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CONVERGENCE AND ESTIMATION OF THE TRUNCATION ERROR FOR
THE CORRESPONDING TWO-DIMENSIONAL CONTINUED FRACTIONS

T. M. Antonova,’> O. M. Sus’,’> and S. M. Vozna* UDC 517.524

For the corresponding two-dimensional continued fractions with complex partial numerators that belong
to certain subsets of the Cartesian product of two angular sets in the right half plane and partial denomi-
nators equal to one, we establish sufficient conditions for the uniform convergence and an estimate for the
truncation error by using an analog of the method of fundamental inequalities, relations for the real and
imaginary parts of the tails of figured approximants, and a multidimensional analog of the Stieltjes—Vitali
theorem.

1. Introduction

As one of the most widespread methods used for the decomposition of analytic functions of many variables into
branched continued fractions (discrete multidimensional generalizations of continued fractions), we can mention
the construction of fractions corresponding to given formal multiple power series [9, 12, 15-19, 23, 24, 29, 30].
The problem of correspondence between a formal power series and a sequence of holomorphic functions of one
variable and, in particular, a sequence of approximations to a continuous functional fraction was considered in [27],
whereas the correspondence between a formal multiple power series and a sequence of approximations to some
generalizations of continued fractions was studied in [19, 24, 26]. Note that the corresponding branched continued
fractions are constructed ambiguously. In particular, there exist different structures of branched continued fractions
corresponding to a given formal double power series [18, 29, 30]. Later, the branched continued fractions proposed
in [18, 29] were called two-dimensional continued fractions.

The property of convergence of continued fractions and their multidimensional generalizations is important
for their applications [2, 9-11, 25]. The problem of the pointwise convergence of the two-dimensional continued
fraction (1) is reduced to the investigation of convergence of a number two-dimensional continued fraction obtained
from the functional two-dimensional continued fraction for fixed values of the variables. The method used for the
investigation of number two-dimensional continued fractions (1) whose elements belong to disk, angular, parabolic,
and paired domains of the complex plane, and curvilinear trapezoids was described in [6-9, 19]. The problem of
convergence of one class of functional two-dimensional continued fractions, namely, two-dimensional continued
g-fractions in some domains of the space C?, was considered in [13, 14, 19, 28]. The investigation of convergence
of functional two-dimensional continued fractions in other domains proves to be an urgent problem.

Consider a two-dimensional continued fraction
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where z = (21, 22) € C2,
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ajj(z) = ¢jjz122,  Ohtyk(2) = k2l Akkts(2) = Chkag 22, )
k=0,1,..., j=1,2,...,
and ao, ¢jk, j,k=0,1,..., j+k > 1, are complex constants.

The approximation obtained from the correspondence problem (the nth figured approximation or the nth
figured convergent) has the form

[n/2]
fl(z):a0,0+¢>(()1)(z), fn(z):a070+<b(()n)(z)+ %(’:—SIZ), n=23,..., 3)
p=1 1+ @y (2)
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2" (z)=0, " (z)=1]) ]1’ +D ’1’ , 1=0,1,..., p=1,2,..., (4)

J=1 J=1

where [a] is the integral part of a real number «.

Definition 1. The two-dimensional continued fraction (1) is called convergent if, starting from a certain
number ng, all its approximations are meaningful and the limit

£(z) = Jim_ ful2)

exists. The value of this limit is regarded as the value of the two-dimensional continued fraction. The difference
f(2) = fn(2) is called the truncation error of the approximation of two-dimensional continued fraction by the nth
figured convergent, n > 1.

Definition 2. The functional two-dimensional continued fraction (1) is called uniformly convergent on a com-
pact subset K of the domain D C C? if, starting from a certain number n(K), its approximations fy(z),
k > n(K), for all z from a certain domain that contains K, are meaningful and finite and, for any n. > n(K),
there exists a number n. > n(K) such that the inequality |f,(z2) — fm(2)| < € holds for all n,m > n,
and z € K.

