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CATEGORY OF SOME SUBALGEBRAS OF THE TOEPLITZ ALGEBRA

K. H. Hovsepyan UDC 517.9

We perform the structural analysis of C'*-subalgebras of the Toeplitz algebra that are generated by inverse
subsemigroups of a bicyclic semigroup. We construct a category of the sets of natural numbers of length
k < m and associate each set with a certain C™*-algebra. As a result, we obtain a category of C”-
algebras. The existence of a functor between these categories is proved. In particular, we establish the
conditions under which the category of C*-algebras turns into a bundle of C*-algebras.

1. Introduction

One of the most well-known algebraic objects in the contemporary mathematical physics is the Toeplitz
algebra 7. Both this algebra and various its modifications have been investigated in numerous works [1-10].
The present paper is also devoted to the study of one of possible generalizations of the Toeplitz algebra encountered
in the investigation of C'*-algebras generated by the inverse subsemigroups of a bicyclic semigroup. In [1], Barnes
proved that a bicyclic semigroup possesses, to within a unitary equivalence, one infinite-dimensional exact irre-
ducible representation and that a series of one-dimensional representations is parametrized by a unit neighborhood.
By the Coburn theorem [2], all C*-algebras generated by nonunitary isometric representations of a semigroup of
nonnegative integers Z are canonically isomorphic. This theorem was generalized by Douglas [4] for semigroups
with Archimedean ordering and by Murphy [6] for semigroups with total ordering. In [5], Aukhadiev and Tepoyan
proved the statement converse to the Murphy theorem [6], namely, that all C*-algebras generated by the exact
isometric nonunitary representations of a semigroup are canonically isomorphic only if the semigroup has a total
order. Thus, the C*-algebra generated by the exact infinite-dimensional representations of a bicyclic semigroup is
isomorphic to the Toeplitz matrix.

Earlier, we originated our investigation of C*-subalgebras of the Toeplitz algebra 7 generated by monomials
whose index is a multiple of the number m. This C*-algebra was denoted by 7,,. It was shown that this C*-algebra
is fixed under a finite subgroup of the group S! of order m. All irreducible infinite-dimensional representations of
this C*-algebra were described in [11-13].

In [14], the C*-algebra T, was studied from a somewhat different point of view. The complete description of
all invariant ideals of the algebra 7,, was obtained. It was shown that their number is finite and equal to 2" and
that each of them is generated by one or several differences of projectors of the form

TT* —TITY, 0<i<j<m.

It was also proved that if J is an invariant ideal of the C*-algebra 7, and J # IC,,, then it can be represented in
the form of direct sum 7,, = 7T, & J for some n < m.
In [15], it was shown that the algebra 7,, can be represented in the form of the cross product:

T = ¢(A) %5, Z,
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where
A == CO(ZJr) & (CI,

i.e., the algebra of continuous functions on Z with finite limits at infinity. In addition, the complete description
of automorphisms of the C*-algebra 7, and its subalgebras 7 (m) and K, can be found in [16].

2. Subalgebras of the Toeplitz Algebra

Consider a bicyclic semigroup S with generating element a. It is clear that each element of the bicyclic
semigroup has the form a™a*"*, where m and n are nonnegative integers. An element of the form a™a*" is
called monomial.

For the monomial b = a™a*" from S, we say that the number m — n is the index of this monomial and
denote it by ind(b). Note that

ind(b - ¢) = ind(b) + ind(c)
for any elements b, c € S (see [11]). We fix an integer m € N and denote
Sm={beS: ind(b) =k -m, k € Z}.

Let S(m) C S be a subsemigroup generated by an element a. Itis clear that S(m) and S,, are inverse subsemi-
groups of the bicyclic semigroup S. The relationship between these semigroups was presented in [11]. It is known
that a bicyclic semigroup possesses, to within unitary equivalence, a single exact infinite-dimensional irreducible
representation (see [1])

7 S — B((Z))),  w(a"a™)=T"T*™,

where T is the operator of shift on [*(Z.), i.e., on the basis {ej }xez, , this operator acts as follows:
Tep = exy1

and this representation generates a Toeplitz algebra. The following question naturally arises: Is it possible to
generalize a Toeplitz algebra such that the number of irreducible infinite-dimensional unitarily nonequivalent rep-
resentations generated by the inverse subsemigroups of a bicyclic semigroup is finite? It turns out that these
(C*-algebras are generated by all inverse subsemigroups .S,,,, m € N, of the bicyclic semigroup S. By 7, we
denote a C*-subalgebra of the Toeplitz algebra 7 generated by the inverse subsemigroup 7(.S,,). In other words,
T is generated by all monomials of the form T*T* where

ind(T*T*Y jm = k — 1/m € Z.
Let 7 (m) be a C*-subalgebra of the Toeplitz algebra generated by 7(S(m)). It is clear that 7 (m) C Tp,.

