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THE SECOND COHOMOLOGY SPACES K (2) WITH COEFFICIENTS
IN THE SUPERSPACE OF WEIGHTED DENSITIES

0. Basdouri,2 A. Braghtha,3 and S. Hammami* UDC 515.1

Over the (1, 2)-dimensional supercircle, we investigate the second cohomology space associated with the
Lie superalgebra K(2) of vector fields on the supercircle S 12 with coefficients in the space of weighted
densities. We explicitly give the 2-cocycle spanning for these cohomology spaces.

1. Introduction

Let g be a Lie algebra and let M a g-module. We associate a cochain complex known as the Chevalley—
Eilenberg differential. The nth space of this complex is denoted by C" (g, M).

This space is trivial for n < 0. At the same time, if n > 0, then this is the space of n-linear anti-
symmetric mappings of g into M. They are called n-cochains of g with coefficients in M. The space of
0-cochains C°(g, M) reduces to M. The differential " is defined by the following formula: for ¢ € C"(g, ),

the (n 4 1)-cochain 6" (c) evaluated on g1, 92, ..., gn+1 € g gives
6nc(gla“'vgn+1) = Z (_1)S+tilc([gsvgt]7glv"‘7.@87"‘7gt>"'79q+1)
1<s<t<n+1

+ Z (_1)8986(917'”7.@87"'7971—{-1)7
1<s<n+1

where the notation ¢; indicates that the ith term is omitted.
We now check that §"! o §" = 0. Thus, we have a complex

0 g, M) — ... = C"L(g, M) S (g, M) — ...

By H"(g, M) = kerd"/Tmd"~! we denote the quotient space. This space is called the space of n-cohomology
from g with coefficients in M.
We also denote:

Z™(g, M) = ker 6, is the space of n-cocycles,

B™(g, M) = 30,1 is the space of n-coboundaries.
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For M = R (or C) considered as a trivial module, in this case, we denote the cohomology by H"(g).
We now recall the classical interpretations of cohomology spaces of low degrees:
The space

H(g, M) ~Tnvg(M) :={me M; Xm=0 VX €g,}.

The space H'(g, M) classifies derivations of g with values in M modulo inner ones. This result is especially
useful for M = g with the adjoint representation. In this case, a derivation is amap ¢: g — g such that

o([X, Y]) = [o(X), Y] = [X, o(Y)] = 0,

while an inner derivation is specified by the adjoint action of some element Z € g.
The space H?(g, M) classifies extensions of the Lie algebra g by M, i.e., short exact sequences of Lie
algebras

0—>M—>g—>g—0,

in which M is considered as an Abelian Lie algebra. We mainly consider two particular cases of this situation,
which are extensively studied in what follows:

If M is a trivial g-module (typically, M = R or C), then H?(g, M) classifies central extensions modulo
trivial ones. Recall that a central extension of g by R produces a new Lie bracket on g = g & M by setting

[(Xa )‘)a (K ﬂ)] = ([X’ YL C(Xv Y))

This is trivial if the cocycle ¢ = dl is a coboundary of a 1-cochain [. In this case, the map (X,\) —
(X, XA — (X)) yields a Lie isomorphism between g and g & M considered as a direct sum of Lie algebras.

If M = g with the adjoint representation, then H?(g, g) classifies infinitesimal deformations modulo trivial
ones. By the definition, a (formal) series

(X,Y) = ®\(X,Y) = [X, Y]+ M1(X,Y) + N2 fo(X,Y) + ...

is a deformation of the Lie bracket [,] if @, is a Lie bracket for every J, i.e., is an antisymmetric bilinear form
in X, Y and satisfies the Jacobi identity. If we simply set

