R, the following conditions are
satisfied:

(i) z+y=y+a

(ii) x4+ (y+z2)=(@+y) +z
(iii) 0 eX:x+0=u;

(iv) a(r+y) =ax+ay;

(v) a(Bz) = (af)z;

i) 1-x=x,0-z=0,

where 0 denotes a neutral element of the space X specified by property (iii). It is easy to see that this element 0
is unique.

In what follows, for & € R and = € X, we sometimes write z« instead of ax and —ax instead of (—a)z.
In particular, the notation —z means (—1) - z.

Definition 2. An element x € X is called convex if, for all o, 8 > 0,
(a+ B)x = ax + px. €))

By X° we denote the subspace of all convex elements of the space X.

Remark 1. Some authors (see, e.g., [10]) include the condition X = X*¢ to the set of axioms of semilinear
space.

Definition 3. A semilinear metric space X with metric h = hx is called an L-space if it is complete and
separable and, moreover, for all x,y,z € X and o € R,

hax, ay) = |alh(z, y),
hx+ 2,y + 2) < h(z,y). (2)
Remark 2. In view of the triangle inequality (2), we obtain
hz+ z,y +w) < h(z,y) + h(z,w) Vz,y,z,we X.

Definition 4. An L-space X is called isotropic if inequality (2) turns into the equality for all x,y,z € X.

Any separable Banach spaces and any complete and separable quasilinear normed spaces are L-spaces
(see [11]). The space ©2(X) of nonempty compact subspaces of a separable Banach space X equipped with
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an ordinary Hausdorff metric, the space Qcony(X) of convex elements from 2(X), and the spaces of fuzzy sets
(see, e.g., [12]) are also examples of L-spaces. All spaces mentioned above are isotropic. An example of non-
isotropic L-space was constructed in [13]. More examples of L-spaces are presented in [14—16].

Definition 5. We say that an element x € X is invertible if there exists an element ¥’ € X such that
x+12' = 0. The element x' is called inverse to x. By X™ we denote the set of invertible elements of the space X.
An element x is called strongly invertible if v’ = —x.

Remark 3. In any L-space, which is not only semilinear but also linear and, in particular, in any Banach
space, every element is convex and strongly invertible. In the space 2(X), any element of the form {z}, = € X,
is convex and strongly invertible. In the spaces of fuzzy sets, every function ugz, = X{g), Where x4 is the
characteristic function of the set A, is also a convex and strongly invertible element.

The following statements are true (see [13, 14, 17]):
Lemma 1. If x € X', then the inverse element x' is unique.
Lemma2. Ifz € X™ N X¢, then z' € X¢.

Lemma3. Forall v € X¢ and o, 5 € R,
h(az, Bz) < |a — Blh(z,6). 3)

If X is isotropic, then inequality (3) turns into the equality for x € X and o - 5 > 0.

Lemma 4. Let X be an isotropic L-space. Then, for any x € X¢ N X™,

h(z,2") = d(z + x,0) = 2h(z,0).
Lemma 5. Forany x € X'V N X¢, the following equality is true: h(z',0) = h(z,6).
We also need the following statement:

Lemma 6. If a convex element x of the isotropic space X is strongly invertible, then, for all o, € R,
equality (1) is true and inequality (3) turns into the equality.

Proof. We first prove equality (1). If «- 8 = 0, then the statement is obvious. At the same time, if a;, 8 < 0,
then, by Lemma 2,

ar + Bz = (—a)r’' + (=p)2' = (—a — B)2’ = (a + B)=.
If o - B < 0, then we can assume that 3 < 0 < o and o + 8 > 0. Thus,
h(az + Bz, (a+ B)z) = h(az + (=B)2', (o + B)z)
= h(azx, (a + B)r + (—f)x)
= h(az, (a+ B — B)z) =0,

and, hence, equality (1) is proved.
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We now prove inequality (3). By Lemma 3, it suffices to show that inequality (3) turns into the equality
for av - 8 < 0. We can assume that 5 < 0 < «. Therefore,

h(ax, Bz) = h(ax, —B(—z)) = h(az, —B2)
— h(ax + (~B)2,0) = h((a — B)z,0) = a — Blh(z,0),
Q.ED.