We now present some results obtained for the analyzed algebras in [14] and frequently used in what follows.
We now consider a representation of the Hilbert space 1?(Z. ) in the form of direct sum

P(Z)=H ®Hy®...® Hp, (1

where the basis of the subspace H; is formed by the vectors {€;_11xm }kez +» 1 <1 < m. Then the subspaces H;,
1 <4 <'m, are invariant under the algebra 7p,.
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In view of (1), any element A € 7, can be uniquely represented in the form
A=Ay, &...® Aln,,- (2)

Let K be the C*-subalgebra of all compact operators of the Toeplitz algebra 7 and let ,,, be the C*-subalgebra
of all compact operators of the algebra 7,,,.

Lemma 1. The identity
Knm=KH)®...0K(Hn)

is true.

Lemma 2. The algebra T,, is a C*-algebra generated by the operators T™ and T*™ and the projectors
Pi,..., Py, where P, =T'T* 0<1<m—1.

Theorem 1. Any element A € T, has the form A = C + D, where C € T(m) and D € K, ie.,
T =T (M) + K.
We now define operators a: 7 — 7T and B: T — T:
a(A) = TAT*,  B(A)=T*AT, AcT. 3)

It is clear that the operator « is an endomorphism of the algebra 7.

Lemma 3. The operators « and 3 given by relations (3) satisfy the relations:
(i) Boa=id;

(ii) B(Tm) = Tm;

(iii) Boa®(Tm) =" (Tm).

Proof. The first relation is obvious. It suffices to perform the proof for monomials. We prove the second
relation. Let V = T*T* ¢ 7,,. Then

It is easy to see that ind(3(V)) = ind(V') = kl. This directly yields the second relation. The third relation follows
from the first relation.

3. Structures of the Subalgebras 7,, and 7 (m) and Relationship between Them

By 7 (m)" (7T (m)~) we denote a subalgebra of the algebra 7 (m) such that the index of each its element is
positive (negative), i.e.,

T(m)t ={A e T(m): ind(4) > 0}, T(m)~ ={A € T(m): ind(A) <0}.

Similarly, denote 7, and 7, . Itis clear that these algebras are not C*-algebras.
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Theorem 2. The Banach algebra T, can be represented in the form of the direct sum of spaces as follows:
T = (T(m)") @ a(T(m)") & ... " (T (m)").
Proof. We now show that, for any monomial V € 7, V € o*(T(m)*) and some 0 < k < n — 1, the sum

on the right-hand side is also the direct sum. Let V' be a monomial from 7, of the form V = T™k+mr+l
where 0 < ! < m, k > r. Then

V= TlekT*mrT*l c al(T(m)+).

We now show that o* (7' (m)*) Nad (T (m)*) = 0 for k # j. Assume that V € o*(T(m)*) N ad (T (m)*).
Then

V= ak(TmnT*ml) — aj (Tsz*mS)
Hence,
V= Tmn+kT*ml+k _ Tmr+jT*ms+j
ie, mn+k=mr+jand mi+k=ms+j Since 0 <k <m—1and 0 < j <m — 1, these equalities are

possible only for £ = j,n = r,I = s. The assertion of the theorem follows from the fact that the monomials are
dense in 7, .

Corollary 1. The Banach algebra T, can be represented in the form of direct sum of spaces as follows:
Too = (Tm) ) ®a(T(m) )& ...ea" (T (m)).
Corollary 2. The C*-algebra T,, can be represented in the form of direct sum of spaces as follows:
T =Ty & T,
Lemma 4. The following inclusion is true:
P (T(m)*)a (T(m)™) € (T (m)*) & o (T(m)"),

where 0 < k,j <m — 1.