One of the methods used for the investigation of convergence and capable of estimation of the truncation errors
of multidimensional analogs of continued fractions is the method of fundamental inequalities [1, 3, 9]. Examples
of its application were described in [1, 4, 5, 22].

Analogs of the method of fundamental inequalities were also developed for the two-dimensional continued
fraction (1) [19-21]. As an important component of this method, we can mention the estimation of so-called
remainders.

Expressions of the form

=1 QP =1+00(), QP =140 Wil
Qj—i—l(z)
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0 (p+1) Aktj+1,k(2) (p+1) g k+j+1(2)
Quiyn(?) = Qi () =1 QPF() = 14 HEREE QD — 14 S (6)
Qk+j+1,k(z) Qk,k+j+1(z)

i=1,2,...., k,p=01,...,

are called remainders of the two-dimensional continued fraction (1).
By using relations (3)—(6), we get

o) (z) = Wit | ki) g o )
Qk+1 K2 Qp I<:+1(Z)
n a1z
fi(2) = ano + @7 (2),  ful2) = a0o + 057 (2) + Q(if§> <)z>’ S ®
1

To establish convergence and find the estimates for the rate of convergence of two-dimensional continued
fractions studied in the present paper, we use an analog of the method of fundamental inequalities for figured
approximations of the form (3), (4), as well as the formulas for the real and imaginary parts of the remainders of
figured approximations for two-dimensional continued fractions established in [20]. This procedure was also used
for the investigation of convergence of the corresponding branched continued fractions with different structures
in [2, 4].

2. An Analog of the Method of Fundamental Inequalities

We now prove an auxiliary theorem (an analog of the method of fundamental inequalities) and use it to sub-
stantiate our main results. For the sake of brevity, we omit the dependence of elements of the two-dimensional
continued fraction (1) on z.

Theorem 1. Suppose that the remainders of the two-dimensional continued fraction (1) satisfy the inequal-
ities

z+k;l7é0 Qip@)_kk#o’ Q](gp)#ov 7::0’]-5"'7 kvp:]-azu"'u (9)

and there exist positive constants M, Mo, Mo 1, H1, Ha, p, p1, and p2, p <1, p1 <1, pa <1, such that
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Then the two-dimensional continued fraction (1) converges to the value f and the truncation error of its
approximation by the mth figured convergent f,,, m > 2, can be estimated as follows:

|f = finl < Mig(p))™ + Mo (p2)™ + Mp™? 4+ MHSy 1y, + M HaS5 1, (14)
where

(o)™ =20/ A [m/2)(5) 21 for 6 =6,
Sz,m = ) ) (51)[7“)’7,/2} B (~Z)[m/2] 1= 17 2) m= 2’ 3’ Y (15)

(po)m 2/ - for 8> 6,

0; — 65

0; = max((pi)2,p), 6 = min((pi)Q, p), 1=1,2. (16)
Proof. In order to prove convergence of the sequence of convergents {f,}, n = 1,2,..., and the validity

of inequality (14), we use the relation for the difference between figured convergents of the form (3) of the two-
dimensional continued fraction (1) [9]:
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H Qj H Qj
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, n>m+1, m=273,.... (18)

We now show that
\fr = fonl < Myo(p1)™ + Moa(p2)™ + Mp™2 4 MH, Sy, + M H3So 1, (19)
m>2 n>m+1,

where S ,,, and S5 ,,, are given by relations (15) and (16).
For m =2p and p =1, 2, ..., by using relation (18), we obtain

Fa = Fool < |7 - 2|
e _ k
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k n— . 9.
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_|_
p+1 n—2i P —92j
H' \Q§ 2])‘ Hj:1 ‘QE.QP 2])‘
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p
3
k=1

. (20)
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It follows from relation (4) that