2.2. Integration in the L-Spaces. Let (S, F) be a measurable space (i.e., S is a set and F is a o-algebra
of its subsets) with full finite positive measure p. By L,(S), 1 < p < oo, we denote the spaces of functions
f: S — R with the corresponding norms | f|[z(s)-

Definition 6. Ler X be an L-space. A function f : S — X is called measurable if, for any element x € X,
the real-valued function t — h(f(t),x) is measurable.

For an L-space (X, h), by L,(S,X), 1 < p < oo, we denote a space of measurable functions f: S — X
such that h(f(-),0) € Ly(S). If f,g € L,(S,X), then the function h(f(-),g(-))) is measurable (see [18],
Theorem 1.4.22) and belongs to the space L, (S, X ). Thus,

hi,s.x)(fs9) = 1R(f(); (DL,

is a metric in the space Ly (S, X).
We now present the definition and some properties of the Lebesgue integral for the functions f € L1 (S, X)
(see [19] and [11], Sec. 5).

Definition 7. A surjective operator P : X — X€ is called covexifying if
h(P(zx),P(y)) < h(z,y) forall z,y€ X,
PoP =P,
P(az + Py) = aP(x) + P(y) forall z,ye€ X and o, €R.

Note that, for all z € X¢, we have P(z) = z (see, e.g., [15], Remark 4).

The operator conv: Q(R™) — Q(R™), which associates each x € Q(R"™) with its convex hull convz,
is a covexifying operator.

Let X be an L-space and let P be a covexifying operator. A mapping f: S — X is called simple if it has
an at most countable set of values {fx} on mutually disjoint measurable sets S; whose union is equal to S. It is
said that a simple mapping is Lebesgue integrable if the series Zk h(P(fx),0)u(Sk) converges. The Lebesgue
integral of a simple mapping f is defined as follows:

[ 61 ds = 3 Pl
5 k

where p is the Lebesgue measure.
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For simple f and g, the following properties are true:

(i) forall o, 5 € R,

/ (af(t) + By(t)) dt = a / () dt+ B / o(t) d:
S

S S

(ii) the function ¢ — h(f(t),g(t)) is integrable and
nl [ [owar) < [nre.am)a
S S S
(iii) the function P(f(-)) is integrable and

[roa=rp| [rwa| = [P
S S

S

(iv) for continuous measurable sets S and So such that S = S; U S5, the following relation is true:
/f(t) dt — /f(t) it + / £(t) dt.
S S1 Sa

A function f € Li(S, X) is called integrable if there exists a sequence {f*} of simple functions convergent
to f in the space L1(.S, X). By definition,

[rwa= i [ foa.
s s

This definition is correct. It is known that any map f € L1(.S, X) is integrable (see [11], Theorem 9).

It is clear that the properties (i)—(iv) of the Lebesgue integral for simple functions are true for any functions
from L;(S, X). Note that, in the case where X is a Banach space, the analyzed integral is a Bochner integral (see
[20], Secs. 3.7 and 3.8). For X = Q(R™), this integral coincides with the Aumann integral (see [11], Theorem 12).

We also need the following statement:

Lemma 7. Suppose that f € L1(S,R) and a € X is a convex strongly invertible element. Then

/ £(s) - ads = / F(s)ds | - a.
S S

Proof. Weset Sy ={se€ S: £ f(s) > 0}. Thus, we get

/f(s)~ads—/f(s)-ads+/f(s)~ads
5 Sy S

= | [ s | o [pon-aas
Sy
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3. Estimates for the Deviations of Integral Operators
As usual, for p € [1,00], we set p' = p/(p — 1). Let @ be a set, let (S, F) be the measurable space with

measure 4 described above, let K, N: Q x .S — R, and let ¢: S — X. Consider a problem of deviation of two
integral operators

- / K(ts)p(s)du(s) and  (No)(t) = / N(t, 8)é(s)du(s), t € Q. @
S S

Let Q =S =0, 27r]d, d € N, and let i be the Lebesgue measure. For the spaces of functions ¢: R — X
2m-periodic in each variable, we use the notation Lgf instead of Lp([O, 27r]d, X ), L, = L;If. Note that the con-
volution operator is an important example of operators (4) in the spaces of functions 27-periodic in each variable.
Namely, if K(t,s) = K(t — s) and N(t,s) = N(t — s), where K, N € L, then operators (4) turn into the
convolution operators

(Kxp)(t /lCt—s du(s) and (Nxo)(t /Nt—s du(s), teQ.