Proof. For the sake of definiteness, we assume that & > j. Let V; € o*7(m)* be a monomial of the
form V; = Tmmrkpemitk > | and let Vo € o/T(m)~ be a monomial of the form Vy = TemtiT*am+i
where ¢ < a. In this case, if ¢ > [, then

‘/1‘/2 — Tnm+kT*ml+chm+jT*am+j

_ Tnm+k+cm+j— (ml+k) Tram+j

= pipmnte=hprampsi ¢ oI (T (m)*) 4)
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and if ¢ < [, then

ViV = Tnm+k:T* (ml+k) pemtiE (am+j)

— Tnm+kT*(fcm) —j+(ml+k) T*(aerj)

_ TkTmnT*m(l-i-a—c)T*k e ak(z]—(m)—) (5)

Thus, the assertion of the lemma is true for monomials. To complete the proof, we note that the element of subal-
gebra o (T (m)*)-a’ (T (m)~) has the form AB, where A is a linear combination of monomials of the form V;
and B is a linear combination of monomials of the form V5. Thus, AB is a linear combination of monomials of
the form (4) or (5). Therefore,

AB € o*(T(m)")a? (T(m)7).
Consider a family {7,,}°_; of C*-algebras. The following theorem is true:

Theorem 3. Suppose that m € N. Then, for any n € N,
AN (Tm)@...ea™(Tm)ZTn) Sa(T(n)®...0a" (T (n) =T,

where 1 <11 <19 < ... <1, <m.

Proof. We prove the theorem by induction. If n = 1, then o''(7(m)) = T(m) and T(m) = T. This
implies that o’ (T (m)) = T.
We now show that the theorem is true for n = 2, i.e.,

a''(T(m)) ® a’(T(m)) = T(2) ® (T (2)).
Since i1 < ig, we get
a''(T(m)) & a’*(T(m)) = o’ (T (m)) & a’2(T(m)) = T(m) ® o>~ (T (m)).
We denote iy = is — i1 > 1 and prove that
T(m) ® (T (m)) 2= T(2) & a(T(2)).

Consider the isomorphisms
12 T(m) = T(2): @1(T™) =T
and
p2i a(T(m)) = a(T(2)): pu(T™HOT™0) = a(T?).
Denote

p=p1®p2: T(m)®a™(T(m)) = T(2) & a(T(2)).

We now show that ¢ is an isomorphism.



1900 K. H. HOVSEPYAN

Let V; = T9mT*™ ¢ T(m) and Vo = Tdmtiop+emtio ¢ oi0(T(m)). According to Lemma 2 in [14],
either

i) Vi-Va € T(m)
or
(i) Vi Ve € ai(T(m)).

In order to prove that ¢ is an isomorphism, it suffices to show that ¢ is a homomorphism, i.e.,

©1(V1) - p2(Va) € T(2) incase (i)

and
©1(V1) - p2(V2) € (T (2)) in case (ii).

Consider the first case, i.e., V1 - Vo € T (m). In view of the fact that
Vvl . sz — TamT*medm+i0T*cm+io c T(m),
we obtain bm > dm + ig. Since @1 (V1) = T?*T*?* and py(V3) = T2A+17*(2e+1) - we get
SOI(VI) . (pg(Vg) _ T2aT*2bT2d+1T*(20+1) and (Pl(vl) . @2(‘/2) c 7-(2)

if and only if 2b > 2d 4 1. We now show that the inequality bm > dm + i¢ implies that 2b > 2d + 1. Indeed,

b’m>dm+ioé62d+%0:>2b>2d:>2b22d—|—1, b,d € N.
In the second case, the proof is similar. Thus,
a''(T(m)) ® a’(T(m)) = T(2) & (T (2)).

Assume that the theorem is true for n = k, i.e.,

AN (T(m) @ ... a*(T(m) 2T (k) ®a(T(k)S...®a" (T (k) =T
This enables us to prove it for n = k + 1. It is necessary to show that

AT (m)@®...e* ™ (Tm) =T+ oa(Tk+1)o...0a*(T(k+1)) = Tri1.

By the inductive assumption, we have

QN (T(m) @ ... a*(T(m) 2 T(k)®a(Tk)®...® a1 (T(k) =T
However, on the other hand,

T 2T+ @a(T(k+1)@...@a* (T (k+1)).
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By using the above-mentioned equalities and the step of induction for n = 2, we get
a(T(m)) @ ... ® a'*(T(m)) & o™+ (T (m))
*Thk+1Doa(Tk+1)D...0a* (T(k+1))®a™(T(k+1)) = Tpt1.
Corollary 3. There exists a chain of embedded algebras
To—=T3—= ... Th—...,

where — stands for the embedding of the linear spaces of the corresponding algebras but not of the algebras
themselves, i.e., — does not preserve the structure of an algebra.