(X, Y]y = [X,Y]+ Ae(X,Y),

where c is a 2-cochain with values in g and X is a scalar, then this bracket satisfies the Jacobi identity modulo the
terms of order O ()\2) if and only if ¢ is a 2-cocycle. Thus, we get what is called an infinitesimal deformation
of the bracket of g, which is trivial if ¢ is a coboundary. This means (as in the case of central extensions) that
an adequate linear isomorphism from g to g transforms the initial bracket [,] into the deformed bracket [,]y.
The infinitesimal deformation associated with a cocycle ¢ does not always give rise to an actual deformation that
coincides with the infinitesimal deformation of order 1, i.e., such that f; = ¢, as one can check by looking induc-
tively on the functions fs, fs, ... satisfying Jacobi’s identities of orders 2, 3, . ... The cohomological obstructions
to prolongations of deformations are contained in H>(g, g).

A natural generalization of the Virasoro algebra is given by extensions of the Lie algebra vect(S!) of vector
fields on the circle by the modules F) of A-densities on the circle. The problem of classifying extensions of this
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kind is equivalent to the problem of calculation of the cohomology H?(Vect (S?); Fy). In [4, 5], V. Ovsienko,
C. Roger and P. Marcel computed the space H?(Vect (S*);Fy), where Vect (S!) is the algebra of smooth
vector fields on the circle S and F) is the space of \ densities. Following Ovsienko and Roger, B. Agrebaoui,
L. Basdouri, and M. Boujelben [1] computed H3(K(1);F}), where K(1) is the Lie superalgebra of contact
vector fields on the supercircle S UL with coefficients in the space of weighted densities.

In this paper, we explicitly compute H3;(K(2);33), where K(2) is the lie superalgebra of contact vector
fields in S*I? with coefficients in the spaces of weighted densities 3%\

The present paper is organized as follows. In Section 2, we present some preliminary definitions and explain
the notation. In Section 3, we compute the 2-cohomology space H3;(K(2); F3) and classify the extensions of
a Lie superalgebra K(2) by §3.

2. Preliminaries

In this section, we recall some tools pertaining to the problem of cohomology, such as weighted densities,
superfunctions, and contact projective vector fields on S/

2.1. Standard Contact Structure on SY1™. Let S be a supercircle with coordinates (z,01,...... ,0n),
where x is an even indeterminate and 61, ...,6, are odd indeterminates: 0,0, = —0;0;. This superspace is
equipped with a standard contact structure given by the distribution D = (7;,...,7,) generated by the vector

fields 7; = 0y, — 0;0,.. This means that the distribution D is the kernel of the following 1-form:

=1

2.2. Superfunctions on S*I". We define the geometry of the superspace S'I”, where n € N, by describing
its associative supercommutative superalgebra of superfunctions on S*!", which is denoted by C>(S 1‘”). This is
the space of functions F' of the form

F= Y fu.i@by.. .0, where f; 4 €C™(S"). 2.1

1<ii<..<ip<n

Clearly, the even (resp., odd) elements of C'*° (S 1|") are functions given by (2.1) for which the summation
is carried out only over even (resp., odd) integer k. By p(F') we denote the parity of a homogeneous function F.
On C>° ('), we consider the following contact bracket:

(R} = G~ F'G— 5 (=)0 Y053, (6).

. 0
where the superscript ’ stands for e
z

2.3. Vector Fields on SY1™. A vector field on S'I” is a superderivation of the associative supercommutative
superalgebra C'°°(S1I™). In coordinates, it can be expressed as follows:

X =f0:+>_ gi0b,

i=1

where f and g; are the elements of C*°(S1").
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The superspace of all vector fields on C*°(S*") is a Lie superalgebra. It is denoted by Vect (C>°(S")).
2.4. Lie Superalgebra of Contact Vector Fields on S'I™. Consider the superspace KC(n) of contact vector

fields on S, Thus, K (n) is the superspace of vector fields on S 1" with respect to the 1-form «,. By definition,
the Lie superalgebra of contact vector fields is

K(n) = {X € Vect(Sl‘") ‘ there exists F'x € COO(SH") such that £x,. (o) = Fan} .