Theorem 1. Suppose that p € (1,00] and that K, N : Q x S — R are functions such that K(t,-), N(t,-) €
Ly (S) for every t € Q. Then, for any function ¢ € L, (S, X) and any t € Q, the inequality

R((Ee)(®), (No)(®) < IK(E) = Ntz 55,0 | 1,5) )
is true. In particular, for periodic functions and convolution operators,
h((K x ¢)(t), (N x ¢) (1)) < K = Nl [[1(,0)]| L, (s)- (6)

If the space X is isotropic and the set X¢ N X™ has a nonzero strongly invertible element a, then inequal-
ity (5) is unimprovable and turns into the equality for any function of the form

Pi(s) = pi(s) -a, teQ,

where

wr(s) = |K(t,s) — N(t, s)|p,_lsgn(K(t, s) — N(t,s)), seS.
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Proof. By using the properties of the integral and covexifying operator, Lemma 3, and the Holder inequality,

we get
B((Ro)(2), (No) () = h(/K (t, $)P(6(5))dp(s /N (t, $)P(6(5))dp(s >)

< /h(K(t> s)P(¢(s)), N(t, s)P(¢(s)))dp(s)

/|Kts N(t, ) [h(P(6(s)), 0)du(s)

<Kt ) = N(E)lr, ) 17(: 0) |1, (5)

Inequality (5) is proved.
Further, assume that the space X be isotropic. We now show that inequality (5) is sharp. By using Lemma 6,
the definition of the function ¢;, and the fact that this function is convex-valued, we obtain

W(Ré0)(s), (No)(s)) = h /Ktsqﬁt (s /Ntsqbt $)d(s)

( [ Eets )du(S)] a [ / N(t,sm(s)du(s)] )
S S
— | [ (2.9 = N(t.9)r()du(s) o, )

S

= [ 1 (t.5) = N(t.5)F ), )
S

B =

= [IK(t,-) = N(t, )z, () / K (t,s) = N(t,5)|" " YPdu(s) | h(a,0)
S

=K, ) = N, )z, s)l1h(De(-), 0)lL, ()

Theorem 1 is proved.

Consider the deviation in the integral metric. For p,q € [1,00], by Ly ,(Q x S) we denote a collection of
functions K (-, -) such that

|IK (2, S)HLq(Q)HLP(s) = 1K(s )z, p@xs) < oo
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Theorem 2. Suppose that p,q € [1,00) and K,N € L, ,y(Q x S). Then, for any function ¢ € Ly(S,X),
the following inequality is true:

|r(Ro. M), < IE = Nk, @es) 11, O)l 5 )

In particular, for functions periodic in each variable,
d
(K * 6, N % 9)p, < @m)[K = N, 17, 0)] 1, ®)
If the space X is isotropic and the set X¢ N X™V contains a nonzero strongly invertible element a, then
inequalities (7) and (8) are unimprovable for p = q = 1.

Proof. By using the properties of the metric in X and the integral, the generalized Minkowski inequality,
and the Holder inequality, we obtain

RERO I /K $))d(s /N ())d(s)
Lq(Q)
§/Wﬂ®<MﬁM@@@WM@)
S Lg (Q)
g/h OIK () — N, 5)| 1, @dn(s)
S

<NE =Nlz, @xs)lh(@,0)],s)

Inequality (7) is proved. Inequality (8) follows from inequality (7).
We now establish the unimprovability of inequality (8) for p = ¢ = 1. For ¢ > 0, by F; we denote the
Steklov function for the function F' € Lq:

Fs(t):@i)d / Ft— s)dp(s).
[—e,e]d

We set
1
Pae(s) = @ X[—s,a]d(‘s) " a,

where a € X¢ is strongly invertible and such that h(a,6) = 1. In view of the isotropy of the space X and
Lemma 7, we conclude that

