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SHARP KOLMOGOROV-REMEZ-TYPE INEQUALITIES FOR PERIODIC FUNCTIONS OF
LOW SMOOTHNESS

V. A. Kofanov UDC 517.5

In the case where either r = 2, k = 1 orr = 3, k = 1,2, forany ¢,p > 1, 8 € [0,27), and
a Lebesgue-measurable set B C Ior := [—7/2,37/2], pB < 3, we prove a sharp Kolmogorov—
Remez-type inequality

®| < llpr—kllg a (r)||1—e cr
Hf Hq = EO(QOT)%p(IZﬂ_\BQM) HfHLp(IQW\B)Hf Hoo ) f 00

with & = min {1 — k/r,(r — k +1/q)/(r 4+ 1/p) }, where ¢, is the perfect Euler spline of order r,
T™—2m w4+ 2m

2 2 ’
and m = m(p) € [0, 7) is uniquely defined by 3. We also establish a sharp Kolmogorov—Remez-type
inequality, which takes into account the number of sign changes of the derivatives.

Eo(f)L,(c) is the best approximation of f by constants in Ly(G), Bam =

1. Introduction

Let G be a measurable subset of the real axis and let L, (G) be a space of measurable functions z: G — R
with finite norm (quasinorm)

1/p
(/ }x(t)‘p dt> for 0 < p < oo,
2]z, ) = G

vraisup;cq |z(t)]  for p = oco.

By I; we denote a circle realized in the form of the segment of length d with identified ends. For the sake of
brevity, instead of ||z, (1,,) and [|z(|1 . (r), We write [|z[|, and ||z, respectively.

For r € N and G = R (or G = I;), by L._(G) we denote the space of all functions z € L (G) with
locally absolutely continuous derivatives up to the (r — 1)th order such that (") € L (G).

By ¢, (t), 7 € N, we denote a shift of the rth 27-periodic integral with zero mean value over a period of the
function ¢(t) = sgnsint satisfying the condition ¢, (0) = 0.

The following theorem was proved in [1]:

Theorem 1. Suppose that r € N and that the function f € L_(I2z) is such that, for any segment I = |[a, b]
satisfying the conditions

fla)=f(b)=0,  f(t)#0, te(ab),
there exists a function fr € L. (R) such that

fi(t) = f(t), te(ab),
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Eo(f1)oo < Eo(f)Locfat)s

and
177 o < 157 -

Then, forany k € N, k <r, ¢ > 1, and p € (0,00| for k =1 or p € [1 — k/r,00] for k > 1, a sharp
inequality

||907"— H o rl—a
1790, < Fognya 113177 (1.1

is true in the class L% _(I2) with maximum possible exponent

. { k r—k—I—l/q}
a=min{l——, ——F=5,
r r+1/p

where
E ;= inf — .
o(f)p o 1f —cllp

In particular, inequality (1.1) was proved in [1] for functions of low smoothness (i.e., for r = 2, k = 1, and
forr=3, k=1,2).

Note that the problem of coincidence of sharp constants in inequalities of the form (1.1) for periodic and
nonperiodic functions on the axis was investigated in [2].

In the present paper, we obtain a generalization of inequality (1.1) containing the so-called “Remez effect.”
We now present necessary definitions.

We say that f € LL_(R) is a comparison function for z € L (R) if there exists ¢ € R such that

i < <
?élff{lf(t)—i-c_a?(t) _%afi(f(t)—i-c, teR,

and the equality z(§) = f(n) + ¢, where &, € R, yields the inequality |2'(£)| < |f’(n)| provided that these
derivatives exist.

An odd 2w-periodic function o € L. (I3,) is called an S-function if it has the following properties: ¢ is even
with respect to w/2 and || is convex downward on [0, w| and strictly monotone on [0, w/2].

For a 2w-periodic S-function ¢, by S, (w) we denote a class of functions z € L. (1) for which ¢ is a com-
parison function. Note that the classes S, (w) were considered in [3, 4]. As examples of the classes S, (w), we can
mention the Sobolev classes { feLl (1g): H o Hoo < 1} and bounded subsets of the space T, (of trigonomet-
ric polynomials of degree of at most n) and the space S, , (of 27-periodic splines of order r and defect 1 with
nodes at the points km/n, k € Z).