We define vector fields n; and 7; as follows: 7; = 0p, + 6,0, and 7); = 9y, — 0;0,.. Then any contact vector
field on S'I” can be represented in the following explicit form:

1 FY S e oo (alln
XF:Fax—i(—l)p( )Z;m(F)ni, where F eC (51‘ ).

The C(n) acts upon S'™ as follows:

n

84, (Xo) = FO,Xg + (~1)PI 1S g (F)(G).

The vector field X has the same parity as F. The bracket in K(n) can be represented as follows:
[Xr, Xc| = X(ray-

The Lie superalgebra osp(2|n) is called the Lie superalgebra of contact projective vector fields. Thus, osp(2|n) is
an (n + 2|2n)-dimensional Lie superalgebra spanned by the following contact projective vector fields:

{anXacQ;XhQXGi@ijai?XIQN Zaj = 17"'7”}'

2.5. Modules of Weighted Densities. 'We now consider the 1-parameter action of /C(n) on C'*° (S 1'") spec-
ified by the rule

X, = Xp+ AF".
We denote this (n)-module by §%; this is the space of all weighted densities of weight A on .S U,
3 ={Fa) | Fecx(s}.
The superspace §% has the /C(n)-module structure defined by the Lie derivative:

Lx(Fap) = (Xg + A\G') (F)ay,

where

oG
o —
oz’
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Clearly, K(n) is isomorphic to §" as a k(n)-module and
FH=F e n<%’;j;>,
where II is the change of parity function.

3. Space H?(KC(2); 33)

In the present paper, we study the differential cohomology spaces H3; (K(2); §3). Indeed, we consider only
cochains (X, X¢) — Q(F, G)a3, where € is a differential operator.

3.1. Main Theorem. The main result of this paper is the following theorem:

Theorem 3.1.

w

1
K for A=0,2,1,523,
Hiig (K(2);33) ~

0, otherwise.

The nontrivial spaces H? (/C(Q); S’i) are spanned by the following 2-cocycles:
Qo(Xr, Xa) = (M (F)72(G) — 72(F)1(G)) 6102,

Q1 (X, Xg) = 5 (MmM(F)(G) — i (F)mni(G)) 6102,

1
3 2

N (Xrp, Xg) = (Fmne(G) — mn2(F)G + m(F)n2(G) + 02(F)i(G)) 0162,

Qs (Xr, Xo) = (m2(F)m(G) + mn(F)n(G) = m(F)mne(G) — 12(F)mia(G)) 6162,

0 (Xr, Xe) = M (F)mi(G),
Q(Xp Xe) = (=D (@E ) (E") + T F")a(C"))

+ 2 (i (F)is(G") = i (F")inia(G) ).

Corollary 3.1.

H2.4(K(2), £(2)) ~ 0. (3.1)

3.2. Relationship Between H3.;(1C(2),T3) and H3,4(1C(1),F3). Prior to proving Theorem 3.1,
we present some results illustrating the relationship between the cohomology space in supercircle S*I' and S112.
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Proposition 3.1 [1].

K for X=0,3,5,

2 Al 9 13

Hdiff (’C(]‘)’g)\) — K fO}" )\ = 5 5
0, otherwise.

The nontrivial spaces H? (IC (1); Si) are spanned by the 2-cocycles:

1 3
n(Xp Xe) = FG = FG ~ (14 (0779 (P (G,

1
(Xp, Xg) = (—=1)PEHPE) (B (G — m(F)G') o,

Wi
2

+

1
2

(1 I (_l)p(F)p(G)>> (—1)PEHPE) (P (G — i (F')G) 041%7

N | —
e

51 (Xp, Xg) = (

(Xp,Xq) = (ﬁl(F")G - (*DMF)F’ﬁl(G")) - %91 (m(F)m(G") +m(F")m(G)) 041%,

ws
2

HM\O&

ws (Xr, Xa) = (F'q(G") = m(F")G')
w3(Xp, Xa) = (m(F")in(G"G) of
ws(Xp, X¢) = ((F(3)G(4>F(4>G(3))

2 (O (@) = (FD) (G) ) iy (FO) s (G9) )

The following lemma gives the general form of each €2:

Lemma 3.1. The 2-cocycle Q belongs to 7° (IC(Z), 33) Up to a coboundary, the map ) is given by

XFa XG Z ;. 5.k, l771772 )nlfﬁé(G)a%\7
1,5,k

where a; j 1., depends only on 01, 02, and the parity of F' and G.