/IC — 8)bae(s)du(s /N — 8)Pae(s)dp(s)

[0,27]4 [0,27]4 L

= /IC — s)adu(s //\/ — s)adu(s)

[—e,e]d [—e,e]d Ly
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=1/(2¢)4||h / K(-— s)du(s /N —s)du(s) | a
[—e,e]d

—e,e]d I

=1/(2¢)* / (K(- = 5) = N(- = s))du(s)| - h(a,0)| = [IKp = NallL,-

[_676}(1 Ly

Since ||h(Pae, 0)||L, =1 and [|K. —N:||L, = |[K=N|L, as € — 0, inequality (8) is unimprovable for p = g = 1.

Theorem 2 is proved.

4. Applications

4.1. Trigonometric Approximations. If the kernel A of the convolution operator is a trigonometric polyno-
mial, then, for any function ¢ € L{( , the convolution N * ¢ is a generalized trigonometric polynomial with coeffi-
cients from the space X. In view of inequalities (6) and (8), the estimates for the approximation of the kernel /C by
the polynomial N yield estimates for the approximation of the function K * ¢ by generalized trigonometric poly-
nomials of the form A * ¢, ¢ € L. The quantities || — A|| L, were investigated by numerous mathematicians.
Thus, sharp, asymptotically sharp, or exact-order estimates of these quantities are known in many cases. Numerous
results obtained in this direction and also the corresponding references can be found in the monographs [1-7].

In what follows, we consider the one-dimensional case in more detail. We set

o) ={¢c Ly |h(¢.0)|r, <1}

We write @, instead of <I>]§. Also let V' € Ly be a given real-valued kernel. Consider the problem of approxima-
tion of the classes

Kxdy ={f=Kx¢: p€®)}.

Note that the functions from X CIJI),( are convex-valued. It is known (see, e.g., [1, 21-24]) that many important
classes of numerical functions are classes of the form K * ®,,.
Let f € Li( and H C Lg(. We set

E(faH)Lff :Tlgjf{Hh(f,T)HLp and E(,C*(DpX7H)LI))( :(;61315( E(K:*¢a ) 9)

Quantities (9) are called the best approximations of the function f and the class /C (I)I)f by the set H in the metric
of the space Lg( , respectively.
If a mapping A: Lg( — H is given, then we set

U(K = @), A)L,, = ¢s€1;pXHh(/C * 0, Ad)| -

The quantity U (IC * szf , A) ;. is called the approximation error of the class K @g( by a given approximating
P
method.
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For a given collection A of mappings A : L])f — H, the quantity

5(/c*<1>;f,,4)Lp :/ilrelilU(IC*CI)g(,A)Lp

is called the best .A-approximation of the class C @if by the set H.
By HQTni(l <n =12..., .FIQT;LHE1 = H2Tn_1> we denote the set of generalized trigonometric polynomi-

als T'(t) of degree at most n — 1, i.e., the set of functions of the form

n—1
T(t) = 3 + ; ag coskt + bysinkt, ag, by € X.

In this section, as .4, we use a collection of mappings of the form 7" x ¢, T € HQTn_l, ¢ € L])f .

Definition 8 (Nikol’skii [21]). Let ¢, (t) := sgnsinnt. We say that a kernel K satisfies the condition N} if
there exist a polynomial T* € H1, | and a point 6 € [0,7/n] such that

(K(t) =T*(t))pn(t —0) = 0

for almost all t.

It is known that almost all kernels important for the approximation theory satisfy the condition N, (see [21—
241)).
If the kernel KC satisfies the condition NV;7, then [21]

E(]C, H2Tn71)L1 = HIC - T*||L1 = ”’C * 90n||Loo‘

This result and Theorems 1 and 2 yield the following corollary:

Corollary 1. If p = 0o or p =1 and the kernel K satisfies the condition N}, then

E(Kx®), Hy,oy) <EK# D5, A)p = K =T, = K+ enllra,

L

where T* € HL | is the polynomial of the best L1-approximation for the kernel K.

n

By using inequality (6), we obtain the following generalization of Theorem 1 in [25]:

Corollary 2. Letp > 1 and K € L. Then

Bk« HyY ) <EK«@) A), = B(K Hf, ,)Ly.