( ) ( ) n—2k a 2p—2k a
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By using relations (7) and conditions (9)—(12), we get
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‘Qk+1 k | Jj=1 ‘Qk+2] Qk+2j k
Ak425+1,k
H | \
n—2k—25) ~(n—2k—2j—1)
j=1 Qk+2 Qk+2j+1,k ‘
2p—2k
- n 2k 1) ( ) :
Qi
Similarly, we find
n—2k Gk 2p—2k G ’ Tk |
ki Jk+7 +1 2p—2k
D 1 D 1 <‘Qn2k 1)|(p2) '
j=1 j=1 k.k
We now estimate the product 1_[]€ ’afj l — by using conditions (10) and (13).
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Hence,

n—2k

Af+-5,k
D “ -

j=1
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2p—2k k

D Uhotj 11 |ajj
; 1 ;
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a1

‘Qn QHQn 2k) ri—LHQk 1)‘

2p72kpk71 < MH1 (p1)2p72kpk71'

For k=2l—1and > 1, we get

20-1 -1
I |aj,l _ |as, 1\ 11 |ag;, 2j|
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In addition,

\‘I’(()n) - ‘I’E)QP)\ < My o(p1)* + Mo,1(p2),

HP-‘rl |a' ' | ’
=1 < AL o P,
I I TT leg =~ ™)

By using the estimates established above and inequality (20), we can write
| fr = fapl < Mig(p1)® + Mo1(p2)* + Mp? + MH1 S 2, + M HS2 2.

The estimate for the expression |f,, — fi| with m =2p+ 1, p=1,2,..., n > 2p + 2, can be obtained by
using the same scheme. We have

(n—2k) (2p—2k+1) k
v jo Y — oI sl [154] a1

o = fopra] € :
n D i H 2p 2;—5—1)‘ p+1 ‘Qn 2j) ‘H] ) ‘Q (2p—2j+1) ‘

‘Q n— 2] (21)

By using relations (7) once again and conditions (9)—(12), we find
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Similarly, we get

p |n—2k apk 2p—2k+1 . k ‘a ‘
2 : k+g k+g J>J

D 1 D 1 H Grrizy) =z = M H2522011 )
k=1| j=1 j=1 j=1 |Q] Qj ‘

In view of (21)—(23) and the inequalities

)(bén) B (I)(()Zerl)‘ < Ml’o(pl)Qp—l—l I M071(p2)2p+1’

Hp+1| .

j=1 4 < _lai]
T o o = T2

| o] | e S I

J=1

pP < MpP,

we conclude that inequality (19) is true for m = 2p + 1.

Passing to the limit as m tends to infinity in inequality (19) and using the conditions of Theorem (1), we estab-
lish the convergence of the two-dimensional continued fraction (1) and, as n — oo, the validity of estimate (14)—
(16) for the approximation of the two-dimensional continued fraction (1) by its mth convergent.

3. Sufficient Conditions for the Uniform Convergence of the Corresponding Two-Dimensional Continued
Fractions

Consider the problem of convergence of the functional two-dimensional continued fraction (1) whose elements
are given by (2).

Theorem 2. Suppose that the elements of the two-dimensional continued fraction (1), (2) satisfy the condi-
tions

0<¢j; <L, 0<cCpyjk <L, 0<cppy; <L2, k=0,1,..., j=12,..., (24)

where L, L1, and Lo are positive constants. Then:

(i) at any point z of the set
Gk = {z € C?: |z < Kj;, 0<arg(z) < g, j=1,2; arg(z1) +arg(z2) < g}, (25)
the two-dimensional continued fraction (1), (2) converges to the function f(z) and, moreover,

|f(2) = fm(2)] < c1,0EK1(p1)™ + coaKa(p2)™ + c11 K1 Ko (p[m/Q] + p1S1,m + p232,m)a (26)

where f,(2) is the value of the mth approximation for the two-dimensional continued fraction (1), (2)
at the point z = (21, 22),

p L1 K, p Lo Ko p LK1 Ky
1= 5 2 — 5 - 5
1+ (L1)2(Kq)? 1+ (L2)?(K2)? V1+ LK) (Ks)?