Proof. Every differential operator € can be expressed in the form

QXr, Xa) Z @ik M (P )5 (G) s,

where the coefficients a; ;. are arbitrary function. By using the 2-cocycle equation, we can show that

0
3y ikl = 0.

1527
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The dependence on the parity of F' and G follows from the fact that €2 is skew-symmetric:

@3 ka(F,G) = (=179 Dy 5 40(F,.G),
where
eij(F, G) = ij(p(F) + 1)(p(G) + 1) + p(F)p(G) + 1.
Lemma 3.1 is proved.

Further, in order to prove Theorem 3.1, it is also necessary to compute the cohomology space vanishing on
KC(1). We are interested in cohomology space vanishing on K(1), i.e., we assume

QX,Y)=0, if X,Y eK(1).
Therefore, the relevant cohomology space is
Hiir (K(2), K(1), 33).
Theorem 3.2. The space

K for A=2,
Hig (K(2),K(1),33) ~ (3.2)

0, otherwise.

Proof. Let Q2 be a 2-cocycle of K(2) vanishing on &(1). The expressions for ) are given in Lemma 3.1.
By using “MATHEMATICA,” we check that the 2-cocycle condition has the solution

0 for A\ # 2,
Q(XF’XG) =

vinfe(F M2 (Ga3  for X =2,

where v is constant. Assume that the map (2 is a trivial 2-cocycle vanishing on K(1). Thus, there exists an even
operator b: K(2) — &3 given by

b(XF) = (Z ki, 01, 02)mme (FV)) + Z i, 0y, 92)F(Z)> o3,
A ]

where the coefficients xy(x, 01, 62) and p;(x,601,02) are arbitrary, such that Q2 is equal to 6(b), i.e.,
UXp, Xg) = (~D)PHPO L (b(Xa))

_ (_1)p(XG)(p(XF))£§(G(b(XF)) —b([Xp, Xa)). (3.3)

Condition (3.3) implies that its coefficients are constant.

By using “MATHEMATICA,” we check that condition (3.3) has no solutions. We can see that expression (3.2)
never appears on the right-hand side of (3.3). This contradicts our assumption.

Theorem 3.2 is proved.
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Proof of Theorem 3.1. Consider 2-cocycles 2 € Z3, (K(2); 33). If Qic(1)@kc(1 is trivial, then the 2-cocycle
(2 is completely described by Theorem 3.2. Thus, assume that Qjjc(1)gx(1) is nontrivial. Clearly, by analyzing
Proposition 3.1, we conclude that the nontrivial space Hfliff (IC(Z); 33) can appear only for

-1 1 _ 359
A € {2707 57 17 57 57 27375}
The K(1)-isomorphism:

i (K(1):83) = By (K(0):53) @ B (KO T] (83,1)):

Together with Proposition 3.1 that describes, up to a coboundary and to within a scalar factor, the restriction
of any 2-cocycle €2 to K(1). First, we separately consider the even and odd cases. Thus, even cohomology spaces
can appear only for A € {0,1,3,5}. At the same time, odd cohomology spaces can appear only for

-1 1359
)‘E 5 Y0 0’a’o [
2°2°2°2° 2

In each case, the restriction of 2 to AC(1) is a linear combination of the corresponding 2-cocycles given in
Proposition 3.1. First, the operators €2 labeled by semiintegers are odd and given by the formula