In the approximation theory, an important role is played by the Remez-type inequalities

1T oo (127) < O BINT N Lo (120\B) (1.2)

on the class T;,, where B is an arbitrary Lebesgue-measurable set B C Io;, uB < .

The investigations in this direction were originated by Remez in [5S] who found the sharp constant C'(n, 8) in
an inequality of the form (1.2) for algebraic polynomials. Two-sided estimates for the sharp constant C'(n, f3)
in inequality (1.2) for trigonometric polynomials were established in a series of works. Moreover, the asymp-
totic behaviors of the constants C'(n, 3) as 3 — 27 [6] and 8 — 0 [7] are known. For the bibliography in this
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field, see [6-9]. In [7], the inequality

né

1T Lo (12) < <1 + 2tan” >’THLOO(12W\B) (1.3)

4dm

was proved for an arbitrary polynomial 7' € T,, with the minimum period 27/m and any Lebesgue measurable
set B C Iy, uB < B3, where 5 € (0,2mm/n). Inequality (1.3) turns into the equality for the polynomial

1
T(t) = cosnz + 3 <1 — cos g)

Recently [10], the sharp constant in inequality (1.2) was found for the case of trigonometric polynomials.

The result obtained in [7] was generalized to the classes Sv(w) in [11]. As a consequence, an analog of
inequality (1.3) was obtained for polynomial splines and functions from the classes L. (I2r).

In [12, 13], sharp Remez-type inequalities were proved for various metrics in the classes S, (w); in particular,
for differentiable periodic functions, trigonometric polynomials, and splines.

In the present paper, we establish a sharp Kolmogorov—Remez-type inequality (Theorem 2) for functions sat-
isfying the conditions of Theorem 1 with arbitrary ¢, p > 1. As a consequence, inequalities of this type are proved
for functions of low smoothness for any g,p > 1 (Corollary 1). In addition, we prove the sharp Kolmogorov—
Remez-type inequality (see Theorem 3 and its Corollary 2) taking into account the number of sign changes of the
derivatives.

2. Necessary Information

Let o, y > 0. For a 2w-periodic S-function ¢, we set
Ey(p) = {t € Iou: |p(t) +af > y}. 2.1)

It is clear that, for any 5 € (0, 2w), there exists a unique number y = y(3) for which

HES () = B, 2.2)
where p is the Lebesgue measure.

Lemma 1 [13]. Suppose that p € [1,00|. For any 2w-periodic S-function ¢ and any 8 € (0,2w), the fol-
lowing relation is true:

1/p

min / o) +alPdt s = Eo(0)1, (1),
IQw\Eg(B)(‘P)

where
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For a function f € Li[a,b], by m(f,y), y > 0, we denote its distribution function given by the equality
m(f.y) = p{t € la,b]: [f(t)] > y}. (2.3)
Moreover, by 7(f,t) we denote a decreasing permutation of the function |f| (see, e.g., [14], Sec. 1.3). We set
r(f,t)=0 for t>b—a.
For f € Lo (G), we introduce the definition
Eo(f)re(e) = Clg; 1f =l
and, for A > 0 and » € N, we set
oan(t) = AT (M), tER.

Let K, := ||¢r|oo be the Favard constant.

Lemma 2. Suppose that r € N, a function f € L (I2;) and a segment I = [a,b] satisfy the conditions
IF e =1, (2.4)
flla)=f' () =0, f(H)#0, te(ab). (2.5)

If there exists a function fr € LT (R) such that

fi@)=f@),  te(ab), (2.6)
Eo(f1)oe < Eo(f)Lo(r) 2.7
and
1771 < 1570 = . 2.8)
and X is chosen from the condition
Eo(f) Loo(r) = llear oo, 2.9

then, for any q,p > 1 and 5 € [0,b — a), and an arbitrary Lebesgue measurable set B C [a,b], uB < (3,
the following inequality is true:

£z, nmy = 27 PA YD Eo(00) 1 5\ Ban ) (2.10)

where

m—2v w4 2y
=[5
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and the number ~y = (B) is uniquely defined by the condition

r(@,7/A) =r(f,B), 2.11)
where, in turn, v < min{m, BA}. The inequality [15]

1/ lq < 27Var-C=1 Dy, (2.12)

also holds.