(27)

and S1,, and Sy, are given by relations (15) and (16);

(ii) the indicated convergence is uniform on every compact subset of Int G .
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Proof. We now show that inequalities (9)—(13) are true under conditions (24) for all z € G . To this end,
we consider remainders (5) and (6) of the two-dimensional continued fraction (1), (2). To estimate their values, we

use the relations for their real and imaginary parts [20].

Let
Ok, = argay, Ukpl) = %Q;Efl)7 U;?l) = %Q;(fl),
kLp=0.1, .., k#1,
ori = argags,  ul) =RQY, o =3Q,
k=12,..., p=0,1,

For remainders (6), we have

P m m
ak k .
ukﬂk 1+ E H | +]+r | cos(E <pk+j+l,k>, k=0,1,..., 7,p=1,2,...

m=1r= 1 k+]+rk =1

| @t jr k] - .
k+]k ZH (pjrr sin Z 90k+j+l,k , k=0,1,..., 4p=12,...

=

[y

m=1r= 1 k+]+rk

\ak krj+ - _ .
+§:II ]TC% S0 g ), k=01, qp=12...

=

—_

m=1r= 1 kk+3+7-

=1

m
ZH a(i)kjjﬂ"‘ (Z SOk,k+j+l>, k=0,1,..., j,p=12,....

m=1r= 1 kk+]+r

It follows from relations (28)—(31) and (7) that

§R(I) (p) _ Z H |6Lk+rk| i(_l)jflwlﬁ_mk

m=1r= l k+rk 7=1

m

+ZH |kk’+r} coS Z(—l)fl@k,kﬂ' , kp=1,2/...,

i QT =1

m

p m
Z H 5 sin Z 1 otk

m=1r= 1 k+rk 7j=1

p
+ZH i sin i Y orksi |, kp=1,2,....

m=1r=1 kk—&—r‘ 7j=1

(28)

(29)

(30)

(31

(32)

(33)
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The formulas for the real and imaginary parts of remainders (5) take the form

p/2] m m
\ak+rk+r i
w =1+ Rep” + 3 H Q2P PR VTN
m=1r= 1 k+r 7j=1

p—2l m

[(p—1)/2] 1
n Z H @kt tql Z H | @t i4r, k+z!
p 2l—r)

‘Qp 2(1)’2
k+ m=1r= 1 k+l+rk+l

m
X COS Z(—l)jflwkﬂ,kﬂ + Z(—l)ﬁklwkﬂﬂ,kﬂ
j=1

[y

.

[(p—1)/2] 1 p—2l m
n Z H @kt tql Z H |ttt 14|
(p 2l—r

\Qkﬂ 2q)’2m 1r=1 k—l—lk:—&-l—i—r‘

m
X COS Z(_l)jil(pk‘i’jyk‘i’j + Z(_l)]+lilwk+l,k+j+l ) k7p - 17 27 ey (34)
P =1

p) Ak+r, +7“ : j—1
o = geP + 3 oy sin [ D (-1 o
m=1r=1 }Qk—i- ’ j=1
[(p—1)/2] 1 p—2l m
N Z H |ak+q,k+q’ Z H |kt tr ketl]
p 2q p 2l—r) |2
k+q m=1r= 1 k+l+rk+l

m
X sin Z(—l)]_1§0k+j7k+j + Z(—1)3+l_1<,0k+j+l,k+l
j=1

.
—

el Iak+qk+q! il | @kt ki
+ Z H ’ (p 2q Z H p—2l—r) }2
= q=

1 QkJrq m=1r=1 ‘Qk+l k+l+r

l m
X sin Z(_l)]_lsok-‘rjyk-i-j + Z(_l)J—H_l@Dkﬁ-l,k-‘rj-H , kp=12.... (35)
7j=1 j=1

It is clear that relations (28)—(35) are deduced under the assumption that all remainders in the denominators of
expressions on the right-hand sides of these relations are not equal to zero. We now show that this assumption is
true under conditions (24) and z € Gk . In this case,

pjj = argz1 +argze, Prtjk = argz1, Prr+j =argze, k=0,1,..., j=1,2,..., (36)
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m ' argzy for m=2r+1, r=0,1,...
> (1 o = (37)

0, otherwise,

—_

.