AXp, Xa) = Y aijwi i (F)TiT5(G)os,
,9,k,l

where i + j + k + 1 € {1,3} and the coefficients a;j;; are arbitrary functions independent on the variable .
At the same time, they depend on # and the parity of F' and GG. By using “MATHEMATICA,” we investigate the
dimension of the space of operators satisfying the 2-cocycle condition:

S()(Xr, Xa, Xg) = (—1)PF)Xp Q(Xg, Xg) — (—1D)PEEHPED X O(Xp, Xg)
+ (—1)p(H)(1+p(G)+p(F))XH.Q(XF,XG) — Q([Xr, X, Xn)
+ (—1)p(G)p(H)Q([XF,XH],XG) _ (—1)p(F)(p(G)+p(H))Q([XG,XH],XF) =0, (3.4)

where Xp.Q(Xp, Xp) = 4, (AXe, X)) and F,G, H € C> (S'7?).
The number of variables generating any 2-cocycle is much smaller than the number of equations obtained
from the 2-cocycle condition for particular values of a;;x;. We have:

1
For A = —:
In this case, by direct computations, we can see that the 2-cocycle condition is always satisfied for the following
particular values:

a1o00 = 0, ap1o0 = 0, apo1o = 0, apoo1 = 0,

1 1
a0 = 5 6102, aiio1 = 0, ap111 = 0, a1 = —5 010>.
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We study all trivial 2-cocycles, i.e., operators of the form db, where b is a linear operator given by
b(XF) = (kmma(F) + pF)ay.

As a result of direct computations, we obtain

H(Xp, Xg) = 5 (1 (31(2)ar(x) + 32()g2(x) + go(a) ) — fol)gh(x)

— k01 (3f12(2)g2(2) — 3 fa(2)g12(2) — 3g1(2) fo () + 3g90(x) fi(2) + f1(z)gp(x)
~ Jo(@)g (@) = 50 (312} () — 31 (2)g1o(x) — 69 (2) Sy () — go(ir) )
+6£2(2)gb(x) — folx)gh(x)) + w105 (g12(2) F§ () + 20 (2) F{ () — 200 (2) ()
+ 90(2) fla(@) = fra(@)h(x) + 2f2(2)65 () — 212 (@)gh() — fo(w)ghalx)
+ (3 f3(@) + 202(2) [} (@) — 201(@) [4() — 3f12(@)gh + Ao ()] (2)
— 4£1(2)ga(w)) + b1 ( — 912(2) Fl(2) + 201 (2) Fla(@) + F3(2)gh(2) = Fra()gh ()
— Fo(w)ghlx) — 4f1()gha(x) — Ag2(2) 5 (2) + Af2(2)g (2)) + 2 ( — gr2(a) fo()
+4ga(2) fla(@) = FL(@)gh(@) + Fo()9) (2) + B 12(@)gh(x) — 41 ()9l ()
+201(2) () — 2£2(2)(2)) + 0102 — g12(2) fla() — 21 ()5} ()
— 2£3()ghlx) + Fr2(@)gha(@) + 9h(2) i (2) + 201 (2) f1(2) — gal) £ (2)
~ o)l () — 211 ()l (@) — 2fo(@)gf () ).

It is now easy to check that the equation €2 — §b = 0 has no solutions. Thus, the 2-cocycle is nontrivial and

dim H24 (K(2); 82) = dimn 22, (K(2); 82).

Hence, the cohomology space is one-dimensional.