Proof. We prove inequality (2.10). By virtue of condition (2.9), there exists & € R such that

— T — -r Kr
I?eale(t) max [oxr(t) + A7"a] = XK, + o

and

Iglé}lf(t) = min [oxr(t) + X Ta] = A" — K.

According to (2.7)—(2.9), the function f7 satisfies the conditions of the Kolmogorov comparison theorem [16].
By this theorem, a spline ¢ () + ™"« is a comparison function for the function f;. For the sake of definiteness,
we assume that f increases on I = [a, b]. Passing, if necessary, to a shift of the function

p(t) = oar(t) + A0,
we can assume that () also increases on [—w/2, w/2], where w := w/\. For 7 € R, we set

fr(t) = f{t+7)

and choose 7 and 79 such that

I (f) = max f(t) and fro (78) = min f(t).

2 tel 2 tel

By the Kolmogorov comparison theorem, the following inequalities are true:

(fr() . = ws(t), te [—% %} (2.13)
and
(Fn®)_ 2 e-(). te|-5. 5], @.14)

where uy := max{+ u,0}.
By f we denote the restriction of f to [a,b]. By the symbol % we denote the restriction of ¢ to [~w/2, w/2],
where w := 7 /. It follows from inequalities (2.13) and (2.14) that

b—CLZTF/)\ and m(?:by) Zm(@:tay% yZO)
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where the function m(f,y) is given by relation (2.3). Therefore,

m(f,y) >m(@,y), y=>0.
This directly implies that

r(f,t) =r@,t), t>0. 2.15)

Further, we note that, for any measurable set B C I, uB < (3, the inequality

B
Jisopas [o(5.0m
B 0
is true. Since the permutation preserves the L,-norm, we get

1 o = [ 1@ e~ [ 1701 ae
I B

(=

—a

B
> rp(f,t)dt_/rp(f,t)dt (2.16)
0

o

I
W
<
]
—
|
~
SN—
QL
~

According to the Kolmogorov comparison theorem, in view of relations (2.11), (2.15), and (2.16), we obtain

w/A
HfHIEP(I\B) > /Tp(%t) dt
/A
2
=2~ 1\~ (rrtD) /r”(wr +a,t)dt

2y

_ g-1y—(+D) / on(t) + al? dt,

B\Ey, (o)

where (¢, + «,t) is a permutation of the restriction of ¢, + « to Is; and the set Ey ﬁ)(cp) is given by rela-

tions (2.1) and (2.2). By virtue of Lemma 1, this inequality implies that

||f||[£p(1\3) > 27 APV ER (0,) 1, (12,\Bas )

which is equivalent to (2.10). Inequality (2.12) was proved in [15].
Lemma 2 is proved.
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Remark 1. Inequality (2.10) with 8 = 0 was proved in [15]. Both inequalities [(2.10) with § = 0 and (2.12)]
were formulated in [1] (in the same form as in Lemma 2).

Lemma 3 [1]. Suppose that r,k € N, k < r, ¢ > 1,and p € (0,00| for k =1 or p € [1 — k/r, o]

for k > 1. Further, assume that the numbers \; > 0, i = 1,2, ..., 2v, satisfy the conditions
2v 1
— <2, (2.17)
Ai
=1
v v—1
1 1
— = . (2.18)
i—1 Adi g Adit1
If

: E r—k+1/q
a=min{l——, ——=5,
r r+1/p

then the inequality

1§ G-+ )
<2 21‘:1 A
<1

= I v (2.19)
- Yo\ —(rpt1)
(FELA)
is true. If
r—k+1/q o
 or41/p <%

then the inequality

C <ylae/r (2.20)

holds.

3. Main Results

Theorem 2. Suppose that v € N and a function f € L._(Iay) is such that, for any segment I = [a,b]
satisfying the conditions

Fla)=F®) =0 and () #0, te(ab), G.1)
there exists a function fr € L. (R) such that
f[(t) = f(t)v te (CL, b)7 (32)

Eo(fr)oo < Eo(f)Loofat): (3.3)
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and

157700 < 17 34

Then, for any q,p > 1, § € [0,27), and an arbitrary Lebesgue measurable set B C Ior, uB < 3, the inequality

||<707‘—/€|| 11—«
P < e K )7 e (3.5)
oS vt L

is true with the following exponent:

) E r—k+1/q
a=minql ——, ——— 5.
r r+1/p

Here,

B2m =

T—2m 7w+ 2m
2 7 2 ’

m = mIax{fy[}

[the maximum is taken over all segments I satisfying conditions (3.1)] and the numbers ~y; are uniquely determined
by the relation

(@i, vi/ M) = r(fi, Bi), (3.6)

and f; is the restriction of

where ©; is the restriction of the spline ¢y, (t) + \; "« to the segment [—27;\, 27;]
i A

the function f to the segment I;.