‘ argze for m=2r+1, r=0,1,...,
(=1 oy = (38)
0, otherwise,

NE

<.
Il
—

_ argzy +argze for m=2r+1, r=0,1,...,
(=1 oppjhss = (39)
0, otherwise,

NE

.
Il
-

m
(=17 orphrs + (=T oy

M-

j=1 7j=1
argzy +argze for m=2r, [=2¢—-1, r,q=1,2,...,
0 for m=2r, [=2q, nr,q=12,...,
= (40)
arg z9 for m=2r—-1, [=2¢q—-1, r,q=12,...,
arg z1 for m=2r—1, [=2q, r,q=1,2,...,
S D o + (D ok
j=1 J=1
argz; +argzy for m=2r, l=2¢q—-1, rq=1,2,...,
0 for m=2r, 1=2q, 7,9q=12,...,
= (41)
arg z1 for m=2r—1, [=2¢—-1, r,q=12,...,
arg 2o for m=2r—1, I=2q, rq=12,....

By using relations (6), forany 7 =1,2,..., k=0,1,..., we get Q,(ﬁgjk =1,

1
ugﬂ—i)rj,k =1+ Ragyjr1k6 = 1+ |agsjy1x] cos(argz1) > 1.

Hence, |Q") | > 1, p=0,1, and relation (28) is true for p = 2. Thus,

2 m
2 [
ul(ﬁ)—]k =1+ H @ jr - COS<§ SDk+j+l,k> > 1,

m=1r=1 =1

k=01,..., j=12..., j=12....
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This implies that

Q. =1,

which means that relation (28) can be also used for p = 3. If we assume that

(p)
Qi xl 21, 0<p<s,

and take into account relation (28) for p = s 4+ 1 and the conditions of the theorem, then we conclude that

(s+1)
‘Qkij,k} =1
Hence, by induction, we find
QP W >1 j=12..., kp=01,....

Similarly, we can show that the following inequalities are true:

QP >1 j=12..., kp=0]1,....
We now consider the remainders Q,(Cp ), k=1,2,..., p=0,1,.... By virtue of relations (5), we get
QY =1

and

u](gl) =1+ §R<I>§€1) =1+ |ag+1,k| cos(arg z1) + |ag k41| cos(arg z2) > 1, ‘Qg)‘ > 1.

Hence, the formulas presented above for the real parts of the remainders Q,(f) and Q,(:’) are correct. By using
relations (32)—(41), we obtain

u](f) =1+ ?R@,(f) + Ragy1p41 =1+ 3‘8@;2) + |ag41,k41| cos(arg 21 + argzo) > 1,

3 3) |, lars1petl
ué) :1+§]%CI)I(€)+W

k+1

cos(arg z1 + arg za)

‘ak+1,k+2‘

Q) o]

\@k+1,k+1\ \ak+2,k+1\

cos(argzy) | > 1,
@\ @il

cos(arg z9) +

This yields



CONVERGENCE AND ESTIMATION OF THE TRUNCATION ERROR 513
Reasoning similarly, by induction, we conclude that
P
QP |>1, k=1,2,..., p=0,1,....

Under conditions (24), inequalities (9) are satisfied for all z from set (25), i.e., all remainders of the two-
dimensional continued fraction (1), (2) are not equal to zero. Moreover,

) ’ 01’ |CL1’1| B
‘Q?())' < CI,OKL | (p)‘ s K ‘Qgp)‘ < CLlKlKQ, p=20,1,...,

i.e., condition (10) is satisfied. It follows from relations (28)—(41) that

’U/(,I‘Jj) 217 Uz(g) 207 i7j7p:0717"‘7 IL#]’
W1 e mePso seP s
k=1,2,..., p=0,1,....