3
For A\ = 5:
In this case, by direct computations, we can show that the 2-cocycle condition is always satisfied for the
following particular values:

a1000 = 0, ap100 = 0, apo10 = 0, apoo1 = 0,

ai110 = 016, a1101 = 6162, api11 = —0162, aip11 = —0102.
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We now study the triviality of this 2-cocycle. It is easy to see that any coboundary db(Xp, X) can be
expressed in the following form:

3

B(Xr Xa) = (5 A1) + 5 Flhla) +  m(o)foe) — 5

fo(olah(a))
#1813 Frl@)n (o) + § @) + 4@ @) - Galo) ATo)
A+ @nT(@)) + o~ faln @) + 5 Alonal)
3 / 3 /

(o) + 5 (o)) — AL(D) + § o0l )
10§ a0 fi@) + 5 ()l + 3 Fal@lsh(o) + fole)dh (o)

, 3 , b , / /
@) - 5 fa@)dia(@)) + (@ o) + 00 @) - 9@

=3 Fal)gh (o) + 20a0)dh () - 2a(@)ghlo) ) + e (5 ona) o)

+2gz(ﬂf)f{2(ﬂf)—%f{( )g0(z) + 5 fo( )gi(z) + 5 f12( )95(2) = f2(2)g12()

+91(2) fo (x) — fi(z)gg (@) + pbs (—2 g12(x) fi(x) + g1(x) fia(x)

3

+5 fz() o(@) + 3 f12( )91(z) = 5 folw)g2(x) = 2f1(2)g12(w) — 292(2) fo ()

F2((@) ) + 0162 (2o fiale) — 3ol (o) — 3305
1 / 1 / 1 1 1 1 / "
-3 fr2(z)g12(x) — 5 90(2) fo () — g1(2) f1 (z) — ga() f5 () + ) fo(z)go(z)

h(@)gl() - f2<x>g;’<x>).

Hence, in the same way as earlier, we conclude that the equation 2 — db = 0 has no solutions. Thus,
the 2-cocycle is nontrivial and

dim H; (K(2); 33) = dim Zg; (K(2); 33)

We deduce that the cohomology space is one-dimensional.
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-15
272

| ©

For \ € { } , equation (3.4) does not have solutions. Thus,

By applying the 2-cocycle equation to 2 and using “MATHEMATICA,” we deduce the expressions for ).
To be more precise, we get

S (W(F)I(G) — m(F)nmi () 16 it A=

)

(M2(F)M(G) + mne(F)n2(G) — m(F)mn(G) — m2(F)mnz(G)) 0102 if A=

N W N | =

In this case, the proof is the same as in the case of odd 2-cocycles. The operators () labeled by integers are even
and given by

UXrp, Xa) =Y aijrT(F)Timh(G)ay,
i7j7k7l

where i + j + k + [ € {0,2,4} and the coefficients a;;j; are arbitrary functions independent on the variable .
However, they depend on 6 and the parity of F' and G.
Using “MATHEMATICA”, we conclude that this map satisfies the 2-cocycle equation
5 (Xr, Xa, Xn) = Xp.Q(Xa, X)) — (—1)POPE X0 Q(Xp, Xp)
+ (=1)PEEE+PI) X (X p, X&)

—U[Xp, Xa], Xg) + (—D)PEPEQO((Xp, X5, Xa)

— (—=1)PEOREHPHEN (X, Xy], XF) = 0, (3.5)

where F,G, H € COO(SI‘Z).

For A =0:
In this case, by direct computations, we can see that the 2-cocycle condition is always satisfied for the following
particular values:

apooo = 0, ai100 = 0, agpo11 = 0, a1001 = 0162,
api10 = —b6162, aio1o0 = 0, ap101 = 0, api11 =0, aiipn = 0.

On the other hand, we can see that the coboundary §b(Xr, X¢) can be expressed as follows:

WXp, Xe) = (5 i @n(a) - § o) )

101 (3 Fa@)on(o) + 5 Fo@)onae) — 3 (o) o) + 3 Aaloh(o))



THE SECOND COHOMOLOGY SPACES /C(2) WITH COEFFICIENTS IN THE SUPERSPACE OF WEIGHTED DENSITIES

18§ Fa(oen (o) + 5 Fu(ohnale) = 5 @) ole) + 3 ool

=
~—

#8102 3 (@) + 5 (@) o) + 5 Plo)gh (o) -

+ 1 (912(2) fo (@) — fra(@)go(2) + fa(2)g1 (%) — fr(z)gs(x))