Inequality (3.5) is sharp in the class L} (I2r) and turns into the equality for the function f(t) := ¢, —c, and
the set B = By, (for m = [3/2), where c,, is the constant of best approximation of the spline o, in the metric of
the space Ly(Iax \ Bap,).

Proof. We now prove inequality (3.5) for £ = 1. We fix a function f € L’_(I2,) satisfying the conditions
of the theorem. Without loss of generality, we can assume that

IF =1 37
and f'(0) = 0. We set
E(f)={te€[0,2m]: f'(t) # 0}

It is clear that E(f’) is open and, hence, can be represented in the form

where v(f’) is the number of sign changes of f’ in a period.
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Further, we fix 8 € [0,27) and an arbitrary measurable set B C I, uB < 3. Let

Ii = [ai7 bl]7

We choose A; > 0 from the conditions

The numbers «; are chosen to guarantee that

max f(t) = max [@Ai,r(t) + )‘z‘_Tai]

tel; teR

Thus, applying Lemma 2 to each segment I;, i = 1,...,

HfHLp(Ii\Bi) > 2—1/P)\;(T+1/p)EO((pT) (

and

where

=B( L, Bi=pB, and i=1,...,v(f).

_”SOA 7’”003 i:l,..,,y(f’).

and min f(t) = mifr{l [0 () + A7)

tel; te

v(f"), we arrive at the inequalities

Lp(Iax\Bay, )

— —(r—1+41
11y < 270 YD g, g

T™—2v w42y

9 2 9

and the numbers ; = 7;(;) are uniquely determined by conditions (2.11).

We now set

It is clear that

Finding the sum of estimates (3.9) and (3.10), we obtain

v(f')
LF1E = 1 <
i=1

and

12 oy =

Therefore,

Z T{A-

m:=max{v;, i=1,...,v(f)}.

Eo(@r) Ly (Iar\Bar,) = E0(0r) Ly (10\Bam)-

v(f")

1 (r—1)g+1)
gl N

v(f')

H

=1

1712 s

el o

T E§(9r) Ly (Iox\Bam)

—(rp+1
5 (SOT)L])(IQW\B2WL) Z )\1/ ( P )

563

(3.8)

(3.9

(3.10)

(3.11)
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where

L~ (a4 )
<2 Zi:l A

O = , (3.12)

1) )\ 7
<2 Zizl A

By virtue of relations (3.3), (3.4), (3.7), and (3.8), the conditions of the Kolmogorov comparison theorem are
satisfied [16]. According to this theorem, the inequalities 7/X\; < b; — a;, i = 1,...,v(f"), are true. In view of
an obvious estimate

v(f')
(bi — CLZ‘) S 271',
=1

these inequalities imply that conditions (2.17) are satisfied. In addition, in view of the periodicity of the function f,
the sum of variations of this function in all segments of increasing is equal to the sum of variations of the func-
tion f in all segments of decreasing. Thus, by virtue of equality (3.8) used to find );, the same conclusion is also
true for the comparison function ¢}, .. Since

HSOM,THOO = /\z'_THSDT’Hom

condition (2.18) is also satisfied. Hence, all conditions of Lemma 3 are satisfied. By virtue of this lemma, esti-
mate (2.19) is true. Applying this estimate to relation (3.11), we complete the proof of inequality (3.5) for £ =1
by virtue of condition (3.7).

For k > 1, inequality (3.5) is proved by induction in exactly the same way as in [1] where it was proved
for g = 0.

Theorem 2 is proved.

Remark 2. For = 0, Theorem 2 was proved in [1].