In view of these inequalities, we conclude that

2 Ak+1,k+1 i
u > 14 | }Q+(p) B (“k+1 COS Pt 1,k+1 + ULy ST QLA+ 1)’ 2
k+1

U(p+2) > 19k+1k41] |ak+1 k11

k (“k+1 SIN Pt 1 k1 — v,ﬁﬁl COS Pk+1 k+1) (43)
QL[

It follows from inequalities (42) and (43) that

Q7 = (™) + (o)’

|kt 1,k+1]

>142 (uk+1 COS Ph41,k+1 T ’U;(gll Sin g1 k+1)

lorsatk

|aps 111 ” [ () (») 2
@T Uk+1 COS Ph41,k+1 T+ Uk+1 SIN Vk+1 k+1
k+1

|ak+1k41 () (p) 2
T uk;+1 SIN Q41 k41 — Ug+1 COS Pk+1,k+1
k+1

|ak+1,k+1‘2

1+
[}
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Therefore,

|1 o1 | |ak+1,k+1 2

(p+2) =
‘Qp HQl(fi)-lP ‘Qk-f—l + laks1p41/?

lak+1 k+1]° < L?(K1)?(Ka)? _ 2
T Lt lappp? T L LA(KL)A(KR)2
i.e., conditions (13) are satisfied.
To check inequalities (11), we estimate the following expressions:
laksinl L TPUY I S

[of il iel Q)17

AND S. M. VOzZNA

Since
( ) —q + 5}%@( ) Ulil) _ %q)lgl), (p) > 1+ %‘I)é )’ Ul(cp) > %q)l(f)’
k= 1, 2, , P = 27 37 )
for k=1,2,..., p=20,1,..., we obtain
(p+1) > Ak+1,k Ak k+1
uy! 1+ %Q o T éRQ .
k+1,k kk+1
|ak+16l (@) ») .
bl LA “k:+1 s COS Pry1k + ka pSInppi1k) > 1,
‘Qk—i—l k
v(p-H) > Q Ak+1,k ak; k+1
k - Q(P) Q(P)
k+1,k kk+1
Naktikl (o) (p)
> “k+1 e SN QE 1k — Vg1, COS Phy1k > 0.
‘Qk—o—l,kl
Hence,

}Qkpﬂ)‘ ( p+1)) —i—(v,(cerl))Q

k+1,k
>1+4+ 2¥ (ukil & COS Yk 11k + Ul(c+)1 o SN Q11 k)
‘QkJrl k

lak+16® () ) 2
+ —— Up 1 ) COS Prt1k + Uk+1 k SN Qg1 k

Q) [
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2
‘akﬂ’k‘ U () sin U(p) CcOos ?
k+1,k Ph+1,k — Vi1 Pk+1,k

1 4

‘Qk+1,k’

|ak+1 k‘Q

>1+
and, therefore,
|15 |ak+1,k\2
p+1
‘ { }QkJrl k }QkJrl k
larsnl®  _ (L0)*(K1)? (1)’
T It faggel* T 14 (L1)?(K4)?
Similarly, we can show that
|ak 1|2 L9)?(K2)?

< ( ) ( ) )2 — (02)2'

QIPIQ L T L 2P

Thus, for the two-dimensional continued fraction (1), (2) whose elements satisfy the conditions of Theorem 2,
inequalities (11) are true with H; = p; and Hy = ps. Finally, we estimate the expressions

Qi a j
’k+]+1k’ : |k et js1] Ekm=0,1,..., j=1,2,....
(m+1) (m+1) (m) |’ ’ A o
’Qk-i-j k Qk+]+1 k ’Qk k+j Qk,k-i-j-i-l’