+ 102 (—g2(2) fla(2) + fr2(2)g5(x) + 2fa(2)g12(2) + 201(2) f5 (x)
—2f1(2)g5 (%)) + b1 (—91(2) fia(2) — fr2(@)g1 () + f1(2)g1a(2)

— fil@)g12(x) — g2(2) fo (%) + fa(2)gg (%)) + 16102 (—g12() f12()
+h(@)g1(x) + 2f3(2)ga(x) + fra(2)g12(7) + go() fo () + 201(x) f1 ()

+202(2) f3 (2) — fo()g6 (%) + 2f1(2)g1 (2) + 2f2(2)g5 ().

1533

Thus, the cohomology space is one-dimensional because the equation {2 — db = 0 has no solutions. Hence,

the 2-cocycle is nontrivial and
dim Hj; (K(2); §5) = dim Z3i (K(2); 85) = 1.

For A=1:

In this case, by direct computations, we can see that the 2-cocycle condition is always satisfied for the following

particular values:
agooo = 0, ai100 = —616s, ago11 = 0102, ajoor = 0102,
api1o = 6106, a1010 = 0, apio1 = 0, aiin = 0.

Further, by direct computations, we get

ob(Xp,Xa) = /‘6<—; Ji(w)g1(z) — %fz(x)éh(x) + go() fo(z) — fo(@%(@)
1 1 1 / /
+ Kby (2 fi2(x)g2(z) + 5 f2(z)g12(z) + 3 g1(z) fo(z) + go(x) f1 ()
1

5 @)(0) = oo (2)) + w85 Falohn () + 5 Ao

+30(@)(e) + 900 (o) - 3 Pl@labo) ~ foe)dh(o))
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1818 120 o) + 5 (@) ) = 5 (@) 5(0) + 0l oo

~hale)gh(o) + § Fae) i) = § Hi0ha) ~ olohn? (o))

+ 11(2012(2) fo () — 2f12(2)gp () + fa(@)g1 () — fr(x)gh(x))

+ 102 (g12(2) f3(2) — 92(2) fia(x) — fi(2)go(x) + fo(2)gi(x)
+2f2(2)g15(7) + 201 (2) fo' () — 2f1(2)gg (%)) + pb1 (g12(2) f1 (=)

— 91(2) fia(z) + f5(2)90(2) = 2f12(2) g1 (2) — fo(@)ga(x) + fi(2)g1a(x)
— 92(2) fg () + f2(2)90 (2)) + n6102 (2f1(2)g5(x) + 2f5(2)gi (z)

+201(2) f1 () + 202(2) f3 (2) + 2f1(2)g7 (@) + 2f2(x) g5 (2)).

Hence, we conclude that the cohomology space is one-dimensional because the equation 2 — db = 0 does not
have solutions. Therefore, the 2-cocycle is nontrivial and

dim Hjiz (K(2); §7) = dim Z3i¢ (K(2); §7)-

For A\ = 3, equation (3.5) has a single solution (2. It is now easy to check that the equation 2 — §b = 0 has
no solutions. Hence, the 2-cocycle is nontrivial and

dim Hi (K(2); 33) = dim 235 (K(2); 33) = 1.
For A\ = 5, equation (3.5) has no solutions. Thus,
H3ir (K(2),33) ~ 0.

By using “MATHEMATICA,” in the case where the condition of 2-cocycle has solutions, we deduce the
expressions of (). To be more precise, we get

/

(M (F)m2(G) — n2(F)71(G)) 0102 for A =0,

Q= q (Fmn(G) — 2 (F)G + i (F)2(G) + 12(F) (G)) 6102 for A =1,

(-O)IF(M(F,G)) + 2(N(F,G))) for A\ =3,

where

M(F,G) = (F")m(G") + 72(F")72(G"),
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N(F,G) = i (F)miz(G") — mip(F" )iz (G").
Theorem 3.1 is proved.
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