In [15], it was shown that, for 7 = 2 and r = 3, any function f € L_(l2.), and any segment [ = [a, b]
satisfying conditions (3.1), there exists a function f; € L. (R) satisfying requirements (3.2)—(3.4). For its con-
struction, it is sufficient to extend the restriction of the function f to I = [a,b] onto the segment [b, 2b — a] as
an even function with respect to the point b and then 2(b — a)-periodically onto the entire axis. This fact and
Theorem 2 imply the following assertion:

Corollary 1. Suppose that q,p € [1,00], r =2, k=1orr=3, k=1,2, § € [0,2n). Then, for any func-
tion f € L (I2;) and an arbitrary Lebesgue measurable set B C Ior = [—7/2,37/2], uB < [3, the following
inequality, which is sharp in the class L7_(I2r), is true with the same exponent « as in Theorem 2:

”907“—k|| l1-a
ro, < ——I/IIE F
AP Eoler)t o mon) Lmnn) 7|

Remark 3. For 8 = 0, Corollary 1 was proved in [1].

In [17], it was shown that, for sufficiently large r € N, there exist a function f € L] (I2,) and a segment [
for which conditions (3.1) are satisfied. However, for the indicated function and segment, the class L. (R) does
not contain a function f; satisfying requirements (3.2)—(3.4). In other words, there are functions f € L_(I2,) that
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cannot be extended from an arbitrary segment of monotonicity I to the entire axis with preservation of smoothness
of the extended function, the L..-norm of its higher derivative, and the best uniform approximation by the same
constant as in the segment 1.

Thus, as follows from [18], the exponent « in inequality (3.5) is maximally possible. In particular, if

then

k r—k:+1/q}_1_k:
— o

a=minq1l— —,

{ ror+1/p

The next theorem shows that this exponent can be increased if we take into account the number v( f(¥)) of sign
changes of the derivative f (k) in inequality (3.5).

—k+1
Theorem 3. Under the conditions of Theorem 2, for q < T‘pk and o = w’ the following

r— r D

inequality is true:
1/q—a/p
v(f®) lor—kllg 1-a
O, < =5~ £ FOUL (3.13)
H Hq 92 En(wr)%p(I%\B%n) LP(I27T\B)H Hoo

where

T—2m w4+ 2m
2 7 2

B2m:|:

and the number m = m(3) is uniquely determined by the number (3 as in Theorem 2.
Inequality (3.13) is sharp in the class L. _(I2z) and turns into the equality for the same function f and set B
as in Theorem 2.

Proof. We prove inequality (3.13) for £ = 1. We fix a function f € L’_(I2,) satisfying the conditions of
the theorem. Without loss of generality, we can assume that

1F =1 (3.14)
Repeating the reasoning used in the proof of Theorem 2 with

r—k+1/q
or41/p

)

we arrive at inequality (3.11) with the same exponent, where C' is a constant given by equality (3.12). Moreover,
as in Theorem 2, we can show that the numbers \; satisfy the conditions of Lemma 3. By applying estimate (2.20)

/a—c/
C< <V<J;(k))>1 ey

to inequality (3.11), by virtue of condition (3.14), we arrive at inequality (3.13) with k£ = 1.
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For k£ > 1, inequality (3.13) is proved by induction in exactly the same way as in [1], where it was proved
for 5 = 0.
Theorem 3 is proved.

Remark 4. For $ = 0, Theorem 3 was proved in [1].

For the first time, Kolmogorov-type inequalities taking into account the number of sign changes of the deriva-
tives were proved by Ligun [19]. He applied these inequalities to the solution of extreme problems of the approxi-
mation theory. Some other inequalities of this type can be found in [20-22].

By using the property of extension of the functions of low smoothness from the segment of monotonicity
established in [15] and used earlier to obtain Corollary 1 of Theorem 2, we arrive at the following corollary
of Theorem 3:

Corollary 2. Suppose that q,p € [1,0], ¢ < lk’ r=2k=1orr=3, k=1,2, 8 €[0,2n). Then,

r—
for any function f € L (I2r) and an arbitrary Lebesgue measurable set B C Ion := [—7/2,37/2], uB < f3,
the following inequality, which is sharp in the class L. (I2r), is true:

1/g—a/p
V(f(k)) H‘Pr—kz”q 11—«
FE) < | =5 - [Fl FON S
H Hq 9 EO( T)LP(I27‘,\B2,"L) LP(IQTF\B)H Hoo
where
_r—k+1/q
- or+l/p

Remark 5. For 8 = 0, Corollary 2 was proved in [1].
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