4. Category of C'*-Algebras

We define a unitary operator u;: H; — [*(Z4), 0 < j < m — 1, by setting uj(€;+5m) = ey on the basis
elements. Since H; are invariant spaces for the C*-algebra 7,,, the unitary operator

m—1
U=UD ... D Un_1: Ho@Hl@...@Hm_la@ﬂ(ZjL)
j=0

generates the embedding

3

o: T — EP B(A(Zy)),
J

i
=)

o(A) = uAu*, where A€ Tp,.
Since T™ €+ km = €i4 (k+1)m, We obtain that
o™ =To...oT

is the mth copy of the operator of shift 7. The algebra 7 (m) is generated by the operators 7" and 7. Thus,
for any A € T (m), there exists an operator B € T such that

o(A)=B@&...®B.

It is clear that the converse assertion is also true: For any B € T, there exists an operator A € 7 (m) such
that 0(A) = B@® ... ® B. Therefore, the algebra 7 (m) is identified with the algebra o (7 (m)):

T(m)~o(T(m))=mT ={A:A=B®B®...0B, BE T} = PT, (6)

m
where @ 7 denotes the direct sum of m copies of the Toeplitz algebra T .
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As shown in [14],

I, i—1> 3,
Pjly, = 0<i<m-—1.
T ™ -1 < j,

This implies that

o(P)=TT"®..0TT*®la... .ol

In what follows, we always identify projectors P;, 0 < ¢ < m — 1, with the projectors o(F;): P; = o(F;),
0 < i < m — 1. In particular, by using these results and Lemma 1, we conclude that the subalgebra of compact
operators /Cp,, in 7, can be identified with the algebra o (/C,,):

K~ o(Kp) = em;IC. @)
By virtue of Theorem 1 and relations (6) and (7), the algebra 7,,, can be identified with the algebra o (7,,):
7hzamm:{Am%4B+Kﬂ@”ﬂMB+Kﬁ%BGTJGWWKﬁEK}
Consider a set of numbers M = {1,...,m} and denote by
N ={(i1,...,i), where i, € M, k=1,...,m}
the set of all possible collections of numbers of length smaller than m. We introduce the order on N as follows:
(i1,...,15) < (i1,...,4) for j<I, and it € {i1,...,9}, t=1,...,].

It is clear that the relation on N defined in this way is a partial ordering.

Definition 1. The category C consists of a class of objects Obc and, for each pair of objects A and B,
the set of morphisms (or arrows) Home (A, B) is given. Moreover, each morphism is associated with unique A
and B. For a pair of morphisms f € Hom(A, B) and g € Hom(B, C), the composition g o f € Hom(A,C)
is given. For each object A, the identity morphism id4 € Hom(A, A) is given. In addition, the following two
axioms hold:

(a) the operation of composition is associative: ho (go f) = (hog)o f forall f: A— B, g: B — C,
h: C—=D;

(b) the action of the identity morphism is trivial: foidy =idgo f = f forall f: A — B.

It is clear that (N, <) is a category in which the classes of morphisms form partial ordering and objects are
all possible collections from N.
We associate each collection (i1, 19, ...,i;) € N with the C*-algebra

T (i1,42, ... i) = T (m) + Kisigonsins
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where
Kirsizin = {Ko® Ko ® ... 0 K;; ® K,
©...0K;, Ko®...Dd Koy, where Ko, K;,,...,K;, GIC}
={Ko® K;, DK, ®...® K;, ® (m — k)Ko, where Ko, K;,,...,K;, € K}.
Lemma 5. For any collection (i1,12,...,ix) € N, the C*-algebra Tp,(i1,12,...,1i) is isomorphic to the

C*-algebra Tiy1:

Tm(i17i27 e 7lk) = 77474—1'

Proof. We prove the lemma for k = 2, i.e., we show that 7,,(i1,i2) = 73. Consider decomposition (1).
By using the structural analysis of the algebras 7 (m) and K;, ;,, we conclude that any element A € Ty, (i1, 2)
can be represented in the form

A=To..0T)+ (Ko Koy®.. 0K, dKo®... K, Ky ®...d Kp)
= (T+K0)@...@(T—FK“)@...@(T—FKiQ)@...@(T-i-Ko). (8)
We define the mapping v : T, (i1,42) — T3 as follows:
V(T+Ko)®...0 (T+Ki)®...0(T+Ki,) ®...0 (T + Ko))
=T+ Kp) e (T+ K;,)) ® (T + Kyy).