Lo

The cases of sharpness of the estimates for the best approximations, which follow from the analyzed corollaries
will be considered elsewhere. Here, we only note that the estimate established in Corollary 1 is sharp in the case
where X = Q(R?) (see [26]) and also if X is a Banach space.
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4.2. Errors of Approximate Integration. By applying Theorem 1 to integral operators with the kernels
K'(t,s) = /K(u, s)dp(u) and Zc] (tj,5s),
Q

where t; € @, ¢c; € R, j =1,...,n, we arrive at the following estimates for the errors of the formulas of
approximate integration of functions of the form (K ¢)(t):

Corollary 3. Let p € (1,00 and t; € Q, ¢; € R, j =1,...,n. Then, for any function ¢ € L,(S, X) such
that [|h($,0)|1,(s) < 1, the following inequality is true:

n

h /m)(t)dy(t),ch@@(tj) < / Kt )dv(t) — 3 Kt

j=1 j=1
Q Q Ly(S)
If the space X is isotropic and the set X¢ N X™ contains a nonzero strongly invertible element a, then this
inequality is unimprovable.

We now illustrate the application of this corollary to the problems of optimization of the formulas of ap-
proximate integration on the classes of periodic functions of one variable. For ¢ = {t1,...,t,} € [0,27),
¢={ci1,...,c,} € R" and a continuous function f, we set

E ZCJ (t5)-

Let
27
R(f, Mzz) = / F@)du(t) = Mg(f),  R(Kx®), M) = sup |R(f, Mgg)|,
0 fekseX
and

R (K % @) = inf R(K &), My ).
t,c

In the problem of the best quadrature formula in the class K <I> , it is necessary to determine the quantity
Rn (IC * <I>ff ) and collections ¢ and ¢ realizing the infimum on the rlght -hand side of the last equality.

For numerical functions, this problem is well studied (see, e.g., [7, 27]). In particular, the exact value of the
quantity

was found in many cases. Hence, by virtue of Corollary 3, this also gives estimates for the quantities R, (IC * <I>§( )

2 n
KO =Y ekt =)

0 L,

4.3. Errors of Reconstruction of the Functions. Applying Theorem 1 to the integral operators with kernels

K(t,s) and Z ¢ K(t),s)
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we get the following estimates for the errors of the formulas of approximate reconstruction of the value of a function
of the form (K ¢)(t) at the point ¢ according to its values at the points ¢;:

Corollary 4. Let p € (1,00] and tj € Q, ¢j € R, j=1,...,n. Then, for any function ¢ € L,(S, X) such
that ||h(9,0)|1,(s) < 1 and any t € Q, the following inequality is true:

n

W (Ke)(t), Y ci(Ke)(ty) | <||K(t) =D ¢K(t;,")
j=1

—
J L, (S)

We also consider the problem of reconstruction of the function K ¢ according to its values at n points ¢; € ()
in the integral metrics. The method of reconstruction is specified as follows: We choose n functions ¢;: @ — R
and set
n ~
O(t) =Y ci()(K)(ty).

=1

By using Theorem 2, for the integral operators with kernels K (¢, s) and

N(t,s) =Y cj()EK(t,5),
j=1

we obtain the following assertion:

Corollary 5. Let p,q € [1,00), t; € Q, and ¢j € Loo(Q), j = 1,...,n. Then, for any function ¢ €
Ly(S, X) such that ||h($,0)|1,(s) < 1, the following inequality is true:

h (k¢)('),20j(‘)(f~f¢)(tj) <|EC) =D 60K,
j=1 j=1

Lq(Q) Ly (@XS)

The problem of reconstruction of functions and operators according to the available incomplete information is
important both from the theoretical and from the practical point of view. The corresponding optimization problem
is also of high importance. For the general approaches to the solution of these problems and their specific solutions,
see the monographs [28, 29]. The problem of the optimal reconstruction of operators in L-spaces was considered
in [13-15, 17].

The discussion of these and similar problems in semilinear metric spaces will be continued elsewhere.
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