In view the fact that

(m+1) —1+% ak+]+1 k

k+j,k m)
Qk+g+1 k
_ 1 okl (o) (m)
o5 (U1 k COS Phtjit Lk T Vi g SIn Qg4 j+1k
|Qk+]+1 k
(m+1) Gk+j+1,k
Vktik — S
Qk+]+1 k
_ akgiikl () (m)
= 5 \ U1 e SN Phjit 1,k = Vg g COS Phtjtik )
‘Qk+]+1 k
under the conditions of the theorem, for k,,m =0,1,..., 5 =1,2,..., we obtain
|Q(m+1 | (m+1) + U(m+1) 2 > 14 \@k+j+1,k|2
ik | = \Ygtik k+j,k = (m) 2

Qi
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This yields
a1k (L1)?(K1)? ) _
+1)|2 2 = 2 5= ()", km=0,1,..., j=12,....
‘Qg—tj,k)‘ ‘Ql(;-n-2'+1,k 1+ (Ll) (Kl)
Similarly, we get
a1/ (L2)?(Ko)? )
| = =(p2)®, k,m=0,1,..., j=1,2
(m+1) 2| ~(m) 2 2 5 , kK, 1, 2,
QUL 1@ R | 1T (L2)*(K2)

Finally, by using Theorem 1, we complete the proof of Theorem 2.
Theorem 3. Suppose that elements of the two-dimensional continued fraction (1), (2) satisfy conditions (24),
where L, Ly, and Lo are positive constants. Then:

(i) at every point z = (z1, z2) of the set
2 ™ . ™
Gk = {(21722) €C: gyl s Kj, —5 sarg(z) <0, j=12 —5 <arg(z) +arg(Z2)},

the two-dimensional continued fraction (1), (2) converges to the function f(z) and estimate (26) is true,
where p, p1, and pa are given by relations (27) and S1 ., and Sa ,,, are given by relations (15) and (16);

(ii) the indicated convergence is uniform on each compact subset of Int G .

Note that, in this case, by using relations (28)—(41) and the conditions of the theorem, we obtain

u! > 1, o <0, igp=01,..., i#j,
u? >1, WP <o meP >0, seP <0, k=1,2..., p=01,....

The subsequent proof of Theorem 3 is performed according to the scheme of the proof of Theorem 2.

Theorem 4. Suppose that the elements of the two-dimensional continued fraction (1), (2) satisfy condi-
tions (24), where L, Ly, and Lo are positive constants. Then the two-dimensional continued fraction (1), (2)
converges to a function holomorphic in the domain

s . s
G = {(21722) € C?: |arg(z)] < 50 J =12 Jarg(a1) + arg(z)| < 5}-

Moreover, this convergence is uniform on every compact subset of the domain G.

Proof. All estimates for the real parts of remainders obtained in the proof of Theorem 2 remain true under
the conditions of Theorem 4. Hence,

W21 W) >1 w21, p=0,1,.... (44)
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Thus, all figured convergents of the two-dimensional continued fraction (1), (2) are holomorphic in the domain G
of the function.

Let K be an arbitrary compact set in the domain G. Then there exists an open ball B C C? centered at the
point (0;0) with radius 7 such that K C B.

By using relations (5), (7), and (8) and estimates (44), we get

a Qa
()] < Jan] + 20l 4 o0dl ol + conlzal < laoo] + (ero + con)r,
\Q(O)\ \Q(O)\
1,0 0,1
a1 lao,1| lay]

| fu(2)] < lao,o| + < lag,o| + (c10 + co1)r + c117?,

@5V Qe e
n=23...,

i.e., {fn(2)} is a sequence of functions uniformly bounded on K. Thus, this sequence is uniformly bounded on
every compact subset of the domain G.
By virtue of Theorem 2, the sequence {f,,(z)} converges at any point of the set

A={0<Rz; <0, Sz; =0, j=1,2} CG,

which is a two-dimensional real neighborhood of the point z(®) = (§/2,§/2). Thus, the sequence {f,(z)} sat-
isfies the conditions of a multidimensional analog of the Stieltjes—Vitali theorem [9] (Theorem 2.17) and, hence,
uniformly converges on any compact subset of the domain G to a holomorphic function in G.
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