It is necessary to show that this mapping is a homomorphism. Indeed, let B and D be any elements from
Tm(i1,i2). We now prove that, in this case, (B - D) = ¢ (B) - (D). It is clear that B and D have the
form (8). It follows from the definition of the algebra 7, (i1,42) that 7, (i1,i2) € Tp,. On the other hand, since
the algebras 7 (m) and K;, ;, are invariant under H;, by using decomposition (1), we establish the invariance

of the algebra 7,,(i1,72) under H;. Thus, decomposition (2) remains true for elements of the algebra 7y, (i1, i2).
Hence,

W(B- D) :z/;(((TJrKO)@...@(T+KZ~1)@...@(TJFKZ-Q)@...@(TJFKO))
X ((T+K1)€B...@(T+K§1)EB...@(T+K{2)@...@(T+K1))>
=Y(T+Ko)(T+K)d...o(TdK;,)(T+Kj,)
®...0TOK,)(T+K;,)®...0(T+ Ko)(T + Ky))
=T+ Ko)(T+EK)®((To®K,)(T+K;,) & (T®K,)(TK;,). 9)
Here, we have used the fact that
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On the other hand,
Y(B) (D) =¢p(T+Ko)®... (T +Ki))®...0(T+Ki,) ®...® (T + Kop))
xY(T+EK)@®..0(T+K])®..a(T+K,)d...0 (T +Ky))
=((T+Ko)®(T+Ki)®(T+Ky)) (T+K)®(T+K;)®(T+Kj,))
=T+ Ko)(T+K)®(ToK,)(T+K;,) e (T®K,)(TK;,). (10)

It follows from (9) and (10) that ¢ is a homomorphism. By using the structural analysis of the above-
mentioned algebras, we can directly establish the injectivity and surjectivity of .

The proof of the theorem for k£ > 2 is the same as for k£ = 2.

We now consider a family {7, (i1, ..., ik)}(il,...,ik)eN of C'*-algebras and define an embedding of the algebra
Tm (i1, ..., 14;) into the algebra Ty, (i1, ...,i) (here and in what follows, an embedding is regarded as an embed-
ding of linear spaces of the corresponding algebras). It turns out that this embedding can be determined if and only
if [ < k. Indeed, if [ < k, then, by Lemma 5, 7T, (i1, ...,4;) = T; and T, (i1, ..., i) = Tg. On the other hand,
according to Corollary 3 and the structural analysis of the investigated algebras, the embedding 7;, — 7; takes

place. This means that 7y, (i1,...,%;) <> Tm(i1,-..,ix). Thus, there exists a natural embedding of the algebra
T (i1, - .. ,1;) into the algebra Ty, (i1, ..., i) for I < k.
It is clear that the set of C*-algebras generated by all possible collections (i1, ...,i;) € N forms a category

whose morphisms are the above-mentioned embeddings:

({Tonlirs - i) Yoy oip)ens = )
Definition 2. The functor F: C — D from a category C into a category D is a mapping that associates
each object X € C with an object F(X) € D and each morphism f: X — Y inthe category C with a morphism

F(f): F(X) — F(Y) in the category D. This association must have the following properties: F(ida) = idr(4)
and F(go f) = F(g) o F(f)

Lemma 6. There exists a functor between the following categories:
F’m : (N7 S) - ({Tm(Zh s 7ik)}(i1,...,ik)€N7 — )

Proof. Since the algebra 7,,(i1, ..., i) is defined for all collections (i1, ...,7;) from N, we conclude that
F,,, maps objects and morphisms from (N, <) into objects and morphisms from

({Tm(lla v 7ik>}(i17...,ik)EN7 — )7
ie., Fin((i1,... i) = Tm(i1,. .., i) and Fy,(<) = <. Inaddition, if (iq,...,d;) < (i1,...,1;), then
Fm((il, - ,’L'k)) = Tm(il, - ,’ik) — Fm((il, . ,ij)) = Tm(ila . ,ij).

This means that F,, is a functor.

The number £ is called the length of the C*-algebra Ty, (i1, ..., ix).
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Remark. 1f, in the category of C*-algebras ({7, (i1, ... 2 1) i, oin)ENs < ), the role of objects is played

solely by the C*-algebras with identical lengths, then the category turns into a bundle of C*-algebras:

wh

| O B S R

—_

12.

13.

15.
16.

— O 0 0 O

({Tmins - i0) Y an,in)en> = ),

ere, by virtue of Lemma 5, the role of morphisms is played by the isomorphisms of C*-algebras .
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